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Diametral dimensions of Fréchet spaces
by
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Dedicated to the memory of Tosun Terzioglu

Abstract. The diametral dimension is an important topological invariant in the cat-
egory of Fréchet spaces which has been used, e.g., to distinguish types of Stein manifolds.
We introduce variants of the classical definition in order to solve an old conjecture of
Bessaga, Mityagin, Pelczynski, and Rolewicz at least for nuclear Fréchet spaces. More-
over, we clarify the relation between an invariant recently introduced by Terzioglu and

the by now classical condition (2) of Vogt and Wagner.

1. Kolmogorov widths and diametral dimensions. Kolmogorov
widths (or diameters) are a quantitative measure for compactness in normed
spaces: for absolutely convex sets V' and U of a vector space X (typically U
is the unit ball of a given norm) and n € Ny the nth width is

0(V,U) =1inf{é > 0:V C §U+L for a subspace L of X with dim(L) < n}

(the dependence on X is notationally suppressed). If V' is bounded with
respect to U (i.e., 6o(V,U) < oo) then V' is precompact with respect to the
the Minkowski functional of U (which is a seminorm with unit ball U) if
and only if 0,,(V,U) — 0. This elementary fact is Proposition 1.2 in Pinkus’
book [Pin85] where much more information about n-widths can be found.
For a locally convex space (l.c.s.) X with the system %(X) of absolutely
convex O-neighbourhoods the diametral dimension of X is the sequence space

AX) = {£ eRY VU € %(X) IV € %(X) : £,6,(V,U) — 0}.

This space is a topological invariant, i.e., if X and Y are isomorphic l.c.s.
then A(X) = A(Y). Even more, if Y is a quotient of X then we have
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the inclusion A(X) C A(Y). Moreover, X is a Schwartz space (i.e., every
0-neighbourhood U contains another one which is precompact with respect
to U) if and only if £>*° C A(X).

There are several versions of diametral dimensions of locally convex
spaces in the literature, all going back to an idea of Pelczynski [Pel57] from
1957. The formulation above can be found in [Mit61] where Mityagin refers
to a joint work with Bessaga, Pelczyniski, and Rolewicz which, to our best
knowledge, eventually did not appear in print.

Implicitly, Mityagin also considered the following variant:

Ay(X) = {6 eRY . VU € %(X) VB € B(X) : £,0,(B,U) — 0}.

where Z(X) is the system of all bounded subsets of X. The obvious property
on(B,U) < 56,(V,U) for B C SV implies

A(X) C Ap(X)

for all l.c.s., and all bounded sets of X are precompact if and only if £>° C
Ap(X). Referring to the joint work mentioned above, [Mit61, Proposition 9]
claims Ap(X) = A(X) for all Fréchet spaces X (actually, £,0,(B,U) — 0
is only required for compact sets B but then the statement is clearly wrong
even for Banach spaces).

It was probably soon realized that A = A, cannot be true in full gen-
erality, since the famous Grothendieck-Kothe example [MV97, 27.21] of a
Fréchet-Montel space X which is not Schwartz satisfies A(X) = ¢p and
Ap(X) D £°°. Terzioglu [Terl3] describes this explicitly but without a defi-
nite conclusion when the equality is in fact true. The most optimistic con-
jecture is that A(X) = Ay(X) for all Fréchet—Schwartz spaces (for spaces
which are not Montel we trivially have A(X) = Ay(X) = ¢o).

The main result of this part of the paper is a proof for hilbertizable
Fréchet—Schwartz spaces, i.e., the seminorms can be given by (semi-) scalar
products, in particular, this includes the important case of nuclear Fréchet
spaces.

The following variants of the diametral dimensions turn out to be useful
for this purpose:

A®(X) = {6 e RN . VU € %(X) 3V € %(X) : £,6,(V,U) bounded},
AR (X) = {6 e RN . YU € %(X) VB € B(X) : £,0,(B,U) bounded}.
For every locally convex space X we have the obvious inclusions:
A®(X) C AF(X)
Ul Ul
A(X) C Ap(X)
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Although we are interested in whether equality holds in the bottom row, we
first consider the top row:

PROPOSITION 1.1. The equality A>®(X) = Ap°(X) holds for every Fré-
chet-Schwartz space X.

Proof. Take £ € Ap°(X), a convex 0-neighbourhood U in X, and assume
that &,0,(Uy,U) is unbounded for all ¢ where Uy is a decreasing basis of
Uy (X). Then we find a strictly increasing sequence of integers n, such that
|&n, |0, (Up, U) > £ for all £ € N.

Since X is Schwartz we may assume that all U, are precompact with
respect to U. Hence, there are finite sets Fy C U, with

’fnl ’ —U + Fy.
Then B = |J, F; is bounded in X because, for each p € N, all but the finitely
many elements of FopU---U F,_; belong to Up,. Since £ € Ap°(X) there is a
constant C' such that |&,,]0,,(B,U) < C for all £.

For fixed ¢ > C + 1 there is, by deﬁnition of 0,(B,U), an at most

ny-dimensional subspace L with B C & |U + L, which implies
ne

|
U, C—U+FC L Syt

1
\ine\ !fnf! " ] [€ne |
Hence the contradiction d,,(Us,,U) < (C' +1)/|&,,|. =

U+ L.

The proposition is trivially true for Fréchet spaces which are not Montel
(because then A®(X) = AX°(X) = £*). It thus holds for all quasinormable
Fréchet spaces. Up to changing cg to £°° in the definition of the diametral
dimension this saves [Ter13, Proposition 1].

In view of the proposition and the trivial inclusions mentioned above
it is enough to investigate whether A(X) = A*(X) for Fréchet—Schwartz
spaces.

If V and U are the unit balls of seminorms p > ¢, the Kolmogorov
widths describe approximation properties of the inclusion (X,p) < (X,q)
and it is easy to see (and well-known) that we may pass to the Hausdorff
completions of these spaces, that is, 6,(V,U) = §,(T(By), By), where B, is
the unit ball of the completion Xy of (X, p)/Kern(p) and T' is the canonical
map Xy — Xy induced by the inclusion. Xy is called the local Banach
space corresponding to V. If p is induced by a (semi-) scalar product we call
it the local Hilbert space.

For an operator 7' : X — Y between Banach spaces with unit balls By
and By we abbreviate d,,(T") = 6, (T(Bx), By ). The velocity of convergence
of this sequence is then a measure for the compactness of T'.



274 L. Demeulenaere et al.

For a scalar sequence (0, )nen, We write, as usual,
0(6p) ={6 e RN : Ve > 03N e NVn > N : |&,] < ¢]on|}.

We now consider the plausible statement that the product (composi-
tion) of two compact operators is “strictly more compact” than each factor.
Unfortunately, we can only prove this for Hilbert spaces.

ProposiTION 1.2. Let X,Y,Z be Hilbert spaces and T : X — Y and
S:Y — Z be compact operators. Then

In(SoT) € o0(dn(S)) and 6,(SoT) € o(0,(T)).

Proof. The advantage of the Hilbert space setting is that the Kolmogorov
widths coincide with the singular numbers of the compact operator (see, e.g.,
[Pin85, Chapter IV] or [Vog00]). Let thus

S=> sl e f
k=0

be a Schmidt representation of S with orthonormal systems (eg)x and (fx)g
in Y and Z, respectively, and the decreasing sequence of singular numbers
sk = 0k (S). Taking the span of fy,..., fn—1 as a candidate for the infimum
in the definition of §,,(S o T') we get

Sn(SoT)? < sup{Hi 5k<T(fL’),€k>ka2Z Hlzllx < 1}
k=n

= sup{ > st (T (), ex)  allx <1}

k=n
o
< s2sup{ > Iy e) 1y € K |
k=n

where K = T'(Bx) is compact in Y. The sequence of functions

) = (3 e ) = Ima)lly
k=n

with the orthogonal projection 7, onto the closed span of {e; : k > n}
is equicontinuous and converges pointwise to 0. It therefore converges uni-
formly to 0 on the compact set K. This proves 0, (S o T') € 0(d,(5)).

The other assertion then follows by duality since

0n(SoT)=06,((SoT)*) =0,(T"0S*) € 0(0,(T7)) = 0(6n(T)). m

PROPOSITION 1.3. A(X) = A®(X) for every hilbertizable Schwartz
space X.
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Proof. In the definitions of the diametral dimensions we may replace
U (X) by the system of all 0-neighbourhoods which are unit balls of semi-
norms induced by scalar products. Given £ € A*(X) and U € % (X) we
choose V' € %,(X) such that the canonical map T : Xy — Xy between the
local Hilbert spaces is compact and then we choose W € %, (X) such that
Enon (W, V) is bounded and S : Xy — Xy is compact. The previous propo-
sition then implies &,0,(W,U) € 0(&,0,(W,V)), hence &,6,(W,U) — 0. u

We remark that either statement in Proposition [I.2]for Banach instead of
Hilbert spaces (i.e., the product of two compact operators between Banach
spaces is “strictly more compact” than at least one of the factors) would
give for all Schwartz spaces.

Combining [T.1] and [I.3] we can now confirm the claim of Bessaga, Mitya-
gin, Pelczynski, and Rolewicz at least for hilbertizable Fréchet—Schwartz
spaces:

THEOREM 1.4. A(X) = Ay(X) = A®(X) = AX(X) for every hilbertiz-
able Fréchet-Schwartz space X and, in particular, for every nuclear Fréchet
space X.

We do not know if Ay(X) = A°(X) for all Fréchet-Schwartz spaces X.
However, the same method as in [1.3| gives this for hilbertizable Fréchet—
Montel spaces (note that the Grothendieck—-K&éthe example can be chosen
hilbertizable so that the following statement is not contained in :

PROPOSITION 1.5. Ay(X) = A(X) for every hilbertizable Fréchet—
Montel space X .

Proof. We use the fact that a hilbertizable Fréchet space has a funda-
mental system of bounded sets consisting of unit balls of Hilbert spaces
(see, e.g., [MV9T7, end of proof of 29.16]) and that Fréchet spaces satisfy
the strict Mackey condition introduced by Grothendieck: for every bounded
set B there is an absolutely convex bounded set D O B whose Minkowski
functional induces on B the topology of X [PCB87, Theorem 5.1.27]. In
our case we thus find, for each bounded Hilbert ball B, another bounded
Hilbert ball D such that span(B) < span(D) is a compact inclusion be-
tween Hilbert spaces. For U € %,(X) and the associated local Hilbert space
Xy we can thus apply Proposition to span(B) — span(D) — Xy and
obtain 0, (B,U) € 0(6,(D,U)). =

2. Prominent sets. In his last publication [Terl3] T. Terzioglu called
a bounded subset B of a l.c.s. X prominent if

AX)={£ e RN : £,6,(B,U) = 0 for all U € %(X)}.
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Having a prominent set is obviously a topological invariant, and since the
right hand side above contains Ay(X), we have A(X) = Ay(X) for all l.c.s.
with a prominent bounded set. By an elegant application of Grothendieck’s
factorization theorem Terzioglu [Terl3, Proposition 3| proved that an ab-
solutely convex bounded set B of a Fréchet space X is prominent if and
only if, for every U € % (X), there are V € 24(X) and C' > 0 such that
n(V,U) < C6,(B,V) for all n € Ny.

Moreover, he proved the existence of prominent bounded sets in so-called
(G1 spaces, a class of Kothe sequence spaces containing power series spaces
of finite type, and he showed that power series spaces of infinite type do not
have prominent sets.

There are some more topological invariants distinguishing power series
spaces of finite and infinite type, in particular condition () of Vogt and
Wagner [MVO7, Chapter 29]. We recall that a Fréchet space X with a fun-
damental sequence of seminorms || - ||, and corresponding dual norms || - ||}

satisfies (§2) if
kN> kVm>03C>0veX s (Il < Clelilellh.

THEOREM 2.1. Every Fréchet space X with () has a prominent set.

Proof. A combination of Lemmas 29.13 and 29.16 in [MV97] shows that
there exists a bounded Banach disk B of X such that, for every U € %(X),
there exist V € % (X) and C > 0 with

VQTU—i—gB for all » > 0.
T

Fix U € %(X) and take V and C as above. Let n € Ny and § > 6,(B, V).
Then there exists an at most n-dimensional subspace L with B C §V + L.
For r = 2C§, we obtain

o 1
VQTU-FgB QTU+C7V+LZQC(5U+§V+L.
Inserting this inclusion into its right hand side, we get
1 1 1 1
V C 2C§U+2<206U+2V+L> +L§2C§<1+2>U+4V+L.

By iteration, for every j € N, this implies

1 1 1 1
Choosing j such that %V C COU we get
V ChC6U + L.

We have shown 6, (V,U) < 5C§ and thus
5,(V,U) < 5C6,(B, V).
Hence B is a prominent set of F. =
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We will next show that the implication in this theorem is in fact a
characterization for reqular Kothe spaces. We recall that for a matrix A =
(ar(n)) (kn)eng of positive weights with ag(n) < ag41(n) the corresponding
Kothe space (of order 1—but everything below holds for all other orders) is

M(A) = {(xn)neNo €T lzllx = 3" ax(n)laa| < oo for all k € NQ}.
n=0

The space and the matrix are called reqularif n — ag(n)/aky1(n) is decreas-
ing for every k € Ng. The advantage of regularity is that the Kolmogorov
widths are then very easy to calculate: for the unit balls Uy of the seminorms
| - lx and ¢ > k we have, e.g., by [Ter0g],

ag(n)
ag(n)
More information about diametral dimensions of Kothe spaces can be found
in [Ter08, BD16].

A characterization of (2) for Kothe spaces is well-known (see, e.g.,
[Wag80|, Satz 1.10]), and in fact easily obtained from ||m,||; = 1/a¢(n) (where
7n(x) = x,) and the definition of (Q):

A1(A) has () if and only if, for every k € Ny, there exists ¢ > k such
that for every m > ¢ there is ¢ > 0 with

On(Up, Ug) = for all n € Np.

a2(n) > cam(n)ag(n) for all n € Ny.

PROPOSITION 2.2. A regular Kithe space A\1(A) has a prominent set if
and only if it satisfies (2).

Proof. We still have to show necessity of (€2) given a prominent bounded
set B. As supersets of prominent sets are prominent we may assume that
B = mkeNo r Uy for a sequence of scalars iy > 0. For k € Ny, Terzioglu’s
characterization mentioned above for U = Uy, yields V = Uy for some £ > k
and C' > 0 such that

On(Up, Ux) < Coy (B, Uy).
Given m > /¢, the inclusion B C r,U,, then yields
On(Up, Ux) < C,(B,Up) < Crimbn(Un, Up).
The formula for 6,,(Uy, Uy) above thus gives
ak(n) ag(n)
ag(n) am(n)

which implies (). m

<Crp

for all n € Ny,

We will finally show that products of two power series spaces of different
type like H(D) x H(C) may have prominent bounded sets. This shows that
having prominent bounded sets is not inherited by complemented subspaces.
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We recall that for an increasing sequence 0 < o, — 0o the power series
spaces of finite type Ap(a) = A1(A) and infinite type A (a) = A\ (B) are
regular Kothe spaces corresponding to the matrices

A= (GXP(—an/k))(k,n)eNg and B = (eXP(k’an))(k,n)eNg-

The sequence « is called stable if gy, /v, is bounded (this is equivalent to
A, (a) being isomorphic to its Cartesian square).

PROPOSITION 2.3. For every stable sequence o, — 00 the space Ap(ar) X
Aso(@) has a prominent bounded set but does not satisfy (£2).

Proof. As Ag(a) satisfies (€2) it has a prominent bounded set B, and we
will show that B x {0} is prominent in Ag(a) X Ao (cv).

We write UP and Ug® for the canonical 0-neighbourhoods in Ag(a) and
Aoo (), respectively, as well as 80, 6°°, and 6, for the Kolmogorov diameters

in Ag(a), Aso(), and their product.
The proof is based on the simple observation that

S5 (VO x Vo U x U®) < max{62(V°,UY),52°(V°,U™)}.
Indeed, if V" C oU" + L" for r € {0,00} with at most n-dimensional sub-
spaces L" of A,(a) then L? x L™ is an at most 2n-dimensional subspace of
Ap(a) x Aso(er) with

VO x Ve C (U x U®) 4 L° x L™,

Since power series spaces are regular the Kolmogorov diameters 4, are easily
calculated, in particular §5°(V°°, U) is much smaller than §°(V°, U?). We
will finally need stability to compare §0 and 69,. The details of the proof
need some care and we first give precise estimates for 58n which are quite
casily obtained from 62(UY, UD)) = an(n)/ax(n) = exp((1/k — 1/m)ay,).

For all m € Ny, there exists s > m such that, for all k > s, we have

SO, Ul) <68 (UR,UY)  for every n € Ny.

Indeed, we take ¢ > 0 such that ag,/a, < cfor alln € N. If m € N is

given, we choose s > (¢ + 1)m. Then, if k > s, we have

Gm o S 1/m—1/k < 1/m—1/k
a, — T m - 1/s ~ 1/s—1/k
for every n € Ny. Therefore, (1/s —1/k)ag, < (1/m —1/k)ay, for all k > s,
which implies
On(UR, Up,) = exp((1/k = 1/m)an) < exp((1/k = 1/s)azn) = 85, (UY, UY).

Let now U be a 0-neighbourhood in Ag(a) X Ao () which we may assume
to be of the form U = UY x U for some m € N (because the sets m~1U",
are bases of the 0-neighbourhood filters). We choose s as above and then,
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according to Terzioglu’s characterization of prominence, k > s and C' > 0
such that for all n € Ny,

0n(UR,UY) < Cop(B, Uy).

We then get, for all n € Ny,

On(UR, Up) < 85, (U, UY) < €85, (B, UY).
Moreover, since ant+1 < aop < cay, we find £ € N such that

0, (Ug%, Upy) = exp((m — £)an) < exp((1/k —1/m)om 1)
= b 1(UR, Up,) < 0,(UR, Up,)
for all n € Ng. With these choices we get
050 (Ug X U7®, Uy, x Upr) < max{dy, (Ug, U, 037 (U, Ui)}
= 0,(UR, Up,) < O3, (B, Uy) = Co5,(B x {0}, Uy x U7)

for every n € Ny (the last equality is immediate from the definition of
Kolmogorov widths). Similarly, for odd dimensions 2n + 1 we have

O 1 (U X U, Up, x Up?) < max{0, 1 (Uy, Un,), 62 (U, Upr)}
= 0p 1 (Ui, Up,) < 5 45(B,UY) < C83, 44 (B, UR)
— 003,,(B x {0}, UL x UF°).
We have thus shown that for all n € Ny,
53 (U X UR°,US, x Ugs) < C8X (B x {0}, U9 x Up®),
which implies that B x {0} is a prominent bounded set in Ap(a) X Aso(x). m

Combining this with Proposition we get the following application of
Terzioglu’s invariant of having a bounded prominent set:

COROLLARY 2.4. For every stable sequence oy, — 0o the space Ap(a) X
Aoo(@) is not isomorphic to a reqular Kdthe space.

We thank D. Vogt for the remark that this corollary can also be deduced
from a result of Zahariuta [Zah73| Theorem 12].
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