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Dichotomy of global density of Riesz capacity
by

HIROAKI AIKAWA (Sapporo)

Abstract. Let C, be the Riesz capacity of order o, 0 < o < n, in R™. We consider
the Riesz capacity density

= inf CalBOB(,1)
b(Ca, Bir) = I = B, )

for a Borel set E C R", where B(z,r) stands for the open ball with center at z and
radius 7. In case 0 < a < 2, we show that lim,_,oc D(Cq, E,7) is either 0 or 1; the
first case occurs if and only if D(Cq, E, ) is identically zero for all » > 0. Moreover, it is
shown that the densities with respect to more general open sets enjoy the same dichotomy.
A decay estimate for a-capacitary potentials is also obtained.

1. Introduction. Let ¢ be a nonnegative set function on R", n > 2,
such that:

(i) If E C F, then ¢(E) < o(F).
(ii) If U is a nonempty bounded open set, then 0 < p(U) < oc.

We denote by B(z,r) the open ball with center at x and radius r. Following
the previous paper [3], we consider the lower and upper densities
D, B, = i LEOBED) 5, gy = gy SEODED)
TER™ (p(B(m',T’)) Tz€ER™ (p(B(aJ,T))

with respect to . (Note that the order of the parameters is changed from [3].)
By definition 0 < D(g, E,r) < D(p, E,r) < 1. We note that D(p, E,r) > 0
means that E is uniformly distributed in R™ in scale r with respect to ¢. We
are interested in the limits of D(p, E,r) and D(p, E,r) as r — oo. Typical
examples of ¢ are the n-dimensional Lebesgue outer measure m and various
capacities.
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There is a significant difference between the Lebesgue outer measure m
and capacities. In [3] we observed that, for each 0 < ¢ < 1, there exists a
closed set £ C R™ such that

lim D(m, E,r) = lim D(m, E,r) = c.

r—o0 " T—00
If ¢ is a capacity, then the situation is very different. For many capacities
¢ the limit lim, oo D(¢, E,7) is either 0 or 1. Stegenga [7] first proved
this dichotomy for logarithmic capacity in R2. In [I] and [2] we implicitly
observed the same phenomenon for the Newtonian capacity in R™. In the
previous paper [3], we showed the dichotomy for the LP-capacity

Cap,(E) = inf{ S |[VulPdx :u>1on E, u € CSO(R")}
R

with 1 <p < n.

THEOREM A. Let E be a Borel set in R™. Then lim,_, o Q(Capp, E;r) is
either 0 or 1; the first case occurs if and only if D(Cap,, E, 1) is identically
zero for all r > 0.

In this note we shall study the dichotomy for the Riesz capacity
(11) Co(B) =inf{|lp|: Ut = 1on B}, Uk(x) = | |z —y|* "du(y),
R
with 0 < a < n and a < 2. Note that if @ = 2 < n, then Cy(E) is the

Newtonian capacity up to a multiplicative constant. Our main result is the
following.

THEOREM 1.1. Let 0 < v < n and o« < 2. Let E be a Borel set in R™.
Then lim, oo D(Cq, E, 1) is either 0 or 1; the first case occurs if and only
if D(Cy, E, 1) is identically zero for all r > 0.

The density over general open sets can be considered. We write E(x,r) =
{t4+ryeR*":ye E} for ECR" r>0and z € R"”, ie., E(z,r)is E
dilated by a factor of r and translated by z. If x = 0, then we simply write
rE for E(0,r). Note that if E is the unit ball B(0, 1), then E(x,r) = B(z,r).
Let us consider the density over 2(x,r), where 2 is an open set satisfying
the following condition.

DEFINITION 1.2. Let (2 be an open set. We say that (2 satisfies the
interior corkscrew condition with 0 < k < 1 and r¢ > 0 if

€ and 0<r <ry = B(£r) N contains a ball of radius «r.

THEOREM 1.3. Let 0 < a < n and a < 2. Let 2 be a bounded open set
satisfying the interior corkscrew condition with 0 < k < 1 and rg > 0. Let
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E be a Borel set in R™. For r > 0 define

QQ(CC”E’T) = xieIlan Caéig(i(f;;))

Then lim, o0 Do(Cy, E, 1) is either 0 or 1; the first case occurs if and only
if Do(Co, E, 1) is identically zero for all v > 0.

We readily obtain Theoremfrom Theoremby letting 2 = B(0,1).
Another typical example of {2 is an open cube. However, Theorem treats
more general open sets {2, which may even be disconnected.

There are significant differences between the cases a =2 and 0 < a < 2.
While the process corresponding to the case o = 2 is the Brownian motion,
the process corresponding to 0 < a < 2 is a jump process, so that the
maximum principle is unavailable. While the classical harmonic measure in
an open set D is supported on the boundary 9D, the a-harmonic measure
is supported in the complement of D if 0 < a < 2. So, the arguments in
[1]-[3] do not extend to the case 0 < a < 2 straightforwardly. We shall
get around the difficulty by the technique of Bogdan [4]. Hereafter, we let
0 < a < 2 since Theorem in case o = 2, is known from [I] and [2], at
least implicitly.

Our argument is based on a decay estimate with respect to a-capacitary
potentials, which may be of independent interest. For a set £ C R™ we let
E be the closure of E. It is known that a bounded Borel set E has the
a-capacitary potential UL® such that Cy(E) = ||ug| and

UFE <1 inR",
(1.2) UbP =1 qe.onkE,
supp up C E,
where ‘q.e.” (quasieverywhere) means the property holds outside a set of

C,-capacity zero. The measure ug is called the capacitary measure for E.
See [6 p. 274]. For simplicity we write UL for U4®.

DEFINITION 1.4. We say that a closed set F' satisfies the capacity density
condition with 0 < n < 1 and rg > 0 if

Co(FNB(E,7))
Ca(B(&,7))

It is easy to see that if D satisfies the the interior corkscrew condition
with 0 < k < 1 and rg > 0, then D satisfies the capacity density condition
with 0 < n = n(k,a,n) < 1. Here n = n(k,a,n) means that n depends
only on k, a and n. Our decay estimate for an a-capacitary potential is as
follows.

>n forée Fand0<r<rg.
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THEOREM 1.5. Let D be a bounded open set whose closure is included
in a ball B and let F = B\ D. If F satisfies the capacity density condition
with 0 <n <1 and ro > 0, then there exist positive constants 5 = B(n, a,n)
and A = A(n,a,n,rg) such that

1-Ul(2) < Adp(z)?  forxz e D.
Here 6p(x) = dist(z, D).

We use the following notation. The symbol A stands for a positive con-
stant whose exact value is unimportant and may change from one occurrence
to the next. If necessary, we use Ag, A1, ..., to specify them. We say that
positive quantities f and g are comparable and write f ~ gif A=! < f/g < A
with some constant A > 1. The constant A is referred to as the constant of
comparison. We have to pay attention to the dependency of the constant of
comparison.

2. Preliminaries. In view of the definition (1.1)), we have the following
lemma.

LEMMA 2.1. Let E C R™ and k > 0. If there is a measure pu such that
Ul >k on E, then Co(E) < |||/~

The a-capacity of a ball is well-known. Recall that E stands for the
closure of E. In particular, B(x,r) is the closed ball with center at z and
radius 7.

LEMMA 2.2 ([6 p. 163]). There exists a positive constant Ay = Ag(a,n)
such that Co(B(z,7)) = Co(B(z,7)) = Agr™°.

Let us give some general observations for a-harmonic measure, a-reduced
function, a-Green function and so on. Let D be an open set. We denote by
wh(E) the a-harmonic measure on D of E C R™ \ D evaluated at x € D.
In case x is understood from the context, we suppress the superscript x and
simply write wp(FE). Note that, in case 0 < a < 2, the support of wp(F) is
not concentrated on the boundary dD. In fact, the a-harmonic measure on
the ball B(0,r) is explicitly given by

- r2 — |2\ /2 dy
W (E) = A < = > |
E

-2
with A = A(a,n) (see e.g. [0, p. 265] or [4, (2.6)]). In particular, if p > 2r,
then

o for z € B(0,r)
r—y

c T'2 a/2 dy
wp(o,)(B(0, p)%) < AMSZP (W> (Jyl = lyl/2)»

< Am<;>a on B(0, )
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with A; = Aq(ao,n) > 1. By translation we have
(0%
r
(2.) ntan(Blo o)) < da5) on B,

For E C D we define PR¥(z) by
inf{u(x) : v >0in R", u is a-superharmonic in D, u > 1 on E},
and let P ﬁf be the lower semicontinuous regularization of PR¥. Observe
that if E is a compact set in D, then
(2.2) wp\p(D)=1-PRF on D\ E.
We extend the a-harmonic measure to arbitrary sets £ C D by the right

hand side of (2.2]). We denote by Gp(z,y) the a-Green function for D. We
have

PR (z) =\Gp(z,y) diip(y),

where fig is the capacitary measure for £ in D (see [5]). Since Gp(z,y) <
|z — y|* ", it follows that US® > Gpjip > 1 on E outside a set of null
C,-capacity. Hence

(2.3) Co(E) < |zl

by Lemma We have an estimate of a-harmonic measure in terms of
C,-capacity.

LEMMA 2.3. There ezists a positive constant Ay = Ag(a,n) < 1 with the
following property: if E C B(x,r) satisfies Co(E) > nCy(B(x, 1)), then

(2.4) B p(B(z,2r)%) <1 Agy o Bla,n).
Proof. 1t is easy to see that
GB(J:,ZT) (ya Z) > A|y - z‘a—n for Y,z € E(:Ea T)?
where 0 < A = A(a,n) < 1. Let jig be the a-capacitary measure of £ with
respect to B(z,2r). Since supp fig C B(z,r), it follows that if y € B(z, ),
then
BEERE(y) = Gpanin(y) 2 A ly — 2" djip(z) > A (2r)*" djig(2)
> AQ2r)* "Co(E) > A(2r)* "nCo(B(z,1)) = A2°7" Amm

by assumption and by ([2.3) and Lemma Hence (2.4]) with Ag = A2 " Ap
follows from (2.2). =

3. Decay estimate for a-capacitary potentials. The main aim of
this section is to prove Theorem [1.5] The following lemma provides a sub-
stantial estimate.
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LEMMA 3.1. Let Ag and Ag be as in (2.1)) and Lemma respectively.
Let 0 < n <1 and take T such that 1 — Apm < 7 < 1. Choose M > 4 such

that

2a+1Am
(3.1) 1 — Aoy + e <7 and TM®*>2.
T

Let F' be a compact set and let &€ € F. Let p > 0 and let k be a positive
integer. If

Ca(FFNB(Er)) k
(3.2) Co(BE, 7)) >n forp<r<M°p,
then
(3.3) 1-UF <% onB(¢, p).

Proof. We prove the lemma by induction on k. Observe that
B4 1-UL@ < | (0= UEW) wheape(ds) fore e BE20).
B(¢,2p)°

First, let k = 1. Decompose B(§,2p)¢ into B(&, M p)\B(§,2p) and B(§, Mp)©.
Then (3.4) gives

1-Ul(z) < WB(g 2p)\F(B(f Mp) \ B(,2p)) + wB(g 2p) \F( (& Mp)°)
< Whe2p\F(B(&,20)%) + wie 0, (B(§; Mp)°)

§1—Am+Am(3)a<T

by Lemma ﬂ and ., and by (3.1]). Thus . with k£ = 1 holds.
Second, let k£ > 2 and suppose the lemma holds up to k—1. For simplicity

we let a; = supg(&Mjp)(l — UL) for 0 < j < k. By induction hypothesis we
have a; < 7777 for 1 < j < k. (Apply the lemma with M7p in place of p.)
We have to show that ag < 7F. Decompose B(&,2p)¢ into
k
[B(¢, Mp) \ B(&,2p)] U (&, M7p) \ B(&, M7~ p)] U B(&, M p)©.

We see from (3.4) that if x € B(¢, p), then 1 — UL (z) is bounded by

k

W ap\r(BE Mp) \ B(§,20)) + D ajwie o) (B(E M)\ B(&, M7 p))
j=2

+ Whe 20 (B(& M¥p)©).

Use the induction hypothesis and take the supremum over x € B(¢, p). By
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Lemma (2.1) and (3.1]) we obtain
k 9 o 9 ey
k—1 k—j
ag < T (1AW7)+ZQT ]Aﬂ]<Mj1> +A|I|<W>
]:

k
=711 = dgn + 27 Am Y (M) 2 Agr (r M)
=2

2

k—1 k
<7 {1—A|2]77—|-2°‘A|I|7_Ma}§7',
which completes the induction. =

Proof of Theorem [1.5. Let M > 4 be as in Lemma Let € D.
Without loss of generality we may assume that 0 < dp(z) < M ~1rq. Let
k be the positive integer such that M ~*"1rq < dp(x) < M~Fry. We find
a point £ € 9D such that |z — &| < M *rg, ie., 2 € B(&, M rg). Invoke
Lemma with p = M~*rg. We have

- . 1 —(log 7/log M)k M —log 7/log M
— < = — < | —
1~ UF (@) <7 (M) < (m 5D<x>> ,

since M~ ~1ry < ép(zx). Hence we have the required estimate with f =
—logT/logM. =

Theorem [1.5] gives the following decay estimate of more familiar form.

COROLLARY 3.2. Let D be a bounded open set and let K be a compact
subset of D. If D¢ satisfies the capacity density condition with 0 < n < 1
and rg > 0, then

PRE(z) < A6p(x)® forz e D
with 8= B(n,a,n) >0 and A= A(n,ro, K, D,a,n) > 0.

Proof. Take an open ball B containing D and set ' = B\ D. Observe
that 0 < ¢ = infx (1—UZ) < 1. Define a nonnegative function u by u = PRE
on D and u = 0 on R™\ D. Since u is regular a-harmonic in D \ K, and
u < (1-UL)/conR"\ (D\ K), it follows that u < (1 — UL)/cin D\ K.
Hence Theorem gives the required estimate. m

4. Approximation of a-capacity. In this section we give a uniform ap-
proximation of a-capacity from the inside. The decay estimate (Lemma 3.1)
in the previous section plays an important role. Let us begin with an ap-
proximation from the outside. For £ > 0 the closed e-neighborhood of K is
denoted by

Kle] = {x € R" : dist(z, K) < ¢}.
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Let us estimate C,(K[¢]) in case K is the closure of a bounded open set D
satisfying a condition slightly weaker than the interior corkscrew condition.

LEMMA 4.1. Let D be a bounded open set. Suppose there exist k > 0 and
0 < ry <r2/2 such that

(4.1) €€9D andr; <r<rmy
= DN B(&,r) contains a ball of radius kr.
Then there exist positive constants f = B(k,a,n), As = Ag(k,a,n) and
Ay = Ag(k, a,n) such that
Co(K[2r1]) < 1
Co(K) 7 1—Ag(2ri/ra)?
provided 2ri/re < Am. In particular, if D satisfies the interior corkscrew

condition, then, for each b > 1, there exists € = (b, k, po,a,n) > 0 such
that

with K = D,

Co(K[e])
) =

Proof. Let K = D. First we claim that (4.1)) implies

(42) e Kand2r <r<r
= DN B(&,r) contains a ball of radius xr/2.

We need to show the claim only for £ € D. In this case we find £* € 0D
such that | —&*| =dp(£). If 0 < r < 20p(§), then DN B(&,r) D B(£,1/2);
if r > 26p(§), then DN B(§,r) D DN B(£*,r/2), which contains a ball of
radius x7/2 by (4.1)). Thus the claim is proved.

In view of (4.2) and Lemma we find 0 < 7 = n(k,a,n) < 1 such
that

Ca(K N B, 7))
Ca(B(&,7))
whenever £ € K. Let 0 < 7 < 1 and M > 4 be as in Lemma 3.1 and let § =
—log7/log M > 0. Let k be the integer such that o2ri M* < ry < 2 MFEHL
Observe that 7F+1 < (21 /r9)? < 7F. If 27y /ry < M1, then k > 1, so that
Lemma [3.1] yields
1-UE <% <77Y2r 1 /r9)?  on B(E,2r).

Since £ € K is arbitrary, the same inequality holds on K[2r;]. Hence Lemma
m gives the required estimate with Ag=7""! and Ag= M "'

For a bounded open set D and € > 0 we write D, = {x € D : 0p(z) > €}.
We know the following geometric properties of D..

>n for2r; <r <y

LEMMA 4.2 ([3, Lemma 5.3]). Suppose a bounded open set D satisfies the
interior corkscrew condition with 0 < k <1 and rog > 0. If 0 < & < kro/2,
then
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(i) D C {y:dist(y, Dc) < (1+2/r)e};
(i) if £ € OD; and 2¢/k <1 <19, then B(§,r) N D, contains a ball of
radius k(1 — k)r.

By translation and dilation and by Lemma we have the following
approximation of a-capacity from the inside as a corollary to Lemma,

THEOREM 4.3. Suppose a bounded open set §2 satisfies the interior cork-
screw condition with 0 < k < 1 and r9 > 0. Then there exist positive
constants f = B(k,a,n), Ag = Ag(k,a,n) and Ag = Ag(k,a,n) such that
if 0<e < Agrro/4, then

Ca(@(a.p)) _ 1
Cal(@u(2,p)) ~ 1~ Jalte](sro)]?

Proof. Let x € R" and p > 0. By translation and dilation and by Lemma
[4.2] we have

(i) 2(x,p) C {y : dist(y, 2=(x, p)) < (1 +2/K)ep};
(i) if & € 092 (x, p) and 2ep/k < r < rop, then 2. (z, p)NB(&, r) contains
a ball of radius 3r(1 — &)r.

Let 3, Ag and Ag be as in Lemma |4.1{ with (1 — ) in place of . Let us
apply Lemmaﬁ to D = (:(x,p). Since (1 +2/k)ep < 4ep/k, it follows
from (i) that £2(x, p) C Dldep/k], so that from (ii),

uniformly for x € R"™ and p > 0.

Ca(@(r,p)) _ Ca(Dlep/s)) _ 1
Ca(@e(w.p)) = Ca(D) — 1— Agl(Aep/m)/(rop))?
1

1= Aglde/(kro)]?’
provided 4e/(kro) < Am. =

5. Proof of Theorem The following lemma is a crucial step of
the proof of Theorem

LEMMA 5.1. Let A>1 and 0 < Ag < 1 be as in (2.1) and Lemma[2.3]
respectively. Suppose E C R™ satisfies

Co(ENB(z,R))

1 > R™
(5.1) Co(B@R) = n  for every x €
with R >0 and 0 <n < 1. If M >4 and

2 [0
(5.2) A|I|<M> <1 and 1—Agn+ M *<1,

then, for every open set D and k > 1,
1-UE"P < (1 — Agn+ M~*)*1  on Dy
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whenever Dy = {z € D : §p(z) > (M+---+MF¥)R} is nonempty. Moreover,
if Co(Dy) > 0, then

Co(END)

RGN >1—(1— Agy+ M1,

Proof. For simplicity we let F' = E'N D and by = supp, (1 — Uby. By
definition 0 < b, < 1. So, there is nothing to prove for £k = 1. Let k£ > 2 and
x € Dj. Observe that

1-UL < S (1- UL (y) wp@zr\r(dy) on B(z,2R).
B(z,2R)°

We estimate the right hand side by decomposing B(x,2R)¢. Since B(z,2R)
C B(z,M*R) C D_, it follows from (2.4) and (2.1)) with 7 = 2R and
p= MFR that 1 — U (z) is bounded by

bkflw%(gpQR)\F(B(x? MkR) \ B(xv 2R)) + w%(w,QR)\F (B(IL’, MkR)C)
< b 1w (g ar) p(B(@, 2R)%) + wh, opy (B(x, M*R)®)

< bg—1(1 — Agm) + Aﬂ]<]\jk>a

Since x € Dy, is arbitrary, we have

be < el — )+ 4 )

Let us consider the sequence {cy} defined by ¢; = 1 and

ek = ck—1(1 — Agm) —|—A|I|<J\jk>a for k > 2.

Obviously by < ¢i. By the above identity with £ — 1 in place of k, we have

2 @ 2 \“
Ch_1 > A|I|<kal) = AED(W) . Me
for k > 3. The same inequality holds for k = 2 by (5.2)), so that
cr <cp1(1—Aom) + M “crm1 = (1 — A+ M"Yy for k> 2.

Hence by, < ¢ < (1 — Agm + M~)*=1 which gives the first assertion. The
second assertion readily follows from Lemma .

Proof of Theorem[1.3, 1t is sufficient to show that if Dy (Cq, E, 1) > 0
for some r > 0, then lim, ,o D(Cy, E,r) = 1. We find z € 2 and 0 <
R; < Rg such that B(z, Ry) C 2 C B(z, R2). Observe that B(z+7rz, Ryr) C
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2(z,r) C B(x + rz, Ror), so that
Co(ENN2(x,r)) - Co(ENB(x + 1z, Rar))
Co(2(z,7m)) —  Co(B(x+rz,Ryr))
Ry n-a Ca(E N B(x +rz, RQT’))
- <R1> Co(B(z + 1z, Rar))
Hence Dy,(Cq, E,r) > 0 implies with some 0 < n < 1 and R =
Ror > 0.
Let 0 < ¢ < 1. In view of Theorem (4.3 we find € > 0 so small that

Ca(L2(z,p)) _ 1
Ca(2e(z,p)) ~ Ve
Let M > 4 satisfy (5.2)) and let k£ be so large that

1—(1— Agyp+ M1 >/
Observe that dist(2.(z, p), 02(x, p)) = pdist(£2:,082) = ep. If
p=e {(M+---+ MR,

(5.3) for every x € R" and p > 0.

then
Qe(,p) C{y € 2x,p) : S0(ap)(y) = (M +--- + MF)R},
so that Lemma [5.1) with D = 2(z, p) yields
Co(EN£2(z,p)) —ayk—1
= >1—(1—Agn+M")" > e
Ca(£2(z, p))
This, together with (5.3)), implies that if p > e~ }(M + --- + M*)R, then
Co(E N 2(x, p))
Ca(92(z, p))
so that D, (Cy, E, p) > c. Since 0 < ¢ < 1 is arbitrary, we have

lim D, (Cy, E, 1) =1,

r—00

> ¢ for every z € R"”,

as required. m
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