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Fragments of strong compactness,
families of partitions and ideal extensions

by

Laura Fontanella (Jerusalem) and Pierre Matet (Caen)

Abstract. We investigate some natural combinatorial principles related to the notion
of mild ineffability, and use them to obtain new characterizations of mild ineffable and
weakly compact cardinals. We also show that one of these principles may be satisfied by
a successor cardinal. Finally, we establish a version for Pκ(λ) of the canonical Ramsey
theorem for pairs.

1. Introduction. Abramson, Harrington, Kleinberg and Zwicker [1]
showed that a number of large cardinals properties could be reformulated
as flipping properties. In this general framework, an infinite cardinal κ has
a certain large cardinal property P if and only if, for any family of a certain
size of partitions of a set X into two pieces, there is a function that selects
one piece of each partition in such a way that the collection of chosen pieces
satisfies some property Q. For example, κ is a strong limit cardinal if, for any
family of less than κ many partitions of κ into two pieces, there is a piece
selection function such that the intersection of all chosen pieces has size at
least two. This paper is concerned with generalized flipping properties. That
is, we modify the basic setting in two ways. First, we allow partitions into
more than two pieces, and second, our piece selection function needs not be
total, as long as it selects a “large” number of pieces.

The properties that we will characterize in this way are fragments of
strong compactness. Strong compactness is a global property. That is, a reg-
ular infinite cardinal κ is strongly compact if, for any cardinal λ ≥ κ, a cer-
tain property P (κ, λ) holds. There are several possibilities for P (κ, λ). One
of them affirms the existence of a prime κ-complete fine ideal on Pκ(λ).
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This of course can be seen as an ideal extension property: we are asserting
that the non-cofinal ideal Iκ,λ can be extended to a prime κ-complete ideal

on Pκ(λ). It can also be recast as a flipping property. Let 〈Qζ : ζ < 2λ
<κ〉 be

an enumeration of all partitions of Pκ(λ) into two pieces. Then our property
asserts the existence of a function f ∈

∏
ζ<2λ<κ Qζ such that any intersection

of less than κ many of the selected pieces is cofinal in Pκ(λ). Another possi-
ble choice for P (κ, λ) is the stronger assertion that any κ-complete ideal on
a set P of size λ can be extended to a κ-complete prime ideal on P. On the
weaker side, there is the mild λ-ineffability of κ, a property introduced by
Di Prisco and Zwicker [3]. Yet another possibility for P (κ, λ) is the conjunc-
tion of “κ is inaccessible” and “TP(κ, λ) holds”, this latter property being
due to Weiß (see [17] and [18]). We investigate the interplay between various
such assertions, trying in particular to determine which implies which.

The paper is organized as follows. In Sections 2 and 3 we give several
characterizations of the mild λ<κ-ineffability of κ in terms of ideal extensions
and piece selections. Since κ is mildly κ<κ-ineffable just in case it is weakly
compact, making λ = κ gives us a few assertions that can be added to the
already existing long list of equivalent formulations of weak compactness.
This is done in Section 4. In Section 3 it is also shown that κ is mildly
λ<κ-ineffable if and only if it is inaccessible and the piece selection principle
PS(κ, λ) holds. In Section 5 we prove that it is consistent relative to large
cardinals that PS(κ, λ) implies TP(κ, λ), and that it is consistent relative
to a supercompact that “PS(κ, λ′) holds for every cardinal λ′ ≥ κ, but κ is
successor”. In Section 6 we show that a principle that looks fairly weak does
have some strength. Finally in Section 7 we establish a version for Pκ(λ) of
the canonical Ramsey theorem for pairs.

2. Ideal extensions. In this section we compare several assertions deal-
ing with extensions of ideals. We start with some definitions.

Throughout the paper, κ will denote a regular infinite cardinal, and λ
a cardinal greater than or equal to κ. Given a set X and a cardinal ν, we
denote by Pν(X) the set of all subsets of X of size less than ν, while [X]ν

denotes the set of all subsets of X of size ν. An ideal on X is a collection of
subsets of X such that:

• A ∪B ∈ J whenever A,B ∈ J ,
• P (A) ⊆ J for all A ∈ J ,
• X /∈ J ,
• {x} ∈ J for all x ∈ X.
Given an ideal J on a set X, we denote by J+ the set {A ⊆ X : A /∈ J},

while J∗ denotes the set {A ⊆ X : X \ A ∈ J}. For any A ∈ J+, we let
J |A := {B ⊆ X : B ∩ A ∈ J}. We say that J is κ-complete if for any
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collection Z of less than κ many sets in J one has
⋃
Z ∈ J. The cofinality

of J, denoted cof(J), is the least cardinality of a subcollection I of J such
that J =

⋃
A∈I P(A). For a cardinal τ, we say that J is τ -saturated if there

is no subset Q ⊆ J+ of size τ with the property that A ∩ B ∈ J for any
two distinct elements A,B of Q. Furthermore, J is nowhere τ -saturated if
there is no A ∈ J such that J |A is τ -saturated. We say that J is prime
if it is 2-saturated. An ideal K on X extends J if J ⊆ K. We denote by
Iκ,λ the set of all A ⊆ Pκ(λ) for which there exists a ∈ Pκ(λ) such that
A ∩ {b ∈ Pκ(λ) : a ⊆ b} = ∅. An ideal J on Pκ(λ) is fine if it extends Iκ,λ.

We say that κ is mildly λ-ineffable if, for sa ⊆ a for a ∈ Pκ(λ), there
exists S ⊆ λ with the property that, for any b ∈ Pκ(λ), there is a ∈ Pκ(λ)
such that b ⊆ a and S ∩ b = sa ∩ b.

Fact 2.1.

(1) (Carr [2]) If κ is mildly λ-ineffable, then it is mildly µ-ineffable for
any cardinal µ with κ ≤ µ ≤ λ.

(2) (Carr [2]) κ is mildly λ-ineffable if and only if it is weakly compact.
(3) (Usuba [16]) Suppose κ is mildly λ-ineffable and cof(λ) ≥ κ. Then

λ<κ = λ.

Thus:

(a) If cof(λ) ≥ κ, then κ is mildly λ<κ-ineffable if and only if it is mildly
λ-ineffable.

(b) If cof(λ) < κ, then κ is mildly λ<κ-ineffable if and only if it is mildly
λ+-ineffable.

For a cardinal σ ≥ κ, κ is σ-compact if there exists a prime, κ-complete,
fine ideal on Pκ(σ) extending Iκ,σ. Next, κ is strongly compact if it is
σ-compact for every cardinal σ ≥ κ.

Definition 2.2. Given an infinite set P and a κ-complete ideal J on P,
we write IE1

κ(J) when there exists a prime, κ-complete ideal on P that
extends J.

Thus, κ is σ-compact if and only if IE1
κ(Iκ,σ) holds.

Proposition 2.3. Suppose that κ is mildly 2λ-ineffable. Let P be a set
of size λ, and let J be a κ-complete ideal on P. Then IE1

κ(J) holds.

Proof. Let 〈X0
β : β < 2λ〉 be an enumeration of all subsets of P. For

β < 2λ, let X1
β := P \X0

β. For every a ∈ Pκ(2λ), pick ta : a → 2 such that⋂
β∈aX

ta(β)
β ∈ J+. There must be g : 2λ → 2 with the property that, for

every b ∈ Pκ(2λ), there is a ∈ Pκ(2λ) such that a ⊇ b and g�b = ta�b. It is

easy to check that K := {X1−g(β)
β : β < 2µ} is a prime κ-complete ideal on

P extending J.
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Kunen [8] established that if κ is measurable and uncountable, and either
2κ > κ+ or IE1

κ(J) holds for every κ-complete ideal J on κ, then for any
ordinal θ, there exists an inner model where θ is a measurable cardinal. By
Proposition 2.3 it follows that in case κ > ω the mild 2κ-ineffability of κ is
a much stronger property than its measurability.

Let X be a set. By a partition of X we mean a subset Q of P(X) \ {∅}
such that:

• A ∩B = ∅ for any two distinct members A,B of Q,
•
⋃
Q = X.

Definition 2.4. Given a set P and a κ-complete ideal J on P, we denote
by IE2

κ(J) the following statement: Suppose that for each p ∈ P there is a
partition Qp of P with |Qp| < κ; then there is h ∈

∏
p∈P Qp and a κ-complete

ideal K on P extending J such that ran(h) ⊆ K∗.

Clearly, IE1
κ(J) implies IE2

κ(J).

Remark 2.5. Suppose κ = λ = ω and let P be a set of size ℵ0 and J an
ideal on P. Then it is easy to show that IE2

κ(J) holds. Indeed, if 〈pn : n < ω〉
is an enumeration of P, and for each n, Qn is a finite partition of P, then one
can define by induction sets An ∈ Qn for n < ω such that

⋂
i≤nAi ∈ J+.

The statement is verified if we let h(pn) := An.

Proposition 2.6. Suppose that κ is mildly λ-ineffable. Then for any
set P of size λ and any κ-complete ideal J on P, we have IE2

κ(J).

Proof. Suppose that for each p ∈ P, Qp is a partition of P of size less
than κ, say σp. Let 〈Aip : i < σp〉 be a one-to-one enumeration of Qp. For

σp ≤ i < κ, set Aip := ∅. Fix a bijection ϕ : P × κ → λ and, for p ∈ P and

i < κ, set B0
ϕ(p,i) := Aip and B1

ϕ(p,i) := P \ B0
ϕ(p,i). For each d ∈ Pκ(λ) \ ∅,

pick td : d → 2 such that
⋂
δ∈dB

td(δ)
δ ∈ J+. Then we may find g : λ → 2

with the property that for any c ∈ Pκ(λ) there is d ∈ Pκ(λ) such that c ⊆ d
and td�c = g�c.

Claim 2.7. Let p ∈ P . Then g(ϕ(p, i)) = 0 for some i < σp.

Proof. Suppose otherwise. Let c := {ϕ(p, i) : i < σp}. There must be
d ∈ Pκ(λ) such that c ⊆ d and td�c = g�c. Then⋂

δ∈d
B
td(δ)
δ ⊆

⋂
δ∈c

B
td(δ)
δ =

⋂
i<σp

B1
ϕ(p,i) =

⋂
i<σp

(P \Aip) = ∅,

a contradiction.

Using Claim 2.7, pick ip < σp for each p ∈ P so that g(ϕ(p, ip)) = 0.

Claim 2.8. Let x ∈ Pκ(P ) \ {∅}. Then
⋂
p∈xA

ip
p ∈ J+.
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Proof. Define c := {ϕ(p, ip) : p ∈ x}. Then we may find d ∈ Pκ(λ) such
that c ⊆ d and td�c = g�c. We have⋂

δ∈d
B
td(δ)
δ ⊆

⋂
δ∈c

B
td(δ)
δ =

⋂
p∈x

B0
ϕ(p,ip)

=
⋂
p∈x

A
ip
p .

Hence
⋂
p∈xA

ip
p ∈ J+.

Now, let K be the collection of all Y ⊆P such that (Y \A)∩
⋂
p∈xA

ip
p = ∅

for some A ∈ J and some x ∈ Pκ(P ) \ {∅}. It is easy to check that K is a

κ-complete ideal on P extending J. Moreover, {Aipp : p ∈ P} ⊆ K∗. That
completes the proof of Proposition 2.6.

The following can be found in [4, p. 48].

Fact 2.9. Let σ be an infinite cardinal. Then {σρ : 2ρ < σ} is finite.

Lemma 2.10. Suppose 2<κ ≤ λ. Then (λ<κ)<κ = λ<κ.

Proof. If λ = 2ρ for some cardinal ρ < κ, then clearly λ<κ = λ. Oth-
erwise, we can infer from Fact 2.9 that there is a cardinal ν < κ such that
λ<κ = λν . Then of course (λ<κ)<κ = λν = λ<κ.

Fact 2.11 (Carr [2], Di Prisco and Zwicker [3]). Suppose that IE2
κ(Iκ,λ)

holds. Then κ is a strong limit cardinal.

Proof. Suppose toward a contradiction that there is a cardinal ν < κ
such that 2ν ≥ κ. Let 〈fζ : ζ < κ〉 be a sequence of pairwise distinct
functions from ν to 2. For η < ν and l < 2, write W l

η := {a ∈ Pκ(λ) :

fsup(a∩κ)(η) = l}. Then we may find u : ν → 2 such that
⋂
η<νW

u(ν)
η ∈ I+κ,λ.

Now clearly
⋂
η<νW

u(ν)
η := {a ∈ Pκ(λ) : fsup(a∩κ) = u}, which yields the

desired contradiction.

Lemma 2.12. Suppose that IE2
κ(Iκ,λ) holds. Then κ is mildly λ<κ-in-

effable.

Proof. By Lemma 2.10 and Fact 2.11, we have (λ<κ)<κ = λ<κ. Select two
bijections ϕ : Pκ(λ)→ Pκ(λ<κ) and f : Pκ(λ)→ λ<κ. Now let t(x) : x→ 2
be given for x ∈ Pκ(λ<κ). For d ∈ Pκ(λ), set

Ajd :=
{
e ∈ Pκ(λ) : f(d) ∈

⋃
a⊆e

ϕ(a) and t
(⋃
a⊆e

ϕ(a)(f(d))
)

= j
}

for j = 0, 1 and A3
d := Pκ(λ) \ (A0

d ∪ A1
d). Note that A3

d ∈ Iκ,λ. We may

find h : Pκ(λ) → 3 with the property that for any z ∈ Pκ(λ),
⋂
d⊆z A

h(d)
d

∈ I+κ,λ. Define T : λ<κ → 2 by letting T (f(d)) = h(d) for every d ∈ Pκ(λ).

Now fix w ∈ Pκ(λ<κ). Select z ∈ Pκ(λ) so that w ⊆ {f(d) : d ⊆ z} and
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pick e ∈
⋂
d⊆z A

h(d)
d . Let x =

⋃
a⊆e ϕ(a). Then clearly w ⊆ x. Moreover,

t(x)�w = T �w.

Theorem 2.13. The following are equivalent:

(i) κ is mildly λ<κ-ineffable.
(ii) For any set P of size λ<κ, for any κ-complete ideal J on P, IE2

κ(J)
holds.

(iii) IE2
κ(Iκ,λ) holds.

(iv) IE2
κ(Iκ,λ<κ) holds.

Proof. (i)→(ii) follows from Proposition 2.6; (ii)→(iii) is trivial; (iii)→(i)
follows from Lemma 2.12; (ii)→(iv) follows from Lemma 2.10 and Fact 2.11;
(iv)→(i) follows from Lemmas 2.10, 2.12 and Fact 2.11.

Theorem 2.13 strengthens a result of Carr [2, Theorem 3.2]. We also
remark the following. By a result of Usuba [16], it is consistent relative
to some large cardinal to have two infinite cardinals κ′ ≤ λ′ such that
κ′ is mildly λ′-ineffable (in fact, completely λ′-ineffable) but not (λ′)<κ

′
-

ineffable. Combining this with Theorem 2.13, we see that IE2
κ(Iκ,λ) does

not necessarily follow in case κ is mildly λ-ineffable.
The splitting number s(κ) is the least cardinality of any F ⊆ [κ]κ with the

property that for any A ∈ [κ]κ there is B ∈ F such that |A∩B| = |A\B| = κ.

Corollary 2.14. The following are equivalent:

(i) κ is weakly compact.
(ii) For any set P of size κ and any κ-complete ideal J on P, IE2

κ(J)
holds.

(iii) s(κ) > κ.

The equivalence between (i) and (iii) in Corollary 2.14 is due to Suzuki
[15].

3. Piece selection, part 1. Now we devote three sections to the fol-
lowing two principles.

Definition 3.1. We let PS+(κ, λ) (respectively PS(κ, λ)) assert the fol-
lowing: For b ∈ Pκ(λ), let Qb be a partition of Pκ(λ) with |Qb| < κ. Then
there is B ∈ I+κ,λ and h ∈

∏
b∈Pκ(λ)Qb such that for any a, b ∈ B the set

{c ∈ h(a) ∩ h(b) : a ∪ b ⊆ c} is non-empty (respectively, there is x ∈ Pκ(λ)
such that a ∪ b ⊆ x and the two sets {c ∈ h(a) ∩ h(x) : x ⊆ c} and
{d ∈ h(b) ∩ h(x) : x ⊆ d} are non-empty).

Lemma 3.2.

(i) IE2
κ(Iκ,λ) implies PS+(κ, λ).

(ii) PS+(κ, λ) implies PS(κ, λ).
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Proof. (i) Trivial.
(ii) Suppose that for each b ∈ Pκ(λ), Qb is a partition of Pκ(λ) with

|Qb| < κ. Then we may find B ∈ I+κ,λ and h ∈
∏
b∈Pκ(λ)Qb such that for any

r, s ∈ B we have {e ∈ h(r) ∩ h(s) : r ∪ s ⊆ e} 6= ∅. Now fix a, b ∈ B. Pick
x ∈ B with a ∪ b ⊆ x. Then {c ∈ h(a) ∩ h(x) : x ⊆ c} 6= ∅, and moreover
{d ∈ h(b) ∩ h(x) : x ⊆ d} 6= ∅.

Lemma 3.3. For κ inaccessible, PS(κ, λ) implies IE2
κ(Iκ,λ).

Proof. Suppose that for each z ∈ Pκ(λ), Rz is a partition of Pκ(λ) with
|Rz| < κ. For b ∈ Pκ(λ), set Qb := {

⋂
z⊆b t(z) : t ∈

∏
z⊆bRz} \ {∅}. Then we

may find B ∈ I+κ,λ and T ∈
∏
b∈Pκ(λ)(

∏
z⊆bRz) such that, for any a, b ∈ B,

there is xab ∈ B such that a ∪ b ⊆ xab and{
c ∈

(⋂
w⊆a

T (a)(w)
)
∩
( ⋂
v⊆x

T (xab)(v) : xab ⊆ c
)}
6= ∅,{

d ∈
( ⋂
z⊆b

T (b)(z)
)
∩
( ⋂
v⊆x

T (xab)(v) : xab ⊆ d
)}
6= ∅.

Claim 3.4. Let a, b ∈ B. Then T (a)�P(a ∩ b) = T (b)�P(a ∩ b).
Proof. Fix v ⊆ a ∩ b. Then T (a)(v) ∩ T (xab)(v) 6= ∅ and T (b)(v) ∩

T (xab)(v) 6= ∅, so T (a)(v) = T (xab)(v) = T (b)(v).

Set h :=
⋃
b∈B T (b). By the claim, h ∈

∏
z∈Pκ(λ)Rz. Now fix y in

Pκ(Pκ(λ)) \ {∅}. We will show that
⋂
z∈y h(z) ∈ I+κ,λ. Given e ∈ Pκ(λ),

pick a ∈ B such that e∪
⋃
y ⊆ a. Then we may find c ∈

⋂
w⊆a T (a)(w) with

a ⊆ c. Clearly, e ⊆ c. Moreover, c ∈
⋂
z∈y h(z).

Theorem 3.5. The following are equivalent:

(i) κ is mildly λ<κ-ineffable.
(ii) κ is inaccessible and PS+(κ, λ) holds.

(iii) κ is inaccessible and PS(κ, λ) holds.
(iv) κ is inaccessible and PS+(κ, λ<κ) holds.
(v) κ is inaccessible and PS(κ, λ<κ) holds.

Proof. (i)→(ii) and (i)→(iv) follow from Theorem 2.13 and Lemma 3.2.
(i)→(iii) and (iv)→(v) follow from Lemma 3.2. (iii)→(i) and (v)→(i) follow
from Theorem 2.13 and Lemma 3.3.

4. Piece selection, part 2. In this section we concentrate on the case
λ = κ.

Definition 4.1. Given an infinite cardinal ρ, we let PS+(ρ) (respec-
tively PS(ρ)) assert the following: For β ∈ ρ, let Qβ be a partition of ρ with
|Qβ| < ρ. Then there is a cofinal subset B of ρ, and there is h ∈

∏
β∈ρQβ

such that for any α, β ∈ B we have {γ ∈ h(α) ∩ h(β) : max(α, β) ≤ γ} 6= ∅
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(respectively, there is ζ ∈ ρ such that max(α, β) ≤ ζ and we have {γ ∈
h(α) ∩ h(ζ) : ζ ≤ γ} 6= ∅ and {δ ∈ h(β) ∩ h(ζ) : ζ ≤ δ} 6= ∅).

Lemma 4.2. PS+(ρ) implies PS(ρ).

Proof. Just as the proof of Lemma 3.2(ii).

Lemma 4.3. Suppose that PS(ρ) holds. Then ρ is regular.

Proof. Suppose otherwise, and let ρ := limi<cf(ρ) ρi where 〈ρi : 0 < i <
cf(ρ)〉 is an increasing and continuous sequence of infinite cardinals. Write
ρ0 := 0. Define ϕ : ρ → cf(ρ) by letting ϕ(η) be the unique i < cf(ρ)
such that ρi ≤ η < ρi+1. Then we may find a cofinal subset B of ρ and
k : ρ → cf(ρ) such that for any α, β ∈ B there is ζα,β ∈ κ such that
max(α, β) ≤ ζα,β and we have

{γ ∈ ϕ−1({k(α)}) ∩ ϕ−1({k(ζα,β)}) : ζα,β ≤ γ} 6= ∅,
{δ ∈ ϕ−1({k(β)}) ∩ ϕ−1({k(ζα,β)}) : ζα,β ≤ δ} 6= ∅.

Pick α, β ∈ B with ϕ(β) > k(α), and δ ∈ ϕ−1({k(β)})∩ϕ−1({k(ζα,β)}) with
δ ≥ β. Then

k(α) < ϕ(β) ≤ ϕ(δ) = k(β) = k(ζα,β) = k(α),

a contradiction.

Lemma 4.4. The following are equivalent:

(i) PS+(ρ).
(ii) PS+(ρ, ρ).

Proof. To prove (i)→(ii), use the fact that [ρ]ρ ⊆ I+ρ,ρ.
(ii)→(i). Suppose that PS+(ρ, ρ) holds. For β ∈ ρ, let Qβ be a partition

of ρ with |Qβ| < ρ. For b ∈ Pρ(ρ), let

Rb := {{d ∈ Pρ(ρ) : sup(d) ∈ H} : H ∈ Qsup(b)}.

Then we may find D ∈ I+ρ,ρ and k ∈
∏
b∈D Rb such that for all a, b ∈ D we

have {c ∈ k(a) ∩ k(b) : a ∪ b ⊆ c} 6= ∅. Set B := {sup(b) : b ∈ D} and pick a
one-to-one function f : B → D such that sup(f(β)) = β for all β ∈ B. Now
define h ∈

∏
β∈B(Qβ) by letting h(β) be the set {sup(d) : d ∈ k(f(β))}. For

α, β ∈ D, there must be c ∈ k(f(d))∩k(f(β)) such that f(α)∪f(β) ⊆ c. Set
γ := sup(c). Then clearly max(α, β) ≤ γ, and moreover γ ∈ h(α) ∩ h(β).

Theorem 4.5. For an infinite cardinal ρ, the following are equivalent:

(i) ρ is weakly compact.
(ii) ρ is a strong limit cardinal and PS+(ρ) holds.

(iii) ρ is a strong limit cardinal and PS(ρ) holds.
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Proof. (i)→(ii) follows from Fact 2.1, Theorem 3.5 and Lemma 4.4; and
(ii)→(iii) follows from Lemma 4.2. To prove (iii)→(i), observe that PS(ρ)
implies PS(ρ, ρ), and use Fact 2.1, Lemma 4.3 and Theorem 3.5.

Proposition 4.6. Suppose that PS+(ρ) holds. Then ρ is a limit cardi-
nal.

Proof. Suppose otherwise and let ρ = τ+. For γ ∈ ρ \ τ pick a bijection
gγ : γ → τ. Then there must be D ∈ [ρ \ τ ]ρ and f : D → τ such that for
any δ, η ∈ D we have

{γ ∈ ρ : γ ≥ max(δ, η), gγ(δ) = f(δ) and gγ(η) = f(η)} 6= ∅.
Clearly f is one-to-one, which yields the desired contradiction.

It remains an open problem whether PS+(ρ) implies that ρ is a strong
limit cardinal.

5. Piece selection, part 3. This section is devoted to PS(κ, λ). Recall
that a subset C of Pκ(λ) is strongly closed if

⋃
X ∈ C for all X ⊆ C with

0 < |X| < κ.

Notation 5.1. SNSκ,λ denotes the collection of all B ⊆ Pκ(λ) such that
B ∩ C 6= ∅ for some strongly closed, cofinal subset of Pκ(λ).

It is known [14, 12] that:

• SNSκ,λ is a κ-complete ideal on Pκ(λ) extending Iκ,λ.
• SNSκ,λ is the collection of all B ⊆ Pκ(λ) such that {a ∈ Pκ(λ) : f ′′a ⊆
P(a)} ∩B = ∅ for some f : λ→ Pκ(λ).
• Let j be a one-to-one function from λ × λ to λ, and D be the set of

all a ∈ Pκ(λ) such that j(α, β) ∈ a whenever α < β are in a. Then
SNSκ,λ |D is the non-stationary ideal on Pκ(λ).

Definition 5.2. TP(κ, λ) (respectively TP−(κ, λ)) asserts the follow-
ing: Let sa ⊆ a for a ∈ Pκ(λ) be such that for some C ∈ NS∗κ,λ (respectively
SNS∗κ,λ) we have |{sa�c : c ⊆ a}| < κ for all c ∈ C; then there is S ⊆ λ with
the property that for every b ∈ Pκ(λ) there is a ∈ Pκ(λ) such that b ⊆ a
and S ∩ b = sa ∩ b.

Remark 5.3. The following are clearly equivalent:

(1) κ is mildly λ-ineffable.
(2) κ is inaccessible and TP−(κ, λ) holds.
(3) κ is inaccessible and TP(κ, λ) holds.

Proposition 5.4. PS(κ, λ) implies TP−(κ, λ).

Proof. Suppose that PS(κ, λ) holds. Let C be a strongly closed cofinal
subset of Pκ(λ), and let sa⊆a for a∈Pκ(λ) be such that |{se ∩ c : c ⊆ e}|
< κ for all c ∈ C. Define f : Pκ(λ) → C ∪ {∅} by f(b) =

⋃
(C ∪ P(b)). For
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b∈Pκ(λ), set Xb = {e∈Pκ(λ) : b \ e 6= ∅}, Ztb := {e ∈ Pκ(λ) : b ⊆ e and
se∩f(b) = t} for all t ∈ P(f(b)), and Qb = ({Ztb : t ∈ P(f(b))}\{∅})∪{Xb}.
Note that |Qb| < κ. Select B ∈ I+κ,λ and h ∈

∏
b∈Pκ(λ)Qb such that for any

a, b ∈ B there is xab ∈ Pκ(λ) such that a ∪ b ⊆ xab, {c ∈ h(a) ∩ h(xab) :
xab ⊆ c} 6= ∅ and {d ∈ h(b) ∩ h(xab) : xab ⊆ d} 6= ∅.

Claim 5.5. Let b ∈ B. Then h(b) 6= Xb.

Proof. There is d ∈ h(b) ∩ h(xbb) such that b ⊆ d. Clearly d 6= Xb.

Claim 5.6. Let a, b ∈ B. Then h(xab) 6= Xxab .

Proof. There is c ∈ h(a) ∩ h(xab) such that xab ⊆ c. Clearly c /∈ Xxab .

By Claims 5.5 and 5.6, there is k ∈
∏
b∈Pκ(λ) P(f(b)) such that:

• h(b) = Z
k(b)
b for all b ∈ B,

• h(xab) = Z
k(xab)
xab for all a, b ∈ B.

Claim 5.7. Let a, b ∈ B. Then k(a) ∩ f(a) ∩ b = k(b) ∩ f(a) ∩ b.
Proof. We may find c ∈ h(a)∩h(xab) with xab ⊆ c, and d ∈ h(b)∩h(xab)

with xab ⊆ d. Then

k(a) ∩ f(b) = sc ∩ f(a) ∩ f(b) = sc ∩ f(xab) ∩ f(a) ∩ f(b)

= k(xab) ∩ f(a) ∩ f(b) = sd ∩ f(xab) ∩ f(a) ∩ f(b)

= sd ∩ f(b) ∩ f(a) = k(b) ∩ f(a).

Let S =
⋃
b∈B(k(b)∩ b). Given q ∈ Pκ(λ), we may find p ∈ C and b ∈ B

such that q ⊆ p ⊆ b. Since Z
k(b)
b 6= ∅, there must be e ∈ Pκ(λ) such that

b ⊆ e and se ∩ f(b) = k(b).

Claim 5.8. se ∩ q = S ∩ q.
Proof. First we show se ∩ q ⊆ S ∩ q. Fix α ∈ se ∩ q. Then α ∈ se ∩ f(b)

= k(b) ⊆ S, and hence α ∈ S ∩ q. Now we show se∩ q ⊇ S ∩ q. Fix β ∈ s∩ q.
There must be a ∈ B such that β ∈ k(a). Clearly q ⊆ f(b), so β ∈ k(a)∩f(b).
Then by Claim 5.7, β lies in k(b) ∩ f(a), and hence in se ∩ q.

That completes the proof of Proposition 5.4.

Remark 5.9. Let PS∗(κ, λ) be the strengthening of PS(κ, λ) obtained
by replacing “x ∈ Pκ(λ)” in the statement of PS(κ, λ) with “x ∈ B”. It is
not difficult to see that

PS+(κ, λ)→ PS∗(κ, λ)→ TP(κ, λ).

The following questions remain open:

• Is TP−(κ, λ) equivalent to TP(κ, λ)?
• Is PS(κ, λ) equivalent to PS∗(κ, λ)?
• Does PS(κ, λ) imply TP(κ, λ)?
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Suppose that κ is the successor of a singular limit of strongly compact
cardinals. Then by a result of Magidor and Shelah [9], κ has the tree prop-
erty, and in fact, as shown in [9], TP(κ, λ′) holds for every cardinal λ′ ≥ κ.
We modify the proof so as to obtain the following.

Theorem 5.10. Suppose that κ = ν+, where ν is a singular limit of
λ-compact cardinals. Then PS(κ, λ) holds.

Proof. Set σ = cof(ν), and select an increasing sequence 〈νi : i < σ〉
of λ-supercompact cardinals with σ < ν0 and sup{νi : i < σ} = ν. Now

suppose that for each a ∈ Pκ(λ), 〈Qja : j < σ〉 is a sequence of subsets of

Pκ(λ) with
⋃
j<σ Q

j
a = Pκ(λ).

Pick a ν0-complete ultrafilter U on Pκ(λ) extending the dual of the
non-cofinal ideal Iκ,λ. For a ∈ Pκ(λ), define fa : Pκ(λ) → σ by letting

fa(e) be the least k < σ with e ∈
⋃
j<σk

Qja, and pick Xa ∈ U ∩ P({v ∈
Pκ(λ) : a ⊆ v}) and ka < σ such that fa takes the constant value ka
on Xa. There must be S ∈ I+κ,λ and k < σ such that ka = k for all a ∈ S.
Define g : S × S → Iκ,λ, h1 : S × S → νk and h2 : S × S → νk so that

g(a, x) ∈ Xa ∩Xx ∩Qh(a,x)a ∩Qh2(a,x)x .

Pick a νk+1-complete ultrafilter W on Pκ(λ) extending Iκ,λ|S. For a ∈ S,
select Ya ∈W ∩Pκ(λ) and ra, sa ∈ νk so that h1 (respectively h2) takes the
constant value ra (respectively sa) on {a}×Ya. We may find B ∈ I+κ,λ∩P(S)

and (r, s) ∈ νk×νk such that (ra, sa) = (r, s) for all a ∈ B. Now fix a, b ∈ B.
Pick x ∈ Ya ∩ Yb with a ∪ b ⊆ x. Then:

• g(a, x) ∈ Qra ∩Qsx,
• a ∪ x ⊆ g(a, x),
• g(b, x) ∈ Qrb ∩Qsx,
• b ∪ x ⊆ g(b, x).

To conclude this section we establish that it is possible to have “κ is
weakly inaccessible but not strongly inaccessible and PS∗(κ, λ) holds”.

Theorem 5.11. Suppose that κ is supercompact, and let A be the forcing
notion to add κ Cohen reals. Then in V A the principle PS∗(κ, λ′) holds for
any cardinal λ′ ≥ κ.

Proof. Let G be generic for A over V . Then in V [G], κ is not strong
limit. We show that

V [G] |= ∀λ′ ≥ κ PS∗(κ, λ′).

Fix λ′ ≥ κ. Assume that in V [G], for every x ∈ Pκ(λ′) there is a partition
{Qix}i<γx of Pκ(λ′) where γx < κ. Fix in V a λ′-supercompact embedding
j : V → M with critical point κ. Force over V [G] to get a generic object
H ⊆ j(A) such that j[G] ⊆ H. Since A is κ-c.c. (it is even ℵ1-c.c.) we see
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that j�A is a complete embedding from A to j(A), so we may lift j to an
elementary embedding j∗ : V [G]→M [H] that we rename j.

We work in V [H]. Consider a∗ := j[λ′]. By the closure of M we have
a∗ ∈ M [H]. By elementarity, for every x ∈ Pj(κ)(j(λ′)) there is a partition
j(Q)x of Pκ(λ) into less than j(κ) many pieces. Moreover, κ is the critical
point of j, so for every x ∈ Pκ(λ′), j(Q)j[x] is a partition into γx many pieces;

let {j(Q)ij[x]}i<γx enumerate it. For every x ∈ Pκ(λ′), we let ηx < κ be such

that a∗ ∈ j(Q)ηxj[x]. Then for every x, y ∈ Pκ(λ′), we have

j(Q)ηxj[x] ∩ j(Q)
ηy
j[y] ∩ {z ∈ Pj(κ)(j(λ

′)) : j[x] ∪ j[y] ⊆ z} 6= ∅

(because a∗ is in this intersection); it follows by elementarity that Qηxx ∩
Q
ηy
y ∩ {z ∈ Pκ(λ′) : x ∪ y ⊆ z} 6= ∅. So, if we let h∗ ∈

∏
x∈Pκ(λ′)Qx be given

by h∗(x) := Qηxx , then the function so defined would satisfy the conclusion
of PS∗(κ, λ′) (with B = Pκ(λ′)). However, h is defined in a j(A)/A generic
extension of V [G], so we have instead to prove that such a sequence exists
in V [G]. We fix names 〈η̇x : x ∈ Pκ(λ′)〉 for the sequence 〈ηx : x ∈ Pκ(λ′)〉.

Now we work in V [G]. For every x ∈ Pκ(λ′), fix px ∈ j(A)/A and ζx < κ
such that px 
 η̇x = ζx. Fix θ large enough so that all the relevant objects
are in Hθ, then let C be the set of all countable elementary substructures
N ≺ Hθ containing all the relevant objects for the following argument to
work; observe that C is a club. For every N ∈ C consider pN∩λ′ ∩N ; this is
a finite subset of N, hence it actually belongs to N. By Fodor’s theorem we
can find a condition q and a stationary subset S of C such that for every
N ∈ S, pN∩λ′∩N = q. Note that, for every N ∈ S, if N ′ ∈ S contains N and
pN∩λ′ as subsets, then pN∩λ′ ∩pN ′∩λ′ = pN∩λ′ ∩pN ′∩λ′ ∩N ′ = pN∩λ′ ∩ q = q,
hence pN∩λ′ and pN ′∩λ′ are compatible.

Now, let B := {N ∩ λ′ : N ∈ S} and define h as follows: h(x) := Qζxx
if x ∈ B, and h(x) := Q0

x otherwise. We claim that B and h satisfy the
conclusion of PS∗(κ, λ′). For a, b ∈ B, let N,N ′ ∈ S be such that a = N ∩λ′
and b := N ′ ∩ λ′. Pick O ∈ S such that O contains N,N ′, pN∩λ′ , pN ′∩λ′ as
subsets and let x := O∩λ′. Then by the remark above, we have pN∩λ′‖pO∩λ′
and pN ′∩λ′‖pO∩λ′ . Let r ≤ pM∩λ′ , pO∩λ′ and s ≤ pN∩λ′ , pO∩λ′ . Then r forces
ζM∩λ′ = η̇O∩λ′ , and s forces ζN∩λ′ = η̇O∩λ′ ; this means that

• Qζaa ∩Qζxx ∩ {z ∈ Pκ(λ′) : x ⊆ z} 6= ∅,
• Qζbb ∩Q

ζx
x ∩ {z ∈ Pκ(λ′) : x ⊆ z} 6= ∅.

Therefore,

• h(a) ∩ h(x) ∩ {z ∈ Pκ(λ′) : x ⊆ z} 6= ∅,
• h(b) ∩ h(x) ∩ {z ∈ Pκ(λ′) : x ⊆ z} 6= ∅,

as required by the property.
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Weiß [18] established the consistency relative to a supercompact cardinal
of the statement “TP(ω2, λ

′) holds for every cardinal λ′ ≥ ω2” (and in fact
the stronger ISP(ω2, λ

′) holds in his model for every λ′ ≥ ω2). It remains
open whether it is consistent relative to a large cardinal that “PS(ω2, λ

′)
holds for every λ′ ≥ ω2”.

6. More on ideal extensions. Let µ be a cardinal with κ ≤ µ ≤ λ.
We define pµ : Pκ(λ)→ Pκ(µ) by pµ(a) = a∩µ. Given a complete fine ideal
H on Pκ(λ), we let pµ(H) = {B ⊆ Pκ(µ) : p−1µ (B) ∈ H}. It is easy to see
that pµ(H) is a κ-complete, fine ideal on Pκ(µ).

Definition 6.1. For each cardinal π ≥ 2, the principle IE(κ, µ, λ, π)
asserts the following. Suppose that for each x ∈ Pκ(λ), 〈Qix : i < π〉 is
a sequence of pairwise disjoint sets (possibly empty) such that

⋃
i<π Q

i
x

= Pκ(µ). Let H be a κ-complete fine ideal on Pκ(λ). Then there is i < π,
a κ-complete ideal K on Pκ(λ) extending H, and E ∈ K∗ such that {Qix :
x ∈ E} ⊆ pµ(K).

This section is devoted to the study of IE(κ, µ, λ, π). We start with the
following, which is readily checked.

Remark 6.2. (1) For any cardinal ν with κ ≤ ν ≤ µ, and any cardinal
χ ≥ π, IE(κ, µ, λ, π) implies IE(κ, ν, λ, χ).

(2) Suppose that IE2
κ(H) holds for every κ-complete fine ideal H on

Pκ(λ). Then IE(κ, λ, λ, 2) holds.
(3) IE(κ, κ, κ, 2) holds if and only if κ is weakly compact

Lemma 6.3. Let J be a κ-complete fine ideal on Pκ(µ). Then there exists
a κ-complete fine ideal H on Pκ(λ) such that pµ(H) = J.

Proof. Write K := {X ⊆ Pκ(λ) : p′′µX ∈ J}. Note that ∅ ∈ K. Let H be
the set of all Z ⊆ Pκ(λ) such that Z ⊆ X ∪ Y for some X ∈ K and some
Y ∈ Iκ,λ. It is easy to check that H is a κ-complete fine ideal on Pκ(λ).
For any B ∈ J we have p′′µ(p−1µ (B)) ⊆ B, and therefore p−1µ (B) ∈ K. It
follows that J ⊆ pµ(H). For the reverse inclusion, fix B ∈ pµ(H). Suppose
by contraposition that B ∈ J+. Pick X ∈ K and t ∈ Pκ(λ) such that
p−1µ (B) ⊆ X ∪ {x ∈ Pκ(λ) : t \ x 6= ∅}. We may find b ∈ B \ p′′µX such that

t ∩ µ ⊆ b. Now let x = b ∪ (t \ x). Then clearly pµ(x) = b. Since x ∈ p−1µ (B)
and t ⊆ x, we must have x ∈ X. It follows that b ∈ p′′µX, which yields the
desired contradiction.

Notation 6.4. Let Jκ,µ denote the collection of all κ-complete fine
nowhere κ-saturated ideals on Pκ(µ).

Fact 6.5 (Matet [10]). Let X ⊆ Jκ,µ with 0 < |X| < κ. Then there is a
partition Q of Pκ(µ) such that |Q| = κ and Q ⊆

⋂
I∈X I

+.
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For a cardinal π ≥ λ, Aπ,λ(κ, π) asserts the existence of X ⊆ Pκ(λ) of
size π such that |X ∩ P(x)| < κ for all x ∈ Pκ(λ).

The following is immediate.

Remark 6.6. (1) Aκ,λ(κ, λ) holds.
(2) If κ is inaccessible, then Aκ,λ(κ, λ<κ) holds.

Theorem 6.7. Suppose that there is a cardinal π ≥ min(λ, |Jκ,µ|) such
that IE(κ, µ, λ, π) and Aκ,λ(κ, π) both hold. Then any κ-complete fine ideal
on Pκ(µ) extends to a κ-saturated κ-complete ideal on Pκ(µ).

Proof. Let J be a κ-complete fine ideal on Pκ(µ). By Lemma 6.3, there is
a κ-complete fine ideal H on Pκ(λ) such that pµ(H) = J. Select Y ⊆ Pκ(λ)
of size π so that |Y ∩ P(x)| < κ for all x ∈ Pκ(λ). Pick Z ⊆ Y with
|Z| = |Jκ,λ|, and fix a bijection u : Jκ,µ → Z. Define a partial function
G : Pκ(λ) × Pκ(µ) → Y as follows. Let x ∈ Pκ(λ) with |Z ∩ P(x)| 6= ∅. By
Fact 6.5 we may find Cxd for d ∈ Y ∩ P(x) such that:

• {Cxd : d ∈ Y ∩ P(x)} ⊆
⋂
I∈u−1(Z∩P(x)) I

+,

•
⋃
{Cxd : d ∈ Y ∩ P(x)} = Pκ(µ),

• Cxd ∩ Cxe = ∅ for any two distinct elements x, e of Y ∩ P(x).

Now let G(x, a) = d whenever d ∈ Y ∩ P(x) and a ∈ Cxd . There must be
d ∈ Y, a κ-complete ideal K on Pκ(λ) extending H, and E ∈ K∗ such that
{y ∈ E : F (x, y ∩ µ) = d} ∈ K for every x ∈ E.

Claim 6.8. pµ(K) /∈ Jκ,µ.
Proof. Suppose otherwise. Pick x ∈ E with d ∪ u(pµ(K)) ⊆ x. Then

Cxd /∈ pµ(K) and therefore E ∩ p−1µ (Cxd ) /∈ K. This is a contradiction since

E ∩ p−1µ (Cxd ) ⊆ {y ∈ E : F (x, y ∩ µ) = d}.
By the claim, we may find A ∈ (pµ(K))+ such that pµ(K)|A is κ-satu-

rated. It remains to observe that J = pµ(H) ⊆ pµ(K) ⊆ pµ(K)|A.
The following is due to Levy and Silver (see [6, Proposition 16.4(b)]).

Fact 6.9. Suppose that κ is weakly compact, and let K be a κ-saturated,
κ-complete fine ideal on Pκ(µ). Then K|A is prime for some A ∈ K+.

Corollary 6.10. Suppose that κ is weakly compact, 22
µ<κ ≤ λ<κ and

IE(κ, µ, λ, λ<κ) holds. Then IE1
κ(J) holds for any κ-complete fine ideal J

on Pκ(µ).

Proof. Use Remark 6.6, Theorem 6.7 and Fact 6.9.

7. A two-cardinal version of the canonical Ramsey theorem
for pairs. This section is concerned with partition properties on Pκ(λ).
To prove our first result we will work, as in the preceding sections, with
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families of partitions of Pκ(λ) into less than κ many pieces. The result can
be seen as a Pκ(λ) version of the regressive function theorem of Kanamori
and McAloon:

Fact 7.1 ([7]). Suppose that 0 < n < ω, A ∈ [ω]ω, and F : [A]n+1 → ω
is such that F (x) < min(x) for all x ∈ [A]n+1. Then there is C ∈ [A]ω such
that F (x) = F (y) whenever x, y ∈ [C]n+1 and min(x) = min(y).

We first recall some definitions. Given A ⊆ Pκ(λ) and 0 < n < ω, we let
[A]n⊂ = {(a1, . . . , an) ∈ A × · · · × A : a1 ⊂ · · · ⊂ an}. We will occasionally
abuse notation and write {a1, . . . , an} for (a1, . . . , an).

Let J be an ideal on Pκ(λ). We call J weakly selective if, given A ∈ J+

and Ba ∈ J for a ∈ A, we can find C ∈ J+∩P(A) such that b /∈ Ba whenever
a, b ∈ C and a ⊂ b. We let ZJ denote the collection of all Z ⊆ J+ such that:

•
⋂
t ∈ J+ for any t ∈ Pκ(Z) \ {∅},

• for any c ∈ J+, there is A ∈ Z with C \A ∈ J+.

We let pJ be the least cardinality of any Z in ZJ if ZJ 6= ∅, and pJ = (2λ
<κ

)+

otherwise.

Let ρ be a cardinal greater than or equal to κ. We endow ρ2 with the
topology obtained by taking as basic open sets ∅ and Oρs for s ∈

⋃
{x2 :

x ∈ Pκ(ρ)}, where Oρs = {f ∈ ρ2 : s ⊂ f}. We denote by cov(Mκ,ρ) the
least cardinality of any non-empty family of dense open subsets of ρ2 with
empty intersection.

Fact 7.2 ([11, 13]). Let J be a κ-complete fine ideal on Pκ(λ) such that
cof(J) < cov(Mk, λ

<κ). Then J is weakly selective, and moreover pJ > λ<κ.

We will improve the following result of [11]:

Fact 7.3. Suppose that κ is mildly λ<κ-ineffable and J is a weakly
selective, κ-complete, fine ideal on Pκ(λ) such that pJ > λ<κ. Let F :
[Pκ(λ)]n+1

⊂ → 2, where 0 < n < ω. Then F is constant on [D]n⊂ for some
D ∈ J+.

Lemma 7.4. Suppose that κ is mildly λ<κ-ineffable and J is a weakly
selective, κ-complete, fine ideal on Pκ(λ) such that pJ > λ<κ, and σ is a
cardinal. Let 0 < n < ω, F : [Pκ(λ)]n+1

⊂ → 2 and A ∈ J+ be given such
that |{F (x ∪ {c}) :

⋃
x ⊂ c ∈ A}| < κ for all x ∈ [Pκ(λ)]n. Then there are

D ∈ J+∩P(A) and f : [Pκ(λ)]n → σ such that F (x∪{c}) = f(x) whenever
x ∈ [Pκ(λ)]n, c ∈ D and there is b ∈ D with

⋃
x ⊆ b ⊂ c.

Proof. For x ∈ [Pκ(λ)]n and i ∈ σ, set W i
x = {c ∈ A :

⋃
x ⊆ c and

F (x ∪ {c}) = i}. By Proposition 2.6 there is f : [Pκ(λ)]n → σ such that⋂
x∈XW

f(x)
x ∈ J+ for every X ∈ Pκ([Pκ(λ)]n) \ {∅}. Select B ∈ J+ ∩ P(A)
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such that B\W f
x (x) ∈ J for every x ∈ [Pκ(λ)]n. Finally, pick D ∈ J+∩P(B)

such that c /∈
⋃
{B \W f(x)

x : x ∈ [P(b)]n} whenever (b, c) ∈ [D]2c .

Theorem 7.5. Suppose that κ is mildly λ<κ-ineffable, J is a weakly
selective, κ-complete, fine ideal on Pκ(λ) such that pJ > λ<κ, and σ is a
cardinal. Let 0 < n < ω, F : [Pκ(λ)]n+1

⊂ → σ and A ∈ J+ be given such that
for any b ∈ Pκ(λ), |{F (b, d1, . . . , dn) : (d1, . . . , dn) ∈ [A]n⊂ and b ⊂ d1}| < κ.
Then there are C ∈ J+ ∩ P(A) and g : Pκ(λ)→ σ such that:

(1) F (a1, . . . , an+1) = g(a1) whenever a1 ∈ Pκ(λ), (a2, . . . , an+1) ∈ [C]n⊂
and there is b ∈ C such that a1 ⊆ b ⊂ a2;

(2) either g is constant on C, or g(a) < g(b) whenever (a, b) ∈ [C]2⊂.

Proof. Using repeatedly Lemma 7.4 define Al∈J+ and Fl : [Pκ(λ)](n+1)−l

→ σ for l ≤ n so that:

• A0 = A, and F0(a1, . . . , an+1) equals F (a1, . . . , an+1) if (a2, . . . , an+1)
is in A, and 0 otherwise;
• for l < n, Al+1 ⊆ Al and Fl(a1, . . . , an−l, anl+1) = Fl+1(a1, . . . , an−l)

whenever an−l+1 ∈ Al+1 and there is b ∈ Al+1 such that an−l ⊆ b ⊂
an−l+1.

Then clearly, given a1 ∈ Pκ(λ) and (a2, . . . , an+1) ∈ [An]n such that a1 ⊆
b ⊂ a2 for some b ∈ An, we get

F (a1, . . . , an+1) = F0(a1, . . . , an+1) = F1(a1, . . . , an) = · · · = Fn(a1).

Define f : [An]2⊂ → 3 by letting f(a, b) equal 0 if and only if Fn(a) = Fn(b),
and 1 if and only if Fn(a) < Fn(b). By Fact 7.3 we may find C ∈ J+∩P(An)
and s < 3 such that f takes the constant value s on [C]2⊂. It is easy to see
that s 6= 2.

In the remainder of this section we restrict our attention to the case
n = 1. We will prove a Pκ(λ) version of the canonical Ramsey theorem for
pairs due to Erdős and Rado.

Fact 7.6 ([5]). For any F : [ω]2 → ω, there is C ∈ [ω]ω such that one
of the following holds:

(1) F is constant on [C]2.
(2) For x, y ∈ [C]2, F (x) = F (y) if and only if min(x) = min(y).
(3) For x, y ∈ [C]2, F (x) = F (y) if and only if max(x) = max(y).
(4) F is one-to-one on [C]2.

Given Z ⊆ Pκ(λ) and a function F defined on [Pκ(λ)]2, we let φ(Z,F )
assert that F (e, d) 6= F (a, b) whenever (a, b) ∈ [Pκ(λ)]2⊂, e, d ∈ Z and there
is c ∈ Z such that b ∪ e ⊆ c ⊂ d. Furthermore, we let ψ(Z,F ) assert that
F (a, d) 6= F (c, d) whenever (c, d) ∈ [Z]2⊂ and there is b ∈ Z such that
a ⊆ b ⊂ c.
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Theorem 7.7. Suppose that κ is mildly λ<κ-ineffable, J is a weakly
selective, κ-complete, fine ideal on Pκ(λ) and σ is a cardinal. Let F :
[Pκ(λ)]2⊂ → σ. Then one of the following holds:

(a) There is Q ⊆ J+ such that:
• S ∩ S′ ∈ J for any two distinct elements S, S′ of Q,
• for any T ∈ J+, there is S ∈ Q such that S ∩ T ∈ J+,
• for each S ∈ Q, either F is constant on [S]2⊂, or there is g : S → σ

such that for any (a, b) ∈ [S]2⊂, F (a, b) = g(a) < g(b).
(b) There is Z ∈ J+ such that:
• φ(Z,F ) holds,
• F (a, b) = F (a′, b) whenever (a, b), (a′, b′) ∈ [Z]2⊂.

(c) There is Z ∈ J+ such that:
• φ(Z,F ) and ψ(Z,F ) both hold,
• F (a, c) < F (b, c) whenever (a, b, c) ∈ [Z]3⊂.

(d) There is Z ∈ J+ such that:
• φ(Z,F ) and ψ(Z,F ) both hold,
• F (a, c) > F (b, c) whenever (a, b, c) ∈ [Z]3⊂.

Proof. Case 1: for any B ∈ J+, there is A ∈ J+ ∩ P(B) such that for
any b ∈ A, we have |{F (b, d) : b ⊂ d ∈ A}| < κ.

Claim 7.8. Let B ∈ J+. Then there is S ∈ J+ ∩ P(B) such that either
F is constant on [S]2⊂, or there is g : S → σ such that F (a, b) = g(a) < g(b)

for every (a, b) ∈ [S]2⊂.

Proof. Select A ∈ J+ such that |{F (b, d) : b ⊂ d ∈ A}| < κ for all b ∈ A.
Define F ′ : [Pκ(λ)]2⊂ → σ by letting F ′(b, d) equal F (b, d) if b and d are both
in A, and 0 otherwise. Then by Theorem 7.5, we may find S ∈ J+ ∩ P(A)
and g : S → σ such that:

• for any (a, b) ∈ [S]2⊂, we have g(a) = F ′(a, b) = F (a, b),
• either g is constant on S, or g(a) < g(b) whenever (a, b) ∈ [S]2⊂.

This proves the claim.

The existence of Q as in (a) follows immediately from the claim.

Case 2: there exists B ∈ J+ with the property that for any A ∈ J+ ∩
P(B), there is b ∈ A such that |{F (b, d) : b ⊂ d ∈ A}| ≥ κ. Set W :=
Pκ(λ)× σ. For (a, i) ∈W, let

X0
(a,i) := {b ∈ Pκ(λ) : a ⊂ b and F (a, b) 6= i}

and X1
(a,i) = Pκ(λ) \X0

(a,i). By Theorem 2.13, there is h : W → 2 such that⋂
(a,i)∈tX

h(a,i)
(a,i) ∈ (J |B)+ for all t ∈ Pκ(W )\{∅}. We my find C ∈ J+∩P(B)

such that C \Xh(a,i)
(a,i) ∈ J for every (a, i) ∈W.
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Claim 7.9. The set E := {a ∈ C : ∃i < σ (h(a, i) = 1)} lies in J.

Proof. Suppose otherwise. Define f : E → σ so that h(a, f(a)) = 1 for
all a ∈ E. We may find E′ ∈ J+ ∩ P(E) such that b ∈ X1

(a,f(a)) whenever

(a, b) ∈ [E′]2⊂. But then for every a ∈ E′, |{F (a, b) : a ⊂ b ∈ E′}| = 1 < κ.
This contradiction completes the proof of the claim.

Let D = C \ E. For c ∈ D, set xc := {F (a, b) : (a, b) ∈ [P(c)]2⊂}. Now
define G : [D]2⊂ → 2 by letting G(c, d) = 0 if and only if there is e in D∩P(c)
such that F (e, d) ∈ xc. By Fact 7.3 there must be D′ ∈ J+∩P(D) and u < 2
such that G takes the constant value u on [D′]2⊂.

Claim 7.10. u = 1.

Proof. Suppose otherwise. Pick c ∈ D′, and let D′′ := {d ∈ D′ : c ⊂ d}.
Since P(c) and xc have both size less than κ, we may find D′′′ ∈ J+∩P(D′′),
e ∈ D ∩ P(c) and i ∈ xc such that F (e, d) = i for all d ∈ D′′′. But then
C \X0

(e,i) ∈ J
+. This contradiction completes the proof of the claim.

It follows from this claim that φ(Z,F ) holds for every Z ∈ J+ ∩ P(D′).
For y ∈ Pκ(λ), define qy : [D′]2⊂ → 2 by letting qy(a, b) = 0 if and only if
y ⊂ b and F (y, b) = F (a, b).

Subcase 1: there is y ∈ Pκ(λ) and Y ∈ J+ ∩ P(D′) such that qy takes
the constant value 0 on [Y ]2⊂. Then F (a, b) = F (y, b) = F (a′, b) whenever
(a, b), (a′, b) ∈ [Y ]2⊂.

Subcase 2: for any z ∈ Pκ(λ) and any L ∈ J+ ∩ P(D′), qz is not
identically 0 on [L]2⊂. Define p : [D′]3⊂ → 2 by p(b, c, d) = 0 if and only if
F (a, d) = F (c, d) for some a ⊆ b. By Fact 7.3 we may find H ∈ J+ ∩ P(D′)
and v < 2 such that p is identically v on [H]2c .

Claim 7.11. v = 1.

Proof. Suppose otherwise. Pick b ∈ H and set H ′ := {c ∈ H : b ⊂ c}.
Define p′ : [H ′]2⊂ → P(b) so that F (p′(c, d), d) = F (c, d). By Fact 7.3 there
must be H ′′ ∈ J+∩P(H ′) and a ⊆ b such that p′ is constant with value a on
[H ′′]2⊂. But then qa is identically 0 on [H ′′]2⊂. This contradiction completes
the proof of the claim.

Note that by this claim, ψ(Z,F ) holds for every Z ∈ J+∩P(H). Finally,
define K : [H]3⊂ → 2 by letting K(a, b, c) = 0 if and only if F (a, c) < F (b, c).
By Fact 7.3 there are Z ∈ J+ ∩ P(H) and j < 2 such that K(a, b, c) = j
for every (a, b, c) ∈ [Z]3⊂. It remains to observe that if j = 1, then F (a, c) >
F (b, c) for each (a, b, c) ∈ [Z]3⊂.

Remark 7.12. Note that (d) can only occur in case κ = ω. Concern-
ing (a), let us observe the following. Suppose λ > κ and F : [Pκ(λ)]2⊂ → κ
is defined by F (a, b) = |a|. Then clearly it is not possible to find S ∈ J+
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and a one-to-one function g : S → κ such that F (a, b) = g(a) for every
(a, b) ∈ [S]2⊂. Similarly, in (c) and (d), it may be impossible to find Z ∈ J+

such that F (a, b) 6= F (b, c) whenever (a, c), (b, c) ∈ [Z]2⊂. To see this, sup-
pose that κ = ω < λ and define F : [Pκ(λ)]2⊂ → κ by F (x, y) = |x| + |y|
and F ′(x, y) = |y| − |x|. Now given Z ∈ J+, we may find a 6= b in Z such
that |a| = |b|. Pick c ∈ Z with a ∪ b ⊂ c. Then clearly F (a, c) = F (b, c) and
F ′(a, c) = F ′(b, c).
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