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Periodic solutions to evolution equations: existence,
conditional stability and admissibility of function spaces

NcuyveEN THIEU Huy (Hanoi) and NGO Quy DANG (Thai Binh)

Abstract. We prove the existence and conditional stability of periodic solutions to
semilinear evolution equations of the form & = A(¢)u+g(t, u(t)), where the operator-valued
function ¢t — A(t) is 1-periodic, and the operator g(t, x) is 1-periodic with respect to ¢ for
each fixed = and satisfies the ¢-Lipschitz condition ||g(t,z1) — g(¢, z2)|| < @(t)||lx1 — z2||
for () being a real and positive function which belongs to an admissible function space.
We then apply the results to study the existence, uniqueness and conditional stability of
periodic solutions to the above semilinear equation in the case that the family (A(t)):>0
generates an evolution family having an exponential dichotomy. We also prove the exis-
tence of a local stable manifold near the periodic solution in that case.

1. Introduction and preliminaries. Consider the abstract semilinear
evolution equation

(1.1) W= A(t)u+g(t,ut), teRy,

where for each t € Ry, A(t) is a possibly unbounded operator on a Banach
space X such that (A(%)):>0 generates an evolution family (U(t, s))t>s>0
on X, and the operator ¢ is locally Lipschitz and acts on some function
space of vector-valued functions. One of the important research directions
related to the asymptotic behavior of the solutions to the above equation
is to find conditions for the existence of a periodic solution. The most
popular conditions are the periodicity of the linear part A(t) and that of
the nonlinear term g(¢, x) with respect to ¢t combined with its local Lipschitz
property. However, in some applications related to complicated reaction-
diffusion processes, the nonlinear term g describes the source of material (or
population) which, in many contexts, depends on time in diversified manners
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(see [8, Chapt. 11], [9], [20]). Therefore, sometimes one may not hope to have
the uniform Lipschitz continuity of g. Thus, one tries to extend the conditions
on nonlinear parts so that they describe more precisely such reaction-diffusion
processes. Hence, in the present paper, we will prove the existence of a
periodic solution to the semilinear equation with the nonlinear term g
satisfying the @-Lipschitz condition, i.e., ||g(t,z) — g(t,y)| < @(t)||x —y]| for
v being a positive and periodic function belonging to an admissible function
space.

The method of using admissibility of function spaces to handle the -
Lipschitz nonlinear term was first introduced in [I2] to prove the existence of
invariant manifolds for semilinear evolution equations. Then it was extended
in [I3] to prove the existence of a new class of invariant manifolds, namely,
the invariant manifold of admissible class. We will use this method in the
present paper combined with the folklore methodology of Massera [5] for
periodic solutions to ordinary differential equations (which roughly says that
if an ODE has a bounded solution then it has a periodic one).

Let us briefly explain the reason for choosing such a method: In the
present literature, there are several methods to prove the existence of peri-
odic solutions to evolution equations such as Tikhonov’s fixed point method
[17] or the Lyapunov functionals [21]. The most popular approaches are
the use of ultimate boundedness of solutions and the compactness of the
Poincaré map realized through some compact embeddings (see [I], 4} 16}, 17|
19 21] and references therein). However, in some concrete applications, e.g.,
to partial differential equations in unbounded domains or to evolution equa-
tions having unbounded solutions, such compact embeddings are no longer
valid, and the existence of bounded solutions is not easy to obtain since
one has to carefully choose an appropriate initial vector (or condition) to
guarantee the boundedness of the solution emanating from that vector.

Therefore, in the present paper, we use the ergodic approach (see [22]
for its origin) to overcome such difficulties. Namely, we start with the linear
equation

(1.2) W= A(t)u+ f(t), >0,

and use the Cesaro limit to prove the existence of a periodic solution through
the existence of a bounded solution whose sup-norm can be controlled by
the norm of the input function f in a relevant admissible function space.
We refer the reader to [14] for an extension of such an approach to the
case of periodic solutions to Stokes and Navier—Stokes equations around
rotating obstacles. We then use the admissibility of function spaces combined
with the fixed point argument to prove the existence and uniqueness of a
periodic solution of the abstract semilinear evolution equation with
the (p-Lipschitz nonlinear term.
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It is worth noting that our framework fits perfectly to the situation of
exponentially dichotomic linear parts, i.e., when the family (A(t))i>0 gen-
erates an evolution family (U(t, s))t>s>0 having an exponential dichotomy
(see Definition below), since in this case we can choose an initial vector
from which emanates a bounded solution. We can also prove the conditional
stability of periodic solutions in this case. Our main results are contained in
Theorems |2.3| and The applications of our abstract results to semilinear
equations with exponentially dichotomic linear parts are given in Section 4.
Moreover, in that section, we also prove the existence of a local stable man-
ifold around the periodic solution.

We now recall some notions for function spaces and refer to Massera
and Schaffer [0], Rébiger and Schnaubelt [18], and Nguyen [I1] for concrete
applications.

Denote by B the Borel algebra and by A the Lebesgue measure on R .
The space L, 10c(R4) of real-valued locally integrable functions on R4 (mod-
ulo A-nullfunctions) becomes a Fréchet space for the seminorms p,(f) :=
§, 1f(t)]dt, where J, = [n,n + 1] for each n € N (see [6, Chapt. 2, §20]).

We can now define Banach function spaces as follows.

DEFINITION 1.1. A vector space E of real-valued Borel-measurable func-
tions on R (modulo A-nullfunctions) is called a Banach function space (over

(R, B, \) if

(1) E is a Banach lattice with respect to a norm || - || g, i.e., (E, |- ||g) is
a Banach space, and if ¢ € E and % is a real-valued Borel-measur-
able function such that [(-)] < |p(+)], A-a.e., then ¢p € E and

1¥lle < llelle,
(2) the characteristic functions x4 belong to E for all A € B of finite

measure, and sup;> ||x[,¢+1]llz < 0o and infi>o [[X (412 > 0,
(3) E = Lj 10c(R4), i.e., for each seminorm py, of Ly 1oc(R4) there exists
a number (3, > 0 such that p,(f) < B,,||fl|z for all f € E.

Let now E be a Banach function space and X a Banach space. We set
E=ER4, X) :={f:Ry — X : f is strongly measurable and ||f(-)| € E}
(modulo A-nullfunctions) endowed with the norm

1£le = SO -

Then £ is a Banach space called the Banach space corresponding to the
Banach function space E.

DEFINITION 1.2. A Banach function space E is called admissible if

(i) there is a constant C' > 1 such that for every compact interval
[a,b] C Ry we have
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b
(1.3) | lott) | dt < ﬁ‘b‘na)

(ii) for ¢ € F the function Ajp defined by Aj¢p(t) := S?l o(7)dr be-
longs to F,
(iii) F is Tf-invariant and T}~ -invariant, where

e(t—71) fort>7>0,
T p(t) = {
0 for0<t <,
T-p(t) == p(t+T1) for t > 0.
Moreover, there are constants Ni and Ny such that [|[T7]] < Ny
and |77 ]| < Ny for all 7 € R,
EXAMPLE 1.3. Besides the spaces Ly(Ry), 1 < p < oo, and the space

t+1
(15)  M=M®y):={f € Lioe®) ssup | 17(r)]dr < oo}

lplle  for all p € E,

(1.4)

endowed with the norm || f||n = sup;>g S "|f(7)| dr, many other function
spaces occurring in interpolation theory, e.g. the Lorentz spaces L, 4, 1 <
P, q < 00, are admissible.

REMARK 1.4. It can be easily seen that if F is an admissible Banach
function space, then £ — M(R,).

We now collect some properties of admissible Banach function spaces in
the following proposition (see [I1), Proposition 2.6]).

PROPOSITION 1.5. Let E be an admissible Banach function space. Then:

(a) Let ¢ € L1 10c(Ry) be such that ¢ > 0 and Ayp € E, where Ay is as
in Deﬁmtzon [L.2(ii). For o >0 define

t o]
Ap(t) = Ve 7 p(s) ds,  App(t) = | e o(s) ds.
0 t

Then AL and A belong to E. In particular, if supysq S Yo(r)| dr
< 00 (this will be satisfied if ¢ € E, see Remark- ) then ALy and
Ay are bounded. Moreover, denoting by || - || the ess sup-norm, we
have

(16) Al <

(b) E contains the exponentially decaying functions 1 (t) = e~ fort>0
and any fized constant o > 0.

(c) E does not contain any exponentially growing function f(t) = e® for
t >0 and a constant b > 0.

Ny
,JMﬁWM,HA%M_l_,JMMw
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Next, in the admissible space M = M(R_ ) defined in ([1.5)) we consider
the subset

(1.7) P:={feM: fis l-periodic}.
Let now ¢ be a positive function belonging to P. Then, for 0 <t <1,
t+1 t+1 t+1
(MTHe) ) = | (Tie) () dr = | (T o) (m)dr = | o(r —1)dr
til t+1 1 1
= | w(r)ydr < | o(r)dr = (hip)(1),
1 t

while for ¢t > 1,

t+1 t+1 t+1
(MTie) ) = | (Tfe)(r)dr = | o(r —1)dr = | o(r)dr = (A1p)(2).
t t t
Hence, (A1 ¢)(t) < (A1) (t) for all t € Ry. Therefore, from (1.6) we get

N Ny
(1.8) [ 46plloo < 7= llellv - and [ 45plloc < 7= ll¢lim

for all positive ¢ € P.

We now recall the cone inequality theorem which will be used to prove
the conditional stability of solutions. Firstly, we introduce the following
notion. A closed subset K of a Banach space W is called a cone if it has the
following properties:

(i) o € K implies Azg € K for all A > 0,
(ii) x1, 22 € K implies z1 + x2 € K,
(iii) +xo € K implies zp = 0.
Suppose K is a cone in a Banach space W. For x,y € W we will write z < y
if y—z € K. If K is invariant under a linear operator A, then it is easy to
see that A preserves the inequality, i.e., x < y implies Az < Ay.
The following cone inequality theorem is taken from [2 Theorem 1.9.3].

THEOREM 1.6 (Cone inequality). Let K be a cone in a Banach space W
such that K is invariant under a bounded linear operator A € L(W) having
spectral radius v < 1. If a vector x € W satisfies the inequality

< Ax+z for some given z € W,
then also x <y, where y € W is the solution of the equation y = Ay + z.
We then introduce the notion of local -Lipschitz functions.

DEFINITION 1.7 (Local @-Lipschitz functions). Let F be an admissible
Banach function space, ¢ be a positive function belonging to £, and B, be
the ball with radius p in X, ie., B, := {z € X : ||z|| < p}. A function
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g :[0,00) x B, = X is said to belong to the class (L, ¢, p) for some positive
constants L, p if:

(i) lg(t,z)|| < Le(t) for a.e. t € Ry and x € B,,
(ii) |lg(t,x1) — g(t, z2)|| < @(t)]|x1 — z2| for a.e. t € Ry and all z1, 2z
€ B,.

REMARK 1.8. If g(¢,0) = 0 then condition (ii) above already implies
that g belongs to the class (p, ¢, p).

We also need the following space of bounded and continuous functions:

(1.9)  Cp(R4, X) = {v : Ry — X : v is continuous and sup [jv(t)| < oo}

teR4

endowed with the norm ||v||c, := supeg, [[v(t)]-

2. Bounded and periodic solutions to linear evolution equations.
Given a function f taking values in a Banach space X having a separable
predual Y (i.e., X = Y’ for a separable Banach space Y') we consider the
following nonhomogeneous linear problem for the unknown function u(t):

(2.1) % = A(t)u(t) + f(t) fort >0,

u(0) = up € X,

where the family (A(t)):>0 of partial differential operators is given such that
the homogeneous Cauchy problem

(2.2) CC% = A(t)u(t) fort>s>0,
u(s) =us € X

is well-posed. By this we understand that there exists an evolution family
(U(t,s))t>s>0 such that the solution of the Cauchy problem is given
by u(t) = U(t, s)u(s). For more details on the notion of evolution families,
conditions for the existence of such families and applications to partial dif-
ferential equations we refer the readers to Pazy [I5] (see also Nagel and
Nickel [10] for a detailed discussion of well-posedness for nonautonomous
abstract Cauchy problems on the whole line R). We next give the precise
concept of an evolution family.

DEFINITION 2.1. A family (U(t, s))t>s>0 of bounded linear operators on
a Banach space X is a (strongly continuous, exponentially bounded) evolution
family if:
(i) U(t,t) =1d and U(t,r)U(r,s) = U(t,s) for all t > r > s >0,
(ii) the map (¢,s) — U(t,s)z is continuous for every x € X, where
(t,s) € {(t,s) €ER?:t > 5 >0},
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(i) there are constants K,a > 0 such that |U(t,s)z|| < Ke®(t=9)|z||
forallt>s>0and z € X.

The existence of an evolution family (U(t,s))i>s>0 allows us to define a
notion of mild solutions as follows. By a mild solution to (2.1) we mean a
function w satisfying the integral equation

t
(2.3) u(t) = U(t,0)ug + \U(t,7)f(r)dr  for all t > 0.

0
We refer the reader to Pazy [15] for a more detailed treatment of the relations
between classical and mild solutions of evolution equations of the form ([2.1)).

We now state an assumption that will be used in the rest of the paper.

ASSUMPTION 2.2. We assume that A(t) is 1-periodic, i.e., A(t+1) = A(t)
for all t € Ry. Then (U(t, s))t>s>0 becomes 1-periodic in the sense that

(2.4) Ut+1,s+1)=U(t,s) forallt>s>0.

We also assume that the space Y considered as a subspace of Y (through
the canonical embedding) is invariant under the operator U’(1,0) dual to
U(1,0).

We now state a Massera type theorem for the existence of a periodic
solution.

THEOREM 2.3. Let X be a Banach space with a separable predual Y .
Assume that f € M and there exists ug € X such that a mild solution u
of with w(0) = ug (i.e., u(t) = U(t,0)up + Sg U(t,s)f(s)ds fort > 0)
satisfies u € Cp(Ry, X) and

(2.5) [ullc, < Ml flIm

for some M,,. Then, under Assumption[2.2], if f is 1-periodic, then equation
(2.1) has a 1-periodic mild solution u satisfying

(2.6) lallc, < (My+1)Ke®|| f[lm-

Furthermore, if the evolution family U(t, s)t>s>0 satisfies

(2.7)
tli}m U, 0)z|| =0 forxz e X such that U(t,0)x is bounded in Ry,

then the 1-periodic mild solution of (2.1)) is unique.

Proof. The existence of a 1-periodic solution is clearly equivalent to the
existence of an & € X such that £ = U(1,0)z + 8[1) U(1,s)f(s)ds. To prove
the existence of such an & we consider the function u(t) = U(t,0)ug +
Sé U(t,s)f(s)ds, which belongs to Cy,(R;., X') by hypothesis. For a 1-periodic
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function f and (U(t, s))i>s>0 satisfying (2.4), it can be easily seen by induc-
tion that
1
(2.8) u(k+1) = U(1,0)u(k) + {U(1,5)f(s)ds for all k € N.
0
Next, for each n € N we define the Cesaro sum z,, by

(2.9) Ty 1= 1Zu(k)

Then, the inequality (2.5 implies

(2.10) sup [[u(k)|| < Muyl| flIm-

keN
Hence, {zy, }nen is also bounded in X, and by (2.10) we have
(2.11) sup [|zn || < Muyl| flIm-

neN

Since the space X =Y’ and Y is separable, by Banach—Alaoglu’s Theorem
there exists a subsequence {z, } of {z,} such that

k* . o
(2.12) {on,} =& with |[2]] < M| fllm-

A straightforward calculation using (2.9)) yields
1
1
Ul xn+SU )ds—xn:ﬁ(u(n%—l)—u(l)).
0
(

Since the sequence {u(n)},en is bounded in X, we deduce that

1
. .1
nlg]go (U(l,O)wn —i—(S) U(l,8)f(s)ds — xn) = nlg]g@ E(u(n +1)—u(1)) =0
strongly in X. This implies that for the subsequence {z,, } from (2.12) we
have
1
(2.13) U(L,0)zn, +\U(L, 5)f(5) ds — n, 22 0.
0
Combining (2.12)) and ([2.13]) we obtain

1
weak™

(2.14) U(L,0)2n, + | U(L,5)f(s)ds ~= & € X.
0

We will prove that
1
U(1,0)i +\U(L,5)f(s) ds = 3.
0
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To do so, denoting by (-, -) the duality between Y and Y’ and using the fact
that U’(1,0) leaves Y invariant (see Assumption [2.2), for all h € Y we have

1
(U1, 00n, + [ U1, 5)f(s) ds, )
0
1

= (U(1,0)n,, 0} + (§ UL, 5)f(s) ds, )
0
1

= (2, U'(1,0)R) + <§ U(1,5)f(s) ds,h>

=

_ <U(1,0):z» +{U(L,5)f(s) ds,h>.

0
This yields

[y

1
(215)  U(1,0)zp, +\U(L,5)f(s) ds " U(1,0)% + | U(1,5)f(s) ds € X.
0 0

It now follows from ([2.14) and (2.15]) that
(2.16) U(1,0)2 + SU(l s)f(s)ds = z.

The solution @ € Cp(Ry, X) of (| with 4(0) = §c is clearly 1-periodic.
Therefore, u(t) is a 1- perlodlc mlld solutlon to

The inequality ([2.6)) now follows from and -

We now prove that if (U(t,s))t>s>0 satlsﬁes ), then the periodic mild
solution is unique. Indeed, let 41, 12 be two l—periodic mild solutions to ([2.1)).
Then, setting v = 61 — 19, we see that v is 1-periodic and, by ,

(2.17) v(t) =U(t,0)(41(0) —a2(0)) for ¢ > 0.
Since v(-) is bounded on R4, (2.7) implies that
(2.18) Jim [Jo(8)[| = 0.

This fact, together with the periodicity of v, shows that v(t) = 0 for all
tZO, SOlezﬂQ. ]



182 Nguyen Thieu Huy and Ngo Quy Dang

3. Bounded and periodic solutions to semilinear problems. For
a Banach space X with a separable predual Y as in the previous section, we
now consider the semilinear evolution equation

G.1) B At + g(t.u()).
u(0) = ug € X,

where the linear operators A(t), t > 0, act on X and satisfy the hypotheses
of Theorem and the nonlinear term ¢ : [0,00) X X — X satisfies:

(1) g belongs to the class (L, ¢, p) for some L,p >0 and 0 < ¢ € P,

2
(3:2) (2) g(t,z) is 1-periodic with respect to ¢ for each fixed z € X.

Furthermore, by a mild solution to (3.1]) we mean a function u satisfying

t
(3.3) u(t) = U(t,0)ug + {U(t, 7)g(r,u(r))dr  for all t > 0.

0
We then come to our next result on the existence and uniqueness of a peri-
odic mild solution to (3.1)).

THEOREM 3.1. Assume that there exists a constant M such that for each
f € M there is a mild solution u of (2.1) satisfying u € Cyp(Ry, X) and

lulle, < M fllnr,

and that the evolution family U(t, s)i>s>0 satisfies

tli)m U, 0)z|| =0 forxz e X such that U(t,0)z is bounded in R .

Let g satisfy (3.2). Then, if v := ||¢||m is small enough, equation (3.1)) has
a unique 1-periodic mild solution @ in Cp(Ry, X).

Proof. Consider the closed set B, C Cy(Ry, X) defined by
(3.4) Bfl, ={v e Cy(Ry, X) : v is 1-periodic and ||v||¢, < p}.

We then define a transformation @ as follows: Consider the equation
t
(3.5) u(t) = U(t,0)u(0) + S U(t,7)g(r,v(1))dr fort > 0.
0
Then for v € B,l, we set @(v) := u where u € Cp(Ry, X) is the unique 1-

periodic solution to (3.5)) (guaranteed by Theorem . We will prove that
if v is small enough, then & acts from B; into itself and is a contraction. To

do so, fixing any v € B;, since g belongs to the class (L, ¢, p) with ¢ € P
we have
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t+1

(3.6) g 0())llm = sup V llg(r,o(n))l dr
) ttJrl

< Lsup | [lp(r)lldr < Llg|m = L.
t>0 3
Applying Theorem for the right-hand side g(-,v(+)) instead of f(:) we
deduce that for v € B; there exists a unique 1-periodic solution u to 1)
satisfying

(3.7) lulle, < (M +1)Ke®[lg(-,v(-))[lm < (M + 1)K Lye®.

Therefore, if 7 is small enough, then @ acts from Bl into itself.
Now, by (3.5) we have
(3.8) D(v)(t) =U(t,0)u(0) + \U(¢ (r,u(r))dr  for &(v) =

&(v1) and ug = P(ve), by the repre-

Furthermore for vy,v9 € B; and =
1) — ®P(v2) is the unique 1-periodic mild

sentation we find that v =
solution to

)+
0
o0

t
u(t) = U(t,0)u(0) + S U(t,7)(g(r,v1(7)) — g(7,v2(7))) dr  for all t > 0.
0
Thus, from Theorem and the fact that g belongs to the class (L, ¢, p)
we get
t+1

(3.9) [|2(v1) — P(v2)llc, < (M +1)Ke® jggS lg(m,v1(7)) = g(7, va(7)) || d7

t+1
< (M +D)Ee®sup | [lo(r)] dr [lor = v2c,
>0
< (M + DEeelmllvr = valle,
= (M + 1)K~e®||vg — v2|c, -
We thus conclude that if v := ||¢|/nm is small enough, then @ : B}, — Bﬁl, is a

contraction. Therefore, for this value of « there exists a unique fixed point
4 of @ in B;, and by definition of @, 4 is the unique 1-periodic mild solution

to (B.1). =

4. Periodic solutions in the case of dichotomic evolution
families

4.1. Existence, uniqueness and conditional stability. In this sub-

section, we will consider equations (2.3) and (3.3)) in the case that the evolu-
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tion family (U (¢, s))i>s>0 has an exponential dichotomy. This assumption is
convenient to prove the existence of bounded solutions to (i.e., bounded
mild solutions to (2.1))). Therefore, the existence and uniqueness of periodic
solutions to and hence to easily follow. Moreover, using the cone
inequality (Theorem , we will show the conditional stability of such pe-
riodic solutions.

We start with the definitions of exponential dichotomy and stability of
an evolution family.

DEFINITION 4.1. Let U := (U(t,s))t>s>0 be an evolution family on a
Banach space X.

(1) U is said to have an exponential dichotomy on [0,00) if there ex-
ist bounded linear projections P(t), ¢ > 0, on X and positive con-
stants N, v such that
(a) U(t,s)P(s) = P(t)U(t,s),t >s>0,

(b) the restriction U(t,s)| : Ker P(s) — Ker P(t), t > s > 0, is an
isomorphism, with inverse U(s, t)| := (U(t,s)) ", 0 < s <,

(¢) ||U(t,s)z|| < Ne=*(=3)||z| for z € P(s)X, t> 5> 0,

(d) |U(s,t)z]| < Ne v(t=9)|z|| for z € Ker P(t), t > s > 0.

The projections P(t), t > 0, are called the dichotomy projections,
and the constants N, v the dichotomy constants.

(2) U is called exponentially stable if it has an exponential dichotomy
with the dichotomy projections P(¢) = Id for all ¢ > 0. In other
words, U is exponentially stable if there exist positive constants N
and v such that

(4.1) |U(t, s)|| < Ne7"=9) forall t >s > 0.
We remark that properties (a)—(d) of the dichotomy projections P(t)
already imply that
(1) H :=sup;>o | P(1)]] < o0,
(2) t— P(t) is strongly continuous
(see [T, Lemma 4.2]). We refer the reader to [I1] for characterizations of
exponential dichotomies of evolution families in general admissible spaces.
If (U(t,s))t>s>0 has an exponential dichotomy with dichotomy projec-

tions (P(t)):>0 and constants N,v > 0, then we can define the Green func-
tion on a half-line as follows:

P@)U(t,T) fort > 7 >0,
(4.2) g(t,7) = { —U(t,T)|(I —P(1)) for0<t<r.
Then

(4.3) |Gt 7)< (14 H)Ne™T1 - for t #7 > 0.
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The following lemma gives the form of bounded solutions of (2.3)), (3.3]).

LEMMA 4.2. Let the evolution family (U(t,s))t>s>0 have an exponential
dichotomy with dichotomy projections (P(t)):>0 and dichotomy constants

N,v>0. Let f € M and let g satisfy (3.2)). Then:

(a) Equation (2.3) has bounded solutions in Cp(Ry, X). Every bounded
solution v of (2.3) can be written in the form

(4.4) v(t) =U(t0)¢ + | Gt 7)f(r)dr, t>0,
0
for some (o € Xo := P(0)X where G(t,7) is defined by (4.2).
(b) Letu € Cy(Ry, X) be a solution to (3.3)) such that supssq [[u(t)| < p
for a fixed p > 0. Then, fort >0,

(4.5) u(t) =U(t,0)vy + S G(t,m)g(r,u(t))dr  for some vy € X,
0
where G and Xg are as in (a).

Proof. (a) Set y(t) := 88" G(t,7)f(r)dr for t > 0. Since f € M, using
(4.3) and ([1.6) we obtain

ly@®)]l < (1 + )N § e £ (7)) dr
0
< N+ H)(N1| AT flloo + Naf| A1 £lloo)
- 1—e?
Moreover, it is straightforward that
t
y(t) = U(t,0)y(0) + \U(t,7) f(r)dr  fort > 0.
0
Since v(t) is a solution of (2.3), we obtain

v(t) —y(t) = U(t,0)(v(0) —y(0))  for ¢ > 0.
Let now ¢y = v(0) —y(0). The boundedness of v(+) and y(+) on [0, co) implies
that (o € Xo. Finally, since v(t) = U(¢,0)(p + y(t) for t > 0, the equality

(4.4) follows.
(b) Similarly to (a) we set y(t) := {;°G(¢,7)g(r, u(r)) dr for t > 0. Since

g satisfies the conditions in (3.2]), using estimates (4.3)) and (|1.8]) we obtain

for all t > 0.

ly@)Il < (1 +H)N §eg(r,u(r))lldr < (1+ H)NL | e Tlo(7) dr
0 0

< (1+ H)NL(N;1 + N2)
- 1—e¥

llellm - for t > 0.
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Also, it is straightforward that

¢
y(t) = U(t,0)y(0) + \U(t, 7)g(r,u(r))dr fort > 0.
0

Since u(t) is a solution of (3.3)) we obtain u(t) — y(t) = U(t,0)(u(0) — y(0))
for ¢t > 0. Let now vg = u(0) —y(0). The boundedness of u(-) and y(-) on R4
implies that vy € Xo. Finally, the relation u(t) = U(t,0)vg + y(t) for t > 0
yields (4.5)). m

REMARK 4.3. By straightforward computations we can prove that the
converses of (a) and (b) are also true, i.e., a solution of (4.4) satisfies ([2.3)
for t > 0, and that of (4.5)) satisfies (3.3) for ¢ > 0.

We next prove the existence of bounded solutions to (2.3)) and (3.3) (i.e.,
bounded mild solutions to (2.1)) and (3.1))) and hence of periodic solutions.

THEOREM 4.4. Consider equations and . Let the evolution
family (U(t,s))t>s>0 satisfy and have an exponential dichotomy with
dichotomy projections P(t), t > 0, and constants N,v. Let f € P and
suppose that g satisfies with positive constants p, L and a function
w € P. Then:

(a) Equation (2.3) has a unique 1-periodic solution in Cy(R4, X).
(b) If llellm is sufficiently small, then (3.3) has a unique 1-periodic
solution in Cyp(Ry, X).
Proof. (a) For a given f € P, taking (s = 0 € X in (4.4 we see that
(2.3) has a bounded solution

(4.6) u(t) = | G(t,7)f(r)dr,
0
and by (4.3) and (L.8),
lulle, < (1 + H)N | el f(7)[ dr
0
<4 ”?N(A_@*N?)Hf\m for all ¢ > 0.
— €

Applying Theorem we see that for the 1-periodic function f € P there
exists a 1-periodic solution @ of (2.3) satisfying

(4.7 rwms(“+me”W”+QK&mm.

1—e?
The uniqueness of the 1-periodic solution follows from the fact that for two

1-periodic and continuous (hence bounded on R ;) solutions % and © we deduce
from (4.4) that [|a(t) — o(t)|] = [U(t,0)(uo — vo)|l < Ne™"[luo — vol| — 0 as
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t — oo since ug, vg € Xo. This, together with periodicity, implies @(t) = 0(t)
for all ¢ > 0, finishing the proof of (a).

(b) By (a), for each 1-periodic f, the linear problem has a unique
1-periodic solution @ € Cy(Ry, X) satisfying (4.7). Therefore, (b) follows
from Theorem [3.1] =

We now prove the conditional stability of periodic solutions to (3.3)).

THEOREM 4.5. Let the assumptions of Theorem hold, and let 4 be
the 1-periodic solution of obtained in Theorem[4.4(b). Denote by B, (z)
(resp. Br(v)) the ball in X (resp. in Cp(R4, X)) centered at = (resp. at v)
with radius r. Let B,(0) be the ball containing @ as in Theorem 4.4(b).
Suppose further that there exists a positive o1 € P such that

lg(t, vi(t)) — g(t, v2(0)]] < er1(B)llvr — w2l for all v, va € Byy(0).
Then, if |le1llm s small enough, to each vo € B, an)(P(0)0(0)) N P(0)X
there corresponds a unique solution u(t) of (3.3)) on Ry with P(0)u(0) = vg
and u € B,(4). Moreover,
(4.8) lu(t) = a(t)]| < Cue™[[P(0)u(0) — P(0)a(0)]|  fort >0,
for some positive constants C,, and p independent of u and 1.

Proof. For vy € B, (P(0)a(0))NP(0)X we will prove that the trans-
formation F' defined by

(Fw)(t) = U(t,0)vg + S G(t,7)(g(r,w(r))dr fort>0
0
acts from B, (@) into itself and is a contraction. In fact, for w(-) € B,(),

(4.9) [wlle, < llw—1dllc, +[lallc, <2p

and ||g(t,w) — g(t,0)|| < p1(t)||w — @llc, < ppi(t). Therefore, setting
o

y(t) == (Fw)(t) = U(t,0)vg + S G(t,7)(g(r,w(r))dr fort>0
0

we obtain

ly(t) — a(®)] < Ne " |lvo — P(0)a(0)]

o0

+(1+ H)N S e 1=l g(r, w) — g(r, 0)| dr
0
< Ne g — P(0)a(0) ]| + (1 + H)N | e 1" pioy (7) dr
0

(1+ H)Np(N1 + No)lle1lm

< Nlvo — P(0)a(0)[| + T
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for all £ > 0. Hence,
1+ H)Np(N1 + No)lle1llm
1—e? '

Using now the fact that ||vg — P(0)a(0)]] < p/(2N) we find that if ||¢1||n is
small enough, then F' acts from B, (@) into B,(1).

Now, for z, z € B,(4) (thus, as in (4.9), |z||c,, ||2]c, < 2p) we estimate

|Fw — g, < Nllvo — PO)a(0)]] +

I(Fa)(t) — S & g(rz) — g(7, 2)ll d7
0

< L+ H)N [ e lg(r,2) — g(r,2)l| dr
0

o L+ H)N(N + No)lr | m

- 1—e?

|z —z||c, forallt>0.

Therefore,

(1+ H)N(N1 + No)lle1llm
1—ev

[Fa = Fzlle, < Iz = zllc, -

Since (HDN (lNleJr]yQ)HmHM < 1 we deduce that F : B,(4) — B,(u) is a
contraction. Thus, there exists a unique u € B,(%) such that Fu = u. By
definition of F' we see that u is the unique solution in B,(u) of ( . ) for
t > 0. By Lemma E 2| and Remark ﬂ, u is the unique 501ut10n of (| in
B,().

Finally, we prove (4.8)). To do so, since both % and u are bounded on R,
we can use to write

u(t) —a(t) = U(t, 0)(P(0)u(0) — P(0)a(0))

o0

+ 1 9t 7) (9(r,u(r)) - (7, a(r)) dr.

0

Therefore,
lu(t) = a(t)]| < Ne™""[|P(0)u(0) — P(0)a(0)]|
+ 1+ H)Nogoe_”‘t”' lg(7, u(r)) — g(7,a(7))|| dr
< Ne_”tIIP(U)UEO) — P(0)a(0)]]

+ (14 H)N \ e "oy (7)||u(r) — a(7)||dr  for t > 0.

OL’ﬁg



Periodic solutions, conditional stability, and admissibility 189

Set ¢(t) = [|u(t) — @(t)||. Then esssup;~q ¢(t) < co and
(4.10) ¢(t) < Ne™™'||[P(0)u(0) — P(0)a(0)]

+(1+ H)N S eVt Tlo (D)e(r)dr for t > 0.
0

We will apply the cone inequality (Theorem to the Banach space
W = Cy(R4+,R) with K being the set of all nonnegative functions. We then
consider the linear operator B defined for u € W by
(Bu)(t) = (L+ H)N | e"loy(r)u(r)dr  for t > 0.
0

By (1.8) we have
sup(Bu)(t) = sup(1+ H)N | e ™" Tloy (T)u(r) dr
t20 t>0 0
1+ H)N
< OOV iy + ) el

Therefore, B € L(W) and ||B|| < (N1 + No)|le1]lm < 1. Obviously,

B leaves the cone K invariant. Now (4.10) can be rewritten as
¢ < Bop+z for z(t) = Ne || P(0)u(0) — P(0)a(0)|, t>0.

Hence, by Theorem [1.6] we obtain ¢ < 1, where v is a solution in W of the
equation ¥ = By + z which can be rewritten as

(4.11) P(t) = Ne || P(0)u(0) — P(0)a(0)]]
+ 1+ H)N | ey (r)y(r)dr - for t > 0.
0

We now estimate 1. To that end, for

0<p<v+In(l—(1+H)N(Ny+ No)lleillm)
we set w(t) = ela)(t) for t > 0. Then, by we obtain
(4.12)  w(t) = Ne” "M P(0)u(0) — P(0)a(0)]

+(1+H)N S e =TT o) (P)w(r) dr - for t > 0.
0
We next consider the linear operator D defined for u € W by
(Du)(t) = (L+ H)N | e (r)u(r) dr - for t > 0.
0
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By (1.8)) we have
(e e}
sup(Du)(t) = sup(l + H)N S e VIR o) (P)u(r) dr
>0 >0 5
<sup(l+ H)N S e~ =Tl (Pu(T) dr
>0 5
(1+H)N
S m(Nl + No)l1 vl el oo-
Therefore, D € L(W) and ||D]| < ;S8 (Ny + No) 1|

Equation (4.12) can now be rewritten as
w=Dw+z for z(t) = Ne” M| P(0)u(0) — P(0)a(0)], t>O0.
Since u < v+ 1In(1 — (1 + H)N(Ny + N2)||¢1|lm), we obtain

1+ H)N
(—e—())(Nl + No)llerllm < 1.

Therefore, the equation w = Dw + z is uniquely solvable in W, and its
solution is w = (I — D)~'z. Hence,

ID] <

=|(I —D)” < (I —D)! ”ZHOO
oo = II( elle < I = D) zlle < 750
< al IPO)u(0) — P(0)a(0)]
T 1= BN (N + N o[
Therefore,
[w]loo < Cull P(0)u(0)—P(0)i(0)]| for C N
Wloo > % u - u T 1 =
— DN N+ Ng)llon I

This yields

w(t) < Cul|P(0)u(0) — P(0)a(0)|| for ¢t > 0.
Hence, 1(t) = e "w(t) < Cpe || P(0)u(0) — P(0)@(0)|. Since ||u(t) —a(t)]|
= ¢(t) < 9(t), we obtain

lu(t) — a(t)[| < Cue™[[P(0)u(0) — P(0)a(0)],
finishing the proof of Theorem n

REMARK 4.6. The assertion of the above theorem gives the conditional

stability of the periodic solution @ in the sense that for any other solution
u such that P(0)u(0) € BN (P(0)a(0)) N P(0)X and u being in a small
ball B, (@) we have ||u(t) — 4(t)|| — 0 exponentially as t — oo (see (4.8))).

For an exponentially stable evolution family (see Definition [£.1}(2)) we
have the following direct consequence of Theorem
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COROLLARY 4.7. Let the assumptions of Theorem [£.4] hold, and let 4
be the periodic solution of obtained in Theorem (b) Let further
the evolution family (U(t, s))t>s>0 be exponentially stable. Then the periodic
solution 0 is exponentially stable in the sense that for any other solution
u € Cp(Ry, X) of such that ||u(0) — @(0)|| is small enough we have

(4.13) llu(t) —a(t)]| < Ce " |lu(0) — @(0)||  for all t >0,
for some positive constants C' and p independent of u and 4.
Proof. Just apply Theorem for P(t) =1Id for all ¢t > 0. m

4.2. Local stable manifold near the periodic solution. In this
subsection, under the same hypotheses as in we will prove the existence
of a local stable manifold for equation near its periodic solution. As
previously, we denote by B, (x) the ball in X centered at = with radius r. We
now give the definition of a local stable manifold for near its periodic
solution.

DEFINITION 4.8. Let @ be a continuous and 1-periodic solution to (3.3]).
A set S C Ry x X is said to be a local stable manifold for near  if for
every t € R, the phase space X splits into a direct sum X = Xq(t) ® X1(t)
such that

inf Sn(Xo(t), X1(¢)) := tiééi ii:rbfl{Hﬁo + 1|z € Xi(t), ||zl =1} >0

teR
and if there exist positive constants p, pg, p1 and a family of Lipschitz con-
tinuous mappings
hi = By (a(t)) 0 Xo(t) = By, (4(t)) N Xu(t), ¢ € Ry,
with the Lipschitz constants being independent of ¢, such that:
i) S={(t,z+h(x)) € Ry x (Xo(t)®X1(t)) : t € Ry, z € By (u(t))N
Xo(t)}, and we define S; := {z + he(z) : (t,z + h(x)) € S}, t >0,
(ii) S; is homeomorphic to
By, (a(t)) N Xo(t) := {z € Xo(t) : lz — a(t)]| < po}
for allt > 0,
(iii) to each zy € Sy, there corresponds a unique solution u(t) of (3.3)
on [tg, 00) with u(tg) = wo and esssup;sy, [lu(t)]| < p.
Note that, if we identify Xo(t) & X1(¢) with Xo(¢) x X1(¢), then we can
write S; = graph(hy).
We now prove our last result on the existence of a stable manifold for
solutions to .

THEOREM 4.9. Let the assumptions of Theorems [£.4] cmd- [4.5] hold with
positive functions ¢ and 1. Let t be the 1-periodic solution of (3.3) obtained
in. Theorem [4.4] thanks to the sufficient smallness of |¢|lm. Then, if I llv
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1s sufficiently small, there exists a local stable manifold S near the solution .
Moreover, every solution u(t) on S is exponentially attracted to u(t) in the
sense that there exist positive constants pn and C,, independent of to > 0,
such that

(4.14)  Jlu(t) — a@t)|| < Cue || P(to)ulte) — P(to)ilto))| for all t > to.
Proof. We will apply [12], Theorem 3.8]. To this end, let u be a solution
to (3.3)) and set w = u — . Then u satisfies (3.3)) if and only if

(4.15)  w(t) =U(t,0)w(0)

t

+\ U, 7)[g(r, w(r) + a(r)) — g(r, (7)) dr  for t > 0.

0
Setting now F'(t,w) = g(t,w + u) — g(t,a), we find that F(¢,0) = 0 and F
belongs to the class (2p, ¢1,2p) since g satisfies the assumption of Theorem
4.5, Therefore, by [12, Theorem 3.8], if ||¢1]|nm is small enough, then there
exists a local stable manifold S (near 0) for (4.15)). Returning to the solution
wof (3.3)), by replacing w with u—u, we see that S is the local stable manifold

for (3.3]) near u. Finally, (4.14)) follows from (4.8]). =

We finally illustrate our results by the following example.

4.3. An example. We consider the problem
wy(z,t) = a(t)[wee(z,t) + dw(x, t)]
(4.16) + ) [|w* tw(z, t) + h(z,t)] for0 <z <m t>0,
w(0,t) = w(m,t) =0, t>0.
Here, § € R and § # n? for all n € N; the function a(-) € Ly oc(Ry) is
1-periodic and satisfies 0 < 79 < a(t) < 1 for fixed 79, 7v1; the exponent
k > 1 is an integer; the function h : [0,7] x Ry — R is continuous on
[0, 7] x Ry and 1-periodic with respect to t.

We next set X := Lo[0, 7], and let A : X D D(A) — X be defined by
Ay = y" + dy, with the domain

D(A) = {y € X : y and ¢ are absolutely continuous,
y" € X, y(0) = y(m) = 0}.

It can be seen [3] that A is the generator of an analytic semigroup (T(¢))¢>0.
Since o(A) = {-n? 4+ : n = 1,2,...}, applying the spectral mapping
theorem for analytic semigroups we get
(4.17)  o(T(t)) = 7@ = {7740 1y = 1,2, ),

and hence o(T(t))NI'=0 forallt >0,
where I' .= {\ € C: |\ =1}.
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Setting now A(t) := a(t)A we see that A(¢) is 1-periodic, and the family
(A(t))+>0 generates a 1-periodic (in the sense of Assumption evolution
family U(t, s)i>s>0 which is defined by U(t, s) = ']I‘(Si a(T)dr).

By we see that the analytic semigroup (T(¢))>0 is hyperbolic (or
has an exponential dichotomy) with the projection P satisfying

(1) IT(t)z|| < Ne=Pt||z|| for z € PX, t >0,

(2) | T(=t)z|| = [(T()) tz| < Ne P|z|| for z € Ker P, t > 0, where
the invertible operator T(t), is the restriction of T'(t) to KerP, and
N, B are positive constants.

Using the hyperbolicity of (T(t)):>0 it is straightforward to check that the
evolution family U(t, s);>s>0 has an exponential dichotomy with the projec-
tion P(t) = P for all t > 0 and the dichotomy constants N and v := vy by
the following estimates:

|U(t, s)z|| < Ne™"E9)||z||  for z € PX, t> s> 0,

|U(s,t)z|] < Ne7"=9)||z||  for x € Ker P, t > s > 0.
We then define a function g : Ry x X — X by g(t,w) = ¥ (t)[|w|*tw+H (t)]

for w € X and H(t) = h(-,t) being an X-valued function, where the real
function 1 (t) is defined for fixed constants b > 0, ¢ > 1 by

N o111, 1 .
(4.18) ¢(t):{b(t—3) iftelj+5—9,j+5+5] forj=012,...,

0 otherwise.
Equation (4.16)) can now be rewritten as
du

S = Atult) + g(t, u(t) for u(t) = w(-,1).

Since 9 (t) and H(t) = h(-,t) are l-periodic, it follows that g(¢,w) is 1-
periodic with respect to ¢ for each fixed w € X. Moreover, |g(¢,0)| =
V()| H ()| < y(t) for v := SUPte[o,l](Sg \h(z,t)|? dac)l/Q, and we have

lg(t.vn) = glt,v2)| = () [JorF~ o1 — [oal* o

= ()| Jor]* oy — o1 [F o + v [F g

‘k—2 |k—1

— 01" uavg + -+ + [v1] oo Py — [va]* T g|

k—1
< () ||l — vaf [or P fva|* 1|

j=0
< Y(t)k||vy — vzHrk_l for all vy, vy € B,(0)
and

lg(t o) = [lg(t.v) = g(t, 0)| + [lg(t. O)| < (&) (kr* +~) for all v € B(0).
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Setting
"Y —
Li=r+ g and o(t) = rF Ly (t)
we obtain
" j1/241/20
sup | [p(r)dr <sup | kAT - )t
20§ IEN G 1172120
J+1/2+1/2¢ k-1
bk
<sup | k?‘kflbdtzzzi_l'
IEN ji1/2-1/20

Hence, ¢ € M(R,) and ||¢|lm < bkrF=1/2¢71. Therefore, for any fixed
constants b, k and r, the norm ||¢||p can be made sufficiently small if we
choose c large enough.

Therefore, g satisfies the hypotheses of Theorems 4.4 and with p =7,
©(t) = kpP14p(t) and @i (t) = k(2p)*14(t). These theorems imply that if
¢ is large enough (consequently, ||¢|lm and ||o1||m are small enough), then
equation has one and only one 1-periodic mild solution @ € B,(0), and
this solution 4 is conditionally stable in the sense of Remark Moreover,
by Theorem there exists a local stable manifold for mild solutions to
(4.16)) near the periodic solution 4.
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