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On the torsion of the Jacobians
of the hyperelliptic curves y? = 2" + a and y? = (2" + a)

by

TOMASZ JEDRZEJAK (Szczecin)

1. Introduction. The hyperelliptic curves (over Q)
C™:y? =a"4a, Cua:y’=2(z"+a)
(where n is a positive integer and a is a nonzero rational) and their respective
Jacobian varieties J™* and J,, , are the natural generalization of the famous
families of elliptic curves
E: vy =a2%4+a, E,:y*=2>+az.

The j-invariants of E* and E, are 0 and 1728 respectively. Both families
of curves have complex multiplication: £ by a third and E, by a fourth root
of unity. Let E*(Q)tors and Eq(Q)tors denote the torsion subgroups of the
Mordell-Weil groups E*(Q) and E,(Q) respectively. The following results
are well known (cf. [I2, Theorems 5.2 and 5.3, p. 134]):

{0} if a # square and a # cube and a # —432,
Z7]27 if a # square and a = cube,
YARYA if a = square and a # cube or a = —432,
Z/6Z if @ = square and a = cube.
7)27 if a # 4 and a # — square,
(1.2) Eu(Q)ors = (Z/27)* if a = — square,

Z7]AZ ifa=4.
(without loss of generality we can assume that a is a nonzero integer, 6th or
4th powerfree respectively).

(11) Ea(@)tors =
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It is of interest to characterize the torsion parts J™%(Q)iors and Jy, o (Q)tors
of the Mordell-Weil groups J™%(Q) and J,, o(Q). One may expect that there
are analogies between E%(Q)iors and J™%(Q)tors, and between E,(Q)tors and

Jn,a(@)tors-
In [9, Theorem 4.1| the author proved that

(1.3) Jp’a(Q)tors
({0} if a # square and a # p* times a square and

a # pth power,

7)27 if a # square and a # p* times a square and
- a = pth power,
- Z/pZ if a = square and a # pth power,

7)2p7 if @ = square and a = pth power,

{0} or Z/pZ if a = p* times a square and a # pth power,

7.)27 or Z./2pZ if a = p* times a square and a = pth power,

where p is an odd prime and p* = (—1)(7)_1)/2 p. For a ¢ p*Z? we have a
nice analogy between (|1.3) and ((1.1). Moreover, the author also considered
in [I0] another generalization, namely the superelliptic curves

Cq1p7a : yq — :Bp + a’

where ¢ < p are primes, and proved that

{0} if a # 3th power and a # 5th power,
Z/3Z  if a # 3th power and a = 5th power,
Z2/5Z  if a = 3th power and a # 5th power,
Z/15Z if a = 3th power and a = 5th power.

(1'4) J3757G<Q)tors =

Note that E,(Q)ors is a 2-group for any nonzero a. Moreover, by (1.2]),

(15> Ea(@)tors - Ea(@)[2] for a 7& 4

(note that F4(Q)[2] = Z/27Z). In |11, Theorem 2.2] we proved an analogous
result for Jy (Q):

(1.6) J1.a(Q)tors = J1,4(Q)[2]  for any a € Q\{0}.

Such a characterization was used to give interesting applications to ranks
of octic twists. Obviously we explicitly determined Jy ,(Q)[2] in terms of a.

In [9, Theorems 3.2, 3.11| the author proved that Jg ¢(Q)tors is a 2-group
of order < 64 for any nonzero rational a. Moreover,

Jo.0(Q)tors = J6.a(Q)[2]  for a ¢ 4N* U {1728, —1259712}
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(note that here without loss of generality we assume that a is a 12th pow-
erfree integer). For the excluded values a, with possible exception of a =
—1728, the group Js,(Q) has an element of order 4.

In this paper we consider the curves C"™* and C, 4, and their Jacobians
J™* and J, 4. Our aim is to characterize the torsion parts of J™%(Q) and of
Jn.a(Q). We show that any prime divisor of #J™*(Q)tors and #Jr.q(Q)tors
is equal to 2 or divides n. Moreover, we give explicit upper bounds for these
orders, and say something about the structure of these groups (see Theorems
and [2| below). We also prove that Jg,(Q)tors = J3,4(Q)[2] for any a €
Q\{0}, and explicitly compute Js,(Q)[2] in terms of a (Theorem [4). In
Section [5| we give an (almost full) characterization of Jp 4(Q)tors, Where p
is an odd prime, and of J™*(Q)tors, where n is a composite number < 8.
This, together with the results from Section[d] and from [9] and [11], gives an
almost complete description of the groups J™%(Q)tors and Jy, 4(Q)tors, where
n < 8 or n is an odd prime.

The main ingredients in the proofs are explicit computations of zeta
functions of the title curves in some cases, which are of independent interest,
and applications of the Chebotarev Density Theorem (in the formulation
of [16, pp. 35-36]) and its consequences (e.g. the Dirichlet Prime Number
Theorem).

THEOREM 1. For any prime p we have
p | #Jn,a((@)tors = p= 2 Vp | n,

and
inordy(2n) if 2|n
orda(#Jn.q ) <2 ’
2(# ,(Q)tos)_{ %(n—l) z‘fQJ(n,
and for odd primes

Lnord,(n if 2|n,
Ordp(#JN,a(Q)tors) < % p( ) f |

3(n—1)ordy(n) if 2¢n.
Moreover, for any nonzero a,

Z/QZ C Jn,a(Q)tors if 2 ’ n,
Z/nZ C Jn,a(Q)tors if 24 n.

THEOREM 2. For any prime p we have
p | #Jn’a(@)tors = p=2Vp | n,

and
—2)orda(n) if 2|n,

orda (#J"(Q)tors) < { if 21,
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and for odd primes p,

1
Ordp(#Jn’a(Q)tors) < { %(n
2

Moreover,
Z/mZ C J*™Q)ors,
(Z/mZ)? C T (Q)sors,
Z)(2m + 1)Z C J*™ 1 (Q)gos,

for any nonzero a, ¢, and any positive integer m.

COROLLARY 3. Ifn = 2k then (for any a) Jp o(Q)tors and J™*(Q)tors are
2-groups of order < 2k+D2"71 g < ok(@" 1) pespectively. On the other
hand, if n is odd then Jp o(Q)tors i never a 2-group. Similarly, if n is even
but not a power of 2 then J™*(Q)iors 18 never a 2-group.

THEOREM 4. We have

J8,a(Q)tors = J8,a(Q)[2]  for any a € Q\ {0}.
Ezxplicitly (here without loss of generality a is a 16th powerfree integer)

7)27 if a# 4c* and a # —c2,

(Z)27)? if a =4c* or (a = —c® and c # b?),
(Z)27)% if a = —c* and c # b* and c # 2b,
(2)27)* if a=—c® ora=—16c".

J8,a (Q)tors =

2. Jacobians of hyperelliptic curves. In this preliminary section
we collect necessary notation and results concerning Jacobians of algebraic
curves.

For a smooth projective curve C' defined over a field K let Div(C) de-
note its divisor group, i.e., the free abelian group generated by the points
of C. By definition, the divisor D € Div(C) is K-rational if it is invariant
under the action of the absolute Galois group Gal(K/K). Note that if D =
n1 Py + -+ n,. P, with ny,...,n, nonzero integers, then to say that D is
K-rational does not mean that P, ..., P, € C(K). It suffices for Gal(K /K)
to permute the P;’s in an appropriate fashion. The number ny + -+ - + n, is
called the degree of D. Note that if h is an element of the function field of C
then the divisor div(h) := Y pcoordp(h)P is called principal and has de-
gree 0. Let Jo denote the Jacobian variety of C'. Note that as a group, J¢ is
the quotient group of the degree zero divisors modulo the principal divisors.
We denote the corresponding equivalence relation by ~. Let Jo (K )tors denote
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the subgroup of K-rational torsion elements of Jo(K), and by Jo(K)[m| the
kernel of multiplication by m on Jo(K).

By a hyperelliptic curve of genus g defined over K (char K # 2) we mean
an absolutely irreducible nonsingular curve C' defined by an equation of the
form 32 = f (x) where f € K [z] is monic and has degree 2g+ 1 or 29+ 2. In
the first case, C' is called an imaginary hyperelliptic curve, and in the second
a real hyperelliptic curve. In the imaginary model there exists only one point
at infinity, say oo, but in the real model we have two points at infinity, oo™
and oco”. Let S denote the set of points at infinity on C. Then elements
of the set C(K) := {(z,y) € K y> = f(z)} U S are called K-rational
points on C (if they do not belong to S, we call them finite or affine points).
Similarly we define C'(L) for any field K C L C K. It is always possible to
transform an imaginary model to a real model, but for the converse direction
one needs a finite K-rational point on C. For a point P = (z,y) € C(K), the
hyperelliptic involution is given by 7(P) := (z, —y). Note that 7(co®) = oo™
and 7(00) = 0.

The following two lemmas concern representations of divisors in J¢.

LEMMA 5. Any K-rational divisor of degree 0 on an imaginary hyperel-
liptic curve C over K of genus g is equivalent to a unique reduced divisor,
i.e., a divisor D of the form

d
D =) P —do,
=1

where P; € C(K)\ S, P; # 7(P;) fori #j, and 0 < d < g.
Proof. See [13, Theorem 47|. m

LEMMA 6. Any K -rational divisor of degree 0 on a real hyperelliptic curve
C over K of genus g is equivalent to a unique divisor D of the form

dy
D=3 P —dioo” +dy(oc™ —007),
i=1
where P, € C(K)\ S, P; # 7(P;) fori # j, 0 <di,ds, and dy +ds < g. In
particular, the divisors k(ocot — oco™) for k = 1,...,g are not principal and

are pairwise inequivalent.

Proof. The first claim follows from [I4]. For the second, set d; = 0 and
dy=Fk =

The next lemma allows us to compute the group Jo(K)[2].

LEMMA 7. Let f(z) = fi(x)- - fs(x), where f; € K[z] are distinct monic
polynomials of degree t; irreducible over K, andt := t1+---+ts. Let v denote
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the Fa-dimension of Jo(K)[2], i.e.,
Jo(K)[2| =2 (Z/27)", where C:y*= f(x).
If K 1is a finite field of odd characteristic, then

s—2 if tis even and some t; is odd,
r=qs—1 iftisoddor(s=1andt=2 (mod4)),
s if (s >1 and all t; are even) or (s =1 and t =0 (mod 4)).

If K is an extension of Q, and either t is odd, or t is even and g is even,
then

{ s—2 if t is even and some t; is odd,
rT =

s—1 if tis odd or all t; are even.

Proof. The first case follows from [5, Theorem 1.4|. The second one fol-
lows from [I5, Lemmas 6.1 and 12.9]. =

3. The curves 32 = x (" + a) and y? = 2™+ a. In this section we will
prove Theorems [I] and 2] We start with some preliminaries.

The curves Cp, 4 : y? = 2(2" +a) and C™® : y? = 2" + a are hyperelliptic
of genus [n/2] and [(n — 1)/2] respectively, where [z] denotes the integer
part of . Without loss of generality we may assume that a is a 2nth power-
free integer (for both curves). Note that |disc(z(z™ + a))| = n"a"*! and
|disc(2z™ + a)| = n"a™ !, hence the curves C,, , and C™% have good reduction
at primes p { 2na. Consequently, over such primes the Jacobians J,, and
J™% have good reduction too. The curve C), , has one point at infinity if n
is even, and two such points if n is odd. Conversely, C™“ has two points at
infinity if n is even, and one such point if n is odd. All points at infinity are
defined over prime fields (i.e., Q and F,, after reduction).

In order to compute Jy, 4(Q)tors and J™*(Q)tors it is helpful to consider
Ina(Fp) and J™*(IF,), respectively, for primes p { 2na. This is because re-
duction modulo p induces embeddings (cf. [8, Theorem C.1.4, p. 263|)

(31) Jn@(@)tors — Jma(]Fp)v

(32) Jﬂ@(@)tors — Jn’a(IFp)a

and therefore

(3.3) #Jn,a((@)tors ‘ #Jn,tl(Fp)’
(3.4) # T (Q)rors | #T(Fy).-

It is well known that the zeta functions of the curves C,, , and C™“ over IF),
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(p 1 2na) have the form

_ Pua(D)
2Cnal¥9 T) = Ty 1 = 1)
n,a = Qn,a(T)
28 T) = Tma = 1)

where P, o(T') and @, o(T) are polynomials with integer coefficients of de-
grees 2[n/2] and 2[(n — 1)/2] respectively. Moreover (see for example |8, ex-
ercise A.8.11]),

(3.5) #Jn,a(]Fp) = Pn,a(1)7
(36) #Jma(]Fp) = Qn,a(l)a
and
2[n/2]
(37) Pn,a(T) = H (1 - aiT)?
i=1
2[(n—1)/2]
(3.8) Qua(T) = ] (-8,
i=1
where
(3.9) #Cna(F) =p" +1— (af +-- + ok, ),
(3.10) #C™ (Fp) =pF + 1= (BY + -+ + B5n_1)2)>
and

Pn,a(T) = p[n/Q]TQ[n/2] Pn,a(l/(pT»v
Qn.a(T) = p[(n—l)/2]T2[(n—1)/2]Qn «(1/(pT)).

Therefore we need to calculate #Cy o(F,r) for & = 1,...,[n/2] and
#CO™M(Fyi) for k = 1,...,[(n —1)/2]. To this end we will use the Jacobi,
Gauss and Jacobsthal sums. For the convenience of the reader we list some
definitions and give their basic properties (we set ¢ = p* below).

DEFINITION 8. Let x denote a character on the finite field IF, and let
B € F,. The Gauss sum G(B, x) over Fy is defined by

Gr(B.X) = Y xl@)em e,
ackF,

where Tr denotes the trace from F, to F,. We shall abbreviate Gi(x) :=
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DEFINITION 9. Let x and v denote characters of orders n and m respec-
tively on F,.The Jacobi sum Ji(x, ) is defined by

Te06 ) == x(a)p(l - a)
aclFy
(we set x(0) = 0 if x is nontrivial, and x(0) = 1 if y is trivial). The order of
Jk(x, 1) is equal to lem(n, m).

DEFINITION 10. Let e € N and a € F,. Let (q) denote the quadratic
character of IF,. The Jacobsthal sums ¢ 1, 1/167;€ of order e over Fy are defined by

Per(a) = Z <2) <xe;_a), Ve r(a) = Z <$6; a>-

z€F, z€Fy

For a € Z, we define ¢ i (a) := ¢, r(amodp) and v, i (a) := e (amodp).
LEMMA 11. Let x and ¢ denote characters on Fpx

(1) A Jacobi sum of order m is an integer of the cyclotomic field
Q(627ri/m)‘

(2) If x and 1) are both trivial then Jy,(x, 1) = pF.

(3) If exactly one of x and 1) is trivial then Ji(x,v) = 0.

(4) If x is nontrivial then Ji(x, x) = —x(—1).

(5) If x, ¥ and x are nontrivial then

Ti(x, ¥) = Y(=1)Je (X, ¥) = x(=1) Jp(X¥. x),

and |J,(x, ¥)| = V/pF.
(6) If x¥ is nontrivial then
Gr(X)Gr ()

Jk Xvw =
b)) Gr(xv)
Proof. See [2, Theorems 2.1.1, 2.1.3, and 2.1.5|. =

LEMMA 12. Let f1,. .., B be positive integers. Let aq, ..., a0 € Fy. Set
d; = ged(Bi,q— 1), and let x; be a character on Fy of order d; (i =1,...,1).
Then the number of solutions of the diagonal equation alel +-- -—I—oq:nfl =«
in Iy is given by

di—1 -1
l 1+ Z ZX OZOZI X[ (aafl)Jk(Xila--->X{l)-
a=t  g=1
Proof. See [2, Theorem 10.4.2|. =

LEMMA 13.

(1) If ged(e,q — 1) = ey then ¢e i = Pe; k-

(2) Ife|(g—1) but 2e1 (¢ — 1) then ¢ = 0.
(3) Geu(ab®) = (8)“ e p(a) for b e By
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1 if 2|n,
2 if 2tn.
2 if 2|n,
1 if 2¢n.

(4) #Cno(Fg) =g+ ﬁbn,k(a) + {

(5) #C™*(Fq) = q + Ynx(a) + {

(6) Yoek = ek + Pe k-

Proof. Generalize the proofs from |2, pp. 184-188] for F,, to an arbitrary
finite field. Note that our definition of 9. j differs from the one from [2] by
(%) (but agrees with [I]). =

Now we show that the title curves are connected to each other.

PROPOSITION 14. For any a and n we have

Q2n,a = Qn,a X Pn,a-
In particular,
# T2 Fy) = # TV Ep) #Tna(Fp).-

Proof. By Lemma [I3] we get

HOMUF 1) = 2+ P& + 1o k(a),
and

2 1
#O™(Fpi) + #Cno(Fpr) = {1 +pF + Y p(a) + {2 +p* + dni(a)

=3+ 2pk + i/Jgn,k(a).
Hence
#C?(F i) = #C™(Fp) + #Cna(Fpr) — (1 + p%).
Now by 7, we have
2(n—1)
Q2n,a(T) = H (1 - aiT)?
i=1
2[(n—1)/2]
Qn,a(T) = H (1 - /BzT)a
i=1
2[n/2]
Pn,a(T) = H (1 - ’YiT)a
i=1
where

ot a}g(n—l))a

_|_
o By 2):
+o ).
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Since n — 1 = [(n — 1)/2] 4+ [n/2], we obtain
k k k k k k
o + -t gy =B 4 F By T T Y2y
for any £ € N. Consequently, the polynomials Q2 (1) and Qo (1) X Py, o(T')
have the same coefficients, and we are done. =

REMARK 15. By Proposition [14] and the famous result of Tate [17], the
abelian varieties J?»¢ and J™% x Jn,a are isogenous over [F,. This can be
proved directly by using the maps C?%® — C™? (z,y) + (22,y), and
C?*e — Cyg, (m,y) = (22, 2y).

Using properties of Gauss and Jacobi sums, in some cases we can explicity
compute the zeta functions of these curves. First, let us write down a useful
result concerning indices.

LEMMA 16. Let p be an odd prime and let k > 1 be an integer. Let v, de-
note a generator of the multiplicative group F;k. Force F;k letind., c denote

the index of ¢ with respect to g, i.e., the unique number n € {0, . .. pF — 2}
k—1
such that ¢ = ;! Set y := *y,i+p+'"+p . Then v is a primitive root modulo p

(i.e., a generator of Fy) and for a € F, we have
(3.11) ind,,a=(14+p+---+p"1)ind, a (mod p* —1).
Proof. This is well known: see for example [0, p. 665]. =
PROPOSITION 17. If p = —1 (mod n) and p { 2a then
Qna(T) = (14 pT?)"= D/,
In particular,
o L+p)=0/2 if 24,
#J ' (FP) = ( )( 72)/2 . +
(I1+p)» if 2|n.

Proof. We give the proof only for n even. The case of n odd is similar,
and it is left to the reader. Assume that n = 2m. In order to compute Q4
we need to find #C™(F,x) for k = 1,...,m — 1. For this purpose we will
apply Lemma [12] to the equation 32 — 2?™ = a. By assumption,

g ] 1 (mod2m) if 2|k,
| =1 (mod 2m) if 21k,
hence
2m if 2k,

ed(2m,pf —1) =
ged(2m, p” — 1) {2 if 21 k.
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Therefore by Lemma

2m—1 .
> X (=a) k(X" x?) if 2|k,
j=1

X" (=a) J(x™, X™) if 21k,
where x denotes a character of order 2m on F,.. Note that by Lemma

we have x™(a)x™(—a)Ji(x™, x™) = —x*™(—1) = —1. Hence we can rewrite

the above formula as

#C™UFx) = 2+ pF + x™(a) x

X (—a) Jk(X™,x7) if 2|k,
1<j<2m—1
#HCU(Fpp) = 140"+ x™(@) x § i
0 if 21 k.
Now assume that k& = 2r. By the Hasse-Davenport formula |2, Corollary
11.5.3] we have
Jor (X", X7) = (1) (X" X))
where X denotes a character of order 2m on F 2 such that x = xo NFPQT JF 2"
Consequently,
#C(Fpor) = 1+p" +X™ (@) Y (=1)"'X(—a)(L(X™ X))
1<j<2m—1
#m
In the notation of Lemma any character 1 of order 2m on F 2 has the form
n(z) = C:Lmd” (x), where (, is a primitive nth root of unity and 1 <t < n,
ged(t,n) = 1. Then by the same lemma, we have x(4a) = 1, and so
#C Fpor) =14+p" + Y ()" H(LE™ )
1<j<2m—1
Jj#m
Now we compute the Jacobi sums Jo(X™,X’). Let j € {1,...,2m — 1} and
j # m. By Lemma

Ga(X™)G2(Y)

Ga(X™H)
Since p = —1 (mod 2m), by [2, Theorem 11.6.1] we get Go(X*) = (—1)P+1)/mip,
where r; = 2m/ged(2m, i) is the order of character X*. Therefore Jo(X™, X”)
= p, and consequently

(X" X)) =

14+ p% + (=)™ 12(m — 1)p" if k =2r,
HO™O(F ) = +pk +(=1)""2(m —1)p 1 r
1+p if 21 k.

Thus, by (3.8)) and (3.10]), we conclude that
QQm,a(T) = (1 + pT2)m_1>
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and by (3.6) we get
#ITOE) = (14 p)"

and the assertion follows. =
PROPOSITION 18. If p = —1 (mod 2n) and pta then
Poo(T) = (14 pT?)"/2.
In particular,
1+p)=D/2 if 24n,
#JnalFp) = { El +gn/2 z; 2 |J[n
Proof. By Propositions [14] and [T7, we have
C Quna(T) (14 pT?)[2n=1)/2
Qn,o(T) (1 + pT?)ln=1)/2]

and we are done. =

Prno(T) =(1+ pT2)[n/2]7

Now we are ready to prove the first two main results of this paper.

Proof of Theorem[1. First assume that n is even, say n = 2m. Let [ be a
prime such that [ { 2m. We will show that [ { #J2,.4(Q)tors- By the Chinese
Remainder Theorem and the Dirichlet Prime Number Theorem, there exists
a prime p such that p { a, p = —1 (mod 2n) and p = 1 (mod [). Then
by Proposition e get #Jomo(Fp) = (14+p)™ = 2™ # 0 (mod 1), and
Consequeﬂtly by " l )f #JQm,a (@)tors-

Now we will give the desired upper bound for #J2m.q(Q)tors. Let
200p7t - - pi'* be the prime factorization of n. Choose a prime p such that
ptaand p=—1+p (mod p?i"'l) (i=1,...,t), and p = —1 + 200+!
(mod 2%0F2). Again by Proposition we have #Jop, o(Fp) = (14p)™. Since
orda(1 + p) = ap + 1 = ordz(2n) and ord,, (1 + p) = a; = ord,,(n), we see
that orda(#Jam,q(Fp)) = morda(2n) and ordy, (#J2m.q(Fp)) = mordy, (n).
Then establishes the formula for even n. Moreover, in the notation of
Lemma (7} t is odd and s > 2, hence r = dimp, Jo;,,4(Q)[2] > 1 (in fact the
divisor (0,0) — oo has order 2 in Joy, 4(Q)tors)-

Now let n = 2m + 1. We proceed in a similar way. Let [ be a prime such
that [ 1 2(2m+1). Then we choose a prime p such p{ a, p = —1 (mod 2n) and
p = 1 (mod 1). Consequently, by Proposition and , we deduce that
Lt #Jom+1,0(Q)tors. If we take a prime p such that pta, p=1 (mod 4) and
p=—1+p (mod p?”‘l) fori =1,...,t, then again by Proposition |18/ and
a we have OrdQ(#J2m+1,a(Q)t0rs) < m and Ordpi (#J2m+l,a(Q)tors) <
mordy, (n). Now consider the divisor D = oot — 00™ € Jom+41,4(Q). By
Lemma @, D has order > m (= the genus of Cap11,4). On the other hand,
nD = div(h(z,y)) where h(z,y) = —2yz™ + 22" + a. Indeed, h has a zero
at oot of order n, a pole at oo™ of order n, and no other zeroes or poles.
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Consequently, the order of D divides 2m + 1 and is > m + 1, hence it is
2m + 1 = n, which is our claim. =

Proof of Theorem[3. We only prove the ‘moreover’ part; the proof of the
rest follows by the same method as in the proof of Theorem [I], and it is left
to the reader.

Assume that n = 2m. Let Dy := co™ — 0o~ € J?™%(Q). By Lemma@
Dy has order > m — 1 (= the genus of C?"™%). On the other hand, mD; =
div(y — ™), hence D; has order m, and so Z/mZ C J?™%(Q)ors-

Now assume moreover a = ¢? and consider the divisor Dy = (0,¢) — oo™,
Then mDy = div(z™+c—y). By Lemma@ the divisors [Dy for 1 <[ <m-—1
are not principal and are pairwise inequivalent (indeed, take d; = [ and
dy = 0). Consequently, Dy has order m. Moreover, by Lemma|§|7 the divisors
kDq and [D- are pairwise inequivalent for 1 < k,I < m — 1. Therefore
(Z)mZ)* C J*™(Q)tors-

Now assume a = ¢ but n = 2m+1. Consider the divisor D3 = (0, ¢) — co.
By Lemma the divisors kD3 for k = 1,...,m are not principal and
are pairwise inequivalent, so D3 has order > m + 1. On the other hand,
(2m+1) D3 is principal (it is the divisor of the function y — ¢). Consequently,
D3 has order n, and we are done. m

4. The curve y? = x(2® 4+ a). In this section we will prove Theorem
By Corollary (3| we know that Jg 4(Q)tors is & 2-group of order < 212 = 4096.
In order to prove Theorem [4] it is sufficient to show that this group has no
elements of order 4. To this end we compare #.Jg ,(F)) with #Jg o(Fp)[2],
and then use the embedding .

We start with the description of the groups Jg (Fp)[2] (for p { 2a) and
J3.a(Q) [2] (note that we do not need the full characterization over F,).

PROPOSITION 19. We have (without loss of generality a is a 16th pow-
erfree integer):

(1)

(/22 if p=1 (mod 4), a=—b? and (L) = -1,

(Z/22)* if p=1 (mod 8), a = —b" and (L) = -1,
Js.a(Fp)[2] 2 < (2/2Z)5 if p=3 (mod 4) and a = —b?,
(Z/22)5 if p=5 (mod 8) and a = —b*,
(Z/QZ)S if p=1 (mod 8) and a = b8,

and

(Z)27)?* C Jso(Fp)[2] if a = 4b.
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(2)

7)27 if a# 4b* and a # —b?,

(Z)27)? if a =4b* or (a = —c® and c # b?),
(2)27)% if a=—b* and b # c? and b # 2¢2,
(2)27)* if a=—c® ora = —16c".

Proof. Let K = Q or F,. By Lemmal[7] the group Jg o (K)[2] is completely
determined by the factorization of the polynomial f,(z) := z(28+a) over K.
More precisely, Jg o(K)[2] = (Z/2Z)" where r is 1 less than the number of
irreducible factors of fq(z) over K. Obviously for any a, f,(x) is reducible
and has at most nine factors, therefore Z/2Z C Jgo(K)[2] C (Z/2Z)® for
any a.

We need to consider a few cases. Let (,, denote an nth primitive root of
unity. First assume that —a is an 8th power in K and (s € K. Note that
(s ¢ Q, and (g € F) if and only if p = 1 (mod 8). In this case f(z) splits
completely over K, hence Js o(K)[2] = (Z/27)3.

Now assume that —a = b® (b € K), (s ¢ K and (4 € K. Clearly, (4 ¢ Q,
and (4 € F, if and only if p = 1 (mod 4). In this case we have the factorization

fa(z) = z(z — b)(z + b)(x — bCs)(x + bCy) (2% — b2C) (2% 4 b2(L),
and consequently Jg ,(K)[2] = (Z/2Z)".
Assume —a = b® and ¢4 ¢ K. If K = Q then
fa(z) = x(x — b)(z + b) (2 + b)) (z* + bb),

and so Js4(Q)[2] & (Z/2Z)*. If K = F, then p = 3 (mod 4). Therefore
V2 €F, if p=7 (mod 8) and /=2 € F,, if p = 3 (mod 8). Consequently,
fa(z) has the factorization

z(x — b)(x + b)(x? + b)) (2® — V2ba + b%) (2 + V2bx + b?)

1

J8,a(@) [2]

z(z — b)(z + b)(z? + b*)(2® — V=2bz — b*)(2? + V—2bz — b?),

and Js o(F,)[2] & (Z/27)5.

Now observe that if K = F, where p = 3 (mod 4) and —a is a square
then it is an 8th power in K (in fact —a is a 2¥th power for any k). Indeed,
let a = —b%. Since (_71) = —1, we have (%) =1 or (_Tb) = 1. Hence
a = —(£b)? = —c*. Similarly, (]%) =1or (77‘3) =1,and a = —(£c)* = —d®
etc. Also if K = F), where p =5 (mod 8) and —a is a 4th power then it is
an 8th power in K. Indeed, let a = —b*. We know that ¢, € K but (3 ¢ K,
hence (%) = —1. Consequently, (%) =1lor (b%) =1,ie,b=corbly =2,
and so a = —c®.
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Assume that —a is a 4th power but not an 8th power in K. Then in
particular, by the above, K = Q or K = F, with p = 1 (mod 8). Assume
a = —b* and £b is not a square in K. Over the rationals, f,(z) has the
factorization x(2? — b)(z% + b)(z* + b?) if b is not twice a square, and

z(2? — 2¢%) (2% 4 2¢%) (2% — dex + 2¢2) (2? + dex + 26°)

if b =2c? (so a = —16¢%). Therefore J3 ,(Q) [2] = (Z/2Z)* if a = —16¢%, and
Js.a(Q) 2] 2 (Z/27)3 if a = —b* and b # ¢?,2¢%. Over F,, we have

fa() = o(a® = b)(2® + b) (2 + bCa) (2” — bCa),

hence Jg ,(Fp)[2] 2 (Z/2Z)* for such a and p.

Now suppose that —a is a square but not a 4th power in K. Hence in
particular, K = Qor K = F, withp = 1 (mod 4). Let a = —b® where +b € K
is not a square. Then over K the polynomial f,(x) factors as z(z*—b)(x*+b),
and so Js o(K)[2] = (Z/27,)2.

Note that if a = 4b* in K then f,(z) = z(z*+2b2?+20?) (2* — 2022 +2b?),
and consequently (Z/2Z)? C Js.(K)[2], which establishes part (1). Now
let K = Q. Then Jg 44(Q)[2] = (Z/2Z)? because the above factors are
irreducible over the rationals.

It remains to check the case a # 4b* and a # —b%. But then 28 + a is
irreducible over Q, by [18, Lemma 4.6.9], which completes the proof. =

In order to calculate #.Jg o(F),) we apply [7]. We write down only selected
cases from [7, Section 6], useful for our purposes. The values of #Jg . (Fp)
will be displayed in the tables below, and we indicate the residuacity of

acF,\{0}.

LEMMA 20.
(1) If p= 3 (mod 8) then

#Js,a(Fp)  square
—p7  no
(1+p%*  yes

(2) If p=>5 (mod 8) then

#Js,a(Fp) square  4th power
1+p no no
1 —=p)3?1+p)? yes no

(1 4+ p?)? yes yes




114 T. Jedrzejak

(3) If p=9 (mod 16) then

#J3.a(Fp)  square  4th power  8th power

1+ p* no no no
(14 p%)? yes no no
(1—p)* yes yes no
(14 p)* yes yes yes

Proof. See [T, Section 6.3|. m
Now we are ready to prove our third main result.

Proof of Theorem [ First note that Jgo(Q)tors = J3.4(Q)[2] if and
only if Jg,(Q)tors contains no element of order 4. Next, if p { 2a for a
prime p, then Jg 4(Q)tors is isomorphic to a subgroup of Jg (F)); in particular
Ol"dg (#J&a (Q)tors) < Ordz(#Jg,a(Fp)). If Ordg(#J&a (Fp)) :OI‘dg (#J&a (Fp) [2])
then Jg (F,) contains no elements of order 4, and hence the same is true for
J3.0(Q)tors- Now we need to consider a few cases.

Assume that a is not of the form 41,42 times a square in Z. By the
Chinese Remainder Theorem and the Dirichlet Prime Number Theorem,
we can choose a prime p such that p { a, p = 9 (mod 16), and (%) = -1
Hence, by Lemma , we obtain #Js 4(F,) = 1+p* = 2 (mod 16). Therefore
obviously Jg4(IF,) has no point of order 4, and consequently Jg 4(Q)ors =
J3.4(Q)[2] for such a.

Now assume that a = 4c? (without loss of generality ¢ € N) and
c is neither a square nor twice a square. Then, as above, there exists a
prime p such that p { a, p = 9 (mod 16), and (f)) = —1. In particular,

v/—1 € F,,, and moreover () = 1. Hence, a is a square but not a 4th
power in Fp, and by Lemma [20, we get #.J5 (F,) = (1+p?)? = 4 (mod 16).
So ordg(#Js 4 (Fp)) = 2. Next, writing a = —(v/—1¢)? or a = —c?, and ap-
plying Proposition we obtain ords(#J3 4 (Fp))[2] = 2, and consequently
Jg 12(Q)tors = Js +2(Q)[2] for such c.

Now let a = +£2¢% (¢ € N). In this case we choose a prime p such that
p{a, p=05 (mod 8). Since (%) = (%) = —1, we have, by Lemma
#Js,a(Fp) =1+ p* =2 (mod 8). Hence Jg 1o.2(F;) has no point of order 4,
and consequently Jg 1 9.2(Q)tors = Jg 1202(Q)[2].

It remains to check the case a = +£b* +4b* (b € N). Let a = 4b*. Then
take a prime p such that p { @ and p = 3 (mod 8). Clearly a is a square
in I, hence by Lemma we get #J34(F,) = (1 +p?)? = 4 (mod 8),
so orda(#Js,.q(Fp)) = 2. On the other hand, by Proposition [I9] we have
(2)27)* C J3.4(F,)[2]. Therefore Jgo(F,) has no point of order 4, and so

Jg ap4 (Q)tors = Jg.4p4 (Q)[2].
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Let a = —4b* or a = b*, and choose a prime p such that p{a and p =
5 (mod 8). Note that /—1 € F,, and (@) = —1. Hence (2‘f) =1, and
a = (2b*>y/=1)% or a = b%, so in both cases a is a 4th power in F,. Conse-
quently, by Lemma we obtain #Jg o(F,) = (14 p?)? =4 (mod 8). More-
over, a = —(2b%)? and () = —lora=—(b*v/—1)% and (bQ\Tﬁ) = -1,
therefore by Proposition , we get Js o(Fp) [2] =2 (Z/2Z)?, and J5 4(Q)tors =
Js.a(Q)[2] for a = —4b*, b™.

Now assume a = —b*. Consider a prime p with p{a and p =5 (mod 8).
In the same manner we can see that a is a square but not a 4th power in IF),.
Then by Lemma we have #.J3 . (Fp,) = (1-p)?(14p)?, and ords(#Js.4(Fp))
= 6. Clearly, by Proposition {19} we also have ordy(#Js o(Fp)[2]) = 6. There-
fore Jg _p1(Q)tors = J3 —p+(Q)[2], which completes the proof. =

5. Other title curves with special n. In this section we compute
the torsion part of Jp ,(Q), where p is an odd prime, and of J™%(Q), where
n=4,6,8.

5.1. The curves y? = z(zP + a). For odd n (say n=2m+1) the curve
C,q is isomorphic to cma" !, Indeed, the map Coppt1,4 — c2mtla®™ given by

a a™y
(I‘,y) = <$’ ﬂj‘m+1>’
. 2m .
has inverse C2m+1a™™ _ Com+1,q given by

a ay
In particular, the curves y? = x(2? + a) and y? = 2P + aP~! are isomorphic

(p is an odd prime, a is a 2pth powerfree integer). Therefore, by (1.3]), we
obtain the following.

PROPOSITION 21. We have

| Z/pZ if a is not a pth power,
Jp,a(Q)tors — . .
Z]2pZ if a is a pth power.

5.2. The curves y? = 2* +a. The curve C*% : y? = 2% +a is an elliptic
curve (so we can identify C*® with J%%) and has Weierstrass equation

Y2 = X3 — 4aX.

Indeed, setting u = y + 22, we get y — 22 = a/u, and so 222 = u — a/u.

Multiplying by u? and setting v = zu, we obtain 20> = u? — aqu. Finally,
on setting X = 2u and Y = 4v, the equation takes the required Weier-
strass form. Consequently, by , we have the following (note that a is 8th
powerfree):
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PROPOSITION 22.
(Z)27)* if a = c?,
T4 Q)ors 2 Z/AZ if a=—c*,
7)27 if a# % and a # —c*.
5.3. The curves y? = 25+a. By Theorem we know that #.J5%(Q)ors

= 20‘36, where 0 < o < 2 and 1 < 8 < 2. In this subsection we will give an
almost full characterization of these groups. More precisely, we will prove

PROPOSITION 23. For any nonzero a,

IO Q)tors = JO*(Q)[2] x J**(Q)[9],

where
(Z)27)* if a=—c5 ora=27cY,

JO(Q)[2] = 727 if a=0% and b# 3c® and b # —c2,

0 if a# b3,
THQ)[9]
(2,)37.)* if a=c* ora=—432b5,
YARY/ if a# ¢ and a # —3c¢% and a # 203,

7.)97 or (Z/3Z)? or Z/3Z if (a = —3c® and a # —432b%) or
(a =2b3 and a # —3c? and a # c2).

REMARK 24. Numerical computations in Magma [3] suggest that in fact
J%%(Q) [9] =2 Z/3Z in the last case.

Before proving Proposition 23] let us prepare some introductory results.
First, by Proposition (14} we have #.J5%(F,) = #.J%%F,)#J34(F,) for any
prime p { 6a. Secondly, J>¢ is simply the elliptic curve C3¢ : y? = 23 + a.
Similarly J3, is the elliptic curve y?> = x(23 + a), which after the trans-
formation (z,y) — (a/z,ay/x?) has Weierstrass form C3%” : 2 = 23 + a2,
Therefore combining Proposition[I7, Lemma[I3]and evaluation of Jacobsthal
sum 131 given in [I, Thm. 4.1], we obtain

LEMMA 25. Let p16a. Then

#J(Fp)
(1+p)? if p=2 (mod 3),
(1+p+2u(3)) (1 +p+2u) if p=1 (mod 3) and

= a is a cube in [Fp,
(1+p-— (%)(u +3[v[e))(14+p — (u+3vle)) if p=1 (mod 3) and

a is not a cube in [Fp,
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where p = u? + 3v? with uw = 2 (mod 3), and ¢ = +1. Moreover, if 2 is cubic
nonresidue modulo p then

_ { |v| (mod 3) if 2a is a cube inF),

—|v| (mod 3) if 4a is a cube in F,.

REMARK 26. One can show (using Lemma that if a = —3c? or
a = 2b3 then 9| #J%%(F,) for any p { 6a. Therefore in this case the “reduction
method” (i.e., formula (3.4])) is useless.

Proof of Proposition . Since #J5%(Q)tors = 2°3° with 0 < o < 2 and
1 <8 <2, we see that

T Q)tors = J*(Q)[4] x J**(Q)[9].

Therefore it remains to show that JG’Q(Q)torS has no point of order 4, and
to prove the above formulae for J%%(Q)[m] for m = 2,9.

We begin by proving the formula for J%%(Q)[2]. By Lemma (7} the group
J%(Q)[2] is completely determined by factorization of the polynomial g, (x)
:= 2% + a over Q. Note that g, has a rational root if and only if a = —c% for
some integer c. In this case g,(x) factors over Q as

(x —c)(z + ¢)(z® — cx + A)(a® + cx + ).

Hence, by Lemmal 7], we obtain r = 2. It is easy to check that g, is irreducible
over Q if and only if @ is neither a cube nor minus a square. Then J5%¢(Q)[2]
is trivial. Assume now that g, has no rational roots but is reducible over Q. If
a = b3 and b # 3c%,—c? then g,(x) = (22 +b)(2* — bx? +b?), so by Lemma
we get 7 = 1. If a = —b? and b # ¢ then g.(x) = (2® — b)(z® + b), and
consequently J%%(Q)[2] is trivial. If @ = 27¢% then

ga(z) = (2% + 3¢ (2* — 3cx + 3¢%) (2 + 3cx + 3¢2),

and we get r = 2, which proves the desired formula.

Now consider J5%(Q)[9]. By Theorem [2 we have Z/3Z CJ%%(Q)[9],
and moreover (Z/37)?*=J%*(Q)[9] if a = ¢*. Assume that a = —432b° =
—3(126%)? and consider the divisor D = (2bv/3,36b3) + (—2bv/3,36b%) —
oot — oo™, It is easy to see that D is Q-rational divisor on 067_43%6, and by
Lemma @ D is not principal. But using the algorithm from [4, Chapter §],
we see that 2D ~ —D, and consequently J6~42°(Q)[9] = (Z/3Z)%. Now
assume a # c?, a # —3c® and a # 2b3. Then, by the Chebotarev Density
Theorem, there exist (in fact infinitely many) primes p such that p { 2a,
p =1 (mod 3), (%) = —1, a is a cube in F), and 2 is not a cube in [F,. For
such p, we have p = u? + 3v? with v = 2 (mod 3) and 3 { v (note that 2 is a



118 T. Jedrzejak

cubic residue modulo p iff 3|v), and moreover by Lemma [25] we get
#JO(Fp) = (1+p — 2u)(1 +p+ 2u)
= (1= +30")((1 4 w)* + 3v%),

so ords(#J%%(F,)) = 1. Hence by (3.4), 9 1 J%(Q)tors, and consequently
J%%(Q)[9] = Z/37Z, which proves the desired formula.

Now we prove (much as in the proof of Theorem {4)) that J5%(Q)iors has
no point of order 4. Let p be a prime such that p { @ and p = 5 (mod 12).
Then, by Lemman we obtain #J%%(F,) = (1 + p)? = 4 (mod 8), i.e
ordg(#Jﬁa( »)) = 2. On the other hand, for such p, —a is necessarily a
cube in F,, say a = —b3. If moreover (%) =1 then a = —c% and 2% + a
factors over I, as

(x —c)(z 4 c)(2® — cx + A) (2 + cx + 2).

But if (%) = —1 then (_—) =1, and

2% +a= (2% = b)(2® +V-3bx — b)(z* — V/-3bx — b).
Therefore, by Lemma [7] I we have J%%(F,)[2] = (Z/2Z)?. Consequently,
J%%(F,) has no point of order 4, and we are done. m

5.4. The curves y?> = 28+a. By Theorem we know that J%(Q)ors is
a 2-group of order < 27 = 512 and has an element of order 4 (so J*%(Q)tors #
J%%(Q)[2], in contrast to Jg4(Q)tors). Moreover, (Z/4Z)* C J¥%(Q)iors if @
is a square. In this subsection we will improve those results. We will show

PROPOSITION 27. We have

8.0 | (Z/az)? if a=c? and a # 4b%,
J (Q)tors = X 2
Z7]AZ if a+# +c°.

Before the proof of Proposition 27, we give some preliminary results.
By Proposition l we have #J8 UF,) = #J4%(Fp)#J4.4(F,) for any prime
p12a. As we can see above, J*¢ 1s simply the elliptic curve C*® which has
Weierstrass form Co 44 : y2 = 2% — 4az. On the other hand, Ja,q 1s the
Jacobian of the genus 2 hyperelliptic curve Cy, : y? = z(z* + a), which

we considered in [I1I]. Therefore combining Lemma and evaluation of
appropriate Jacobsthal sums given in [2, Chapter 6] and [I1], we get

LEMMA 28. Ifp=5 (mod 8) and pta then
4759(F,)
(1+p)?(1+p+2u) if aisa4dth power in Fp,
=4¢ (1-p)?(Q1+p—2u) if ais a square but not a 4th power in F,,
(1 +p)(A+pE2|v|) if aisnot a square in Fp,
where p = u? + v? and u = 3 (mod 4).
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Proof of Proposition[27 Assume that a is neither a square nor minus a
square in Z. Then by the Dirichlet Prime Number Theorem, there exists a
prime p such that p = 5 (mod 8) and (%) = —1. For such p, by Lemma
we get orda(#J%%(F,)) = 2, and consequently, by and Theorem
Jﬂ(@)tors = Z/4Z

Similarly, if @ = ¢? and a # 4b* (so ¢ # £2b?) then there exists a prime
p such that p = 5 (mod 8) and (%) = 1. Hence, by Lemma we obtain
ords(#.J%%(F,)) = 4, which combined with (3.4) and Theorem
the proof. =

completes

6. Problems. In the light of the above results it is natural to state the
following problems.

PROBLEM 29. For which even positive integers n # 2%, is the group
In.a(Q)tors a 2-group for all nonzero a?

We know only one such n, namely Jg 4(Q)tors is a 2-group. For those n
for which J;, 4(Q)tors is a 2-group for all @ # 0 one can ask:

PROBLEM 30. For which positive integers n, do we have

Jn,a(Q)tors == n,a(@) [2]
for all nonzero a?

We only know that for n = 4,8 we have J;, 4(Q)tors = Jn,o(Q) [2] for all
nonzero a, and for n = 2,6 this is not the case: for some a (even infinitely
many a for n = 6) there are points of order 4. Note that the analogous
problems for J™%(Q)irs are easy. Indeed, by Theorem [2} if n # 2F then
the statement ‘J™%(Q)tors is a 2-group for all nonzero a’ is false. Even for
n = 2% > 4, the statement ‘J"%(Q)ors = J™(Q)[2] for all nonzero a’ is false
because J 2k’a((@)tors has an element of order 4 for some a.

The following problem is of interest.

PROBLEM 31. Give a complete characterization of Jpa(Q)tors and
J(Q)tors for all positive integers n and all nonzero 2nth powerfree in-
tegers a.

In particular one can ask about a possible analogy between the formulae

(1.3), (1.4) and the formula for J™*(Q)tors-
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