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Existence of two positive solutions for a class of semilinear
elliptic equations with singularity and critical exponent

JIA-FENG L1ao (Chongging and Zunyi), Jiu Liu (Chongqing),
PENG ZHANG (Zunyi) and CHUN-LEI TANG (Chongging)

Abstract. We study the following singular elliptic equation with critical exponent

—Au=Q(z)u* "'+ Y in 2,
u >0 in £2,
u=0 on 0f2,

where 2 € RY (N > 3) is a smooth bounded domain, and A > 0, v € (0,1) are real
parameters. Under appropriate assumptions on @, by the constrained minimizer and per-
turbation methods, we obtain two positive solutions for all A > 0 small enough.

1. Introduction and main result. Consider the following singular
elliptic equation with the Dirichlet boundary value conditions:

—Au=Q(z)u* 1+ T in 0,
(1.1) u>0 in (2,
u=20 on 012,

where (2 is a smooth bounded domain in RY (N > 3), A > 0 is a real pa-
rameter, and y € (0, 1) is a constant. The coefficient function Q € C(£2) is
positive. The exponent 2*—1 = (N 4 2) /(N — 2) is the critical Sobolev expo-
nent for the embedding of H{(£2) into L4(£2) for every q € [1,2N/(N — 2)].
Here H{(£2) is the completion of C§°(£2) with respect to the norm |ju|| =

(§o(Vu, Vu) dz)/?.
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In many papers the following problem has been studied:
—Au = puP + Mk(z)u™  in (2,
(1.2) u >0 in £,
u=0 on 02,

where ¢ > 0, 1 < p < 2* — 1 and k is a nonzero nonnegative function. In
[, [8, [9], [12], [13], the authors have studied problem with p = 0,
under different assumptions on k, and obtained the existence of positive
solutions. The case of u > 0 has also been discussed in [2], [3], [6], [10],
[11], [I4]-[17], [19]. When the exponent satisfies 1 < p < 2* — 1, problem
has at least two positive solutions under some appropriate conditions
via variational methods [2], [3], [6], [I1], [14], [LI6]. When p is the critical
exponent, several papers have discussed problem (see [10], [1I], [15],
[17], [19]), also establishing the multiplicity of positive solutions of problem
(L.2). In [10], [11] and [19], two positive solutions of problem withp =1
were obtained by different variational methods for A > 0 small enough, while
[15] and [I7] obtained two positive solutions with A = 1 and p > 0 small
enough by the Nehari method. In particular, [11] considered problem
with k(z) = A = 1. Combining the sub-supersolution method and a linking
theorem, it was shown that there exists A > 0 such that for every p € (0, A),
problem has at least two positive solutions, for u = A, it has at least
one positive solution, and for u > A, it has no positive solution.

When Q(z) # const, the analysis of compactness turns out to be more
difficult. A natural question is whether problem has two positive solu-
tions for A > 0 small enough. In the present note, we give a positive answer.
First, we obtain a local minimizer solution; next, we study a sequence of
mountain-pass solutions of a perturbation problem, and prove that its limit
is a positive solution of problem . Moreover, we distinguish the two so-
lutions by their different values of the corresponding variational functional.
Here, we would like to point out some difficulties we will encounter. The first
one is the lack of compactness of the embedding HE(£2) < L? (), which
we overcome by using the Brézis—Lieb Lemma. The second problem is the
existence of the second positive solution, where we get rid of the singularity
by a perturbation method.

In this paper, we assume that () satisfies the following condition:

(Qo) There exists zo € §2 such that Q(zo) = Qn = max, . Q(x) and

Q(z) — Q(xo) = of|z — a0V "?) as x — .

Let S be the best Sobolev constant, namely

. {, |Vul? dz
1.3 S = nf .
- werrb(@)\(0y (T, [ul? dr)2/>
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For the convenience of the reader, we recall the Brézis—Lieb Lemma (see [4,
Theorem 2] or [I8, Lemma 1.32]), which plays an important role in proving
Theorem 1.1 below.

LEMMA A. Let 2 C RN be an open set and {u,} be a bounded sequence
in LP(2) (1 < p < o0) which converges to u almost everywhere in §2. Then

lim (S |un |P dz — S |y, — ulP da:) = S |u|P dz.
Q

n—oo
Q
We define
1 1 . A _
1) = 5wl - 5 § Q)W do — (2 [ e, Vu e HY(@)
P (7

In general, a function w is called a weak solution of problem (1.1) if u €
HE(2) with (u™)™7p € LY(2) for every p € H}(£2) and satisfies

(1.4) S(Vu, V)dr — S Q(z)(ut)* Lodr — A S(u+)_7cp dr =0
2 [0} (9}
for all o € H}(92).
Our main result can be stated as follows:

_ THEOREM 1.1. Assume that (Qo) holds and v € (0,1). Then there exists
A > 0 such that problem (L.1)) has at least two positive solutions for any
A€ (0,4).

REMARK 1.1. To our best knowledge, problem ([1.1)) with Q(x) # const
has not been considered yet. We generalize the corresponding results of [10],
[11], [15], [I7] and [19] to problem (1.1)) with Q(x) # const.

REMARK 1.2. Motivated by [16] and [19], we find the first solution wu.
as a local minimizer of I on Hg(£2) with I(u.) < 0 by a minimax method.
Here we encounter two difficulties. One is the lack of compactness of the
embedding H}(2) < L*(£2). We overcome this difficulty by using the
Brézis—Lieb Lemma. The other is how to prove that the local minimizer of
I on H(£2) is a solution of problem (L.1]).

REMARK 1.3. To find the second solution, by a perturbation method we
get rid of the singularity. This method is different from the methods of [10],
[11], [I5], [I7] and [19]. First, we obtain a sequence of positive solutions of
the approximating problem by the Mountain Pass Lemma; then we prove
that the limit of this sequence is a solution of problem . We distinguish
this solution w.. from u, by I(us) > 0.

This paper is organized as follows. In Section 2, we prove the existence
of the first solution of problem . We study the mountain-pass solutions
of the approximating problem in Section 3. In Section 4, we give the proof
of Theorem [L.1l
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Throughout this paper, we make use of the following notation: the norm
in Hi(£2) is denoted by

Jul| = (S(VU, Vu) dz:) V2 = <S V|2 dx)1/2;
2 2

the norm in LP(£2) is denoted by [lull, = (§,, |ulP dzx)'/P; C,Co, C1,Cs, ...
denote positive constants; and vt = max{u,0}, v~ = max{0, —u}.

2. Existence of the first solution of problem . In this part,
our main work is to prove that problem has a local minimum solution in
H&(Q) To obtain the first solution of problem , we prove the following
important lemma.

LEMMA 2.1. There exists a constant \* > 0 such that the functional I
attains a negative minimum in H} (£2) for all0 < X\ < \*, that is, there exists
u. € Bg such that I(u.) = m < 0, where Bg = {u € H}(2) : |ju|| < R} is
a closed ball. Moreover, u, € Bg.

Proof. By the Holder and Sobolev inequalities, there exists a constant
Co > 0 such that

1) §@")' 7V de < [l de < Jluly QG < Collull
Q Q
and by the definition of S we have

(2.2) } Q@) () da < Qur | |uf* do < QuS™ 2 |Jul*".
o} o}
From and ., one gets
1 .
(2.3) I(u) = *H I = o S Q(z)(u™)? da — A Jwh)' ™ da
2% 1—7 S
1 2 2% )\CO 1_7
2 Sllull” - 2*52*/2 Jul| = = ——Ilul|

which implies that there exists A* > 0 such that for any A € (0, \*), there
are R > 0 and p > 0 such that

1 *
*||u||2 - S Q(z)(u™)? dx > 2p, Vu € OBp,
2.4 1 * —
24 Sl [ ds>0. weBn
02
I(U) > P Yu € 8BR,

where B = {u € H}(2) : |Ju|| = R}. Since Q(z) > 0 in 2 and X\ > 0,
we have I(u) < 3|lul|>. Combining this with (2.3) shows that I is bounded



Semilinear elliptic equations 277

on Bg. Fix A € (0,\*); then m = inf
1 —v <1, for R small enough we have

wesy L (w) is well defined. Since 0 <

m = inf I(u) <O0.
uEBR

Next, we prove that I attains this minimum m in Bg. Obviously, there
exists a minimizing sequence {u,} in Bg such that lim, o I(u,) = m < 0.
Since {uy,} is bounded and Bp, is a closed convex set, there exists us € Bg C
H{(£2) and a subsequence, still denoted by {u,}, such that

Uy — Us weakly in H&(Q),
(2.5) Up — Us strongly in L*(£2), 1 < s < 2*—1,
Un () = us(z) a.e. in £2,

as n — 0o. We let w,, = u,, — Us.
Since 0 < v < 1, one has the following standard inequality:

@t =y T < e —y['TY, Yoy > 0.
Combining it with the Holder inequality, we obtain

H(uf{)lf’r dx — S(u:r)l—v da:’ < S |2y, — u*ll—v dr < ”wnué—v‘m(ww)ﬂ.
? 0

Combining the above with (2.5)) yields
(2.6) S ut" dx = S ul™7 dx + o(1),
Q Q

where o(1) is an infinitesimal as n — co. Moreover, according to Lemma A
and the weak lower semicontinuity of norm, one gets

27 Q@) w)* dr = | Q@)(w,)* dz + | Q(2)(u)* dz + o(1),

02 2 0]
(2.8) [ [Vun?de = | [Vwg|* do + | |Vu.|? do + o(1).
9} 2 (9]

Since inf,ecppy, I(u) > p and m < 0, using (2.3 we obtain ||u,|| < R —eo
for some g9 > 0 independent of n, in particular u, € Bg. Then, from (2.8)),
Wy = Uy — Uy € BR
for n sufficiently large. According to (2.4) we can deduce that

1, ., 1 o
(29) lwall? — 5 § Q)@ da > 0.
9]
From ({2.6)—(2.9) and the definition of m, one obtains



278 J. F. Liao et al.

m = li_>m { S |Vuy,|*dx — 271* S Q(x)(u:)w dr — E S(u:)l—w dm}
2
=7yg;(;nwuﬁ——;;éaxxxw:f*d{)
+§Huﬁﬁ;*AQKquiV*ir]jiyéﬁdd“ﬁdx

> I(u.) + (1) > m + o(1),
so m = I(uy) < 0. This completes the proof of Lemma n

THEOREM 2.1. Assume that v € (0,1). Then problem (1.1) has at least
one positive solution for any A € (0,\*), where \* comes from Lemma

Proof. For all 0 < A < \*, we take u, as provided by Lemma 2.1.

We claim that u, > 0 in £2. Indeed, since |lu.|? = |Juf||® + |lus ||?, we
have I(u.) = I(uf) + |ju;||%. Since u, € Bg, one has uf € Bg. Suppose
uy # 0; then I(uf) < I(ux) = m, which contradicts the definition of m.
Thus u, =0 and our claim is true.

Now we prove that u, is a weak solution of problem . Let ¢ € H}(02)
with ¢ > 0. Since u, € Bp, there exists £ > 0 such that u, 4+ t¢ € Bp for
all t with [t| < €. Since u, is a minimizer in Bg, we have

I +t¢) — I(ux)

(2.10) 0< ;
= | (Vu., V) dz + % | Vol da
n 02
2% _ 2
_ 271* S Q(z) (us +19) Uy de
Q
A (Us + )17 — ul™?
1o, S ; dz.
Q

Using the Lebesgue Dominated Convergence Theorem, one obtains

(uy + td))? —u?
t

dx = S Q(x)u? L da.
Q

(2.11) lim — | Q)
2

For any x € (2, we denote
(s + 1917 — ul
(1=t
Since s —+ s'77 is a concave function, h is nonincreasing for any = € (2. It

is clear that h converges pointwise to uy ' (z)¢(z) as t — 0. Then we can
use the Monotone Convergence Theorem (Beppo Levi) and obtain

h(t) =
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1 N t 11—y _ i_'y
(2.12) lim —— | Q(x) (ue + 86) Y de = (¢ da.
t—0t 1 — 7y t
Q Q
Therefore, combining (2.10)) and ([2.11)) with (2.12)) shows that u, "¢ € L'(§2)
and
(2.13) [(Vu., Vo) — Q@)u 1o — My ¢l dz > 0

2
for all ¢ € H}(02) with ¢ > 0. In particular, for u, there exists £’ € (0,1)
such that us + tu, € B for all [t| < &'. Let
h(t) = I((1 + t)u.);
then h attains its minimum at ¢ = 0. Thus
(2.14) W (0) = flu])* = | Q(z)uZ” do — A | uy™ dw = 0.
(9} 9]
Now we claim that (2.13) is true for all ¢ € H{(£2). In fact, suppose
¢ € HL(N) and t > 0, and define ¥ € H{(2) by
Lp = (u* + t¢)+a
where (ux +t¢)" = max{u. + t¢,0}. Replacing ¢ with ¥ in (2.13]), coupled
with , one gets
0< | [(Vu, V) = Q()u2 710 — M0 da
Q
= | (Ve Vw4 10) — Qa)u " (us + 19)] do
{x:us+tp>0}
- S u, 7 (us + 1) da
{z:u.+tp>0}
= {||u*\|2 - S Q(z)u? dx — A S ul™ daz}
2 9}
+t | [(Vue, Vo) — Q(@)u ~'¢ — Ay 7¢) dr
2
— (Vi V(us +16) - Q) (wa)* " (s + t9)] da
{z:us+tp<0}
+x u, Y (uy + te) da
{z: u.+tp<0}
<t [(Vu, Vo) — Qa)uZ 1o — u; "¢ da — t | (Vuy, Vo) da.
0 {z 1 us+tp<0}

Since the measure of the domain of integration {z : u. + t¢ < 0} tends to

zero as t — 07, it follows that S{x:u*+t¢<0}(Vu*,V¢) dr — 0 ast — 0.
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Dividing by ¢ and letting ¢t — 0", one infers that
[ (Vi V) — Qa)u? 1o — Mz 7¢] da > 0.
2
Noticing that ¢ € Hg(§2) is arbitrary, one has
(215) | [(Vu, Vo) = Q(@)uZ ' — Mu"¢] do =0, Vo € Hy(R2),
Q
which implies that wu, is a weak solution of problem (|1.1)).

Now, we prove that u, is a positive solution of problem (|I.1f). Since
I(uy) = m < 0, we have u, #Z 0. Then u, > 0 and u, #Z 0. By the strong
maximum principle,

us(z) >0 ae xell

Thus the proof of Theorem 2.1 is finished. m

3. The mountain-pass solution of the perturbation problem.
Seeking the second solution of problem (1.1), we will study the corresponding
approximation problem, truncating the singular term so that it becomes a
problem with no singularity at the origin; that is, we consider the following
perturbation problem:

{ —Au=Q(z)(uH)> P+ Aut +a)™7 in £,
u=20 on 02,

where a > 0 is small. The solutions of problem (3.1) correspond to the
critical points of the C1-functional on H(§2) given by

(3.1)

Iow) = Sl = 5 | Q) do = 12 {l(u" + )™ a7 da,
2 2

We observe that Iy = I, and
(3.2) I(u) < Io(u), Yue€ H)(£2).

By a weak solution of problem (3.1) we mean a function u € H}(2) such
that

33) [ (Vu,Ve)dz — | Q) (w")* pde — A | (ut + ) V¢dr =0

Q Q Q
for all ¢ € HE(£2). A sequence {v,} in H}(£2) is called a (PS). sequence if
(3.4) I,(v,) = ¢ and I (v,) =0 asn— oco.

We say I, satisfies condition (PS). if any (PS). sequence {v,} C H}(§2) has
a convergent subsequence.

LEMMA 3.1. There ezists B > 0 (depending on v, N and |£2|) such that
if {vn} is a (PS). sequence of 1, with
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SN/2

2 2/(1+
v T

(3.5) c<

then {v,} has a convergent subsequence.

Proof. We claim that {v,} is bounded in H{(§2). For contradiction,
assume that {v,} is not bounded in Hg(£2). Then, up to a subsequence,
|vn|l = oo, and we have

1
¢ = Io(vn) ?U&(Un)» Up) +0(1)
> _ - + 11—y 1—x s + vy 1
> el = 12 I+ )T =t e 2 J o a) Tenda o)
1 A _
> <ol = G o),

Since 0 < 1—~ < 1, the last inequality is absurd. Therefore, {v,} is bounded
in Hi ().
Hence there exists a subsequence, still denoted {v,}, such that there
exists v, € H}(£2) with
Up — U weakly in HE(£2),
Up —> Vs strongly in LP(£2), 1 < p < 2%,
vn(x) = ve(z) a.e. in §2,
as n — 0o. Now, we only need to prove that v, — v, strongly in Hg(£2).
Let wy, = vy, — v4. Since I/, (v,) — 0 in (H}(£2))*, we have
lonll® = § Q@) (0 da = A\ (v} + ) dw = o(1).
2 2

Consequently, by Lemma A and the Dominated Convergence Theorem,

(3:6)  [wal® + [[vel® = § Q@) (w;)* dz — | Q(a)(v])* der

n 2
- A S(vj‘ +a) vl dr = o(1)
n
and
(3.7) lim (I (vn), ve) = [Joa]* = § Q@) () da=A § (v +a) v du = 0.
(9] 2

From and ,

. 2 _ 7 +\2* _
Tim [wn|? = lim | Q(x)(w})* dx =1.
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Since

S lwn|? da > S %mnp* dx > S %(w;{)Q* dx,

p 5 Qu 5 Qum
we have ||wy||3 > 1/Qn as n — oo. Applying the Sobolev inequality, from
(1.3) one obtains

lwnll* > Slwnll3-.

Then 1> 5(1/Qa)%?", which implies that either [=0 or I >SV/2/Q{\ /2,
We claim that [ = 0. For contradiction suppose

SN/2

Combining (3.8]) with the elementary inequality
(a+b)17<a™ 07 Va,b>0,0<y <1,
and using (3.6)—(3.8]), we get

1
c = Ia(vn) ?<Ia<’un)’ ’Un> —+ 0(1)
1 2 A + 1 1—
> — _ 5 ~y
9
Ao
+ ? S(vn + a) ’yvn dx + 0(1)
9
SN/2 1 ) I\ .
— -2 -y
NQ%]}/—Q)/Q + NH | 1 ’7}2(%) dx
SN/2 1 ) Co\ )
S Tl _ GaA .
= NQ%]}/—Q)/Q + N”U*H 1 lve]]" ™7 4+ 0(1)
N/2
al — BA\Y/(4)

= NQWDP2

where, in the last inequality, B can be chosen using the Young inequality.
This contradicts (3.5)), so our claim is true.

Thus, v, — v, strongly in HE(£2), and the proof of Lemma 3.1 is com-
plete. m

From now on, B will be as in Lemma 3.1. According to [5], when 2 = R,
the infimum in ([1.3)) is achieved by the function
CneN-2)/2
ue(r) = (€2 + |z[2)V-2/2

Vo e RV,
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where Cy = [N(N — 2)](V=2/4, Take a cut-off function n € C§°(§2) with

0<n<1land
1, |[z—=z §5 2,
77( )_{ ’ 0‘ ~/
0, |z—mzo| >06.
Set v (x) = n(z)us(x — x0). Then
(3.9) ol = Ky + O(™),

(3.10) |ve||3 = Ky 4+ O(e),

where K; and K» are positive constants which only depend on N and such
that K1/Ky = S, 0(eV~2) and O(e") denote quantities such that there exist
constants L1, Ly > 0 such that |O(eV=2)/eN=2| < Ly and [O(eV)/eN| < Ly
for € small enough.

LEMMA 3.2. Suppose (Qqo) holds. Then for every v € (0,1) there exists
ug € HY () such that

SN/ 2/(147)
2 g
(3.11) 2121]'6) Iy (tup) < ¥ 5\14\7_2)/2 B

for all A > 0 small enough.
Proof. For t > 0, let

t2 1 o . A _ _
I (tv.) = —|jve* - = 2 S Q)0 do — —— S[(tva + )77 — o' da.
2 2 1—7
2 o}
Then
lim I,(tvs) =0 uniformly for all 0 < e < ¢,
t—+40
lim [, (tv:) = —oo  uniformly for all 0 < & < &,
t—o00
where g9 > 0 is a small constant. Let
t2 2 .
La(t) = §||Us||2 ~ o S Q(z)vZ du,
2
1
Lao(t) = —— {[a"7 = (tev + a)' ] da.
11—~ P

Then Iy (t) = t([[ve]|* — 2" ~2|ve

oel?
n- ()
SQ Q(z)v? dx

is such that I7;(t) > 0 for all 0 < ¢ < T¢, and I_;(t) < 0 for all ¢t > T,
so I.1(t) attains its maximum at 7. So for A > 0 small, I,(T:v.) > 0.
Therefore, using the behavior of I, (tv.) at t = 0 and ¢ = oo, one finds that
sup;sg Lo (tve) is attained for some t. > 0.

2)). Considering I7 1(t) = 0, one sees that



284 J. F. Liao et al.

Moreover, we claim that there exist constants tg, 7y > 0, independent
of €, such that tyg < t. < Tp. In fact, from lim; ¢ Io(tve) = 0 uniformly
for all €, we choose € = I,(t-v:)/4 > 0; then there exists ¢y > 0 such that
|1o(tove)| = |Ia(tove) — I (0)] < €. By the monotonicity of I, (tv.) near t = 0,
we have t. > tg. Similarly, we can show that t. < Tj.

We claim that from (Qg) we have, as ¢ — 0%,

(3.12) (] Qe d:v)z/ Y QY el + oMY,
2
In fact, for all € > 0,
(3.13) H Q(x)v? dx — SQMU6 da:’ < S 1Q(x) — Q(z0)|v? dx
2 2 Q
< | 1Q(x) — Q(zo)[v?" du,
(el

where 2/ = {z € 2 : |z — zo| < §}. From (Qp), for all ¢ > 0, there exists
0 > 0 such that

1Q(z) — Q(z0)| < |z — 0|V 2 forall 0 < |z — x| <4
When & > 0 is small enough, for § > £'/2 it follows from (3.13) and (Qo) that

H Q(x)v? dx — S QuvY d:z:‘
N 2
< | Q) — Q(zo)[v? da

{x€: |x—x0| <5}
[N (N — 2)e’]V/?

dx
[€2 + |z — zo|2|N

< S Clo — o N2
{z€N:|x—x0|<b}
[N(N —2)e’]"?

dzx
2 + |z — 2021V

-
{z€R:5<|z—x0|<5}

(§ N (E N,N-1
=cnC\r 5 2Nd7“+CN 3 2Nd7"
Ry S o
d/e , 5/ PN-1
N-2
= cnCe S ZNdr—i-cNS v Ar
O(l—i— ) 6/5(14-7’)
< CopCeMN 72 4 Oyl
where cy = [N(N )]N/2 Consequently,
" dre —
50 Q) do =S QueZ dol _ (s

eN—-2
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which implies that

|SQ Q(:L’)Ug* dxr — S_Q QMU? d$|
€N72

< Oq(.

lim sup
e—0t

Then from the arbitrariness of C , we obtain (3.12)).

Combining (3.10]) and ( gives

N 2/2* X
(3.14) (SQ(az)vz d:c) = QY¥ Ky + o(sN2).
From and -, one has
loel> N ol oe)?
1 L (T))=| —"=" nzelt %l
(3.15) e1(Te) (SQQ($)U§* dx 2 o

R A 1 G S AR
N o Qx)v? du - - 4& ’

where Cy > 0 is a constant.

Next, we concentrate on the estimate of I, 2. We claim that
(316) o —(a+ BT < —(1 —y)BEVABANAT g s 0> 0.
In fact, dividing (3.16)) by '~ and setting t = o/, for t > 0 small enough,
one has
(3.17) 1 — (L4877 < —(1 =430/
Let

F(t) = 1177 = (1 )17 4+ (1= )0/,

We only need to prove that f(t) < 0 for ¢ > 0 small. Indeed, since f(0) = —1,

we obtain f(t) < 0 for ¢ > 0 small by continuity. So (3.17)) is true, thus (3.16)
holds.

According to (3.16)),
1
Lea(t) < | (a7 — (teve + )] dx
v {z:|z—z0|<e(t=7)/8}
< -C5 S (tgvs)(l*w/4 dx

{z:]|z—20|<e(1=7)/8}

tgs(N_z)/zn(:c) (1-v)/4
=-Cs S [(52 + |z — 2o2)V-272

{z:|x—mxo|<e(1—7)/8}
< NN YN —6-27)/32,

dx

By the above inequality and (3.15)), there exists A** > 0 small enough such
that
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Ia(tava) = a,l(ta) + )\IE,Q(ta)
SN/2
S W + C4€N_2 _ 06)\6(1—7)(7N+'7N—6—2’y)/32
NQ,,
(1=7) (TN+yN—6—29)+16(N=2)(1+7)

N/2
= % + 04)‘2/(1+7) — CgA I6(N—2)(1+7)
NQ,,
(1="[(N—=2)y—9N+26]

N/2
S % + 04)\2/(1—"_7) (1 — 07)\ 16(N—2)(1+~)
NQ,,

N/2
< % = BN,
NQW

where we choose ¢ = A2/ ((14M(V=2)) for 0 < X\ < A** and (N —2)y—9N +26

< 0 for all 0 < v < 1 and every N > 3. This implies that (3.11]) holds for
all 0 < A < A**. Thus Lemma 3.2 holds. =

PROPOSITION 3.1. For every o > 0, problem (3.1)) has a positive moun-
tain-pass solution ve for all 0 < A < min{\*, \**}.

Proof. Let w € HE(£2), w # 0. Then for all ¢ > 0,

(k) = Sl - £ [ Q@) dr
2
1 i S !SQ [(twt + )7 — a7 da
t , 1% a2
<Dl - £ J Q@) dr.
2

which implies that there exists tg > 0 such that I, (tow) < 0 and ||tow]|| > R,
where the choice of tyw is independent of A and e. Setting wy = tgw and

I = {h € C(10,1], HY(92)) : h(0) = 0, h(1) = wo},
we can define the mountain-pass level for I,

c = inf max I,(h(t)).

hel te(0,1)
Consequently, from (2.4) and (3.2)),
N/2
318) 0<p<c< I (tw) < sup I, (tw) < —————n — BAY (147
(3.18) p<es max la(tw) < sup fo(t) NQU P

for all 0 < A < min{\*, \**} and o > 0. By Lemmas 3.1 and [3.2] I,, satisfies
the geometry of the Mountain-Pass Theorem [I]. According to Lemma
{vn,} C HY(2) has a convergent subsequence, still denoted by {v,}, such
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that v, — v, in HE(£2) as n — co. Hence, it follows from (3.18)) that
(3.19) Io(vy) = lim Iy(vp) =c¢>p>0.

n—oo
So from (3.19)), v, Z 0. Furthermore, from the continuity of I/,, we find that
Vo 1s a solution of problem (3.1), namely

(3.20) (SZ(VUC“ V)dr — [SZQ(ai)(’UI)Q*_lgD dxr — X (S) (v;fia)” dr =0

for all ¢ € H}(£2). Taking the test function p = v in (3.20), one has

—112 Vo
_ 3\
HUO(H S Ui—{—a)’y

dx > 0;
o

this implies that v, = 0, therefore v, > 0 and v, # 0. Hence, by the
strong maximum principle, v, is a positive solution of problem (3.1)). This
completes the proof of Proposition 3.3. m

4. Proof of Theorem 1.1. Let v € (0,1) and A = min{\*, \**}; then
our lemmas and proposition all hold for all 0 < A < A. Hence Theorem
also holds. Thus problem has a solution u,, which is a local minimum
for the corresponding functional 1.

Now, we only need to prove that problem has another positive
solution. Since {v,} are solutions of problem (3.1]), one has

(4.1) lvall? = | Q@) dz — X | (v + @) v dz = 0.
2 0
According to Proposition 3.3, by (4.1) we obtain
SN/ 2/(1+
W—B)\ /( ’Y) >IO¢(UOC)
NG 1 A
— 2 -
= NH'UQH + ? S(Ua +Oé) ’Y'Ua dx
n
A
-1 S[(Ua + o)™ — ol da
v 2
1 A _ _
> NH%”2 T S[(Ua +a)' 77— o' de

1 _
> llvall® = Csllval .

Since v € (0,1), it follows that {v,} is bounded in Hg(§2). Going if necessary
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to a subsequence, also denoted by {v,}, there exists u.. € Hg(£2) such that
Vo — Uses weakly in H&(Q),

(4.2) Vo = Usx strongly in LP(§2), 1 < p < 2%,
Vo () = uw(z) a.e. in (2.

Next, we prove that u.. is a solution of problem (1.1). According to
Proposition we have u () > 0 in (2.
We claim that {v,} has a uniform lower bound. Indeed, set

* )\
h(t) =t* 1 .
) B
Then for 0 <t < 1,
A A
ht)> ——— ==
()—(1+1)'y 27’

while for ¢ > 1 we have h(t) > 1. Therefore, for any a € (0,1) and ¢ > 0,
. A . A
e > T > min{1,)\/27).
+(t—|—a)’7_ +(t+1)V_mm{’ /27}
Noticing that v, satisfies problem (3.1)), we have
. A
—Av, = el C > min{l,Qum}min{l, \/27

Vo Q(l’)?)a + (Ua _’_a)»y = mln{ 7Q }mln{ ) / }7

where Qy, = mingec Q(z) > 0. Denote by e the positive solution of
{ —Au=1 in £2,
u=20 on 0f2.

Then e(z) > 0 in 2. By the maximum principle,

(4.3) Vg > min{1, Qm } min{1,\/27}e > 0

in {2. Thus our claim is true.

Notice that vq — U as @ — 07. Take v = ¢ € HE(£2)NCo(£2) as a test
function in (3.20)), where Cy(2) is the subset of C(£2) consisting of functions
with compact support in §2. Letting o — 0 and applying (4.3]), one obtains
Usse > min{l, Qm } min{1, A\/27}e > 0 and
(4.4) S (Visr, Vo) dz = S Q(x)u,Ypdr + A S U, ¢du.

9] n 2

We claim that ({.4) holds for any ¢ € Hg(£2). Indeed, let ¢, € H}(£2) N
Co(12) satisfy
(4.5) S(Vu**, Vop)dx = S Q(x)uZ, Lo dr + S Uy O A

2 9] n
Since H}(£2) N Cy(£2) is dense in H}(£2), for any ¢ € HE(§2) there exists a
sequence ¢, € Hi(£2) N Co(£2) such that ¢,, — ¢ as n — oo. Replacing ¢,
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with ¢, — ¢, in , one has
(4.6) S(vu**av‘qsn — om|) dx

19
= | Q@)uZ, o — bl dz + A | u bn — b da
9] 9]
Since ¢, — ¢ as n — oo, from we infer that {¢,/uls} is a Cauchy
sequence in L'(£2), hence there exists v € L'(£2) such that ¢,/ul, — v as
n — oo, which implies that ¢, /ul, — v as n — co in measure. By the Riesz
Theorem, going if necessary to a subsequence of {¢, /ul.}, still denoted by

{pn/uls}, we get
(4.7) On(x)/ul () > v(z) ae x€l,

as n — 0o. On the other hand, since ¢, (z)/uls(z) = ¢(x)/uli(x) a.e. in £2,

by (4.7) we obtain v = ¢/uj,. Consequently, §,(¢n/uly) dz — §,(¢/uly) dx
as n — oco. From (4.5)) one gets

(48) [ (Vw, Vo) do = | Q@)uZ, "¢ dr + A\ ulpdz, Vo € Hi(2).
n 9] 2
Therefore, our claim is true, and u., is a solution of problem ({1.1)).

Finally, we prove that w., is different from u,. We claim that vy, — Uy
as « — 07 in H&(Q) Indeed, setting w, = vo — U4, We need to prove
|lwall = 0 as @ — 0T. Suppose there exists a subsequence, still denoted
by wa, such that limg o |wa |2 = > 0. Since 0 < vy /(v +a)? < va 7, by
the Holder inequality and subadditivity, from (4.2]) one has

Vo 1— 1— 1—
S ———dx < Sva Tdx < S |wa| "7 dx + S Uyy | dx
Q (Vo + )7 Q Q2 Q
< Jwally 1R/ 4 § a7 de
9]
< S ul7 dx + o(1).

2
Similarly,
1—v Vo
S Uy, Tdx < S ———dz +o(1).
p > (Vo + )Y
Hence
. Ua _ 1_')/
(4.9) alggr (SZ (onta) dr = (Szu** dzx.

Since v, is a positive solution of problem (3.1), one has

S |V |* dx — S Q(x)vE dﬂU—)\S Vo

——dz = 0.
0 1) Q(va+a)7
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Consequently, according to Lemma A and (4.9)),

(4.10) Jwal® + lueel® = | Qa)wl do — | Q(@)uli dw — A | w7 da = o(1).
2 2 2
Taking ¢ = u., in (4.8), one has

||t |2 — S Q(x)uZ, dx — A S ulTVde =0,

(9] 9]
and (4.10) implies that
(4.11) lwall? = | Q(z)w? dz = o(1).
19
Thus
lim |wa|® = lim S Q(z)wk dz=1>0.
a—0
Since
S ‘Wa|2* dx > S %|wa‘2* dx > S Q($) (w;r)Q* dz,
p 5 Qum 5 @um

we get |lwall3 > 1/Qar as o — 0. Applying the Sobolev inequality, from

(1.3) one obtains

lwall* > Sllwall3--

Then I > S(1/Qu)*?", which implies that 1 > S™/2/Q(Y/2 On the one
hand,

1 9 1 o A 1—
(4.12) I(uss) = 5”“**” T o S Q(z)uy, dz — 1_~ S Uy, dx
[0 2
1 1 1
= lul? = A=~ or ) fuli7de
N 11—y 2%
0]

1
> NHU**W — CoA||uss |7 = —BAY 1+,

where the last inequality follows from the Young inequality. On the other
hand, from

SN/2 SN/Z
— 2 B\YOU) and > —
N-2)/2 - N-2)/2"
NQW QW2

it follows by (4.10) and (4.11)) that
1
I(use) = Ia(va) = 5 [lwall® + o(1)

Iy (vy) <

N
1 SN/2 )
il R B /(+7) « _g)2/(1+7)
SN( S l> B < _BA ,

which contradicts (4.12). Thus our claim holds.
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Consequently, from (3.19), we obtain
I(uyy) = lim I, (vy) > p > 0.
a—0

Therefore, u, and u4, are two different solutions of problem . Moreover,
Ussx Z 0. Combining this with wu..(z) > 0 and , by the strong maximum
principle one has u.(x) > 0 a.e. z € 2. Thus u. is a positive solution of
problem (|1.1)). This completes the proof of Theorem .
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