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The shifted fourth moment of automorphic L-functions of
prime power level
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OLGA BALKANOVA (Bordeaux)

1. Introduction. Let L(s, f) be an automorphic L-function associated
to f € Hj(q), where H}(q) denotes the set of primitive forms of weight &
and level ¢. An important subject in analytic number theory is the behavior
of such L-functions near the critical line. Of particular interest are subcon-
vexity bounds and proportion of non-vanishing L-values. A possible way to
analyze these problems is the method of moments. This technique proved
to be very effective in the recent years; see [D], [DFI1], [IS], [KM], [KMV]
for details and examples.

In 1995 Duke [D] proved an asymptotic formula for the first moment
and an upper bound for the second moment when ¢ is prime and k& = 2.
Four years later, Akbary [A] generalized this result to the case of prime ¢
and k£ > 2. In 2011 Ichihara [Ich| found an asymptotic formula for the first
moment when ¢ is a power of a prime and 2 < k < 10, k = 14. In the same
year, Rouymi [R] computed the asymptotics of the first, second and third
moments when ¢ is a prime power and k is an arbitrary fixed even integer.

In order to break the convexity barrier, one needs to evaluate the limit
moment of order

log | H;
(1.1) 1o = timinf 428 E@
g—00 log q

At the same time, starting from the koth moment the main term of the
asymptotic formula contains a nontrivial nondiagonal contribution (see [M]
for details).

The moment of order k9 = 4 for prime ¢ — oo was studied by Duke,
Friedlander & Iwaniec [DFI1] and Kowalski, Michel & VanderKam [KMV].
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The main term of the fourth moment splits into diagonal MP, off-diagonal
MOP and off-off-diagonal MOOP parts. Therefore, it requires three different
stages of analysis.

THEOREM 1.1 ([KMV] Corollary 1.3]). Let g be a prime number and
k=2. For all e > 0,

(1.2) S L(1/2, £)* = Rlogg) + Oc(g™/12+9),
feH;(q)

where R is a polynomial of degree 6 with leading coefficient #.
In this paper, the result of Theorem [I.1]is extended as follows.

o We consider the level of the form ¢ = p¥, where p is a fixed prime
number and v — oo.

e We assume that the weight k£ > 2 is an arbitrary even integer.

o We slightly shift each L-function in the product from the critical line
Rs =1/2,

h
Mat,r) = Y |L(L/2+t +iry, FPIL(L/2 + ta + ira, )],
feH;(q)

where t = (tl,tg), T = (7‘1,7‘2), ti1,ta,71,72 € R and ’t1’7 ‘tg‘ < l/logq.

The shifts simplify the analysis of the off-off-diagonal term, reveal more
clearly the combinatorial structure of mean values and allow us to verify
the random matrix theory conjectures involving all lower order terms by
Conrey, Farmer, Keating, Rubinstein and Snaith [CFKRS].
We introduce the following notation:
- _ V4
(13) q - 27_(_ 9

(1.4) Cqls) = C(s) (1 =p77).

CONJECTURE 1.2 (analog of [CFKRS|, Conjectures 4.5.1 and 4.5.2]). Let
q = p¥, where p is a fixed prime and v > 3. Let k > 0 be an even integer.
Up to an error term, we have

My(t,r) = (bgq)q—%l—% Z qtl(61+62)+t2(ea+e4)+z‘m(61—62)+ir2(63—64)

€1,€2,€3,e4==1
€1€2€3€4=1

(F(—t1 —iry 4 k/2)T(—ty + ir1 + k/2)T(—ty — irg + k:/2)>1/2
F(tl +1iry + ]{J/Q)F(tl —ary + k‘/2)F(t2 + irg + k‘/2)
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( D(—ty +irg + k/2) (e (ty +ir1) + k/2)T (ea(t1 — ir1) + k/2) >1/2
I(ty —irg + k/2) ' (—e1(t1 +ir1) + k/2)(—ea(ty —ir1) + k/2)
( [(es(ty + ira) + k/2) T (ea(ts — ir2) + k/2) )1/2
F(—Eg(tg + iT’Q) + /C/Q)F(—Q;(tg — i7’2) + k}/Q)
Co(1+t1(e1 +e2) +iri(er — €2))(y(1 + ta(e3 + €a) + ir2(e3 — €4))
Cq(Q +t1(€1 + €2) + ta(es + €4) +iry (61 —€9) +irg(es — 64))
X Cq(1+ €1(t1 +ir1) + e3(ta 4+ ir2))Ce(1 + €1 (b1 + ir1) + ea(te — ir2))
X Cq(l + Ez(tl — iTl) + Eg(tQ + iTQ))Cq(l + Eg(tl — iT1) + 64(t2 — i?”g)).
MAIN THEOREM 1.3. Let 0 = 7/64, q = p”, where p is a fized prime

and v > 3. Let k > 0 be an even integer. For all € > 0 the fourth moment
can be decomposed as follows:

—1-26

k
My(t,r) = MP + MOP + MOOP 4+ 0,1 (¢° (¢~ =% +q7 /1)),
where the implied constant depends polynomially on r1, ro. Furthermore,

(1.5) MP 4 MOP — o(q) 3 q—2t1—2t2+261t1+252t2F(Eltl tint k/2)
et F(t1+lrl+k/2)
I'(eity —ir + k/2) I'(eata +irg + k/2)I (eata —irg + k/2)
D(ty —ir1+k/2) Ity +irg +k/2)I(ty —iry + k/2)
H53,64:i1 Co(1 4 ertq + eato + iegry + ieqra)
Cq(2 4 2€1ty + 2€at)

X Cq(l + 261t1)Cq(1 + 262t2)

and
(1.6) MOOP = ¢la) Z G~ 2t 2ierri+2iears
e T(k/2 —t1 +ieyr) (k2 — tg + iears)
T(k/2+ 1, —ierr1)T(k[2 + to — iear)
Heg,q:ﬂ Cq(1 + egtq + eata + ierr1 + iears)
Cq(2 + 2ie1r1 + 2i€2T2) ’

REMARK 1.4. The condition €1, €9, €3,64 = +1, €1€9e3e4 = 1 in Conjec-
ture [1.2] implies that there are eight terms in the sum. Four of them,

(e1,€9,€3,€4) = (1,1,1,1),(1,1,—-1,-1),(-1,-1,1,1), (-1, —-1,—-1,—-1),
coincide with the summands of , and the other four,

(e1,€9,€3,€4) = (—1,1,—-1,1),(-1,1,1,-1),(1,—-1,-1,1),(1,-1,1,-1)
with the summands of .

X Cq(l + 2i€1T1)Cq(1 -+ 2’L'€27’2)

By letting the shifts tend to zero in Theorem [1.3] we obtain an asymp-
totic formula for the fourth moment at the critical point s = 1/2.
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COROLLARY 1.5. Let 0 = 7/64, q = p”, where p is a fized prime and
v >3. Let k > 0 be an even integer. For all € > 0,

wn  M0,0) = Y L1/2. )

feH;(q)
k—1-20

= R(Iog Q) + Oe,k,p (qE (q_ 8-80 q_1/4))a

where R is a polynomial of degree 6 with leading coefficient

13) (P P

q p? —1 6072

The paper is organized as follows. In Section [2] we recall some defini-
tions and fundamental results. Section [3| provides an explicit formula for the
diagonal, off-diagonal and off-off-diagonal main terms. The asymptotics of
the diagonal and off-diagonal terms is derived in Section [ Sections 5| and [f]
are devoted to proving the asymptotic formula for the off-off-diagonal term.
Corollary [I.5 is proved as a limit case at the end of Sections [ and [6]

2. Background information. The purpose of this section is to recall
some results on automorphic forms and related objects.

2.1. Automorphic L-functions. A holomorphic function f on the
Poincaré upper half-plane H = {z € C : Sz > 0} is called a cusp form of
weight k& and level q if

(2.1) f(yz) = (ez + ) f(2)
for all v in
I'v(q) = {(j Z) € SL(2,Z) : ¢=0 (mod q)},
and
(2.2) (S2)*2|f(2)| is bounded on H.

Let Sk(q) be the space of cusp forms of weight & > 2 and level ¢. It is
equipped with the Petersson inner product

(2.3) (f.9)g= | f(2)9(x)y

Fo(q)

where Fy(g) is a fundamental domain of the action of I(q) on H. Any
f € Sk(q) has a Fourier expansion at infinity

(2.4) 1z) = ag(mye(nz).

n>1

e dx dy
y?
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According to Atkin—Lehner theory [AL], the space Si(¢q) can be decomposed
into two subspaces

(2.5) Sk(a) = i (q) ® SP(a)-

The space of old forms contains cusp forms of level ¢ coming from lower
levels:

(2.6) SP(q) = span{f(l2) : ' |4, ¢ < g, f(2) € Sk(d)},
and the space of new forms is the orthogonal complement to SOld( ).

We let Hi(q) denote an orthogonal basis of the space of cusp forms
Sk(q), and Hj(¢q) an orthogonal basis of S}°¥(q). Elements of H}(q) with
normalized Fourier coefficients

(2.7) Ap(n) := ag(n)yn~F=1/2
(2.8) Ar(1):=1
are called primitive forms. Accordingly,
(2.9) Af(n) € R,
nin
(2.10) Af(n1)Ag(n2) Z )\f( ! 2>.
d|(n1,n2)
(d,q)=1

Let Rs > 1. Then for f € H}/(q) we define the automorphic L-function as
(211) L(s, f) = 3" Ag(min
n>1
The completed L-function
B k—1
i ann= () (o5 e
T

can be analytically continued onto the whole complex plane and satisfies the
functional equation

(2.13) A(s, f) = e A1 — s, f),
where s € C and ¢y = £1. We define the harmonic average over the set of
primitive newforms by

h _ I'k—1)
(2.14) f%}(q) A(f) - f%@ @iy, o A0

2.2. Kloosterman sums. Consider the sum

(2.15) S(m,n,¢) = Y e<md+"d>,

C
d (mod c)
(e,d)=1

where dd = 1 (mod ¢) and e(z) = exp(2miz).



126 O. Balkanova

The value of S(m,n,c) is always a real number because

(2.16) S(m,n,c) = S(m,n,c).
Further,

(2.17) S(m,n,c) = S(n,m,c),

(2.18) S(ma,n,c) = S(m,na,c) if (a,c)=1.

Another important property is the twisted multiplicity [Iw, formula (4.12)].
Suppose (c1,c2) =1, ca¢a =1 (mod ¢1), ¢1¢1 = 1 (mod c2). Then

(2.19) S(m,n,cica) = S(mea, nez, ¢1)S(mer, neg, cz).
LEMMA 2.1 (Weil’s bound, [We]). One has
(2.20) 1S(m,n,c)| < (m,n,c) 2?1 (c).

LEMMA 2.2 (Royer, [Ro, Lemma A.12]). Let m,n,c be three strictly pos-
itive integers and p be a prime number. Suppose p*|c, p|m and ptn. Then
S(m,n,c) =0.

2.3. Large sieve inequality

THEOREM 2.3 (Deshouillers, Iwaniec, [DI, Theorem 9]). Let r and s be
positive coprime integers, C, M, N be positive real numbers and g be a
real-valued function of class C® (first and second derivatives are continuous

in each variable) with support in [M,2M] x [N,2N] x [C,2C|] such that
oItk+
dmionkad”

Then for any € > 0 and complex sequences a = {an}, b = {b,},

(2.22) Z Zamang(m,n,c)S(mF, +n, sc)

(2.21) ‘ (m,n,c)| < MIN"kC™t for 0<j,k,1<2.

(e,r)=1 m n
1/2 1/2 sy C\ %
< || by |2 CE<1+ )
<M<mZ§2M ) (N<nZ§2N ) MN

(57/TC 4+ VMN +/sMC)(s\/rC +VMN ++/sN C)

X .

sy/rC+VMN

Here

0 = 0,5 == /max(0,1/4 — \;)

and A\; = A1(rs) is the smallest positive eigenvalue for the Hecke congruence
subgroup Iy(rs). Currently the best known bound on )\ is due to Kim and
Sarnak [KS|]. Accordingly, we can take 6 = 7/64.
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2.4. Petersson’s trace formula. The key ingredient of our proof is
the Petersson trace formula. It allows expressing an average of Fourier co-
efficients of cusp forms in terms of Kloosterman sums weighted by J-Bessel
functions.

THEOREM 2.4 ([IK| Proposition 14.5]). For m,n > 1 we have

(2.23) Z Ap(m)As(n)

feH(q)

.— ) ) 4 \4

qle

If ¢ is a prime number and k£ < 12, the Petersson trace formula also
works for moments of L-functions associated to primitive forms because the
space of old forms is empty.

When ¢ is composite, one needs to exclude the contribution of old forms.
Iwaniec, Luo and Sarnak constructed a special basis in order to find an
analog of Petersson’s trace formula for primitive forms of square-free level.

THEOREM 2.5 ([ILS Proposition 2.8]). Let g be square-free, (m,q) = 1
and (n,q*) | q. Then

(224)  Amon) = 3 Ap(m)As(n)
feH(q)
k—1 p(L)M S 2
12 4, 0 D iy (1271

This result was extended to the case of a prime power level by Rouymi.

THEOREM 2.6 (|Rl Remark 4]). Let ¢ = p” with v > 3. Then

(2.25) Al (m,n) Z Ap(m)As(n)
FEH(q)
_ {AQ(m’n) - Af]/p(m’ n)/p Zf (Q7mn) =1,
0 otherwise.

2.5. Poisson type summation formula connected with the Eisen-
stein—Maass series. Let

(2.26) 7o(n) = [n|" 201 gy (n) = [n["712 Y
dln,d>0

If v = 1/2, then 7,(n) reduces to the divisor function 7(n). Furthermore,
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Tv(n) has the multiplicity property (see [Kl p. 74])
nm
(2.27) m(n)r(m) = ) T<d2>
d|(n,m)

LEMMA 2.7 (Ramanujan’s identity, [T}, p. 8]). Let Rs > 1+ |Rv—1/2|+
IR — 1/2|. Then

(2.28)  ¢(28) T”(nq);“(n)

n>1

= (s +v— p)Cls — v+ p)C(s+ o+ p—1)C(s —v— i+ 1),
If v=p=1/2, this reduces to

T(n)* _ ((s)*
(2.29) nZZ:l v = L)

Consider the Bessel kernels expressed in terms of J- and K-Bessel func-
tions:

(2.30) ko (2, v) = 26018 —(Joea(#) ~ Tinu(a)),
(2.31) ki(xz,v) = %sin(m;)sz,l(m).

THEOREM 2.8 ([Kl, Theorem 5.2, p. 89]). Let ¢ be a smooth, compactly
supported function on R*. Then for every v with Rv = 1/2, (¢,d) =1, c > 1
one has

(2.32) 4: 3 e(”f)n(mm(“ﬁ)

m>1
=2 (i(:;)vg%(m +1)+ 2%&(3 — 2v)
+ To(m) \ |e Mg (zv/m,v) + e UL P (xv/m,v)| d(x)z dr,
32 e Jrtovmo (52 o)

where ad =1 (mod ¢) and b is the Mellin transform of ¢.

2.6. Quadratic divisor problem. Applying formula (2.32), we gener-
alize [DFI2, Theorem 1] as follows.

THEOREM 2.9. Let a,b>1, (a,b) =1, h#0 and r1,m2 € R. Let

Df(f%b;h): Z Tl/2+ir1(m)T1/2+ir2(n)f<amvbn)
amFbn=h

with
(2.33) 'y D y) < (L4 a/X) 7 (1 +y/Y) Q.
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Assume that

(2.34) ab < QPN(X +Y)H/A(Xy)V/Ate,
Then
Dy(a,b;h) = | g(a, 2 F h) dr + O(QY*(X + Y)/4(XY)!/*+e),
0

where the implied constant depends polynomially on ri, ro. Here g(x,y) =
f(x,y)Agpn(x,y) with

(2.35)
b 2i€111 b 2i€ar2
Aapn(,y) E S(0, h,w) g (a,’w)(a’f‘”) (‘,w) .

a1+1617‘1 bl+zegr2 w?—l—?zelrl +2iearo
€1,e2==%1

X C(l + 2i617“1)€(1 + 2i62r2)xi€1r1yi627"2_

3. The fourth moment: preliminary steps

3.1. Approximate functional equation. Let P.(s) be an even poly-
nomial vanishing at all poles of I'(s + ir + k/2)I'(s —ir + k/2) in the range
Rs > —L for some large constant L > 0. For ¢, € R we define

i S P.(s)
271 @ P.(t)

(3.1)  Wir(y) =

(1+ 2s)

" I'(s+ir+k/2)I'(s—ir+k/2) _, 2sds
T(t+ir+k/2)T(t—ir +k/2)7 s2—¢2
LEMMA 3.1. Suppose y > 0 and |t| < 1/2. For any C > |t|,
(3.2) Wir(y) = OC,t,r(y_C) as y — 00,

B L (=t +ir+k/2)T(—t —ir + k/2)
(3:3) Werly) = G = 208 — G S T =i + £/2)

+ G(1+ 2t)y*t + Oc,m(yc) asy — 0.

The implied constants depend polynomially on 7.

Proof. Asymptotic expansion for the ratio of gamma functions gives

I'C+ir+k/2)0(C —ir+k/2)
I'(t+ir+k/2)I'(t —ir+k/2)

First, without crossing any poles, we can shift the integration contour to

Rs = C with C > |t|. This implies (3.2). Second, we move the contour to
Rs = —C, meeting two simple poles at s = +¢. Therefore, as y — 0, we

get (3.3). m

= [rPC70 1+ O(/Ir]).
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LEMMA 3.2. Fort,r € R with |t| < 1/2 we have

(3.4) ILA/2+t+ir, )P =4 myopi(n) \(f)WJ(;).

n>1

Proof. Consider

1 P,
I .= — S A(1/2 4+ s+iar, f)A(L/2 4+ s —ir, f) () ds.
2mi @) s—t

Moving the integration contour to s = —3, we pick up a simple pole at
s = t. The functional equation ([2.13)) implies that

Iy + €31y = Resy— <4(1/2 +s+ir, f)A(L/2+ s —ir, f)]j—(8)>

t
=P.(t)A(1/2 +t +ir, )A(L/2+t —ir, f).
Observe that for s > 1/2, the property (2.10]) yields
. Ae(n
/24 s+ in )P = G0 +29) Y2 D 7o)
n>1

Finally,

/24t +in D =02 S () })

n>1

[(s+ir +k/2)I(s — ir + k/2) <n) S 2sds

Go1+29) I(t+ir+k/2)[(t—ir+k/2) s2 — 2

COROLLARY 3.3. The fourth moment can be written as follows:

(3.5)  My(t,r) =g 22 Z 1 f24iry (M) T1/24irs (1)

m,n>1

1 n *
<o () o () im0

3.2. Applying the Petersson trace formula. Here we apply Theo-
rem for v > 3. The case v = 2 can be treated similarly, but does not
seem to be of particular interest since the final goal is ¥ = co. Let

(3.6) T(c):=c Z Tl/2+ir1(n\}3%2+ir2(n)

m,n>1
(g;mn)=1

n 4m/mn
X th,r1<q )Wt277‘2 (q >S(m,n, C)Jk_1< - >
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By using the trace formula ([2.25)), the fourth moment (3.5)) can be written
as a sum of diagonal and nondiagonal parts.

ProprosITION 3.4. The following decomposition holds:
(3.7) My(t,r) = MP + MNP + MYP,
where

(3.8) MP = @@—%1—%2

q
T1j24ir (M) T1 /24, (1) n n
% Z [2+ir [2+irs Wi (22 ) Wiz (=5 ).
n>1 n q q
(g,n)=1
kA — 1
(3.9) MNP =opi~kg Qtzng(c),
qle
2mi—k 1
3.10) MNP = T G722 N (e,
( ) 2 D q ;02 (C)
-|c
P

REMARK 3.5. For any € > 0 we have MP <, (¢(q)/q)¢°. The asymp-
totics of this term will be evaluated in Section [4.2]

3.3. Smooth partition of unity and restriction of summations.
Assume that Fx(x) is a compactly supported function in [X/2,3X] such
that for any integer j > 0,

(3.11) 2 FP () < 1.

We make a smooth dyadic partition of unity (see [RRlL Appendix A] for
details). Accordingly,

1 m n
——Wiin <A2> Wi ra (Ag) = Z FM,N(ma n),
vimn q q M,N>1

where the sums over M, N are over powers of 2 and

(3'12) FM,N(mv n) = fM,tl,Tl (m)fN,tz,Tz (n)7
(3.13) P () = \}EWW <;;> Fx ().

The term (3.6) can be written as
(3.14) T(c)= Y Tun(o),

M,N>1
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where

(3.15)  Tun(c)=c Z 124 (M) T1 j24irs (1)

(q,mr’gzl 4 /
x S(m,n,c)Fyn(m,n)Jg—1 <7rcmn> .

LEMMA 3.6. For any o > |t],

O 1 [z\ % . .
(316) ml awl inJ»(fL‘) <<a’t7r 7X <q,\2> ZfX >> q1+ 3
U 1 2\ M _
(317) .’L'l@fx7t7r<$) <tr \/7? <Lj2> ZfX < q1+6.

Proof. If X > ¢'*¢ we use (3.2) to get

;0 x r\ “
(9 thr<q > <<a,t,r <qA2> .

If X < ¢'*€ we use (3.3)) to get

o' I~ —[t]
i) ()"
Finally, estimate (3.11]) and Leibniz’s rule yield the result. =
PROPOSITION 3.7. For any € >0, any A >0 andl=0,1,

1 .
(3.18) Yo D aTun() €car gt

max(M,N)>qlte L |c
P

Proof. Since max(M, N) > ¢' ¢, there are three cases to consider:

o M> ¢! N <qit
o M <t N> q't
o M > q1+6’ N > q1+e'

We prove only the first case:

S Y@= Y Y i Mz (0)

M>>q1+e i[lc M>> 1+e c,m,n

N<&qlte P N<gtte (@ m”‘i 1
l

S(m,n,c 4m/mn
X (C)FM,N(ma n)Jg-1 (C)
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The sum over ¢ can be decomposed into two cases:

ZS(m,n,c) Jk_1<47r\£m>: S S(m,cn,c) Jk_1<4mérm>

:T'C ¢ c<y/mn
e
S(m,n,c 4m\/mn
sy ey, (A
C
cy/mn

By (A.4) and (2.20) for any 6 > 0 we have
3 S(m,cn, ¢) T <47T\C/mn> < (mn)?/H+.

a
Pl ‘C

We apply Lemma [3.6| with i = j = 0:

1 vars( 4\ 4 2]
Z ?TM’N(C) <<O¢17'p (MN) <M> <N> .

q
pt e

Taking «; sufficiently large, we find that for any € > 0, any A > 0 and

l = 07 17
1 —
Z Z 072TM7N(C) L A q A o

M>q'te Zle
N<<q1+e P

COROLLARY 3.8. The range of summation in (3.14) can be restricted to
M,N < q¢'*e.

Finally, we restrict the range of summation over c¢ via a large sieve in-
equality.

LEMMA 3.9. Let | = 0,1. Assume that M,N < q¢'t¢. For any C >
vVMN we have

1 G2 [t1] ¢ [tz] VMN\ k120
(319) Z gTM,N(C) <<e,7' <M> N qE T .
c>C
5l
1 1-10  9-80
REMARK 3.10. If we take C' = min(qz—20 M'/2Ns-s0_¢5=80), the error

k—1—-260

term is bounded by ¢~ -8 . See the proof of Lemma for the explana-
tion of this choice.

Proof of Lemma We are going to apply Theorem In order to
do so, we make a dyadic partition of the interval [C,00) and assume that
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€ [C,2C]. By definition

1
Z 2 Z Zﬁ/ﬂm M)T1 /24irs (T )1S(m,n,c)

q
4 c
rle (q,nm) 190 7|

4/
XJk_l( il cmn>FM7N(m,n)

l

p
= — Z 7—1/2+ir1(m)7—1/2+ir2(n)

q n,m
(g;nm)=1

1
X Z aS(m,n,clq/pl)
Cc1

FM’N(m, n)

(47n/mnpl>
Jpr| ———
14
Here m € [M/2,3M], n € [N/2,3N] and ¢; € [C1,2C1] with C; := Cp'/q.

Let
2N\ —lti] s 22N\ —lte| MN —k+1
_ (9 4 vy
X = <M) <N> Wmcl(VC > .

As a test function we choose

47r\/mnpl>

X
glm,n,c1) == FM,N(m,n)Jk1<
C1 c14q

It satisfies condition (2.21)), and Theorem can be applied with r = 1 and
s = q/p'. Hence

~2 ‘tll ~2 ‘tQ‘ N k—1-—260
q q VM
> L er | o7 ~ |\ —— :
2T (e) < (M) <N> q( C > -

I‘C
CZC

3.4. Removing the coprimality condition. In order to apply Theo-
rem we have to exclude the coprimality condition in T/ v (c). This can
be done using the criterion of vanishing of classical Kloosterman sums given
by Lemma Let

(3.20) F(mun, ) = Fapn(myn) Jot <4”\£m>.

ProroSITION 3.11. Let m,n,c be three strictly positive integers and p
be a prime number. Suppose p*|c. Then
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Z T1/2+ir (m)7'1/2+z‘r2 (n)S(m,n,c)f(m,n,c)

(g;mn)=1

- Z T1/2+Z1“1 T1/2+l7”2( )S(m,n,c)f(m,n,c)

m,n>1

- Tl/2+’ir2 Z 7'1/2+m 7'1/2+m~2( n)S(m,np, c) f(m,np, c)
m,n>1

+ Z Tl/2+zr1 T1/2+7/f‘2( )S(mvnp2vc)f(manp27c)-

m,n>1

Proof. Recall that ¢ = p”. Therefore,

DR DR SEDIED DD DD O

(g;mn)=1  ptmn mn  plmn mmn  pn  p|m,pin
We have
Z 7—1/2+zr1 TI/Q—I—WQ( )S(mana C)f(m7n7 C) =0
plm,pin

since the Kloosterman sum vanishes by Lemma [2.2] Further,

Z T1/2+27'1 T1/2+17'2( )S(m7 n, C)f(m7 n, C)

pln

— Z 7-1/2—1—7,7‘1 Tl/2+zr2 (np)S(m, np, C)f(ma np, C)'
The identity (2.27]) implies that

n .
T1/2+irs (P)7'1/2+z‘r2 (n) — T1/24iro <p> if (p,n) = p,
T1/2+irs (P)T1/2+ir2 (n) if (p,n) = 1.
This yields the result. =

T1 /2415 (np) =

3.5. Applying the Poisson-type summation formula. By Propo-
sition the term (3.15)) can be decomposed as

(321) TMJV(C) = TS(Cv 0) — T1/2+iry (p)TS(C, 1) + TS(Ca 2)7

where

(322) TS(C7 B) =cC Z T1/2+i7'1 (m)T1/2+i7"2 (n)S(ma an7 c)f(m, an7 C)
m,n>1

with B =0,1,2 and f(m,n,c) defined by (3.20).
PROPOSITION 3.12. One has
(3.23) TS(¢,B) = TS*(c, B) + TS™(c, B) + TS (c, B),
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where

(3.24)  TS*(¢,B) = Tijatin,(n)S(0,np%, 0)[G}, (np®) + G*,., (np")],
n>1

(3.25) TSIF (¢, B) Z 71/2+m Tl/2+zr2( n)
m,n>1

x S(0,np? T m,c)Gl (m,np®).
The functions G¥, G-, G are defined as follows:

(326)  Giy)=LEZD (g <4”f >FMN<x Yo de,

2ir
C
0

A1z
c

(3.27) G, (z,y) =27\ k ,1/2+0r
Y (S) 0( )

4. /x
XJk—l( c y>FM,N(x7y)dx7

(3.28) G (zy) = 27rogo/<1 (47“6/@7 1/2 + ir)

0

4. /x
X Jp—1 ( . y>FM,N(=737 y) dx.

Proof. The function f is smooth, compactly supported, and thus satisfies
all condltlons of Theorern. Applying the summation formula with ¢(z) :=

f( 162 z2, npB ) we obtain

> e(nzd)ﬁ/%m (m) f(m,np",c)

m>1
14 2iry) T 1—2iry) T i
= C(CHQWII) (S) f(x,np®, )z dx + C(Cl—zml) (S) f(z,np?, )z da
2 </ —md 4 . B
+ " Z 1 /24ir, (M) S el —— ko — vam, 1/24iry | f(z,np”,c)dz
m>1 0
T md 4m ‘ B
Z 1 joir, (M S k1 ?\/:Um, 1/2 +iry | f(z,np”, c) dz.
m>1

Plugging this into (3.22)) yields the assertion. =

The next lemma shows that the T'S*(¢) term contributes to the fourth
moment as an error.
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LEMMA 3.13. Letl=0,1. Then
(3.29) SN TS, B) < g

Fle M,N<q'te

Proof. We use Lemma to estimate Fys n(m,n). The J-Bessel func-
tion can be trivially bounded by 1. Then

~2 N\ t1l 7 s2\ lt2] M 1/2
e (£)" (8 (2)"

Since S(0,np?, c) < (np?, c), we have

[t1] [t2
% 1/2 ¢ q
TS5*(¢,B) < (MN) (M) <N> .
Therefore,

Z Z ¢ 2TS*(¢, B) e q 1. u

rle M,N<g'*e

The last two summands require a more detailed treatment. We rewrite
the sums T'S¥ in the form that is more convenient for later computations:

TS (¢, B) =D > Tijin (M)T1/24im, (1) S(0,np” = m, )Gy, (m, np®)
m>1n>1
)Y T1jain (0pP) T2, () Gy (np® mp®) + > 8(0, 1, 0)T), (¢, B)
n>1 h#0
and
TS+ C B Z ZTI/Q—Hn 7_1/2+27‘2( )S(O7an +m’C)G: (maan)
m>1n>1
=" 8(0,h, )T} (c, B),
h#0
where
(3.30) T;F(Q B) = Z T1/24ir, (m)71/2+ir2 (n)Gi (m,an).
mFnpB=h

At this point, the nondiagonal term splits into the off-diagonal (correspond-
ing to h = 0) and off-off-diagonal (h # 0) parts.

THEOREM 3.14. One has
(3.31) MOP = MOP(0) — 71 j9 44, (p) MOP (1) + MOP(2),
(3.32) MOOP — pO0D () — 7, Jovirs (p)MOOP (1) + MOOP(2).
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For B=0,1,2,
MOD( mi < Z Z T1/24ir (an)T1/2+ir2 (n)G;l (NPB, NPB)
c<<C MNEg
XD T e 7)1 ()G (1, an>) ,
622 M.N&qgl+e

MOOP(B) = 2mk<z CiQ > > 8(0,h,¢)(T}, (¢, B) + Ty (c, B))

qlc M,N<qlte h#0
cC

—72 > > 80,k 0)(T (cB)+T+(cB)))
! \c M,N<q'+e h#0
c<<C'

Here T (¢, B) is given by (3:30) and G (z,y) by (3:27) and (3.28).

4. Asymptotic evaluation of diagonal and off-diagonal terms.
The main result of this section is an asymptotic formula for the diagonal
and off-diagonal terms.

THEOREM 4.1. Up to a negligible error term, we have

(41) MD 4 MOD — ¢(q) Z df2t172t2+261t1+2€2t2 F(Eltl + 7;7’1 + k/2)
q a1 I'(ty +ir1 + k/2)
I'(eity —iry + k/2) I'(eate + irg + k/2) I (eato — irg + k/2)
Ity —ir +k/2)  I(ta+iry + k/2)D(ts —irg + k/2)
H63,64=:|:1 Cq(l + €1t1 + €ato + iesry + ieqra)
Cq(Z + 2e1t1 + 2€2t2) )
4.1. Extension of summations. First, we reintroduce the summation

over ¢ > C and max(M, N) > ¢' ¢ for the off-diagonal term at the cost of
an admissible error.

X Cq(l + 261751)@1(1 + 262t2)

PRroPoOSITION 4.2. For any € > 0,

(4.2) Z ¢C(2C) Z Z T1/2+4ir (an)Tl/Q—l—irz (n)G,, (np”, np")

fl"" max(M,N)<qlte n
c>C Cen qe_%.
Proof. Let
[0 ife>C,
nele) = {1 if c < C.
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Consider
T .— o(c) B G- B B
1= 272 Z Zﬁ/2+m(np )T1/24ir, (R) G, (np”, np”)
pil|c max(M,N)kglte n
c>C

o0

- Z Z 1o pir (WPP)T1 2 iny () S ko (477\/W’ 1/2 + iry)
0

max(M,N)kqlte n

x 27 J_1 (47\/ anpP) Z(l —nc(e))ole) Farn(zc?, np®) de.

q
pl ‘C

We use Lemma to bound Fys n(xc?, np?), formula (A.4) to bound the
Bessel function Jj_1 (47r\/ xnpB ) , and a trivial estimate for the Bessel kernel,

ko (4m/anpB,1/2 +ir) < 1.

Then
2M/C?
1 M k-1
T <er q° g JMN S (Vz )kil— dr <ep g3 %0, m
M,N<qlte MN n~N 0 qx

ProOPOSITION 4.3. For any e >0, any A >0 andl =0,1,

9(c) _
(4-3) E 2 E E T1/2+ir1 (an)Tl/2+ir2 (n)Grl (an7 TLPB)
fl\c max(M,N)>qlte n

<<6,A,7' in'

Proof. This can be proved analogously to Proposition "

Now it is possible to combine all functions F)j; into F and replace
ZM,N Fy,n by

(44)  Flay) = jfyw (;>W (;)F<x>F<y>,

where F'(x) is a smooth function, compactly supported in [1/2, c0) such that
F(z)=1forz > 1.

PROPOSITION 4.4. Up to an error term of Or,e(q“k/Q), the product
F(z)F(y) can be replaced by 1 in (4.4).
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Proof. Consider

1
47/ znpPB ,
qu ZTl/2+zr1 np Tl/2+zr2( )Sk0<\/67,1/2+1r1>
q\c

A~/ xnpB 1 npB
e () i (5 )W (M )1 - Pl
p

22
c xn q

We estimate the kernel ko(4m+/xnpB/c,1/2 + irq) trivially by 1 and apply
the following bound for the J-Bessel function:

47/ xnp?B van\* !
Jpoi| —m—— | < | — .
c c
If n < g, the function W4, ,, can be estimated using . Otherwise we
apply . This gives Ty <, ¢¢ %/, u

4.2. Asymptotics of diagonal and off-diagonal terms. The off-
diagonal term can be written as

T1 j9air (NPP)T1 19 (M0 B
MOD(B) q—2t1 QtQZ 1/2+m( Z:Lpé 1/2+zr2( )Wtz,m(ngg >Z(an)
n

for B=0,1,2 with

oo

=27~ S (2,1/2 4 ir1) Jk—1(2)

qﬁ 22 o(c) 22c?
<Z () 5 5 o (o))

qle

Note that we made the change of variables x = % in the integral. Ap-

plying (3.1]), we have

Z(u) = 2mi % | ko(z,1/2 + ir1) Jp_1(2)
0
1 I'(s+ir +k/2)[ (s —ir1 +k/2)
X27TZ(§) (S)F(t1+irl+k/2)F(t1*Z"I“lJrk/Q)

2 ) 2sd
X Cq(1+ 25) <(4ﬂ_;2q2u) {Z c+zs o Z Clic2)s:| 328_ j% dz.

Q|C
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The term in the brackets can be simpliﬁed to

o) 1—p* 1 (y(29)
Z c1+25 D Z c1+25 -

VRS 1— =25 (,(2s+ 1)

Lemma [A.3] implies that
T , I'(2s)
ko(z,1/2 _1(z)z7Fdz =
(S] O(Z, / +7/T1)<]k 1( ) 225+1 COS( (1/2+ZT1))
" I'(iry + k/2 — s)
I'(=iri +k/2+s)(ir1 +k/2+s)[(iry —k/2+ s+ 1)
B I'(—ir1 +k/2 — s)
T(—iri + k/2+ s)T(ir1 + k/2 + $)T (—ir, —k/2+s+1) )
By duplication and reflection formulas,

T kI (s) (s +1/2
S ko(z,1/2 4+ irl)Jk,l(z)z_Qs dz = —* 5 (5)2 (,8 + . /2)
5 2273/2 sin(riry)

I'(iry +k/2—s)(—iry +k/2—5) . ) . )
Tlin £ /2T s)T(ir 7 kja 1 s) Sn7 (=8 =) —sinm(=s +iry)]
Observe that

[A/2=s)I(1/2 4 ) [sin(m(—s —ir1)) —sin(r(=s +ir1))] = ~1.
27 sin(miry)

Consequently,

_ Plg) 1 I'(—s+ir +k/2)[(—s —ir; + k/2)
Z(u) = g 2mi (é)P (5) Ity +iry + k/2)T(t, — iry + k/2)

S
u 2sds
Shifting the integration contour to Rs = —3, we cross poles at s = +t;
Hence

. @ F(Gltl +r; + k‘/Q)F(Eltl —ry + ]{3/2)
Z(u) N 61:21 F(tl 4+ + k‘/Q)F(tl —iry + ]43/2)

" —e1ty
X Cq(l + 261t1) <Cj2>

I'(s+ir1+k/2)[ (s —iry + k/2) 2sds
P ) i k2 T it ky2) a1+ )< > oy
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Substitution of Z(np?) into MOP(B) gives

B B
oDy (@) . _or ot ) T1j24irs (NP7 )1 /24, (1) np
M (B) = q q ! 2 an WtQ,TQ ~

B . .
np I'(eity +irm + k/2)(e1th — ir1 + k/2)
R A (i
8 < " 1( ) > Ity +iry + k/2)T(t1 —iry + k/2)

B\ —€it1
n
X Cq(l —|—261t1) (;) )

n

e1==+1

The multiplicity property (2.27) implies that

Z T1/2+ir,(R) f(n) = Z T1/2+ir, () f (1)

n>1 n>1
(n,p)=1

— T1/24irs (D) Z T1jotirs () f () + Z T1/2+iry (n)f(np?).

n>1 n>1
Thus,

irp TV irg \TV
(4.5) MP 4+ MOP = qb;q)q—%—%g Z T1/2+4ir ( )nﬁ/u 5 )th <;2>
(nvp)zl

Z I'(erty +ir + k/2)(e1ty — iry + k/2) ( n >—e1t1>
. ] ; 1+ 26t 5 .
<61:j:1 I'(ty +ir + k/2)I(t; —ir + k/2) “lt eity) G

Ramanujan’s identity (2.28]) yields

Z T124ir (M) T1 24, (1) _ [ eimn1 Ca(1+ €1ty + s +iezry + iears)
nltetits Cq(2 + 2€e1ty + 2s) '

(n,p)z 1
Therefore,

MP 4 AOD — ¢(q) 3 ety +iry + k/2)(erty —iry + k/2)
q F(t1+irl+k/2)F(t1—iT’1+k/2)

e1==*1

1 P,
x g2h—2ean _—_ | r(s) G*°Cq(1+ 25) (g (1 + 2€1ty)
2mi o2 Pr(t2)

I'(s+ire+k/2)I'(s —ire + k/2)
I(to +ire + k/2)(ty —irg + k/2)

Hes,e4=i1 Cq(1 + ety + s+ iesr + iears) 2sds
Co(2 4 2e1t1 + 25) s2 — 12’

After shifting the integration contour to s = —1/2, the resulting integral
is bounded by ¢¢~!/2 plus the contribution of the simple poles at s = =+to.
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Up to an error term,

MP 4 AOD — #(q) Y grhrerzatat ety +ir1 + k/2)
q et F(t1+ir1+k/2)
I'(erty —ir1 + k/2) I'(eata + irg + k/2)(eata — ira + k/2)
I(ty —ir1 +k/2)  I'(ta+irg +k/2) (t2 —irg + k/2)
H€37E4:i1 Cq(l + €1t + €ato + iegry + i€qT2)
Cq(2 4 2e1t1 + 2e9ta) '
By letting the shifts tend to zero in , we find

(4.6) MP + MOP = <¢(‘1))2 3 T(n) Woo<q >log<q2>

e (n,p)=1

X Cq(l + 261751)((1(1 + 262t2)

The equality (2.29)) gives

L (@) | Prls) I(k/2+5)? 2oL+ )"
MD MOD - 1 2 2s 5q
i 2m< ¢ ) ) B rapp TR e
!
X [long +4%(1 +s) — 2<q(2 +2s )] 2ds
Cq Cq s
If we shift the integration contour to 8s = —1/2, the resulting integral

is bounded by ¢~/2 plus the contribution of the multiple poles at s = 0.

Calculation of the residue

SO G

shows that the main term is

<¢(q) > " P (logq)®

q p?2—1 6072

5. Off-off-diagonal term: double integral representation. In this
section, we will show that the off-off-diagonal main term can be written as
a double integral.

THEOREM 5.1. Up to a negligible error, we have

(5 1) MOOD — ¢(q) Cq(l —+ 2i61r1)CQ(1 -+ 2i62r2> ~—2t1 —2to
q S Cq(2 + 2i617”1 + 2i€27“2)
1 2sds 2tdt
~—21 +2¢
X § €171 zEzrzW S S Iel’ez(s,t) t2 t2 t2,

Rt=Fk/2+0.7 Rs=k/2—0.4



144 O. Balkanova

where
P.(s)P(t)
2 I o, (s,t) = —————F—
(5 ) 1, 2(8 ) Pr(t]_)Pr(tQ)
X Cq(1+t—s+ierri+iears)(o(1—t+s+ierr; +ieara)(y(1—t—s+ierr +iears)
F(k‘/Q—I—S—i—iElTl)F(k‘/Q +t+ iﬁQTg) F(k/2—8+i61T1)F(k/2 —t+ iGQTQ)
F(k‘/Q + 1t + i?”l)F(k?/Q—l—tl —i?"l) F(k‘/Q + i+ iTQ)F(k‘/Q +to — ’i?“g) '

€q(1 +t+s+ie1r] + i€27‘2)

5.1. Estimation of G}\. The expression
T}:Lt (Cv B) = Z T1/24ir (m)Tl/Q—l—irg (n)G;tl (m7 an)
m4npB=h

can be evaluated using Theorem To this end, we show that the functions

G-, defined by (3.27) and (3.28), satisfy condition (2.33).
Let Q:=1++vVMN/c, Z := Q*>c*/M and Y := N.
LEMMA 5.2. For all positive ni and ns,
oo 2\ ™ y\ " M2
. 14+ — 1+ =
53 A< (115) (1+2) i
/ k—1
% < MN) Qi+i—h+1/2,
c

Proof. Consider

G (zy) _27r§ (4”‘@ 1/2+m)Jk1(4”\!@)FM,N(x,y) do

0

_ OSO[ <47n/xz> g (47n/xz)]
— 217rq —2iry
sin(7iry) 5 c

4. /Ty
XJkl( . )FM,N(fE,y)dﬂl

Suppose that z > Z. Let u := 4m\/xz/c. Then

02

G (2y) = — u[Jairy (w) = J2ir, ()]

2,2
Y cu
X Jp_1|uy/= ) F —,y | du.
k 1( \/;> M,N<167T22 y)
It is sufficient to estimate

2 o0 m 202
G =_—— Josur Ji— = |F ,y | du.
1(z:9) 87z sin(miry ) (S)u 2ir, (1) Ji 1(u\/;) MN<16 2z y) "

OL’—:8

8mz sin(mwiry)
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Note that Fiys,n(z,y) is compactly supported on [M/2,3M] x [N/2,3N]. Let
fu) = gi(u)ga(w)u™"

2,2
g1(u) == Jp1 (U\/E> and = ga(u) := FM’N<1CG u2 ,y)

The recurrence relation (A.1]) implies that

o0
62

with

Gi(zy) = — w T g, () f (u) du.

8mz sin(miry ) (S) (

Integration by parts gives

2 (o]
C .
Gi(z,y) = —————— | ' 2T i, (0) f (u) du
0

8z sin(mwiry )

2

c 1

!
Rarls! Jot2ir, (1) (f'(u)) du.
U

SR

8z sin(mwiry)

Repeating the procedure n times, we obtain

o0

2
Gilzyy) = (1) {2 g () B () du

8mz sin(miry) 5

2
Jn 211"( )
— (¢ Int2ir \W) on—1) 4

( ) 87TZSi1’1(7TZ"I"1) S un—1-2ir ( ) U,

u~vVMz/c

where

ho(u) = f(u),  hi(u) = f'(u),
hin(u) = (u “1h,_ 1(u)) forn >2.

By induction, for n > 1,

u? i (u) = i, n) fO (u)u!
=0
with

f(z ’LL < Z él) (u)ul)u2ir1

JHl+m=i

< Z (Z Jj— m)(u)uifjfm).

J+m<i
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Faa di Bruno’s formula and the estimate (A.4]) give

550 () - () )

< D A u Y
(1+uy/y/2)k=1/2

Applying Faa di Bruno’s formula to the second function, we obtain

ui_j_m (Z_J_m)(u) . ui_j_m al—J_m F 2 2
92 - Jui—i—m 167227

B Z (i—jg—m)!
m1!m2!(2!)m2

(m1,m2)
mi+2mo=i—j—m

XF( 1+ma) 2y y 2¢2 " m 2¢2 mQ.
M,N 16722’ 16722 16722

2

+
ui_j_mg(i—j—m)(u) < Z c u2 m1+ma
2 16722

(m1,m2)
mi1+2mo=i—j—m

2
(m1+m2) cu
X Fyrn

Lemma implies

2

16 2 ) y
And for the J-Bessel function we use the trivial bound Jy,yoi, (u) < 1.

Hence B o ke
Gi(z,y) < <\/Ci4i> N2 < v > Q+1/2
z C

for every integer n > 0. The same bound is valid for G|, (z,y). So, if z > Z,
the value of G (z,y) is small.

Suppose z < Z. One can estimate G (z,y) directly (without integration
by parts):

) < (MN)~V2,

G, (2y) <

M2 (VMN\F —k+1/2
N1/2 c @ '
Since y € [N/2,3N], we can add a factor of (1 +y/Y )™ "2

Combining the two estimates for G|, (z,y) into one, we find that for all
positive ny and ns,

- 2\ y\ " MY?(VMN o —k+1/2
Grl (Z,y) <K <1 + Z) (1 + Y) N1/2 (C> Q .

Analogously, using relation and the bound ) for the K-Bessel
function, we may estimate G, (z y) Finally, dlfferentlatlng GT1 (z,y) J times
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in z and ¢ times in y, we find

o ol Y
Ay achen < (145) (14 Y)
A k—
Mll//j ( MN) Q]+z k+1/2
N c

for all positive n; and no. An extra factor of Q17 is obtained by differen-
tiating the Bessel functions under the integral. Indeed, by Faa di Bruno’s

formula

8
g2 i (av/z) = 2 <m1 m)
Z ey

a]
J 1/2—n
oo T ()

m;) such that

where « := 47+/z/c and the sum is over all j-tuples (mq, ...,
1-my+2-mg+---+j-m; =j Formula (A.9)) gives

b
0 1
5 =% Z ( > J2iry —b+21(2)-

When z > Z, the maximum of zja%ngm (/) is attained when m;p + -
m; = j. Therefore,

6
8 JJQZTl(af) << O‘\/> ZJ2W1 j+2t af)

This gives an extra factor of (v Mz/c)? and
n—j 4M1/2 MN k—1
Griley) < () @A (Y)Y g
1 M=z N1/2 c

for every integer n > 0.
In a similar manner

;Z [Je—1(avy)Fun(z,y)] < azoy (o1 (ay/y) Dy = Fyy n (2, )

gives an extra factor of Q'. m
5.2. Applying Theorem According to formula ([3.32)), the off-off-

diagonal term is equal to
(54)  MOOP = MOOP(0) — 715440, () MOOP (1) + MOOP(2),
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where for B =0,1, 2,

MOOD(B) 2t1+2t2( Z Z ZS (0, h,c) (c, B) —i—T*(C B))

M,N<qlte ¢lc h#0
C<<C

—21? Z Z ZS’Ohc cB)+T+(cB))>

M,N<q'te dle h#0
C<<C

Since k is even, i % = i*.

k—1—-260

LEMMA 5.3. Up to an error of Oy . (qE (qi 880 | q*1/4)), we have

(55) Ty (c,B) =% | GpupnynoGH (b £ pPy, pPy) A(h £ pPy, pPy) dy
0
with
(pB’ w)1+2i627‘2
(5:6)  A(h+p"y,p"y) 250’”" D, e

€1,e0==%1
X C(1+ 2ie1r1)C(1 4 2iegra)(h = pBy)ielTl yie?TQ,

Proof. We apply Theorem to the function T} (¢, B) and let @ =

h + pPy. Then
o
Ti7 (e, B) = £ | 84pm,20GT, (h £ pPy, pPy) A(h £ pPy, pPy) dy + O(ET),
0
where
o0 (pB w)1+2i627‘2
A(h £y, p7y) Z (0.hw) Y e

€1,ea==%1
X (1 + 2ie1r1)C(1 + 2ieara) (h £+ pBy)ie”'lyiEQT2
and the error term is
M1/? <\/W
N1/2
Since Z = Q*c?/M > N,

k—1
ET := > Q7k+1/2Q5/4(Z+N)1/4(ZN)1/4+6‘

C

/ k—2
ET < M1/2Nl/4( MN) Q—k+11/4.
C

Note that T}7(c) is small when |h| > Z¢° because G¥ is small when z >
Zq*. This allows us to add (1 + |h|/Z)~2 to the error term ET. Multiplying
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by S(0, h,c) and summing over h, we have

|h| —2 N1/4 SMN ) B2 B
ET; := Z S(0,h,c) (1 + = ET < ¢? i - Q- k+2+11/4
h#0

Finally, we sum over c. For k = 2,

Cc

N1/4 VN H/4
-2

D e ET1<<qEMl/ZZ[1+< ) }
c<C c<C

qle qle

N1/4 C N13/87/8
<4q <M1/2q+ qi1/4 )

The optimal value of C' can be found by making equal the first summand
and the error term in Lemma [3.9

NV C (AN
M2 q ( C ) ‘
Thus, C := min(qﬁMl/QNliw =

8=80 (580 ) and

1—26
Z Z ¢2ET) < ¢ (q 550 + ¢~ V%),
M,]\f<<q1‘~‘€ CSC

qle

If k > 4, then

C
c<C
qle

c
qle

o () ()
c<C

NV4 //MN k=2 n713/847/8
<(m () )
Therefore,

D TET < gV
M,N<qlte c<C
qle

Combining the two estimates into one, we find that for any even k,
_k—1-26 B
Z Zc_2ET1 < g (¢ 7% +q V.
]\47N<<q]-+6 CSC
qle

5.3. Extension of summations. Analogously to the off-diagonal term,
at the cost of an admissible error, we can reintroduce summation over
max(M, N) > ¢'7¢ and extend the summation over ¢ up to some large
value Chax = qQ.
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PrROPOSITION 5.4. Forl=0,1, we have

1 _ k=1
(5.7) > > 5D SOk T (e, B) Cep I,
max(M,N)<Kql+e ;Tlc h#£0
C<C§Cmax

Proof. Consider T}f(c, B) given by (j5.5). We split the sum over w in
(5.6) into two parts: w < ¢ and w > ¢. If w < g we follow [DFI3| Section 10]
to show that

1 (VAT
> 22 S0k AT (e B) <o 0 iy
Zc h#0

C<Cp§Cmax

If w > g we estimate the absolute value of T;" (¢, B) using

_2M1/2<\/m>k—1

N1/2

M
G (h£pPy,pPy) < <1+62(hip3y)> -

and S(0,w,c) < (w,c). This gives

Ly . (VMN) C
> 22 50T B) <ar = F ap
e h#0

C<e<Crnax

9

1 1—46 —86
Finally, taking C' = min(q%?@ M1/2N8789,q8789) and performing dyadic
summation over M, N, we obtain the assertion. m

PROPOSITION 5.5. For any € >0, any A >0 andl=0,1,

(5.8) > C% > > 5(0,h,)Tjf (¢, B) <ear ¢ .

4lc max(M,N)>qlte h#£0
P

Proof. The assertion follows from the rapid decay of Fiys n. See the proof
of Proposition [3.7] for details. m

Now it is possible to combine all functions Fj; into F' and replace
ZM,N Funn by

59 Flew)= =W, (j)w (;)F@)F(y),

where F'(z) is a smooth function, compactly supported in [1/2, c0) and such
that F(z) =1 for z > 1.
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LEMMA 5.6. One has

MOOP(B) = 2mi*g 2172 3" (1 + 2ierr1)¢(1 + 2ieqrs)

el,eg—ﬂ:l
1+2i627‘2
(g (PP, wv)
<Z 2 /U2+2’L€1T1+2Z€2T‘2 Z Z w1+21€17"1+2’b€27‘2 Z V(h)
q\cg h#0
cg<q®? [wic][h
1 M( p w’U 1+2’i€27‘2
]; Z 92 ,U2+21617‘1—|—2Z627‘2 Z wl+2%€11‘1+21€27"2 Z V(h) ’
g,v q|cg h#0
e el
where
- N2 B(1+ie
(27i)2 pB(1+ieara) RA—0.7 Fom0.1 1+ 2)I(k+z)
(47-‘_)k+2z*2ﬁ271€722+2ﬁ —k+1—22+2ﬂhk‘/2+z—ﬂ+i617‘1 +iearo
X . (cg)
sin(mz)
T T de T hy
% S l‘z_ﬁ+k/2Wt1;,~1 <A2)F(.%') e S yz+k/2+“2r2Wt2,r2 <A2)F(hy)
x=0 q T y=0 q
cos(mf) cos(m[3) cos(miry) dy
(Tt o g e ) 4

Proof. Lemma [5.3] yields

n > (pB, w)l+2ier: '
T, (¢, B) + T; (¢, B) Z 0,h,w) > qu”wm)
w=1 €1,e2==%1
v . .
X C(1 + 2iears) S [6h+p3y>OG;1 (h _}_pBy’pBy)(h +pBy)Z€1T1y162T2
0

+ 0pry=0Gi (h = PPy, pPy) (h = pPy) iy ] dy.

We plug in the expressions for G- and G given by (3.27) and (3.28) and
use the identity

1 Py
F(z,pPy) = Wthl <q )Wtz,r2< = )F(@‘)F(PBZ/)-
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This gives

)1+2i627‘2

B
+ Z ) Y (p”, w

€1,e9==%1
X C(l + 2i€17“1)€(1 + 2i627"2)

I 1 Py 4/ xpBy
T () (220 (25
0

1/2
o (PBay)l/

4 \/h_i_iB ‘ ' _
X [5h+p3y>0k0< TV . I gy m) (h+pPy)rarryter
4/ xz(h B . .
( ™ .%'( C—i-}? y) ’ 1/2 + iT1> (h _ pBy)151r1y1627"2:|

+ 5h—pBy>0k1

x F(x)F(pPy) dzx dy.

The off-off-diagonal term

MOOD(B) _27TZ,€A 2t1—2t2 <Z ZS 0 h C C B)+T+(C B))
qle h#O

—72 ZSOhC CB)+T+(CB))>

Le © h#0

contains two Ramanujan sums S(0, h,c) and S(0, h,w). Applying the for-
mulas

S(0,h,c) = Z w(g)er,  S(0,h,w) = Z w(v)wy,

gci=c vwi=c
cilh wi|h

we obtain

MOOP(B) = 2mifg 2122 3" (1 + 2ierr1)((1 + ieary)

61,62_:|:1
1—1—22'6 r
Z“ > . e 32 V(N
U2+21617‘1+22627‘2 w1+21617‘1+2162’r‘2
g,v |cg h#0
cg<q® [w,d]|h
1 M( p 'UJU 1+2i627‘2 V h
];Z g2 U2+21€1T1+2Z627‘2 Z w1+21617’1+21627‘2 Z () ’
gv Lleg h#0
2 [w,c]\h
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where

o0 0

1 x PPy
Vi =20 | § Gmttn () W ()

00
e ) | o
% |:5h+pBy>0k0< Iy x(cg+p y>,1/2+17’1> (h+pBy)ze1r1yzegr2
N e R -
+ 5h_pBy>0]€1< e «T(cg p y>,1/2+17’1> (h_pBy)zquyzegrg]
4/ xpB
X Jp—1 <T)F(x)F(pBy) dx dy.

In the expression V' (h) we replace negative h by their absolute value and
make the change of variables pPy/h — y in the integral. As a result,

h1/2+i61r1+i62r2 00 00 yiegrg ( T ) <hy>
V(h) =27 . W, r - W, T -
( ) pB(1+162T2) (S) (S) (xy)1/2 t1,r1 qg t2,r2 q2
. dm\/xh(1 + ) .
: [(1 +y)“ ko <W 1/2+ ”1> + Gys1(—1+y)an
dry/xh(y — 1 .
x ko <7T xcéy ) 124 m) +8yer (1 — y)an

4dm/zh(1 — 4dm\/zh
x k1 <M 1/2 + m)} Jr1 <W>F(x)F(hy) dz dy.
cg cg
Finally, we use Mellin transforms of Bessel functions (B.5)), and

(B.10), so that

pr(mEgm) S S I'(B+ir) (B —ir)
(2mi)? REZ0.7 R 0.1 IrA+2)I'k+z)

(47r)k+2272ﬁ22,87k72z

V(h) = —

<))

RL=0.7 Rz=—-0.1

x S $2_6+k/2Wt17r1 < x )F(x)dx S yz+k/2+iezrz Wiy o <hy)F(hy)

: (Cg)—k+1—2z+2ﬁhk/2+z—6+i617‘1 +iearo
sin(7z)

a2 52
=0 q & y=0 q
cos(mf3) cos(m3) cos(miry) dy
— 4 . Oyl ————— | — dzdp.
< (i Het T s+t ) 5 4

Note that we shifted the integration contour given in to R = 0.7,
which is possible due to the rapid decay of the z-integral in 3. The change
of the order of integration in V' (h) is justified by absolute convergence of all
integrals. m
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5.4. Replacing F(z)F(hy) by 1 on the interval [0,00)2. This step
allows us to simplify the integration and can be performed at the cost of a
negligible error.

5.4.1. y-integral. Consider

5100 1Y | e, (2 Py

y=0 ?
cos(mf3) cos(mf3) cos(miry) dy
X W y>1 (_1 +y),8*i€17”1 y<1(1_y)w E

LEMMA 5.7. The function F(hy) can be replaced by 1 in 1Y with an error
of Oc(q~1/?%°).

Proof. F(hy) is a smooth function, compactly supported in [1/2, c0) and
such that F'(hy) = 1 for hy > 1. Thus, we only need to estimate the integral
for 4 < 1/h. It is bounded by (1/h)*/?%% cos(n3). We are left to estimate

1 1 - I(B+ir)(8 —ir
TS ST || M

g,v,w qlcg [c,w]|h RB=0.7 Rz=—0.1
cg<q‘(7
cos(mf) il T o x dz
X = (cg) k+1-224-203 S e BJrk/Qth,rl - F(l‘) bl
sin(7z) w0 q x

To make the sums over h and w absolutely convergent, one has to move
the B-contour to the right, where %85 > 1. At the same time, integration by
parts shows that the xz-integral decays rapidly in 5:

OSOJ:z—ﬁ—i-k/Qth’rl (;) F(z) d?l'
0

B 1

(2= B+k/2)(z—-B+E/2)...(z—B+k/2+n—1)

T o x 1
=) F z—B+k/2+n—1 d zfﬁ+k/2'
" § dar (W“’ 1(@?) “”)"” TS T

Assume that 3 > 1. We have

1 1
—B+k/2 —k+1—22+28
r<g Z V2wl B HB Z 1842 (c9) :

v,w,h qlcg
cg<q“
< B2 Z (cg)F1727428 ¢ qrmBHR/2=10(~k=22+28),

qleg
cg<qQ
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By moving the S-contour to %3 = k/2 4 ¢ and the z-contour to —4&, MOOP
is dominated by ¢~ 1¢**~2%. Choosing § = 4(;372751), we obtain the result. =

LEMMA 5.8. One has

1 S Po(t) D(t+irs +k/2)0(t —iry + k/2)

27T’L. §Rt:k/2—0.2 PT(tQ) F(tQ + iTQ —|— k,‘/2)F<t2 _ Z"f’Q + k/2)

P\ T(k/24 2 — t +ieory) [ (—k/2 — 2+t + B — ierry — iears)
‘ <h> (B —ieir)
cos(mB) sin(m(k/2 4+ z — t + iegra))
X (q(142t) (cos(wﬂ) + Sn(r (8 = ierr))
cos(miry) sin(m(—k/2 — 2z +t+ 8 —iexry — iey'g))) 2t dt
* Sn(r (B — ierr1)) 2

Proof. By Lemma the y-integral is equal to

(5.11) TIY

y=0 1
( cos(mf) cos(mf3) cos(miry) >dy
X Trg)Fian S5 cos\mirt)

1+ y)ﬁ—iqu 0yt (-1+ y)ﬁ—iqn y<l (1-— y)ﬁ—iqm ?

We plug in the expression
hy 1 P(t
Wiy iy <A2> = ; S ) Cq(1+21)
q Rt=k Pr(t2)
=k/2—0.2

L L(ttira+ k/2)I(t —ira +k/2) (hy ot dt
F(t2+iT2+k/2)F(t2—iTQ—{—kZ/Q) (j2 t2—t%.

Note that we shifted Rt from 3 to k/2 — 0.2 without crossing any poles. This
step is required to ensure that all poles of I'(—k/2—z+t+ 3 —ieyr1 —i€ara)
lie to the left of the ¢t-contour. Therefore,

1 S Po(t) T(t+ire+k/2)D(t —irg + k/2)

IY = —
211 P.(to) I'(ty +ire + k/2)(ta —irg + k/2)

Rt=k/2—0.2
o\t 00
qf Z+k/2+i62’r‘2—t COS(”B) COS(']T,B)
(%) L (TP + o

cos(miry) \dy 2tdt
(L—y)pmian )y 2 —13

Ce(1+2t)

y=0

+ 5y<1
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Mellin transforms (B.1)—(B.3) and Euler’s reflection formula give

Pot) Tt +irs + k/2)0(t — irs + F/2)
Pr(tg) F(tz +1ro + k‘/Q)F(tQ —iry + k‘/2)

IYzi, S

2
Rt=k/2—-0.2

) <q2)t(cos(7rﬁ) N cos(mf3) Si?(ﬂ(k/Q + z —t+iexrs))
h sin(7 (B — ie1ry))
cos(miry) sin(m(—=k/2 —z +t + B —ierr1 — ieara))
* sn(x (B — ierr1)) >
y I'(k/2+z—t+iegra)[(—k/2 —z+t+ B —ierr; —iears) 2tdt
F(,B*Zfl?"l) tz—t%'
REMARK 5.9. Consider the expression . Iff—ie1r; =0,—-1,-2,...,
the poles of 1/sin(m(8 —ie1r1)) are canceled by the zeros of 1/I'(5 — ieiry).
The poles at 8 —ie1ry = 7 with j = 1,2,... are compensated by the vanish-
ing numerator.

Cq(142t)

5.4.2. x-integral

LEMMA 5.10. The function F(x) can be replaced by 1 in the expression
V(h) at the cost of a negligible error of Oeyw(qe_k/2+0'5).

Proof. We show that the contribution of F}(z) =1 — F(z) is negligible.
Note that Fi(z) = 0 for x > 1 since in that case F(x) = 1. The part of
MOOD which affects the z-integral can be written as follows:

1 1 g _g_
ZvaZ Z g R 12428 k=224 2B k242 —ft ot
VW

&9 [c,w]|h
qlcg

X I'(=k/2 —z+t+ 0 —ieyry —ieara)[(k/2+ z — t +ieare) Hi (1, 2, B)

- x dx
x? B+k/2th7rl < >F1(l’) —_—.

X ol
¢ T

O s =

Here H; is an analytic function. We have
Rz=-0.1, RB=07 Rt=£k/2-0.2.

Without crossing any poles, we shift S-contour to RS = 0.3. In order to
make the sums over h and w absolutely convergent, we move the t-contour to
Rt = k/240.7, crossing a pole at t = k/2+z+iears. Since Rz—RB+k/2 > 0,
the z-integral can be integrated by parts n times (for sufficiently large n)
to make the S-integral convergent. This gives

1
1
z2—fB+k/2 <$)F dz <« —
T Weir | = T .
(S) t1,r1 qg 1( ) x ‘B|n
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Finally, all sums and integrals are absolutely convergent and g~ *—11t—22+28

can be factored out due to divisibility conditions. In total, this gives an error
of OE’T(qefk/QJrO.E)).

For the pole at ¢t = k/2 + z + iearo another contour shift is required to
make all sums absolutely convergent. We move the z-contour to Rz = 0.542¢
and  to R = 1 + €. Note that the pole of 1/sin(7z) at z = 0 is canceled
by a zero of P.(t) = P.(k/2 + z + iear2). The z-integral is bounded by
1/]8]™. The power of g, corresponding to divisibility conditions on g, ¢, h, is
g F1Ht=22428 Thig gives an error term of O, (q¢F/2105).

PROPOSITION 5.11. One has

MOOP(B) = 2mifq 2172 3" (1 + 2ieyr1)¢(1 + 2iears)

61,52—i1
1+2’L'EQT‘2
1(9) (p?, wo)
X <Z g2 ,U2+2161'r1+21627“2 Z w1+2ze1r1+2Z62T2 Z V(h)
gv Q\Cg h#0
cg<q [w,c]|h
1+2’i527"2
M p wv
Z 02+2161T1+2162T2 Z Z w1+2z€1r1+2162r2 Z V(h)>7
gsv Tleg h#0
cg<q9 [w,c]|h
where
ik ~25+2t
_ ¢ q 1-2s
Vi(h) =~ (27i)? S S S W(CQ)
Rt=k/2+0.7 Rs=k/2—0.4 Rz=—0.1
P.(s)P,(t ps—ttieiritiears
x (2m)% H(5) P (?) Co(1+26)C, (1 + 25)

PT(tl)Pr(tQ)
I'(k/2+4sxir))[(k/2+t Lirg)
I'(k/2+t; £ir)[(k/2 + to L irg)

X F t—s— 1617’1 — 2627“2) (k/Q +z—35 +i617’1)F(l€/2 +2z—-1 +i627’2)

s cos(m(z — s))sin(m(z — t + ieara))
<COS § )+ sin(m(z — s —ierry))

sin(mz) (14 z)[(k + 2)

X

cos(miry) sin(m(t — s — ieyry — iears)) 2sds 2tdt
- - z .
sin(m(z — s —i€e1ry)) s2— 1212 — 132

REMARK 5.12. We do not compute the contribution of the poles at ¢ =
k/2 4+ z + iegry since it will be canceled by another contour shift in
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Proof of Theorem[5.1] By inverse Mellin transform we have

T 1Bk x _ L P(z-B+Ek/2) _
(S)a: th,ﬁ(qz) dr =2 ) Co(L 4k +22 —20)

Xqk+2z—25F(k+Z_B+ir1)F(k+Z—ﬁ—i7”1) k/2+2—-p
I'(k/2+t +ir)D(k/2+t —ir) (k/2+z2—B)2—13
for R(z — B+ k/2) > —1. Setting s := k/2 4+ z — [ yields the assertion. m

5.5. Shifting the z-contour. The z-integral is given by

1 S F(k/2+2’—S+i€1?1)f‘(k/2+2—t+i627“2)

(5.12)  IZ:= i sin(mz) (14 2)I'(k + )

Rz=-0.1

X <cos(7r(z —5))+

cos(miry) sin(w(t — s — ieyry — iears)) o
sin(m(z — s —ierry)) '

cos(m(z — s))sin(w(z — t + iears))

sin(m(z — s —i€yry))

Stirling’s formula implies that the integrand decays as |z|~17*~*. We shift
Rz to D > 0 and let D — oo. This leads to three types of possible poles
described in the table below.

Possible poles at Coming from
z=t—Fk/2—deara I'(k/24 z—1t+icars)
z=n+s+ier: 1/sin(mw(z — s — i€1r1))
z=mn,n>0 1/sin(7z)

5.5.1. Poles at z =t — k/2 — iearo. The residues at these poles cancel
those mentioned in Remark (when one shifs ¢ to the right). Consider

SSF(k/2+z —t+ieary) f(z,t) dz dt.

tz

Shifting the t-contour to the right, we have the residue
—Res.— _kjott—icors L' (K/2 + 2 — t +icar) f(2,1).
Moving z to the right, we obtain
—Resi—k/2 12 tiears I'(K/2+ 2 — L +ieara) f(2, ).

Since z and t have different signs in I'(k/2 + z — t 4 iear2), these residues
cancel each other.

5.5.2. Poles at z =n + s + i€y

ProrosiTION 5.13. The integrand in 17 is holomorphic at z =n + s +
ielrl .
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Proof. We write

sin(m(z — t +ieara)) = —sin(w(t — s — ie1r1 — tearg)) cos(m(z — s —i€1ry))

+ cos(m(t — s —ierry —iegrs)) sin(mw(z — s — i€rry))

and plug this in IZ. After simplifications,

1 S F(k‘/2+z—8+i61T1)F(k‘/2+Z—t+’i€2’F2)

17 = —
271 sin(mz)I'(1 4 2)I'(k + 2)

Rz=-0.1
x [cos(m(z — s)) + cos(m(z — s)) cos(m(t — s — ierry — i€ars))

+ sin(m(z — s)) sin(m(z — s + ierry))].

This is holomorphic at z =n 4+ s+ ie17r{. =
5.5.3. Poles at z=n,n >0

PROPOSITION 5.14. The poles at z = n are simple and their contribution
to 17 is given by

F(k/? — S+ ielrl)F(k/2 —t4+ ’iEQTg)
F(k/? + s — ielrl)F(k/2 +t— iEQTQ)
X [cos(ms) + cos(m(t — i€y — i€ara))].

1
——I'(s+1t—iegry —iegry)
T

Proof. Consider

1 I'(k/2+n—s+iegr)(k/2+n —t+ieary)

N Zcos I'(l+n)I'(k+n)

cos(m(n — s))sin(w(n — t + iears))
sin(m(n — s —ieyry))

cos(miry) sin(w(t — s — ieyry — i@?‘g)))

X <cos(7r(n —8)+

sin(m(n — s —ieyry))

Since n € Z, we have

I'(k/24n—s+ier)(k/24+n —t+iexra)
_72 ra+n)l'(k+n)
cos(ms) sin(m(t — i€ears))
x <COS(7TS) + sin(m(s + ie1ry))
_cos(miry) sin(m(t — s —iexr1 — i627"2)))
sin(m(s +ierry))
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By the Gauss hypergeometric identity,

i F(k/2 +n—s+ ielrl)F(k/2 +n— t+i627“2)

I'l+n)I'(k+n)
F(k/Q — S+ iel?”l)r(k/2 —t4+ iEQTg)
F(k/? + 5 — ielrl)F(k:/2 +t— '5.62742).

Simplifying the trigonometric part, we obtain

n=0

=TI (s+t—ier; —iears)

cos(ms) sin(m(t — ieare))  cos(mwiry)sin(w(t — s — ieyry — i€ara))
sin(m(s + ie1r1)) sin(m(s + ie1ry))
= cos(m(t — ie1ry — i€ara)).

This implies
F(k/2 — S+ ielrl)F(k;/Q —t+ ieg?“g)
F(k‘/Q + s — z’qu)F(k/Q +t— iGQTQ)

X [cos(ms) 4 cos(m(t — i€ — i€ar2))]. =

1
P = —*F(S +t—ie1ry — ’iEQTQ)
T

PROPOSITION 5.15. The off-off-diagonal term can be written as follows:

MOOD(B) = (251,)2@_2“_%2 61’22;[1 C(1 + 2ierry)C(1 + 2ieara)
Pr(s)Pr(t) ¢t
< S Br(tn) Py (1) 0L 2906+ 205

Rt=k/2+0.7 Rs=k/2—0.4
X I'(t — s —ieyry — iegry) [(t + s — ie1r] — i€ars)
I'(k/2+4 s+ieir1)[(k/2 +t +ieara)(k/2 — s + ieyry)
(k‘/Q + 1t + iTl) (kj/? + 11— i’l”l) (k/? —|- tz + iTQ)
r'k/2—-t+ 2627‘2
A (S5 M w0 vy £ 5 A
qlepg 9
2sds 2tdt
t2 t2 t?’

X [cos(ms) + cos(m(t — i€y — i€27“2))]

where
) 14+2iears

1 p(v) (p”, wo
(5.13) TD(c) = 25 Z 2+2ie1m1+2ieary Z B(14ieara) g, 1+2ie1r1 +2iears
v

w P
1
X Z ht—s—iqu—iegrg'

c,wlh

5.6. Explicit formula. We start by transforming the off-off-diagonal
term.
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PROPOSITION 5.16. One has

(5.14)  MOOP = 3" ((1+4 2ierr)C(1 + 2iegrs)

it (27i)2
X S S E(s,t)®(s,t)2sds 2t dt,
Rt=k/240.6 Rs=k/2—0.4
where
242ty P.(s)P,(t) 1 1 I'(k/2+4+ s+ ieir)

5.15 E(s,t) =
(5.15)  Bls1) Po(t)Pr(t2) % = 6 & 15 T(k/2+ 1 +ir)

F(k/Q +t+ iGQTQ)F(k/Q — S+ i€1T1)F(k/2 —t+ ieg?’g)
T(k/2+ t1 — ir)) T (k)2 + ta + ir2) T (k)2 + 2 — ir2)

(5.16)  D(s,t) == 2(4(1 + 2t)(gj:);[cos(7rs) + cos(ﬂgt — €171 — i€272))]
X I'(t — s —ieyry —ieors)[(t + s — ieyry — i€ara) Z C(A,B) Z TD(c)

and the coefficients C(A, B) are given in Table .

Proof. Consider the term M©CP(B). The Mé&bius function does not van-
ish only if (¢,9) =1 or (¢,9) = p. Thus we can write

MOOP(B) = (2;-)2@_%_% 61,;ﬂ C(1 + 2ierr1)C(1 + 2iears)
P.(s)P,(t) gt
X | | mg o(1+28)C(1+2t) ——- 2

Rt=k/2+0.7 Rs=k/2—0.4
I'(k/2+ s+ieir) (/2 +t 4 ieara) (k)2 — s +ie1r) (k)2 —t +i€eara)
F(k’/2 + tl —|— 1:’/“1) (k‘/2 + 1t — iTl) (k‘/Q + i+ i?"z) (k’/2 +to — Z"l"g)

o [0 - () S 100 + e T o)

(g,9)=1 qlep qlep?
X I'(t — s —ieyry — ieara) ' (t + s — i€y — ieary)
2sds 2tdt
X |cos(ms) + cos(m(t — 1€111 — t€97 _ .
[cos(s) (m(t —ierr 22))]32—t§t2—t§
Note that
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In order to simplify notation, set
E(S, t) . q_2t1_2t2 PT(S)PT@) 1 1 F(k/? + s+ ie.lrl)

P.(t1)P,(t2) s2 —t2 t2 — 12 I'(k/24t1 +ir1)

F(k‘/Q +t+ iEQTQ)F(k/Q — s+ ’L'Elrl)F(k/Q —t+ i€27‘2)
I'(k/2 4+t —ir) (k)2 +te +ire)[(k/2 + to — irg)
This is an even function since G is even. By ,
MO = MO (0) — 7y 5y, (p)MOOP (1) + MOOP(2)
Next, we introduce a parameter A corresponding to the condition ¢ | ep?, so
that 9
MOOP = 3" C(A,B)MO°P(A, B)

A,B=0
with
MOOD<A, B) = (271'2 5 Z C(1 4 2ie1r1)C(1 + 2iears)
€1,e9==%1
s+t
q
< | EB(s, 1)1 +2t) g

Rt=k/2+0.7 Rs=k/2—0.4
X [cos(ms) + cos(m(t — ie1ry — i€ears))]
X I'(t — s —ieyry —ieare)[(t + s — iery — i€a72) Z TD(c)2sds 2t dt,
qlep?

where the coefficients C'(A, B) are given in Table[l| =

Table 1. The values of the coefficients C'(A, B)

B=0 1 _(1 4 p23)p72371 p72725
B=1 —7i91ir,(p) Tij24ir(p)(1 + p*)p 2t —T1/24iry (p)p 2%
B=2 1 _(1 +p25)p72571 p72725

The next lemma allows removing the divisibility condition ¢, w | h in the
expression - ..a TD(c).

LEMMA 5.17. One has

Gan) Y few) S o) =3 ulw)
ptu

c,wlh

X Z Zf =4 due, p? duw) Z (p°udewh).

5>0
d=max(v—A,B) ;jd

k)
P e
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REMARK 5.18. Recall that g =p”, v >3 andsov — A > 1.
Proof of Lemma Consider

chwZ()

o A|c c,wlh

Let us make the following change of variables:
c=p" Aoy = p" ey,
w = p’wy = p’dwy,
d = (c1,w1) sothat (co,w2) =1 and p{dws,
h = p’dcywyhy  where & = max(v — A, ).

Then
S = Z Z Z flp”~ Adey, ﬁdwg ng dcowahy).
6:mag(>uo A 6) pfwg

(e2,w2)=1

Finally, we remove the requirement (c2,wz) = 1 by Md&bius inversion:

8>0
d=max(r—A,B) ;;[rd
PROPOSITION 5.19. We have
(1 +t4 s+ i617‘1 + iEQTg)
Cq(2 4 2ierr + 2ieary)

S = Zu(u) Z Zf = Adue, pPduw) Zg u?dewh).
plu

@(8, t) = qt78(27)72i617‘172l’62’r‘2 Cq

163

X (1 —t+s+iery +ieara)((1 —t — s+ iegry + iearsy)

o 2
X Cq(l—i-t—s—i-iqu—i—iegrg)zp ) Y o4, Bty

a(24-2ie1r1+2iears)
a>0 A,B=0

(pB ’ pa+5) 1+2iea79

pB(1+Z€27‘2)p5(1+2261T1+2’L€27’2)p5(t7871€17'171621”2)

B>0
d=max(v—A,B)

Proof. The expression TD(c) is given by (5.13]). Consider

B 1+27
ELCEDIEDY I ) i
028 02+2161T1+2162T2 P (1+i627’2)w1+2i617'1+2i62’f’2

1
X Z ht*S*ielTlfiGQTQ'

P"*A|C u Alc w

c,w|h
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According to Lemma
c— p”_Aduc, w— pPduw, h— p5u2dcwh.

In addition, the sum over v can be decomposed as

Z Q) _ Z w(p®) Z p(v)
p2+2ie1m1+2iear2 - o (242ie1r1+2iears) p2+2ie1r1+2iears

v aZOp (v,p)=1
Thus
AN 2s
p pi(u) p(v)
> TD(e) = <q> LT Q. oraritTem
qlepA (u,p)=1 (v,p)=1

1 1 1
X Z Ct+87i€17"1 —1€2T2 Z ht*sf’iﬁlrl —1€2T2 Z d1+t+s+iqr+i52r2
¢ h (dp)=1

- 1 T n(p*)
lFt—stieiriears pa(2+2i61r1+2i62r2)
(w,p)=1 az0

B 1427
o Z (pB, potP)i+2icar:
pB(1+i627'2)p,3(1+2’L'61T1+2’L'62T2)p5(t7877;€11“1 —ieara)

B>0
d=max(v—A,B)

The asymmetric functional equation implies

F(t — S —1€e1r] — iég?“Q)F(t + s —1€111 — iEQTg) H C(t +s—1e1m1 — i627"2)
(27r)2t—2i61’r1—2i627‘2

C(1—t—s+ierry +ieara)((1 —t + s+ i€y + i€ara)
2[cos(ms) + cos(m(t — ierr1 — i€ara))]

Thus,

B(s.1) = ¢ (2m) en-pen Gl LELE S i i)
’ Cq(2 + 2te1m1 + 2i627"2)

X Cq(l+t—s+ierry +i62r2)C(1—t+s+i61r1 +ieare)((1—t—s+iegr) +iears)

X Z 2+2161r1+2162r2 Z C A B)( )

aso P° A,B=0
B 14212
y Z (p ’pa+,8) +2ieary
pB(l—l-ieQTz)pﬁ(l—‘rQiElTl+2i627‘2)p5(t—s—i617‘1—ieg’rg) - .
B>0
d=max(v—A,B)

The sums over o and 8 in @(s, t) can be evaluated by considering different
cases, as we now show.
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5.6.1. Case 1: B>v— A

PROPOSITION 5.20. The case 3 > v — A contributes Oc (g~ 17¢) to the
off-off-diagonal term.

Proof. We have § = 8 and

Cq(l +t4+ s+ i€17”1 -+ iﬁg?“g)
Cq(2 + 2ie11m1 + 2i627"2)
X ((1 —t+s+ierr; +ieare)((1 —t — s+ ierr) + i€ara)
1(p”) - A\2
. . S
X Cq(l—i-t—s—i-leﬂ'l—i-zeg?“g)zpa ] Z C(A, B)(p™)

(2+2ie1m1+-2ieam2
a>0 A,B=0
B 1424
(p ’pa+ﬁ) +2ieam2

X E - - - .
pB(l—Hezrg)pﬁ(l—i-t—s—i—zqu “+ieara)

é(s, t) = qt_5(27.[_)—2i51r1_2i627,2

B2rv—A+1
The sum over 3 is given by
1
t—s
q B>Z;4 ) (p1+tfs+i61r1+iegr2),8
>v—A+
— 1( A—1)1+t—s+i51r1+iegr2 Z 1
q p (p1+tfs+i€17"1+’i627’2)6 :

B8=0
Hence the contribution of this case to MO is O, (¢71¢). =

5.6.2. Case 2: < v — A. The condition § <v— A means § =v — A
and

@(8 t) _ (j2ie1r1+2i52r2 Cq(l +t+s+ iEﬂ'l + iEQTQ)
’ Cq(2 + 2’i617°1 + 2i627’2)

X ((1 —t+ s+ierr; +ieare)((1l —t — s+ ier) + i€ara)

1(p™)
2+42i€17m1 +2i€27”2)

X Cq(1 4+t —s+iegr + ieary) Z o
aZOp

(pB’ pa+[3)1+2i62r2

2

ANt+s—ie1r1—ieary

X Z C(A,B)(p ) r Z pB(lJriegrz)p,B(lJrQiqn+2i62r2)'
A,B=0 0<pB<r—A

The sum over 3 can be decomposed in the following way:
(pB’ pa+,3)1+2i627‘2

Z pB(l—‘riegT'z)p,B(l—i-?ielT1+2i62T2)
0<p<v—A

B)i&ng (pa)1+2i€27"2

_ (p
- Z pﬁ(1+2i617‘1+2i627"2)+ Z pB(l—l-iegrz)p,B(Qiqn)
0<p<v—A 0<p<v—A
B<a+p B>a+p
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(pB)iEQTQ (pB)iEQT'Q
- Z pBF2icir+2iears) Z pBF2ierr i +2iesrs)
0<B<v—-A 0<B<v—A
B>a+p
1+21€2T2
2
pB(l—f—zegm)pﬂ(Qzelm)
0<B<v—A
B>a+p

The first sum does not contribute to @(s,t) because

1 _(; 1 ! Lol
Z pﬂ(1+2i611”1+2’i621”2) - B p1+2i617‘1+2i627‘2 + 6

0<B<v—-A
and
2
Z C(A’ B)(pA)t—l—s_ieln—iegrg (pB)z‘627~2 —0.
A,B=0
Therefore,

g +2ieors Cq(1 4+t + s +ierry + ieara)
Cq(2 + 2ie1m1 + 2’i627’2)
X (1 —t+ s+ierr; +ieare)((1 —t — s+ iegry + i€ara)
2
X GL+t—s+ier +iersy) > C(A,B)(pt)ts-ian-ier
A,B=0

_ (B)\ieara o\ 142iears

<3 > oy @) . :

p 2+27,€1T1+2Z627‘2) pﬂ(l+2161r1+2162r2) pB(l+zegr2)p,B(2zelr1)
a>0 0<B<v—A

B>a+p

&(s,t) =

For each fixed B the sum over A can be evaluated using Table [}

C(A, O) (pA)t-i—s—ielrl —1€2T2

M)

b
<H:

— (1 _ pt+s+1—i51r1—iezr2)(1 o pt—s—f—l—ielrl —z‘sm)

9

C(A, 1) (pA>t+sfi51r1 —1€2T2

M)

hS
g

— _(pirg + p—irg)(l _ pt+8+1—i617"1—i627’2)(1 _ pt—s—l—l—ielrl—iegm)

9

2
Z C(A, 2)(pA)t+sfielr17iezr2

A=0 _ (1 _ pt+s+1—ie1r1—i62r2)(1 t—s+1—i€1r1—i627“2)‘

-p
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Since B =0, 1, 2, the requirement B > « +  is satisfied in four cases:
(B,a, p) € {(1,0,0),(2,0,0),(2,1,0),(2,0,1)}.
Thus,
B(s,1) = grien+2icars
" Co(1+t+ s +ierry +ieare)(e(l +t — s+ ieyry + ieara)
Cq(2 + 2ierry + 2ieara)
X Cq(1 —t+ s+ ierr +ieara)(y(l —t — s+ ierry + iears)

G
1 ) 1 ) 1
i TEQT 2i€ar
X |:< : + 17"2) (p 7= pl—i-iegrg) -Pp o + p2+2i527’2

1 1 1 1
+ p2+2i617‘1 B p3+2i617‘1+2i627‘2 B p1+2’i€17‘1 + p2+2i€1T1+2i€2T2 :

Simplifying, we have

P(a) -2ie, 420 1 1
@(S,t) _ Tq derr1+2iears [ 1 _ W 1-— Zm

" Cq(1 4+t + s +ieiry +ieara)(e(1 +t — s +derry + ieara)
Cq(2 4 2ierr + 2ieary)
X Co(1 —t+ s+ierr; +ieara)(y(1 —t — s+ ieyry + iears).
Substituting this result in , we obtain Theorem

6. Off-off-diagonal term: asymptotic evaluation

THEOREM 6.1. Up to a negligible error term, we have

(61) MOOD Z Cq 1 + 2261T1)Cq(1 + 21627"2)
€1,e0==%1 Cq 2 + 27’61T1 + 22627‘2)

H Cq 1+€3t]_ +€4t2+l€17’1 +Z€27"2) —2t1—2to+21€171+2i€2T2
€3,64==%1

F(k‘/Q —t1 + ieln)F(k/2 — tg + i€grs)
F(k/2 + tl - ieln)F(k/Q + tQ - iEQT’Q) '

Proof. Consider

MOOD Z Cq ]‘ + 27’61’,’-1)(‘1(1 + 2262T2) ~—2t1 —2to+2i€1171+2i€aT2
q ¥ Cq(2 4 2ierm + 2iears)
1 2sds 2tdt
X (27”')2 S S Ie1,62 (37 t) — t2 t2 t27
Rt=k/24+0.7 Rs=k/2—0.4

where
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I e (s,1)
RO
 P(t1) Pr(t2)

X Cq(l —t+ s +iegr) +iearg)(e(l —t — s +iegry + ieara)
F(k/2+8+i61T1)F<k/2 +t+ iéQTg)F(/{/Q — s+ iel?“l)r(k’/2—t+i627"2)
F(k/2 +t + iTl)F(k/2 + 1t — iTl)F(k/Q + to + iTQ)F(k/Q +to — Z"I”Q) '

The function I, ¢,(s,t) is even in both s and ¢. Therefore,

Cq(l +t+ s+ e + iGQTQ)Cq(l +t—s+ier; + iezrg)

1 2sds 2tdt
Yy S | Tt 5 2 12— 13
Rt=Fk/2+0.7 Rs=k/2—0.4
2s 2t 2s 2t
= Ress=t, I(s,t + Res I(s,t) —— 5
= o0 5 —2e_2 o=, 6057 2123
2s 2t 2s 2t
+ Ress=—¢, I(s,t + Ress=—t; [(8,) —— —.
e 150 21212 Sl 2123

Each of the four residues has the same value. Computing it yields the asser-
tion. m

THEOREM 6.2. Up to a negligible error, we have

(6.2) lim  MOOP = % | | g(snf)% 27dt,
(tm)=(0,0) (2m0) Rt=k/2+0.7 Rs=k/2—0.4 s
where
(15(@))3 1 P(s)P:(1)
s,t) = 14 €1t + es
g( ) ( q Cq(2) PT(O)Q 617612_[:‘:1 C‘I( 1 2 )
I(k/2+ at) (k)2 + e5) [ S G
2log ¢+ )" + Z 2L (14 €1t + €95)
1 (2log g+
I'(k/2) 052 S
¢ G
492 Z C(1+61t+623)<( + €3t + €45) + (2log ¢ + )
q q

€1,€2,€3,64==%1

(e1,e2)7#(€3,€4)
¢ Cq I
x(422) =2 Y AQ4eat+es)— > —(k/2+es)
Cq Cq r

€1,e9==%1 e=+1
CI
*Z k/2+et)+ Z 291 + €1t + €25)
€= il €1,e9==%1 Cq

X <—4§Z(2)+ > ];(k:/2+et)+ > F,(k:/2+es)>

e==+1 e==+1
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+ ) I;(k:/2+et) > ]I:/(kz/2+es) Cq( )+8<Cq( ))

e=%+1 e=%+1 q
@’f Dty S Zrztes
2@(2)(621 = (k/2+ t)gijl 7 (k/2+ )ﬂ

COROLLARY 6.3. The off-off-diagonal term at the critical point is a poly-
nomial in log q of order 2.

Proof. First, we let t1,to — 0. Then

i 200D _ 9(@) Cq(1 + 2ie1m1)C(1 + 2i€a72) 9ieyry 42icrs
t—0 q Lt Cq(Q + 2ie11m1 + 2i627‘2)
8 (2711')2 S ) Lol t)QTds 2Tdt’
R=k/240.7 Rs=k/2—0.4
where
P (s) P (t)

I€1,E2(s7t) = P (0)2

X Cq(1+t—s+ieri+ieara)Co(1—t+s+ierr;+ieara)(y(1—t—s+ierr +iears)
I'(k/2+s+ierr))(k/2 4+t +ieare) (/2 — s +ieyry) (k)2 — t+zezr2)
I'(k/2+ir)I(k/2 —ir) (k)2 + iro) (k)2 — irg)

Cq(l +t+ s+ ’i61T1 -+ iegrg)

Let
£ )= d(q) Pr(s)Pr(t) (g(1+t+ s+ iry +irg)
M.72) = P(0)2  Co(2+ 2iry + 2iry)
X Cq(l4+t—s+iry +irg)((l —t+s+iry +ir2)(g(1 —t — s+ iry + irg)
I(k/2+s+ir)[(k/2+t+ire)[ (k)2 —s+ir)[(k/2 —t + ’L?“Q)
I'(k/2+ir)I(k/2 —ir) (k)2 + ire) (k)2 — irg)

Consider

g(s,t)=lim lim Z Co(1+ 2ierry )Gy (14 2ieqra) XA T21272 f (71 eqry)

r1—07r2—0
€1,e9==1

- <¢(qq>>2 [<2logq T 2)2£(0,0)

. . aof aof 0% f

Here

gi(o 0) = f(OO)( gq() Zz(litis)—zg(kﬂis)),
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of ¢ ¢ r
50,0 = if0.0)(252) = S 0 08 3 /20

1 (0,0) = —£(0 0)[25(&&5)
87“1(97‘2 ’ N ’ C

q

+2Z 1itis§q(1iti +Z (1£t+s)

q

x<—4c‘1(2)+z (k/2 £1) +Z k/2:£s)>

T SEUTERN) SEM PR (R TN

— 25‘/1(2) > 5(k/2 +1)) 5(/@/2 + 5)
Cq r r ’
where Y " means that the sum does not include squared terms. Then

lim

1 2ds 2 dt
oop _ L 2ds 2dt
(tﬂ‘)%(O,O)M N (27i)? S S g(s,t)

Rt=k/2+40.7 Rs=k/2—0.4 t
The function g(s,t) is even in both variables s and ¢. Therefore,

lim MOOD —_ 49(87 t) g(o’ t)
st '

- R s=tl=
(,7)—(0,0) 4 HOBs=t=0

= Res;—g

To find the order of the leading term, we replace all ((1 £¢) by ﬁ Let
r(t) = P.(t) I'(k/2+t)[(k/2 —1t)
"~ P(0) I'(k/2)?

Then

(49) ghynona 22+ )

7
_ (M) Cq12) é(m«(ﬁ)(o) +30r4)(0) (log g)2).

is a polynomial in log ¢ of order 2. =

Therefore, lim(tm)ﬁ(&o) MOOD

Appendices

A. Bessel functions

Lemma A1 (JKMV2, Lemma C.1]). Let z > 0 and v € C. Then
(A.1) (2VTy(2)) = 2" Jp-1(2),
(A.2) (Ya(2)) = Y1 (2),
(A.3) (2"Ky(2)) = —2"Ky—1(2).
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LEMMA A.2 ([JKMV2, Lemma C.2]). For z >0 and j > 0 we have

j Rv
(A4) ?I0G) <
(14 2) (1 z)Rot1/2
2 ) (14 |log z])
A5 A "
2 ; e *(1+|logz|) .
(A.6) 42y Kl()])(z) v W if ®v=0.

LEMMA A.3 ([Wa, p. 149]). Assume that R(u1 + p2 + 1) > R(2s) > 0.

Then
oo
I'(2s)
(A7) | HTgr =
0 z 228 (= /2 + p2/2+s+1/2)
I(p1/24 p2/2 — s +1/2)
I(pa/24 po/24 s+ 1/2)T(u1/2 — p2/2+s+1/2)°
LEMMA A4 ([BH, Lemma 3]). Let F : (0,00) — C be a smooth function
of compact support. For s € C let By denote one of Js, Ys or Ks. Then for
a >0 and j € N we have

(A8) | F(x)Bi(ava)da
0 2\’ T o7 o (s
=+(2) | gF@aT B i

LEMMA A5 ([OI 10.6.7 and 10.29.5]). For k=0,1,2,...,

(a9 e = Z P (5} (o)

; —k)mi k S— T
(A.10) eS”’Kg’%):Qk(e“ 8 Ks_k<z>+<1)e< BT (2)

B. Mellin transforms

LemMA B.1 (JObl 2.19, p. 15]). Let ¢(x) = (b+ ax)™. Then for 0 <

Rz < v,
T z—1 _ a)? —vF(z)F(U B Z)
(B.1) | ¢(x)2" ! do = (b/a)b T

0
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LemMA B.2 (JObl 2.20, p. 16]). Let Rv > —1 and
(a —z)¥ ifzr<a,
o) = { .
0 if x > a.
Then for Rz > 0,

(B.2) S p(z)r* tdr =a
0
LeEmMA B.3 ([Obl 2.21, p. 16]). Let ®v > —1 and
(x —a)’ ifx>a,
o) = {

0 if x < a.

v (0 +1)I(2)
Fv+z+1)"

Then for Rz < —Rv,

(B.3) S gf)(x)xz_l dr = av—l—zf(_v —2)I'(v+1)
[

Iril--z)

0
LeEmMA B.4 ([BE, p. 21]). For z > 0,

1 S (z)_s I'(s/2+k/2-1/2) ds,

2) I(-s/2+k/2+1/2)

(B.4) kal(.?}) = 9

where —k+1 <o < 1.
Changing variable —s := k — 1 + 2z, we obtain

LEMMA B.5.
1 T g\

B. _ =—— = d
(B-5) i (@) 27 S) I'l1+ z)I'(k + z) sin(7z) <2> =
where —k/2 < o < 0.

Let
22u71
(B.6) v(u,v) = I'u+v—1/2)'(u—v+1/2).

LemMA B.6 ([K| p. 89]).

[e.e]

(B.7) S ko(z,v)z" "t da = y(w/2,v) cos(rw/2),
0
(B.8) S k1(z,v)2V "  dz = y(w/2,v) sin(rv).
0
COROLLARY B.7.
(B.9)  ki(x,1/2 +ir) = Sm(”(;? ir)) | 2258, 1/2 +ir)24p,

(0.7)
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1
(B.10)  ko(z,1/2+ir) = oy S 2~ 2P5(8,1/2 + ir) cos(n3)2 dj,
i
(*)
where the integration contour (%) can be taken as RB = —1 except in the
area |3B| < 1, where it crosses the real axis at RB > 0.
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