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1. Introduction. Forintegersa,q > 1, the Euler—Briggs constant y(a, q)
(see [3], [10]) is defined as follows:

. 1 logx
=1 - .
v(a,q) mggo< > P )

n<zx
n=a mod q

When ¢ = 1, one has v(1,1) = v, the Fuler constant. In 1975, Lehmer [10]
proved the identity

(1) qv(a,q) —y=— Y ¢ log(l—¢y),

Cq€lq
Gq#l

where a,q > 1 and y, is the group of gth roots of unity in Q. In this paper,
we generalise Lehmer’s identity. In order to state our result, we need to
introduce a few definitions and notations. Throughout the paper, we will

denote the set of all prime numbers by P, and an arbitrary prime number
by p. For any finite subset {2 of primes, we define

Py, ::{Hpegp if 240, 50 ::{Hpega—up) if 240,

1 otherwise, 1 otherwise.

Also throughout the paper, empty sums are assumed to be zero.

For natural numbers a, ¢ > 1 and for a finite set {2 of primes not contain-
ing any prime factors of ¢, the generalised Fuler—Briggs constant ({2, a,q)
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is defined as

- 1 Jdplogz
V(Q,G,q)-—xhj;o< > n—)-

n<x
(n,Pp)=1
n=a mod ¢

When ¢ = 1, one recovers the generalised Euler constant
. 1
v($2) = xlgr;()( Z o o0 log:::),
n<z, (n,Po)=1

introduced by Diamond and Ford [4] in 2008. Note that y(0,1,1) = v(0) =
~(1,1) = . In this context, we have the following theorem.

THEOREM 1. For any finite set {2 of primes and a natural number ¢ > 1
with (¢,Pp) =1, one has

) lo
2)  (2,a,q) - 595 00 N~ 08P

q peﬂp—l
Card(.Q' p
-y L > G log(1 =G ),
2Ccn qPQ’ =
- qSHq

Cq#1
where Card(£2') denotes the cardinality of £2'.

Note that when we set 2 = () in , we recover the identity of Lehmer .
The techniques involved in our proof are different from that of Lehmer and
hence give another proof of Lehmer’s original identity.

The above identity together with the celebrated theorem of Baker on
linear forms in logarithms (see Preliminaries for the exact statement) allows
us to prove the following corollaries.

COROLLARY 1. For any natural numbers a,q > 1 with (a,q) = 1 and
for any finite set 2 of primes, the number

’7(“(27 a, Q) - 69%

is transcendental.
Further we have the following corollary.

COROLLARY 2. Let U := {£2;};en be a sequence of finite subsets of
primes and S := {q; > 1}jen be a sequence of mutually co-prime natu-
ral numbers. Also suppose the (2;’s do not contain any prime divisors of q;’s
for alli,j, and let a be a natural number with (a,q;) =1 for all j. Then the
set

T := {7(9i7a7 QJ) ‘ QZ € Ua q; € S}

has at most one algebraic element.
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The earlier results established in [0l 13], [14] follow from Corollary [2; see
also [7, 8, [IT1] I5] for results related to transcendence of Euler’s constant +.

In the article [5], the first and the second author along with Kumar
Murty give a non-trivial lower bound for the Q-space generated by suitable
generalised Euler-Briggs constants.

2. Preliminaries. With the notation of Section 1, one can easily deduce
that
(_ 1)Card(9’)

=310 = 3

B Z w(d)logd _ 592 log p
— .

-1
d|Pg peS? p

3)

For natural numbers ¢, > 1, we have

(4) [[Ta-¢)=q and [ @-¢G)=1-¢f,

Cq€lq Ca€lq
Cq7#1

where ¢, is any fixed rth root of unity. The above identities follow by sub-
stituting X =1 in
X0l X244 = H (X —¢)

Cq€hiq
Ca#l

and X =1/, in
xt-1= [ (x-¢).
Cq€liq
We note the following results which are relevant for proving our corollaries.

LEMMA 1. Let {; (# 1) be a gth root of unity, where ¢ = p", n > 1.
Then the norm of 1 — (4 s p.

For a proof of Lemma |l see Lang [9, p. 83].

LEMMA 2. Let (; be a primitive qth root of unity, where ¢ > 1 has at
least two prime factors. Then 1 — (4 is a unit.

See Washington [16, p. 12] for a proof of Lemma [2l We end this section
by stating the following theorem of Baker [I].

THEOREM 2 (Baker). If ay,...,ay are non-zero algebraic numbers such
that log aa,...,logay, are linearly independent over Q, then 1,logaq, ...,
log o, are linearly independent over Q.

In particular, one has the following theorem.



124 S. Gun et al.

THEOREM 3. If ay,...,a, and Bi,...,0B, are algebraic numbers with
«;’s non-zero, then B log ay+- - -+ By log o, is either zero or transcendental.

The proofs of the above theorems can be found in [2] (see also [12]
p. 101]). Finally, we shall need the following corollary of Baker’s theorem.

COROLLARY 3. Forn > 2, let ay, ..., a, be non-zero algebraic numbers
such that log ay belongs to the Q-vector space Q(log aa, . . ., log a,) generated
by log ava, . .., log . Then loga; € Q(log g, ..., log o).

Proof. Let I be a maximal Q-linearly independent subset of {log as, ...,
log o, }. By hypothesis, log a; € Q(I). Hence by Baker’s theorem, {log a; }UI
is Q-linearly dependent. Since I is linearly independent over Q, it follows that

logay € Q(I) € Qlog g, ..., logaw,). =

3. Proof of the main theorem. In order to prove our main theorem,
we need the following lemmas.

LEMMA 3. For natural numbers a,v > 1, ¢ > 1 with (¢,r) =1, we have

. L -1 a _
xlg&( Z noogqre ) qr Z Z Cq log(1 — ¢4Gr)-
n<x Cq€g CrEpr

n=a mod q Cqbr
n=0 mod r

Proof. Since (¢,r) = 1, we have (,¢, = 1 if and only if (; = ¢, = 1.
Hence

— 3 X Grlopl1- 66

Cq Epg CrEQr

qsTr
— Z log(1 —¢) — — Z 3 ¢ log(1 — CGr)
CT‘ Elr Cq eﬂq CTG/J‘T‘
CT#I Cq?é
PP R IP I
N qr n qT’
Crepr n=1 Cq€tq CrEpr n=1
Gl (ol
1 1 _
:maxh_)ngo<;n<§ <n+n§ CZGE cnz: o )
= e rSHr qSHq
Gl Ca#1
:i lim (Z Z ¢ Z gg—a_zl>
qr e n<z Creﬂzr quﬂq n<x n
- }E{;( > g - ; )
n<z n<zx
n=a mod q

n=0 mod r
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since

2. G =
Cq€Hq
LEMMA 4. For natural numbers a,q and a finite set {2 of primes, we

have ) )
- __1\Card() -
Y. =21 >,

{q if n =0 mod g,
| |

0 otherwise.

n<lz 2'C n<lz
n=a mod q n=a mod ¢
(n,Pp)=1 n=0 mod P/

Proof. We have

DTS DR SITCED DY D

n<x n<x d|(n,Pgn) dPgo n<z
n=a mod ¢ n=a mod q n=a mod q
(n,Po)=1 dln
_ § :(_1)Card((2d) § l’
n
d|Pgn n<z
n=a mod ¢q
din

where (2; is the set of prime divisors of d. Hence

S =X S
n n
n<x 2'C n<x
n=a mod ¢q n=a mod ¢
(n,Pp)=1 n=0 mod P

We now prove our main theorem, which generalises the identity of
Lehmer.

Proof of Theorem . Using Lemma [4| and equation ({3]), we can write

'Y . 1 o0 1
’y(Q,a,q)—&;E: hm( Z 0 g n)

T—00 q
n<lx n<lx

n=a mod ¢
(n,Po)=1
) , 1 1 (71)Card(9’) 1
_ __1\Card(£2') - _ = -
2'CN n<lx 2'CN n<x

n=a mod ¢q
n=0 mod P/

Thus
v
7(07 a, q) - 595
=Jim (S oo (2 D>
T—>00 n qPQ/ n
2'CN n<lz n<lz

n=a mod ¢q
n=0 mod P/
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-y G S v

- Cq€1q CPQ/ CUP
CqCPQ/?él

( 1)Card (2"H+

Gq “log(1 = Celpy, )
(_1)Card(9’)+l

oo qP o

(by Lemma (3])

><< Yo dog(l=Ce )+ >, Y. ¢ log(l —chpg,)>

Q/
(_ 1)Card(9’)+1

=2

'CnN qP.Q’
Cme ,
X <log H —Cpy)) — Z e Z Z o )
Cp,, EHP,, Cq€l. Cp, Epp,, m>1
g’gﬁélﬂ Cq‘ﬁélq ¢
(-1)Ce Py
= log P — >q ~ 47
_Q/ZC:Q qP g et Cze: %" Z:l m
- qSHq m2=
Cq#1 m=0 mod P
( Card 2")+1 CkPQ/
= log P —
Q/zc:(z Po < e Czez “" Z >
- qSHq
Cq#1
Card(Q’)+ o
- > e Py <10gP”’+ D G log(1 - Q>> (by @)
ren e Cq€Hq
Cq#1
—p(d logd Card(fl’ )+1 -
=2 +Z s D> Gt log(1 -G )
d[p 2'C0 e Cen
- CAL
q
0n log p -1 Card(£2) B -
g j_z ( )P, Y G log(l=¢ ™) (by B)).
! pe“Qp e e Cq€lq
Cq#1

This completes the proof of the theorem. m

4. Proofs of the corollaries

Proof of Corollary[]. We know from Theorem [I] that
5 1 Card ")
LSRG S

(02, a,q) -
L s Y 7y qP”’ CaCrig

Cq71

Z ¢, log(1—

PQ/)



A generalisation of an identity of Lehmer 127

Now by Theorem |3} v(£2, a,q) —d,7y/q is either 0 or transcendental. Assume
that it is equal to zero.

CASE 1. Suppose that (2 is non-empty and py € §2. Consider the set

L:={logp:p€ 2, p#po}U{log(l—C(y): (4 € pg, G # 1}

Since d, # 0, we get logpg € Q(I). Then by Corollary [3, there are integers
ap (# 0), ap, ac, such that

aplogpg = Z aplogp + Z a¢, log(1 —¢y),

pER Cq€hiq
P#Do Cq#l

which implies that

= v Tl 0

pES? Cq€hiq
PF#Po Cq#l

Since (g, po) = 1, by taking the norm on both sides and applying Lemmas
and [2] we get a contradiction.

CASE II. Suppose that 2 = (). Then by Theorem

-1
a ]' q — Qi
(5)  (a,q) -~ =— Z (" log(l — () = 72% Plog(1 — 1)),
Cq€lig b=1
Co#1

where 7, is a primitive ¢th root of unity. Let I := {loga,...,loga;} be a
maximal Q-linearly independent subset of {log(1 — 772) |1 <b<gq-—1}.
Write

log(1 —77q Zubclogac

for some wuy, . € Q. Set 7, := y(a,q) — v/q. Then by (), we have

—1 t t
18 ~1
Ya = § Nyq ab E Up,c log e = E uclog o,
q c=1 q c=1

b=1

where

q—1

de = 3 17" upe € Q).

b=1
Without loss of generality we assume that ~, = 0, since by Theorem [3| the
above quantity is either zero or transcendental. Then by our assumption,
uc = 0 for all c. Let o, be an element of the Galois group of Q(n,) over Q
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which sends 7, to nf}. Then

-1 t
1=
Yat = 7 E Nq abt E Up,c log Qe
b=1 =

_1‘7_1
_ IS zubclogac
E

-1
= — ag(uc) log ave..

c=1

Hence 7,40 = 0 for all ¢ with (¢,¢q) = 1. Then

Somim S (Y LIy

1<r<q 1<r<q n<z n<z
(r,q)=1 (r,g)=1 mn=rmod q
0 1 o(g) 1
= (X R0y
n<z n<z
(n,g)=1
= ’V(QQ) - 6(24’}/’

where (2, is the set of all prime divisors of g. Substituting {2, in place of {2
and 1 in place of ¢ in Theorem [I| we get

log p
1(2g) =0,y =00, ) —,
pESLYy b

a contradiction since the set {logp : p € £2,} is linearly independent over Q.
This completes the proof of Corollary (1] =

Proof of Corollary @ Suppose that (821, a,q1),7(£22,a,q2) € Q. Then

) )
(6) &7(917a7q1) - &7((2276% QQ)
q2 q1

_ 691592 <Z Ing N Z 10gp>
—1 p—1

q142 b

pEL pE2
( Card ) 1 1 X o
— 0, ) 5 Z%J’ log(1 —n5!")
Qco 19250
Z ( Card(Q’ ‘12231 P _
+ 00, Mg log(l—ng, ) €Q,
Q1Q2PQ' o

2,C 0

where 74, and 74, are primitive g;th and gath roots of unity respectively.
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Hence by Theorem [3] we know that

0 )
&V(Qlu a, QI) - ﬁ7(027 a, QQ) =0.
a2 qn

CAsSE 1. Suppose that £2; # 25. Choose pg either from 2; \ {2 or from
25\ £21. Then arguing as in Case I of Corollary |1, and using Lemma [3| we
get the assertion.

CASE II. Suppose that 21 = 25 = (2, say. Set

1 1
Ya ‘= *’7(97@7%) - 77(9)(17 Q1)
q1 q2

Then from Theorem [I we see that
(=)=t Card(@) b bP’ = P
— —a —ac C.
Yo = Z Po < Z nQI log nq1 ) - Z nqz lOg(l - nq2 ))7
20 9192 pry

where 74, and 7y, are primitive gith and gath roots of unity respectively.
Let {logay,...,loga;} be a maximal Q-linearly independent subset of

{log(1 —n% ), log(1—n%,) [1<b<q—1,1<c<q—1}

If we write log(1— ngl) =St dy,loga, and log(1— Ng) = St eerloga,
where dy, ., e., are in Q, then we get 7, = an:l By log av;., where

Br = Z(

2'CO

Card(Q’ qi—1 q2—1

(Z dy rnql Z 6c,r77;2ac) .
c=1

Hence by Theorem [3] 8, = 0 for all r since by assumption v, = 0. Arguing as
in Case II, Corollary |If and by applying Galois elements of Q(1g,4,) over Q,
we find that v, = 0 for all (a,q1q2) = 1. Hence

Z Ya = 0.

1<a<qiqz
(a,q192)=1

q1G2P o

Note that by orthogonality of characters, we have

R YD S D YD I

1<a<(I1 q2 k<zx 1<a<qi192 k<z x mod g2
(aqu) 1 (kPg)= (a,q1q2)=1 (k,P)=1
k=a mod qg
Sh= D VL SN DR
k a k’
o k<z k<z

(k.q2Po)=1 (kPoua,, )=1
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where (2, is the set of all prime divisors of ¢;. Thus using , we get

. 1 1 1 1
> ve=Jim 37 <q1 2 e X k)

1<a<qig2 1<a<qig2 k<z k<z

(a,q192)=1 (a,q192)=1 (k,Po)=1 (k,Pp)=1

k=a mod g2 k=a mod q1
1 1
= lim (0 E - =9 E -
T—00 Py k 4y k

k<zx k<zx
(kP ougg, )=1 (kP ougg, )=1

= 00, V(02U 024,) — 60,,7(2U £2,).

Here §2,,, {24, denote the set of all prime divisors of ¢; and g2 respectively.
Now using Theorem [I}, we know that

log p logp
5!?(117(“QU‘Q(12) _596127(QU‘Q(]1) = (SQU‘Q‘HUQQ2 ( Z p— 1 B Z p—= 1)
pGQqQ pE‘QQI

Since (q1,92) = 1, by Theorem [3 the above expression is transcendental.
This completes the proof of Corollary 2] =
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