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Jordan product and local spectrum preservers
by

ABDELLATIF BOURHIM (Syracuse, NY)
and MOHAMED MABROUK (Makkah and Gabes)

Abstract. Let X and Y be two infinite-dimensional complex Banach spaces, and fix
two nonzero vectors zop € X and yo € Y. Let Z(X) (resp. B(Y)) denote the algebra of
all bounded linear operators on X (resp. on Y). We show that a map ¢ from %(X) onto
PB(Y) satisfies

To(T)p(5)+¢(S)e(T) (Y0) = oTs4s7(x0) (T, € B(X))

if and only if there exists a bijective bounded linear mapping A from X into Y such
that Azo = yo and either o(T) = ATA™! for all T € B(X) or ¢(T) = —ATA™" for all
T e B(X).

1. Introduction. In recent years, there has been considerable interest
in studying nonlinear preserver problems, which involve maps between alge-
bras that leave invariant certain properties or subsets or relations without
assuming any algebraic condition like linearity or additivity or multiplica-
tivity; see for instance [3, 4, 37]. In [4], Bhatia, Semrl and Sourour described
the form of all surjective maps defined on the algebra M, (C) of all com-
plex n X n-matrices and preserving the spectral radius of the difference of
matrices, and thus they provided an extension of Marcus and Moyls’ result
[35] in the absence of linearity. In [37], Molnér studied maps preserving the
spectrum of operator or matrix products, and his result has been extended
in several directions for uniform algebras and semisimple commutative Ba-
nach algebras; see for instance [14}, 21H27, 311 [33], 34}, 36, [38H40]. Instead of
preservers of the usual operator or matrix products, several authors studied
maps preserving certain spectral quantities of a Jordan product of opera-
tors or matrices; see for instance [18 20 21], B0, 29]. In [18], Cui and Li
characterized maps preserving the peripheral spectrum of a Jordan product
of operators on standard operator algebras. In [21], Gau and Li described
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maps preserving the numerical range of Jordan products of Hilbert space
operators. Norm preserver maps for Jordan products on M,,(C) with respect
to various norms were investigated in [29].

Besides spectrum preservers, the study of linear and nonlinear local spec-
tra preserver problems has attracted the attention of a number of authors.
Mainly, maps on matrices or operators were described that preserve local
spectrum, local spectral radius, and local inner spectral radius; see for in-
stance [5l, [7HI3, [I5HI7] and the references therein. In [8, 0], nonlinear maps
on Banach space operators were investigated preserving the local spectrum
of the product and the triple product of operators. This paper is a contin-
uation of such recent work, and examines the form of maps preserving the
local spectrum of a Jordan product of operators on a complex Banach space.

2. Main result. Throughout this paper, X and Y denote infinite-
dimensional complex Banach spaces, and #(X,Y’) denotes the space of all
bounded linear maps from X into Y. When X =Y, we simply write Z(X)
instead of #(X, X) and denote its identity operator by 1. The local resolvent
set, pr(z), of an operator T' € ZA(X) at a point x € X is the union of all
open subsets U of C for which there is an analytic function ¢ : U — X such
that (T — N)¢(A) =z (A € U). The local spectrum of T at x is defined by

or(z) :=C\ pr(z),

and is obviously a closed subset (possibly empty) of o(T), the spectrum of T'.
In fact, op(z) # 0 for all nonzero vectors x in X precisely when 7' has the
single-valued extension property (SVEP). Recall that T is said to have SVEP
provided that for every open subset U of C, the equation (T"— X)p(N\) =0
(A € U) has no nontrivial analytic solution ¢. Every operator T' € #(X)
for which the interior of its point spectrum, o,(T), is empty enjoys this
property.

The following theorem is the main result of this paper. Its proof is pre-
sented in Section 6, and uses a new local spectral characterization of rank
one nilpotent operators in terms of the local spectrum of a Jordan product
of operators given in Section 5. It also relies on a local spectral identity
principle which is presented in Section 4 and which characterizes in terms
of the local spectrum when two operators are the same.

THEOREM 2.1. Let zg € X \ {0} and yo € Y \{0}. A map ¢ from B(X)
onto B(Y) satisfies

(2.1) Oo(T)p(S)+(S)p(T) (W0) = orsysT(x0)  (T,S € B(X)

if and only if there exists a bijective mapping A € B(X,Y) such that
Axg = yo and either o(T) = ATA™! for all T € B(X) or p(T) = —ATA™!
forall T € B(X).
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Note that the only restriction on the map ¢ is surjectivity; no linearity
or additivity or continuity is assumed. We would also like to point out that
if X and Y are isomorphic Banach spaces, then the statements of our main
result can be reduced to the case when X =Y and xy = yg. But the fact
that “X and Y are isomorphic” is part of the conclusion of the main result
rather than part of its hypothesis. Finally, we point out that the restriction
to infinite-dimensional Banach spaces in the statement of our main results
is just for simplicity: our results and their proofs remain valid in the finite-
dimensional case.

3. Preliminaries. In this section, we recall some usual notation and
collect some elementary results that will be used. The first result summarizes
some known basic properties of the local spectrum.

LEMMA 3.1. Let z,y € X and a € C\ {0}. For every T € B(X), the
following statements hold:

(1) op(ax) = op(x) and our(x) = aop(x).

(2) op(x+vy) C or(x) Uor(y). Equality holds if op(x) Nor(y) = 0.
(3) If T has SVEP, #0 and Tx= Az for some A€ C, then op(x)={A}.
(4) If T has SVEP and Tx = ay, then or(y) C or(z) C or(y) U {0}.
(5) If R € B(X) commutes with T, then op(Rx) C op(z).

Proof. See for instance [I] or [32]. =

In what follows, for any T' € Z(X), let T* denote as usual its adjoint on
the dual space X* of X. For a vector x € X and a linear functional f € X*,
let  ® f stand for the operator of rank at most one defined by

(z® fly:=fy)z (yeX)
Note that every finite rank operator T' € H(X) can be written as a finite
sum of rank one operators, i.e., T = Y, x} ® f for some z; € X and
fr € X*, k=1,...,n. Denote by .#1(X) the set of all rank one nilpotent
operators on X, and observe that z ® f € A41(X) if and only if f(z) = 0.
Our second lemma is a known elementary observation which will be
needed later. We present its proof here for the sake of completeness.

LEMMA 3.2. Let A,B € #(X) and xo € X \ {0}.

(1) If f(Ax) = f(Bz) for all x € X and f € X* such that f(x) = 0,
then A = B+ ~1 for some v € C.

(2) If Az lies in the linear span of o and = for all x € X, then A =
dl + 2o ® f for somed e C and f € X*.

Proof. Suppose there exists © € X such that x and (A — B)x are linearly
independent, and take f € X* such that f(x) = 0 and f((A — B)x) = 1.
Then f(Ax) # f(Bz), contradicting our assumption. Hence, = and (A— B)x
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are linearly dependent for all x € X and thus there exists v € C such that
A — B =71 as desired.

(2) Assume that for every x € X there exist ¢(z),d(x) € C such that
Az = c¢(x)zo+d(x)z. Since A is linear, d(z) = d is a constant for all x ¢ Cuxy,
and consequently (A — d1)z and z( are linearly dependent for all z € X.
Hence, either A — d1 = 0, or A — d1 is a rank one operator and its range
is Cxg. Consequently, A — dl = 2o ® f for some f € X*, as claimed. u

The following result, proved in [19, Lemma 2.2], describes bijective maps
from A1(X) into A1(Y) that preserve the rank one nilpotency of sums of
operators.

LEMMA 3.3. If ¢ is a bijective map from N1 (X) onto (YY) for which
Ni+ Nz € M(X) & @(N1) +¢(N2) € A(Y)
for all Ny, Ny € M(X), then one of the following statements holds:

(1) There exists a bijective bounded linear or conjugate linear transfor-
mation A : X — 'Y such that

(3.2) o(N) =1yANA™!
for all N € M (X), where Tn is a scalar depending on N.
(2) There exists a bijective bounded linear or conjugate linear transfor-
mation A : X* =Y such that
(3.3) ©(N) = TyAN*A™!
for all N € #(X), where Ty is a scalar depending on N.
For zp € X \ {0} and T € #A(X), we use the notation
o (20) = { {0} if or(wo) = {0},
or(zo) \ {0} if or(zo) # {0}.

The next lemma gives a complete description of the local spectrum at a
fixed vector of the Jordan product of a rank one operator and an arbitrary
operator in ZA(X). It will be repeatedly used throughout this paper. For a
fixed nonzero g € X, T € A(X), f € X* and x € X, we will use the
quantities

_ flwo)  f(Txo)
(3.4) BL2) = 55wy ~ 2 f(T2x) f(x)’
Do(T, f.2) = f (o) f(Txo)

" 2/(e) 2 /f(TP0) ()
LEMMA 3.4. Let z,z0 € X \ {0}, f € X* and T € #B(X).
(1) If f(zo) = [(Tzo) =0, then

O @sf)+@epr(@0) = {0}
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(2) If f(z0) #0 or f(Txo) # 0, and f(x) =0 or f(T?x) =0, then
U;’(x@f)Jr(:v@f)T(xO) = {f(Tz)}.
(3) If f(xo) #0 or f(Txg) #0, and f(x) #0 and f(T?x) # 0, then

OT (a0 )+ )1 (%0)
{f(Tz) £/f(T22) f(z)} \ {0} if I (T, f,z) # 0 and I (T, f,z) # 0,
{{f Tx) — /f(T%x) f(x)} if (T, f,2) # 0 and Iy(T, f,z) = 0,
{f(Tz) + /f(T%z) f(2)} if TV(T, f,2) =0 and Iy(T, f,z) # 0.

) Proof. (1) If f(xzo) = f(Txg) =0, then (T'(z® f) + (x ® f)T)xg = 0 and
thus

OT(wsf)+(ws )T (T0) = {0}
(2) Assume that f(z) # 0 or f(Txzo) # 0, and f(z) = 0 or f(T?z) =0,

and let us discuss three cases.

Casg 1. If f(z) = f(Tx) = 0 or f(T?z) = f(Tx) = 0, then there is
nothing to prove since T'(z ® f) + (x ® f)T is nilpotent in this case, and

OT(e@f)+(ef)T(T0) = {0}
CAsg 2. If f(z) =0 and f(Tx) # 0, then
oo f)+@ef)T(T0) Co(T(x® f)+ (z® f)T) ={f(Tx),0}

(see [I8, proof of Lemma 2.2]). So, we only need to show that {f(Tz)} C
0T @ef)+@ef)T(T0). Since (T(z ® f) + (@ f)T)x = f(Tz)x, we have
(3.5) OT (2@ f)+(zf)T r(z) = {f(Tx)}.
If f(xo) # 0, then since 2 ® f and T(z ® f) + (x ® f)T commute, we have

(3.6) {f(T2)} = or@eef)+@ep)T(f(T0)T) C oraef) +@af)T(T0),

as desired. If f(xo) = 0, then f(T'zg) # 0 by assumption, and since (T'(z® f)
+(x® f)T)(x0) = f(Txo)x, we have

(3.7) {f(T2)} = or@ep+@enr(f(T20)T) C 071G f)+@ef)T(%0),

as desired.

CaSE 3. If f(T?z) =0 and f(Tz) # 0, then o(T(z ® f) + (z @ f)T) =
{f(Tx),0} in this case too (see again [18]). Since (T'(z® f)+(z f)T)(Tx) =
f(Tx)Tz, we have o7(ve f)+ e fyr(T2) = {f(T2)}. If f(Txo) # 0, then since
Tr ® fT commutes with T(x @ f) + (z ® f)T, we obtain

{f(T2)} = or@ep+@snr(f(T20)Tr) = or@ef)+@enr(TT @ fT)x))
C 0T (2@ )+ )T (%0);
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and U;($®f)+($®f)T(x0) = {f(Tx)}. If f(Txzo) = 0 then f(zg) # 0 by as-
sumption and (T(x ® f) + (z ® f)T)(xo) = f(xo)Tz. Thus by a similar
reasoning,

{f(Tl')} C UT(:):®f)+(x®f)T(x0> C {f(Ta:),O},

and 0}(x®f)+(z®f)T(x0) = {f(Tz)} in this case too.

(3) Assume that f(z) # 0 or f(Txg) # 0, and f(x) # 0 and f(T?z) # 0.
Let
ay = f(Tx) =/ f(T?x) f(x) and ag:= f(Tx) +/ f(T%x)f(x),

and

z1:= f(x)Tx —/f(T?2) f(x)r and 2z := f(z)Tx+/f(T%x)f(x)z.
Since f(z) # 0 and f(T2%x) # 0, either a; # 0 or ap # 0. On the other
hand, it is easy to see that (T'(z ® f) + (z ® f)T)z = a;z; for i = 1,2. We
also have
(T(xRf)+(x f)T)xo = f(Txo)x+ f(xo)Tax = IN(T, f,x)z1+12(T, f,x)z2.

Since f(zg) # 0 or f(Txzg) # 0, either I (T, f,x) # 0 or I5(T, f,z) # 0.
Hence, Lemma [3.1|(2) implies that

1o +@onT(T2® f+2® fT)x0)
{ai, a0} if (T, f,x) # 0 and I(T, f,x) # 0,
=< {1} if (T, f,z) #0 and Io(T, f,z) =0,
{as} if I (T, f,x) # 0 and I (T, f,z) = 0.
From this and Lemma [3.1(4), we infer that
{a1, a2} \ {0} if (T, f,x) # 0 and I»(T, f,z) # 0,
OTae f+aefr(To)=q {o1} if (T, f,x) # 0 and I5(T, f,z) =0,
{az} if (T, f,x) # 0 and I\ (T, f,x) = 0.
The proof of Lemma 3.4 is thus complete. =
The following lemma is a useful observation and, together with the prom-
ised local spectral identity principle and local spectral characterization of
rank one nilpotent operators, allows us to show that if a surjective map
¢ from Z(X) into A(Y) preserves the local spectrum at a fixed nonzero

vector of a triple product of operators, then it is automatically a bijective
linear map from 41(X) into A1 (Y).

LEMMA 3.5. Let zp € X \ {0}. For every N € A4(X),

*

O(T+8)N+N(T+S) (z0) = opn4nT(Z0) + 05N Ns(@0)
forall T, S € B(X).
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Proof. Let N =z®f € A (X), wherez € X and f € X* with f(x) = 0.
If f(z0) = f(Tzo) = 0, Lemma[3.4(1) implies that

U?T+S)N+N(T+S)($0) = opnnT(20) = ogngns(To) = {0}
for all T, S € A(X), and thus the desired identity holds trivially.
If f(zo) # 0 or f(Txo) # 0, Lemma[3.4)2) entails that

oirrsyN+n(r+8)(®0) = {f(T + S} = {f(T)z} + {f(S)x}
= ornnT(T0) T T5n 4 Ns(T0),

as desired. =

4. Jordan product and local spectral identity principles. In this
section, we establish some local spectral identity principles that will be ex-
ploited in the proof of Theorem [2.I] We believe that these principles are
of interest in their own right. The first principle provides necessary and
sufficient conditions for two operators to be the same modulo a scalar oper-
ator.

THEOREM 4.1. Let g € X \ {0}. For A, B € #(X), the following state-
ments are equivalent:

(1) A= B+~1 for some vy € C.
(2) o* (xg) = o* (o) for all N € M (X).

AN+NA BN+NB

Proof. Assume that (1) holds, and let N := 2® f be a rank one nilpotent
operator where z € X and f € X* with f(x) = 0. If f(xo) = f(Azp) =0
then f(z9) = f(Bxzo) = 0 and Lemma implies that o7 . (z0) =
{0} = 0}, v (20), as desired. If f(xo) # 0 or f(Azg) # 0 then f(zo) # 0
or f(Bxzp) # 0 and again Lemma implies o7 . (z0) = {f(Az)} =
{f(Bx)} =0}, vz (@0). This proves (1)=(2).

Conversely, assume that (2) holds, and let us show that f(Ax) = f(Bx)
for all z € X and f € X* such that f(z) = 0. Indeed, fix f € X*, and first
assume that f(zo) # 0. Lemma and our assumption imply that

{f(Az)} = UZ(x@f)Jr(m@f)A(xO) = U*B(z®f)+(x®f)3(x0> = {f(Bz)}

for all  in X for which f(x) = 0. Second, assume that f(z¢) = 0 and
note that our assumption with N := zp ® f and Lemma [3.4] imply that
f(Azg) = f(Bzg). Now, take x € X such that f(z) = 0 and = and z are
linearly independent, and pick g € X* such that g(z) = 0 and g(z¢) = 1.
Applying the above to g and f+g, we have g(Az) = g(Bz) and (f+g¢)(Ax) =
(f +9)(Bxz). Clearly, f(Az) = f(Bx) for all z € X such that f(z) = 0, and
thus A = B+~1 for some v € C (see Lemmal3.2). This establishes (2)=-(1),
and completes the proof of Theorem 4.1. =
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As an immediate consequence, we obtain the following corollary that
characterizes scalar operators in terms of the local spectrum of a Jordan
product of operators.

COROLLARY 4.2. For A € B(X) and a fized nonzero xog € X, the fol-
lowing assertions are equivalent:

(1) A is a scalar operator, i.e., A =~1 for some v € C.
(2) o atan(@o) ={0} for all N € M(X).

Proof. Apply Theorem 4.1 with B=10.

The second principle gives necessary and sufficient conditions for two
operators to be the same.

THEOREM 4.3. Let zg € X \ {0}. For A, B € #(X), the following state-
ments are equivalent:

(1) A=B,

(2) ohriar(@o) =05, p(z0) for all T € B(X).
(3) oarira(x0) =05, 1 (20) for all rank one R € B(X).

Proof. We only need to show (3)=-(1). So, assume that 0%, pr(70) =
opregrp(7o) for all rank one R € %(X), and note that Theorem en-
tails that A = B + 1 for some 7 € C. We only need to show that v = 0.
To do so, first we show that Axy and Bz are linearly dependent. Assume
they are linearly independent, and note that, since Axzg = Bzg + yxg, we
must have v # 0. Pick f € X* such that f(Axy) = 0 and f(Bzg) = —7.
We claim that f(A?z¢) = 0. Indeed, suppose f(A%rg) # 0, and note that
I (A, f,z0) = In(A, f,z0) = 1/2 (see (3.4)). Since Azg = Bxg + vzo, we
have f(zp) = 1 and thus Lemma [3.4] yields

(4.8)  {EVf(A2%20)} = Ohmee )+ @eof)a(T0) = OB )+ (oo ) B (%0)-

On the other hand, since A%xq = (B + v)%xo, we have 0 # f(A%xg) =
f(B?zg) — +2; it follows from this and (3.4) that

_ 1 i}
Fl(B,f,SC)—2(1+f<B2$O)) 7’50,

1 v )
0B, foo)==(1——2 ) +o
(B, 50) = 5 (1= ) #
Again applying Lemma we see that

(4.9) OB (oo )+ @ f)B(®0) = {f(Bxo) £/ f(B?x0) f(20)}

= {7 £V f(B?*z0)}.
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This, (#.8) and (4.9) with the fact that f(A%z¢) = f(B%wg) — v* show

that
{£V f(B*x0) —7*} = {—v £ V f(B%z0)},

and thus f(B%x¢) = 72 and f(A%z0) = f(B?x¢)—~? = 0. This contradiction
shows that f(A%xg) = 0, as claimed.

Second, let us show that a = 1 and thus v = 0. Suppose that o # 1 (and
hence v # 0). Then (a — 1)Bxg = Axg — Bxy = vz, and

Y

a—1°
For any f € X* such that f(z¢) = 1, we have (A(zo ® f) + (0 ® f)A)zo =
2aaxg and (B(zo ® f) + (0 ® f)B)(x0) = 2axg. Consequently,

Bxy =axg and Axg= aaxg, where a=

{2aa} = UZ(xo®f)+(xo®f)A($0) = U*B(:Jco®f)+(:r0®f)3($0) = {2a}.
This implies that 2a = 2aa and gives a contradiction. Thus a = 1 and
v =0, as desired. m

The following corollary is an immediate consequence of Theorem and
characterizes the zero operator in terms of the local spectrum of the Jordan
product of operators.

COROLLARY 4.4. For A € #(X), the following are equivalent:
(1) A=0.

(2) 0% gy ar(0) = {0} for all T € B(X).

(3) 0Rayar(®o) = {0} for all rank one R € B(X).

Proof. Apply Theorem [£.3] with B = 0. =

5. Local spectral characterization of rank one nilpotent opera-
tors. In this section, we give a local spectral characterization of rank one
nilpotent operators in terms of the local spectrum of a Jordan product of
operators. From Lemma (3.4 one sees that if xy is a nonzero vector in X
and N is a rank one nilpotent operator, then o7y, ~N7(%0) is a singleton for
all T' € #(X). One may expect that the converse is true but we shall see
that there are N € Z(X) that are not rank one nilpotent operators and
for which o7y, yr(z0) is a singleton for all T € #(X). We prove, in fact,
that N € #A(X) \ {0} is a rank one nilpotent operator if and and only if
either orny N7 (%0) is a singleton for all T € A(X) and on(z9) = {0}, or
ornynT(T0) is a singleton for all T € %(X) and there exists To € %(X)
such that or, n+nT, (20) = {0,a} for some nonzero a € C. Such a charac-
terization allows us to show that if a map ¢ from #(X) onto A(Y) satis-
fies , then ¢ preserves rank one nilpotent operators in both directions.
The proof is long and requires some auxiliary lemmas.

The first two lemmas summarize some properties of operators N € Z(X)
for which 075, yr(z0) is a singleton for all T' € #(X).
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LEMMA 5.1. Let N € B(X) be a nonzero operator for which oyp., 1 (%0)
is a singleton for all T € AB(X) with rank at most 2. Then:

(1) N is not a scalar operator.

(2) If N?> = BN for some 3 € C, then N? = 0.

(3) If N =~v1+zo® f for some~y € C and f € X*, then 2v+ f(xp) = 0.

(4) If N?> = BN + A1 for some 3,\ € C, then either N> =0 or N =
Y14+ 29 ® f for some A € C and f € X* for which 2v + f(xg) = 0.

Proof. (1) Suppose that N = a1l for some a € C; since N # 0, we have
a # 0. Take two linearly independent vectors 1 and x5 in X such that zg =
x1+ 2 and pick f; and fo in X* such that f;(z;) = d;; for i,j = 1,2, where
d;; is the Kronecker delta. Let T':= (21 ® f1) + 2(z2 ® f2); then Tz = 2
and Tzg = 2z9. By Lemma 3.1}, we have o7 (z) = op(21) Uor(zg) = {1,2}.
On the other hand, since N = a1, we have

oNT+TN(T0) = Tar+ar(T0) = 2007 (20) = {0, 20}

This contradiction shows that N is not a scalar operator.

(2) Assume that N? = BN for some 8 € C, and suppose 3 # 0. If
{zp, Nzo} is a linearly independent set, let fy in X* be such that fo(xo)
=4/ and fo(Nzg) = 1, and note that I'1 (N, fo,x0)=1/4 and I'>(N, fo,x0)
= 3/4. By Lemma3.4]

TN (0@ fo) +(zoefoy v (T0) = {fo(Nzo) £ v/ fo(N?x0) fo(o)} \ {0} = {~1,3}.

This contradiction shows that Nzg = azg for some a € C. Note that,
by (1), there is z; in X such that z; and Nz are linearly independent.
Moreover, since N2zg = aNxg, either Nxg = 0 or o = . If Nzg = 0, then
pick fi1 in X* such that fi(z¢) # 0, fi(x1) = 4/ and fi(Nz1) = 1, and
note that I't(N, f1,z1) = I>(N, fi,21) = Bf(20)/8 # 0. By Lemma [3.4] we
have

N (et memn (@) = {fi(Nz1) £/ fi(N221) fi(z1)} \ {0} = {~1,3}.

This contradiction shows that o = .

If 29, x1 and Nz are linearly independent, then take fo in X™* such that
fa(zo) =1, fo(x1) =4/8 and fo(Nz1) = 1, and note that

Fl(N,fg,xl) = —6/8 75 0 and FQ(N, fg,ZL‘l) = 3ﬁ/8 7& 0.

Thus Lemma [3.4] shows that O'}kv(x1®f2)+(x1®f2)]v($()) = {—1, 3} contains two
different elements. This contradiction shows that xy = ax1 + b/Nx; for some
a,b € C. Now, let t be a large enough positive scalar so that (a/B)t+b # 0,
and take f3 in X* such that f3(x1) = t/5 and f3(Nz1) = 1. Observe that
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fa(xo) = (a/B)t + b # 0, and note that
T 1 1
Fl(Na f371"1) = l3f3( 0) ( - > 7& Oa

> \t Vi
I3(N, f3,21) = 5f32(x0) <1 + \2) # 0.

Thus Lemma shows that o, o )4 memn (@) = {1 - V1 + Vi)
contains two different elements. This contradiction shows that 5 = 0.

(3) Assume that N =~1 + z29 ® f for some A € C and f € X*, and let
x € X be such that f(z) =1, and z¢ and z are linearly independent. Note
that

N? = (27 + f(z0))N — (v* + 7. (z0))1.

If v = 0, then N? = f(x9)N and f(xp) = 0 by (2), and thus there is
nothing to prove. So, assume v # 0 and note that x and Nz = ~x + g
are linearly independent. If B := 2y + f(z0) # 0 and a := —v2 — vf(x0)
# 0, let s be a positive real such that 1 — as # 0 and [(8 + as)s| #
L|(y + f(z0))s|?. Pick fi € X* such that fi(Nz) = 1 and fi(z) = s,
and note that fi(x¢) =1 — as # 0 and f1(N%x) = B + as. Moreover, since
1—as#0and |[(B+as)s| #|(v+ f(x0))s|?, we have

(N, fr,z) = (1 - 043)<213 - m> i

FQ(N,fl,x):(l—a3)<;+m> 7&0

By Lemma we have
ING@af)+@efn (@) = {filNz) £/ fi(N2z) fi(z)}\ {0}

= {1+ /(B + as)s}.
This contradicts our assumption, and shows that either « =0 or § = 0. In
either case, we have = 2y + f(x9) = 0 by (2) as desired.

(4) Suppose that N2 = 3N + A1 for some scalars 3, A € C, and note that,
by (3) and Lemma[3.2] we may and shall assume that there is a nonzero vec-
tor x in X such that xg, x and Nz are linearly independent, and then show
that N2 = 0. Let us first prove that if A # 0 then x¢ and Nzg are linearly
dependent. If not, pick fy € X* such that fo(xo) = 1 and fo(Nzg) = 0.
Since N2 = BN + A1, we have fo(N2%xg) = X\ # 0 and I (N, fo,z0) =
(N, fo,z0) = 1/2. By Lemma we see that o3, o i (mow o)y (20) =
{=V/A,V/A}. This contradiction shows that Nzg = 6z for some 6 € C.

Second, let us show that either 5 = 0 or A = 0. Indeed, otherwise let s
be a positive real such that |(8 + As)s| # 1,|0s|?, and pick f; € X* such



108 A. Bourhim and M. Mabrouk

that fi(zo) = 1, fi(Nz) = 1 and fi(z) = s. Since |(3 + As)s| # |0s|?, we
have

1 0

B ) = s S s T
1 0

Iy(N, fi1,x) = %‘Fm # 0.

Lemma [3.4] yields
ON@ef)+@omn (T0) = {fillNz) £/ fi(Nz) fr(z)} \ {0}
={1+(B+ As)s}.

This contradiction shows that either 8 = 0 or A = 0. Of course, if A =0
then N2 =0 by (2) and we are done.

So, assume A # 0 and thus 8 = 0 and N2 = A1. Since A # 0, there is
a # € C such that Nzg = 0x¢. In fact, since N2> = v1, we must have 2 =
A # 0. After replacing N by (1/0)N, we may and shall assume that N? = 1
and Nxg = z9. Now, pick fo and f3 in X* such that fo(zg) = f3(z) =1
and fo(z) = fo(Nw) = f3(xo) = fs(Nz) = 0. For T := (z9 + Nz) @ f2 +
(2Nxz — z) ® f3, we have
(NT4+TN)(x+Nz)=x+Nzx, (NT+TN)(zo+z+Nz)=2(x0+2+Nz).

Thus, onr+rn(z + Nz) = {1} and onypirn(z0 + ¢ + Nx) = {2}. Lemma
B-1] yields

onT+7N(%0) = oNT+TN (2 + Nz) Uonrrn (20 + 2 + Nx) = {1,2}.
This contradiction shows that A = 0, and thus N? = 0 by (2). =

LEMMA 5.2. Let N € Z(X)\ {0}. If oxpr 7y (T0) is a singleton for all
T € B(X) of rank at most 2, then either N> =0, or N =1 + 20 ® f for
some v € C and f € X* with 2y + f(z¢) = 0.

Proof. Assume that o3 (7o) is as in the statement, and let us
show that N2 = BN + 41 for some (3,7 € C. So, assume for contradic-
tion that there is a nonzero z; € X such that z;, Nz; and N2z, are
linearly independent. We claim that in this case zg, 1, Nz; and N2z
are linearly dependent. Indeed, suppose the contrary, and let us first show
that neither {xo, Nxg, x1, No1, N?21} is linearly independent, nor Nxg = 0.
If not, pick fi € X* such that fi(x9) = fi(z1) = f(N%r1) = 1 and
fl(N.Tl) = fl(N:EQ) = 0. Then Fl(N,fl,ZL‘l) = FQ(N,fl,ﬂfl) = 1/2, and
thus Lemma [3.4] implies that

TN (o 1) ofn (@0) = {fi(Nz1) £ v/ fi(N2z1) fi(e)}\ {0} = {~1,1}.

This contradiction shows that xg, Nxg, 1, Nz1 and N2z, are linearly de-
pendent and Nzg # 0. If Nxzg is a multiple of any of the vectors xg, z1,
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Nz1, N2z, choose positive scalars s and t such that

(1,210 +1) if Nzg = 0z for some 6 € C,
(1,210 +1) if Nzg = 0z, for some 6 € C,
(1,210| +1) if Nxg = 0Nz, for some 6 € C,
(210] +1, 2) if Nozg = ON?z; for some 6 € C.

Pick fg € X* for which fg(xo) =S, f2(.%'1) ng(Nafl) =1 and f2(N2{L'1):t2,
and note that st > | fa(Nxzg)|. We have

Fl(N,anl‘l):;<5f2(]ZxO)> #Oa

FQ(N,fQ,.Tl) = ;(S—i—'ﬁ(]\[x(])) 750,

(S’t) =

t
and Lemma [3.4] gives

TN (e f) (o sy n (T0) = {fa(Nw1) £ 1/ foa(N221) fo (1)} \ {0} = {1 F ¢}

This contradiction shows that Nzg = axg + bx; + ¢Nz1 + dN?z, with at
least two of the scalars a, b, ¢ and d nonzero. Let s, ¢, u and v be nonzero
scalars such that as + bt + cu + dv = 0 and u? # tv. Pick f3 € X* sat-
isfying f3(zo) = s, f3(x1) = t, f3(Nz1) = u and f3(N%x;) = v. We have
fa(Nzg) = 0, and I (N, fs,x1) = I2(N, f3,z1) = s/(2t) # 0, and thus
Lemma [3.4] entails that

UN($1®f3)+(zl®f3 (w0) = {fs(Nz1) + \/f3 NZ2zy) f3(21)} \ {0} = {u:':\/%}

contains two different elements as u? # tv. This contradiction establishes
our claim and shows that zg, z1, N1 and N2z, are linearly dependent, and
thus o = agx1 + BoNz1 + v N2z, for some ag, By, 0 € C. Here, we shall
discuss two cases.

CASE 1. Either Nxg = 0, or Nxg, x1, Nx; and N2z, are linearly inde-
pendent. In this case, choose fy € X* such that fy(Nzg) = 0, fa(z1) = 1,
fi(Nx1) = s and fy(N%z1) = s* where s is a scalar such that s > 1
and ag + Bos + yost # 0. We have f(zo) = oo + Bos + Ys* # 0 and
I'(N, f1,21) = I3(N, fo,21) = (a0 + Bos +v0s*)/2 # 0, and thus Lemma
-4 yields

ON (@@ )+ o f)n (@0) = {fa(Na1) VFa(N2xy) fa(x1)}\ {0}
= {s— 5% 5+ 5%}.

This is a contradiction.

CASE 2. Nzg # 0 and Nxg, x1, Nx1 and N2z, are linearly dependent.
Since z1, Nz1 and N2z, are linearly independent, Nxg = a1x1 + S1 Nz +
y1 N2z for some aq, 31,71 € C, not all zero. It is easy to see that there is a
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positive scalar s # 1 such that

(5.10) 52]a1+ﬁls+’yls4| % |a0—|—ﬁos+’yos4|.

Choose f5 € X* such that f5(x1) = 1, f5(Nz1) = s and f5(N2%x1) = s*, and
note that, in view of ({5.10]), we have

Ozo—i—ﬁos—i-”yos o +,318+’}/18

Fl(NafE)axl) = 92 28 #0
+ Bos + o5 + Bis +
[o(N, fs,21) = ag 5&29 08 | o 5215 ik 20

By Lemma we have

TN (1 fs)+ (1 fs)N (©0) = {fs(Nan) £/ f5(N2a1) f5 (1)} \ {0}
= {s—s% 5+ 5%}
This is a contradiction as well.
Finally, we have shown that z, Nz and N2z are linearly dependent for
all x € X, and so Kaplansky’s Lemma tells us that there exist o, 3,7 € C
not all zero such that aN? + BN +~1 = 0 (see for example [2, 28]). Lemma
yields « # 0, and thus we may assume that
=N +~1

for some 3,v € C. Again by Lemma either N2=0,or N =41+ 29® f
for some A € C and f € X* for which 2y + f(x¢) = 0, as desired. =

In terms of the local spectrum at a fixed nonzero vector zg € X of
an operator Jordan product, the following result characterizes all rank one
nilpotent operators N = x ® f for which z is linearly independent of zg.

THEOREM 5.3. Let zg € X \ {0}, and N € Z(X) \ {0} not of the form
Y1 + 29 ® f where v € C and f € X*. Then the following statements are
equivalent:

(1) N is a rank one nilpotent operator, i.e., N € N (X).
(2) onpirn(T0) is a singleton for all T € B(X).
(3) onrrn (o) is a singleton for all T € H(X) with rank at most 2.

Proof. The implication (1)=-(2) follows immediately from Lemma
and (2)=(3) is obvious. So, we only need to establish (3)=-(1). Assume that
on74rn(T0) is a singleton for all T' € #(X) with rank at most 2, and note
that, by Lemma we have N2 = 0. Assume to the contrary that N has
rank at least 2 and let us first show that x( is not in the range of N. If it is,
there are x and y in X such that xo = Nz and Ny are linearly independent.
Set z1 := (x — y)/2 and x5 := (x + y)/2, and note that Nz; and Nzo are
linearly independent. Take f; and fo in X* such that f;(Nz;) = d;; for
i,j =1,2. For T := 21 ® f1 + 222 ® fa, we have (NT + TN)Nx; = Ny
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and (NT + TN)Nxzgy = 2Nxz9. As z9 = Nz + Nxg, Lemma tells us
that

oNT+TN(%0) = oNT+TN(NT1 + Ng)
= onr+7N(Nz1) Uonrirn (Nag) = {1,2}.

This contradiction shows that zg is not in the range of N, as desired.
Now, to establish a contradiction and show that N is a rank one operator,
we shall discuss two cases.

CASE 1. Assume that Nxg # 0. Since the rank of N is supposed to be at
least 2, there exists x € X such that Nz and Nz are linearly independent.
Observe that zg and z are also linearly independent, and set

To— X d To+x
T3 = and x4 :=
3 2 4 2
Note that x3, ©4, Nz3 and Nz, are linearly independent. Indeed, assume

that

(5.11) ars +bry + cNxs+dNxzy =0

for some a,b,c,d € C. Applying N to and keeping in mind that
N2 =0, one has aNz3 +bNzy =0, so a = b = 0 since Nz3 and Nx4 are
linearly independent. Thus becomes cNxz3+ dNx4 = 0, which in turn
gives ¢ = d = 0. Hence, {x3, 24, Nx3, N4} is a linearly independent set, as
claimed. Now, take f3 and f4 in X* such that

f3(z3) = f3(w4) = f3(Nwy) =0 and f3(Nzsz) =1,
and
fa(xs) = fa(xg) = fa(Nzg) =0 and fq(Nxyg) = 2.
Let T := 23® fs+24® f4. Then (NT+TN)zg = z3 and (NT+TN)xg = 2x4.
As xg = x3 + x4, we have
oNT+TN(T0) = ONT+TN (T3 + T4) = oNT TN (73) U onT7N (T4) = {1, 2},

by Lemma [3.1} This contradiction shows that IV is a rank one operator.

CASE 2. Assume that Nxg = 0. Since the rank of N is at least 2, there
exist x and y in X such that Nz and Ny are linearly independent. Since
xo is not in the range of N, one can easily check that xo, Nz and Ny are
linearly independent. Now, choose f and ¢ in X* such that

f(zo) = g(z0) = f(Nz) =g(Ny) =1 and g(Nz)= f(Ny) =0,

andlet T :=2® f+y®g. We have (NT+TN)Nz = Nz and (NT+TN)Ny
= 2Ny, and thus on7i7N(Nx + Ny) = onrern(Nz) U onrern(Ny) =
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{1,2}, by Lemma[3.1] As (NT +TN)zy = Nz + Ny, we get

{1,2} = onrerN(No + Ny) C onryrn(0)
Conr+rn(Nz + Ny) U{0} = {0,1,2}

(see Lemma 3.1)). Hence, oyr 7y (20) = {1,2}, which is a contradiction,
and thus NV is a rank one operator in this case too. =

The following result shows, in particular, that there are operators N &€
%(X) other than rank one nilpotent operators for which o3y, px(70) is a
singleton for all T' € A(X).

THEOREM 5.4. Let zg € X\{0} and N € B(X)\{0}. Then the following
statements are equivalent:

(1) N =~1+xo®f for some~y € C and f € X* for which 2vy+ f(xg) = 0.
(2) onT+TN(20) is a singleton for all T € B(X).
(3) onT+rN(20) is a singleton for all T € B(X) with rank at most 2.

Proof. Assume that N =1 4+ x9 ® f for some v € C and f € X* such
that 2y + f(xo) = 0. Then, for every T € Z(X), we have

(TN +NT)zo=(T(v14+20® f) + (71 + 20 ® f)T)xg
= T'xg + f(wo)Two +~vTxo + f(Tx0)20
= (27 + f(20))Txo + f(Tx0)w0 = f(T'T0)T0.
Hence,
orn+n1(20) C {f(T0)}

for all operators T, and (1)=-(2) follows.

Since the implication (2)=-(3) holds trivially, we only need to establish
(3)=(1) in order to finish the proof. So, assume that oy 17N (x0) is a sin-
gleton for all T' € #(X) with rank at most 2, and suppose for contradiction
that N € #(X) is not of the form 71 + zp ® f where v € C and f € X*.
By Theorem [5.3) N = z ® f for some z € X \ {0} and f € X*\ {0} such
that f(z) = 0 and x¢ and z are linearly independent. If f(z¢) = 0, take
x1 € X such that f(z1) =1 and f; in X* such that fi(xg) = f1(z) = 1. Set
T1 := z1 ® f; and note that

(DN + NTy)x =2 and (TA'N + NTy)(zo—z) =0.

Hence, op,N+NTy(T0) = oryN+NT (T0 — @) U orynynT (2) = {0,1}, by
Lemma This contradiction shows that f(xzg) # 0. Choose z in X such
that f(z) = 1 and xg, = and z are linearly independent. Pick fo, f3 € X*
such that fa(x) = f3(z) = 1 and fa(z) = f3(x) = 0, and note that, for
T :=2Q® fo+x® f3, we have

(NI +ToN)z =2z and (NTo+T1oN)z = z.
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It follows that O'NT2+T2N($) = UNT2+T2N(Z) = {1}, and thus UNT2+T2N(w)
= {1} for all nonzero w € \/{z, z} (see Lemma [3.12)). Also (NI +ToN)w
= 0 for all w € ker(f) Nker(fT2) and onm,+7,n(w) = {1} for all nonzero
w € ker(f) Nker(fTs). Moreover,

X =ker(f) Nker(fT) ® \/{x, z}.

Let p; and p2 be the projections on ker(f) N ker(f7) and \/{z,z}, re-
spectively. Since xg & ker(f) N ker(fT'), we have pa(z¢) # 0. Also, since
zo & \/{x, z}, we have pi(xp) # 0. It follows that

ONTy+T,N (%0) = ONTy+1,N (P1L(%0)) U oNT415 N (P2(20)) = {0, 1},
again by Lemma (2) This contradiction shows that N has the desired
form. m

As a consequence of Theorem we obtain the following corollary that
describes, in terms of the local spectrum at a fixed nonzero vector xg € X
of an operator Jordan product, all rank one nilpotent operators of the form
xo ® f where f € X* for which f(z¢) = 0.

COROLLARY 5.5. Let xg € X \ {0} and N € B(X) \ {0}. Then the
following statements are equivalent:

(1) N=z¢g® f for some f € X* for which f(x¢) = 0.

(2) on(zo) = {0}, and onr+rN(x0) is a singleton for all T € B(X).

(3) on(zo) = {0}, and onT+TN(x0) is a singleton for all T € B(X)

with rank at most 2.

Proof. Obviously, the implications (1)=-(2)=-(3) always hold. So, assume
that on(z9) = {0} and onr1rN(20) is a singleton for all T € A(X) with
rank at most 2, and note that, by Theorem N =~1+4 29 ® f for some
v € Cand f € X* for which 2y + f(x0) = 0. We have Nzg = (v + f(z0))zo
and

{0} = on(wo) = {7y + f(zo)},
and v + f(zo) = 0. As 2y + f(xg) = 0, we see that v = f(xg) = 0 and
N = 2y ® f is a rank one nilpotent operator. This establishes (3)=(1). m

6. Proof of the main result, Theorem Checking the “if” part
is straightforward. For the “only if” part assume that ¢ satisfies (2.1)), and
let us show that ¢ has the desired form.

STEP 1. ¢ is injective and p(0) = 0.
If p(A) = ¢(B) for some A, B € #(X), then by we obtain
TAT+TA(Z0) = Tp(A)o(T)+o(T)p(A) (H0)

= Ou(B)p(T)+o(T)p(B) (Y0) = oBT+1B(%0)
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for all T € #(X). By Theorem 4.3, we see that A = B. This together with
the assumed surjectivity implies that ¢ is a bijection.
In a similar way, we show that ¢(0) = 0. Indeed,

{0} = 070407 (%0) = Tu(1)e(0)+4(0)p(T) (Y0)
for all T € #(X). By the bijectivity of ¢ and by Corollary we have
©(0) =0, as claimed.

STEP 2. ¢ preserves rank one nilpotent operators in both directions.

Let N =z ® f € $B(X) be a nonzero rank one nilpotent operator. If
& = ax for a nonzero a € C, then N = z¢® (a.f) and thus, by Corollary[5.5]
we see that on(z9) = {0}, and on77N(20) is a singleton for all T € A(X).
Thus

{oo(n)(10)}* = 50o(N)p(N)+o(N)o(V) (U0) = $ONN+N N (20)
= {on(z0)}* = {0},
and 0 ,(N)(T)+0(T)p(N) (Y0) is a singleton for all T € Z(X). By Corollary
5.5, ©(N) = yo ® g for some g € Y* for which g(yo) = 0.
If x and z( are linearly independent, then obviously NV is not of the form

Y1+ 20 ® f with 2y 4 f(zo) = 0, and thus, by Theorem [5.4] ¢(NN) is not of
this form either. Now, o1, 7 n (20) is a singleton for all T € %(X), and so is

U;(N)cp(T)—l-(p(T)ap(N)(yO) for all T € A(X). Since ¢(N) # 0, by Theorem
and the bijectivity of ¢, we see that ¢(N) is a rank one nilpotent operator.

Conversely, since ¢ is bijective and ¢! satisfies (2.1]), we see that if ¢(N)
is a rank one nilpotent operator, then so is N.

STEP 3. ¢ is homogeneous.
Indeed, for every A € C and S,T € #A(X), we have

To(T)(Ap()+(p(9)(T) (Y0) = AT(T)p(8) +(8)p(T) (W0) = AoT5 45T (%0)
= O'T()\S)—',-()\S)T(l'o) = Op(T)p(AS)+o(AS)p(T) (%0)-

Since ¢ is bijective, Theorem shows that @(AS) = A\p(S) for all A € C
and S € B(X).

STEP 4. For N1, Ny € A41(X) for which N1 + Ny € A1(X), we have
(6.12) (N1 + N2) = o(N1) + p(Na2).

Since ¢ preserves rank one nilpotent operators in both directions, it
suffices to show that for any S,T € #(X), there is 657 such that

(6.13) e(S+T)=p(S)+ ¢(T)+dsrl.
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Indeed, let S,T € #(X) and N € 41(X). By Lemma [3.5 and (2.1,

T o(T+8)p(N)+o(N)p(5+T) (%0)
= UZ(S+T)N+N(S+T) (z0) = opnyNT(T0) + 05Nt ns(To)

= O (T)p(N)+o(N)o(T) (H0) T T5(8)(N)+o(N)p(5) (U0)

= O (1) +0(8))p(N) o (N) ((T) +o(5)) (Y0

Since ¢ preserves rank one nilpotent operators, Theorem ensures that
there is g7 such that (T + S) = ¢(T') + ¢(S) + g1, as claimed.

STEP 5. There exists a bijective transformation A € B(X,Y) such that
Axg = yo and
either o(N)= ANA™'  for all N € M (X),

or o(N)=—ANA"' for all N € #(X).

We have shown that ¢ is a bijective map from .41 (X) into A1(Y), and
thus (6.12) applied to both ¢ and ¢! shows that

N1+ N> € e/’/l(X) & (p(Nl + Ng) S Ji/l(Y)

for all Ny, Ny € A41(X). By Lemma ¢ restricted to .41(X) has either
the form or . We claim that ¢ cannot take the second form. In-
deed, assume that there exists a bijective bounded linear or conjugate linear
transformation A : X* — Y such that

(6.15) ©(N) = TyAN*A~1
for all N € A1(X), where 7y is a scalar depending on N. Take nonzero

vectors x and y in ker(A~1yg) such that xq, x and y are linearly independent.
Now, take f and g in X* such that

fl)=0, f(y)=f(xzo)=1, and g¢(y)=0, g(z)=1
For Ny := 2 ® f and N2 := y ® g, we have (N7 N; + Ny N{)A lyo =0, and
thus, by Lemma 3.4,

(6.14)

{0} = Orn TNy (A(NfN;JrN;Nf)Afl)(yO) = Orn TN, (AN{‘N;A*H-ANQ*N{‘A*)(Z/O)
= O (N p(Na)+o(No)o(N) (Y0) = TNy Not NNy (20) = O (20 ) Nat-No (2. ) (Z0)
= {f(N2x)} = {1}.

This contradiction shows that ¢ has the form , i.e., there exists a bi-

jective bounded linear or conjugate linear transformation A : X — Y such
that

(6.16) o(N) =1yANA™!

for all N € A1(X), where 7y is a scalar depending on N. Let Ny := 21 ® f1 €
M (X) and Ny := 29® fo € A (X), where x1,22 € X and fi, fo € X* satisfy
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fi(xz;) =0 for i = 1,2. To show that 7n, = 7p,, take g € X*\ {0} such that

g(x1) = g(x2) = 0, and note that since

Tlar+as)egA(@1 +22) @ 9) AT = o((21 + 22) ® )= (21 @ 9) + (22 ® g)
= T:p1®gA($1 ® g)A_1+7_x2®gA(x2 & g)A_la

we have

(6.17) T(14a2)0g = To1®g = Tra®g-

In a similar way, one shows

(6'18) Tz10(fit+g) = Tzi®fi = Tz1Qg>
(6'19) Tro®@(fatg) — Tz2®f2 = Twa®g-

From (6.17)-(6.19)), we see that 7n, = Toowf, = Toief = T, Thus 7y =€
is a nonzero constant independent of N € #1(X), and ¢(N) = eANA~! for

all N € A1(X), as desired.
Moreover, we claim that A must be linear. Indeed, take z,z € X, f € X*
such that f(z) =0 and f(z) = 1. By homogeneity of ¢, we have

AeA(z® HlIAT = xp(z ® f) = (A= @ f)) = eA\(z @ f))A™,
and M(z ® f)A™ = ANz ® f))A™L. It follows that
Mz = Mz ® AT Az = ANz ® f)) A7 Az = A(\x),
and A is linear, as desired.
Now, we show that Axy = ayg for some nonzero o € C. Assume that xg

and A~y are linearly independent and take z3,z4 € X such that xs, x4,
xo and A~ 1yq are linearly independent. Pick f3 and f; in X* such that

fs(xo) = fa(za) =1,  fa(s) = fs(A o) =0,
and
fa(zs) =1, fa(za) = f2(A"ye) = 0.
By Lemma
{1} ={fs((z4 ® fa)z3)}

= O(a@ ) (3@ fs) + (s f3) (@a@ f2) (T0)

= Uga(z4®f4)cp(w3®f3)+so(23®f3)@(w4®f4)(yo)

= 02 (240 fa) (230 f3) A1 +2 A(w3@ fa) (@ f1) A-1 (o) = {0}

This contradiction shows that A=1yg = axg for some nonzero a € C. After
replacing A by aA, we may assume that Axy = yg, and

©(N) = eANA™1
for all N € A (X).
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Now, let us show that e = 1. Take x5, x4 € X such that x5, zg, and zg
are linearly independent. Pick f5 and fg in X™* such that

fs(@o) = fs(ze) =1, fs(z5) =0, and fe(xs) =1, fo(zs) = fo(xo)=0.
By Lemma [3.4]
{1} = {fs((z6 ® fo6)25)} = O(we o) (ws2.f5)+(ws2f5) (@60 f5) (X0)
= Ug@(ma@fﬁ)4,0(935®f5)+90($5®f5)90(936®f6)(yo)
= 02 A6 fo) (250 f5) AL +e2 A(z5® fs ) (w6 fo ) A~ (Y0)
= 02 (26® fo) (58 f5)+¢2 (x50 f5) (w6 @ fo) (T0) = {e°}.
Hence, ¢ = 1 and thus we may and shall assume that
o(N)=ANA~!
for all N € A (X).
STEP 6. p(T) = ATA™! for all T € B(X).
First, we show that for every T' € Z(X) there is ap € C such that
(6.20) o(T) = ATA™' + arl.
For every R € A4 (X) and T € #(X), we have
To(NYATA- 1+ ATA-1o(N)(Y0) = TaNA-1aATA- 14 ATA-1 AN A1 (Y0)
= oANT+NT)A-1 (Y0)
= ONT+TN(T0) = T (N ) (T)+o(T)p(N) (Y0)-
By Theorem the above identity holds. In particular, p(1) =
(1 4+ 1)1 for some a; € C. Since
{2} = 0141(20) = Op1)p(1) o)1) ¥0) = {2(1 + a1)?)},
we see that a1 = 0 or a3 = —2 and thus ¢(1) = £1. Now, let us check that
©(1) = —1 cannot occur. If (1) = —1, then
(6.21) 07(20) = Op(1)p(L1)+p(1)p(2T) (%0)
= O L)~ beon) W0) = ~0u(r)(0)
forall T € #(X). Now, take x,y, z € X such that x, x, y and z are linearly
independent. Since x| := xg+x, x3 := y —x — z and x3 := z — y are linearly
independent as well, there are fi, fo, f3 € X* such that f;(x;) = d;;. For
T =21 ® f1+ 202 ® fo +ix3® f3, we have Taxy = x1, Txy = 229 and
Tx3 = ix3, and thus
{1,2,i} = op(z1) Uor(z2) Uor(zs) = or(x1 + x2 + x3)
=or(20) = —0u1)(Y0) = —Tara-1+ar (Y0)
= —oara-1(p) — {ar} = —or(A™'y) — {ar} = —or(w0) — {ar}
={-1—ap,—2—ap,—i—ar}.
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As no ar € C satisfies this equality, this contradiction shows that ¢(1) =1,
as desired.

Next, we claim that ¢(R)=ARA™! for all rank one operators R € #(X).
Since (1) = 1, we see that

or(zo) = Ou(R) (vo) = UARA—1+aR(y0)
= dara—(y0) + {ar} = or(A™ ) + {ar} = or(wo) + {ar}.
As or(xp) is a nonempty set containing at most one nonzero number, we
see that ag = 0, hence the claim.

To finish the proof, note that for every rank one operator R € #(X)
and every T' € #A(X), we have

Op(RYATA—1+ATA-1p(R) (Y0) = 0aRa-1aTA-14ATA-1 ARA-1 (Y0)
= o A(rT+RT)A-1(¥0) = ORT+TR(T0)
= Tp(R)p(T) +o(T)p(R) (Y0)-

By Theorem we see that p(T) = ATA™! for all T € %(X). The proof
of Theorem 2.1 is now complete.

Note added in proof. After this paper was submitted for publication,
the authors showed in [6] that Theorem 2.1]remains valid when X =Y = C"
is a finite-dimensional space and without the surjectivity of the map ¢. The
proof given therein is completely different from the one presented in the
current paper.
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