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1. Introduction. Throughout,

(1.1) n=m+1>2
Given € = (&1,...,&n) € R™ with
(1.2) 1,&, ..., &y linearly independent over Q,

German [1] defines «, resp. o', as the supremum of the numbers 6 such that
for every i < 0 the inequalities

(1.3) Bl < et |Gyl <e (i=1,....m),
resp.
(14) ‘yl‘ Seq (izla"'7m)7 ‘§1y1++§mym_$‘ Se_nqy

t

have a solution (x,y1,...,ym) € Z" \ {0} for every large ¢. Often «, o' are

denoted w, w* respectively, and it is well known that
(1.5) I/m<a<l, o >m.

In the context of (1.3), i.e. simultaneous approximation, German’s num-
bers m, n, which we denote by mg, ng for clarity, become 1, m respectively,
and a case of his Theorem 1 (see [I, Section 1.1]) yields o > (ng—1)/(1—a)
=(n-2)/1-a),ie.

(1.6) n—2<(1-a)

In particular, o = 1 precisely when of = co.
In the context of (1.4), i.e. approximation involving a linear form, we
have mg = m, ng = 1, and of > 1, so that by reversing the roles of o, o,
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German’s Theorem 1 yields a > (1 — (af)7!)/(n — 2), i.e.
1-— (at)_1
—

Let A = A(§) € R™ be the lattice of points

(1.7) n—2>

<$,§1$ — Y1, 7€mx - ym);
where (x, 91, ..., Ym) runs through Z". Let A1(q), ..., An(q) be the successive
minima of A with respect to the box K(q) of points (o, (1, .., (n) with
’C0| Semq’ |<Z| <e? (i:17"'7m)a
and set L;(q) = log \i(q). As pointed out in [4] and [5], the functions L;(q)
are continuous and piecewise linear with slopes 1 and —m, and
—logn! < Li(q) + -+ Ln(q) <0.
For 1 < i <n, set v;(q) = Li(q)/q and

(1.8) wi = liminf p;(q), @, := limsup ¢;(q).
q—o0

q—0o0

In the present paper, we will show that (1.6), (1.7) are equivalent to the pair
of inequalities

(1.9) (n—2)on +P1 > @190 > (1 — 2)P; + ©n.

We will give a direct proof of these inequalities, and show that they are
best possible, so that (1.6), (1.7) are best possible as well. Observe that the
inequalities (1.9) go into each other by interchanging @, ¢, and reversing
inequalities. The case n = 3 gives §; + @3 = —@;p3, which is Jarnik’s
identity in our present formulation. B a

2. The equivalence of German’s (1.6), (1.7) with (1.9). We have
seen in [4] that A() is proper when (1.2) holds, so that there are arbitrarily

large ¢ with ¢1(q) = ¢2(q), yielding
log n!
q

2¢01(q) > —(p3(q) + -+ n(q) — > —(n—2)-0(1/q),

hence

_ n

(2.1) P > ——g > m

With o = @, of = &*, we obtain (see [5, equations (1.8), (1.9)])
I+a)(m+3) =1+a")(1l-p)=n,

so that

1-9 ot = T #n

m+@, 1—n’

(2.2) a=
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where the second equation means that ¢, = 1 precisely when o' = co. In
this case (1.6) is true, and so is the first relation in (1.9) by (2.1).

We will now show that (1.6) is equivalent to the first relation in (1.9)
when ¢, < 1. By (1.6) and (2.2),

or
(n = 2)(m + @1 —mpn = Prpn) < (0= 2)m + 2mipy + (0 = 2)@n + 201 Pn,
which by (1.1) gives

—NP1n < n(n — 2)fn + nyq,
and hence the first inequality in (1.9).

By (2.2), (o*)™',a! are like a,a, but with the roles of 7, and ¢,
interchanged. Therefore (1.7) yields

n—2+2pn m+p
m+ pn 1-p;’

n—2>

and eventually the second inequality in (1.9).

3. Applying Roy’s fundamental work. Let A C R" consist of the
points (ai,...,ap) with a < -+ < . Observe that £¢ = (Lq,...,Ly)
with Li,..., L, as in Section 1 is a map (0,00) — A.

We will now recall the definition of an (n, 0)-system as introduced in [5].
For convenience we will call it an n-system in what follows. It is a map
P : (no,00) — A for some 1y > 0, where P = (Py,...,P,) with each
P; continuous and piecewise linear with slopes among 1, —m, with Pi(q) +
-+ 4+ P,(q) = 0 and with a further condition formulated below.

Numbers ¢ where some P; changes slopes are called division numbers. We
will consider intervals I = [q,¢'] or I = [q,00) whose endpoints are division
numbers, but points in their interior are not. In such an interval I, m of
the functions have slope 1, and one function has slope —m. Put differently,
if an inclining line segment is said to be of multiplicity [ if it is part of the
graph of [ functions Pj, Pjy1,..., Pjyi—1, then the combined graph of P in I
consists of m inclining line segments of slope 1 (counted with multiplicity)
and one declining line segment of slope —m. The inclining (resp. declining)
line segments in adjacent intervals I which lie on a common line combine to
form longer line segments called inclining (resp. declining) strands.

A number ¢ where one declining strand ends and another one starts is
called a switch number. In fact for such ¢ there are two integers u, v such that
at (q, Py(q)) (resp. (¢, Py(q))) a declining strand begins (resp. a declining
strand ends) and where an inclining strand ends or the multiplicity of its
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line segments decreases (resp. an inclining strand begins or the multiplicity
of its line segments increases). We require that P, has slope —m to the right
of ¢, and that P, has slope —m to the left of ¢q. For an n-system there is the
extra condition that always u > v. A switch number with given (u,v) is said
to be of type (2) As a consequence, if P; has a local maximum at ¢, then
(g, P1(q)) cannot be the endpoint of a strand, and therefore P;(q) = P(q).

THEOREM 3.1.

(a) For each & € R™ there is an n-system P : (np,00) — A such that
P — L¢ is bounded on (1o, 00).

(b) Given an n-system P : (19, 00) — A where g—P,(q) tends to infinity
with q, there exixts some & = (&1,...,&n) with 1,&1, ..., &y linearly
independent over Q such that P — Lg¢ is bounded on (1, 00).

This theorem will now be deduced from Roy’s work [3]. We define a
dual n-system P* : (no,00) — A exactly like an n-system, except that its
components P will have slopes —1 and m. Suppose

(31) P:(Pl,...,Pn), P*:(—Pn,...,—Pl).

Then it is clear that P is an n-system precisely when P* is a dual n-system.
A switch number of type (1;) for P will be a switch number of type (ZE:Z)
for P*.

Let A*(€) be the lattice reciprocal to A(£), consisting of the points

('I - 512/1 - gmymayla cee aym) with (:Evyl’ s 7ym) € Zna
and let K*(q) consist of the points (o, (1, ..., Gn) € R™ with
(3.2 Gl <e™, jGl<et (i=1,...,m).

It is well known that if A\i(g),...,An(q) are the successive minima of A(§)
with respect to K(q), and A\j(q), ..., A} (q) are the successive minima of A4*(&)
with respect to K*(¢), then the quotients A;(q)/ Ay, _;(¢q) are bounded from
above and below by positive constants depending only on n. So if we set
L¥(q) =log A (q) (i=1,...,n), the map

(3.3) (Ly,...,Ly) — (—Lj,...,—L7})
is bounded on (0,00). If ¢ — L,,(¢) tends to infinity with ¢, then so does
q+ Li(q)-

We define a Roy n-system to be a map P : (qg,00) — A like an n-
system, but with components Pl-R having slopes 0 and 1, and with P®(q) +
-4 PR(g)=q. If
(3.4) PR(q)=q/n+ Pi(g/n) (i=1,...,n),
then P* = (PE,... PR) is a Roy n-system on (nng,c0) precisely when
P* = (Pf,...,P}) is a dual n-system on (g, 00). Let X¥(g) be the box of

n
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points ¢ = (o, (1, - - -, Cm) With
(3.5) Gl e Gl <1 fori=1,...,m.

Then K*(q) = e?K®(ng). Therefore the minima AZ(q) of A*(¢) with respect
to K®(q) have A(q) = e*q)\f%(nq), hence )\ZR(q) = eq/")\;-k (g/n), and LZR(q) =
log Af(q) is given by

(3.6) LE(q)=q/n+ Li(qg/n), i=1,...,n.

The proof of Theorem [3.1] can now easily be finished.

(a) Given u = (ug, uq, ..., uy) # 0, we define a lattice A*(u) to consist of
points (uoT — U1y1 — ** — UmnYms Y15 - - -, Ym) With x = (z,y1,...,ym) € Z™.
Thus A*(§) = A*(u) with u = (1,&1,...,&n). Let @ := [Jul|~'u be the
corresponding normalized vector, where || - || denotes the Euclidean norm.

Clearly, the minima defined in terms of G rather than u are the same except
for a bounded factor, and hence their logarithms Lﬁ are only changed by
bounded amounts. Therefore applying Roy’s Theorem 1.3 from [3] to a, we
obtain a Roy n-system P with £® — PF bounded on some range (1, 00).
(Note that Roy has [(o| < e %, [[((1,-..,Gn)l| <1 in place of (3.5), but this
does not matter).

Given PF, we now define P* by (3.4) and note that £* —P* is bounded.
Finally, given P*, we obtain P by (3.1) where £ — P is bounded since the
expression in (3.3) is bounded.

(b) Let P be an n-system and define P*, P% by (3.1), (3.4), so that
PR is a Roy n-system. By Roy’s Theorem 8.1 in [3] there is some u of
norm 1 such that £ — P# is bounded, where L% is defined in terms of the
lattice A*(u). By (3.1) and (3.4), £}, — P* is bounded. If the components

UuQ, U, - - - , Uy, were linearly dependent, say coug + ciuy + -+ + ¢, = 0
with ¢ = (co,c1,...,6m) € Z™ \ {0}, then
(upco — uicy — -+ — Cpllm, Cly -y Cm) = (0,¢1, ..., Cm)
is in A*(u) and lies in ce”9K*(¢) with ¢ = max{]ci|,...,|cm|), so that
Ai(q) < e79, and hence Li(q) + ¢ is bounded, which was ruled out.
Therefore ug,ui, ..., uy, are linearly independent, and L, — P*, hence

Lg — P*, is bounded, with & = (u1/ug, ..., un/uo). In turn, by (3.1) and
the boundedness of (3.3), L¢ — P is bounded. Here 1,&;,...,&,, are linearly
independent over Q.

4. Proof of (1.9). Given &, let P : (n9,00) — A be the n-system of
Theorem with L¢ — P bounded. We set ¢;(q) := Pi(q)/q, i =1,...,n,
and note that the quantities ¢;,p; defined by (1.8) in terms of P are the
same as the quantities defined in terms of L¢. Therefore it will be enough
for us to deal with n-systems. If p; = —m for such a system, then it is easily
seen that ¢; =, =1 for ¢ = 2,...,n. On the other hand, we have
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THEOREM 4.1. Let P be an (n,0)-system with o, > —m. Then we have

(4.1) [
and (1.9).

We will first establish (4.1) and the first relation in (1.9), which can be
rewritten as

(4.2) ?1 > F(pn) andalso ¢, > G(%)
with F: (0,1) — ( 2 ,0) and its inverse G : (—”7_2,0) — (0,1) given by

2

(n—2)x x

- 1+a Glo) = n—2+zx

The combined graph of an n-system has inclining line segments of slope 1
and declining line segments of slope —m whose multiplicities sum up to m.
A number f will be called a lower critical number if P; has a local maximum
at f, and a number ¢ will be called an upper critical number if P, has a
local minimum at ¢. If f is a lower critical number, then Pi(f) = Pa(f) and
from the point (f, P1(f)) will emanate a declining line segment to the left
and right, and also an inclining line segment of some multiplicity [ > 2 to
the left and right. If ¢ is an upper critical number, then P,_1(c) = P,(c),
with the same kind of line segments emanating from (¢, P,(c)).

Can there be a number which is both a lower and upper critical number?
If ¢ = f is such a number, then declining line segments will emanate from
both sides of (¢, P,(c)) as well as of (¢, Pi(c)). But there cannot be declining
line segments whose projections on the g-axis contain a common interval of
positive length. Therefore the line segments emanating from (¢, P,(c)) and
(c, P1(c)) are the same, so that Py(c) = P,(c) = 0. If there are arbitrarily
large numbers ¢ with that property, then ; = 0 = ¢, and (4.1), (1.9) are
trivially true. We may therefore suppose B

Pi(q)
q

(4.3)

=
S

Pu(q)
q
for large ¢, with no ambivalent critical numbers in this range.
If only finitely many lower critical numbers exist, then P; will decrease
with slope —m from some point on, so that g, = —m = —(n—1), against our

hypothesis. Therefore there will be infinitely many lower critical numbers f.
Such a number has 2P;(f) + P3(f) +--- + P,(f) = 0, hence

P(f) | ~(n-2)

f - 2
and (4.1) follows. If only finitely many upper critical numbers exist, then
w1 =1, and the first relation in (1.9) holds. We may therefore assume that

—(n—-1)< <0< <1

(4.4)
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there are infinitely many upper as well as lower critical numbers. Then for
large ¢, say q > qo, we have

(4.5) —mq < Pi(q) <0< P,(q) <q.

LEMMA 4.2. Suppose ¢ < f with ¢ an upper and f a lower critical num-
ber. Suppose there is no critical number between ¢ and f. Then

Pu(e) | Pi(f) Pu(c) Pi(f)
2) T
Observe that (4.6) may be written as

(4.7) Pl}f ) > F(P”C(C)> and also as = "C(c) > G(Plj(cf )>.

Proof of Lemma Rising as well as declining line segments will em-
anate from the right of (¢, P,(c)). Therefore no declining line segment can
emanate from the right of (¢, Pi(c)), and a rising segment will. Also there
will be a rising line segment to the left of (f, P1(f)). Since there is no critical
number between ¢ and f, it easily follows that there is a rising line segment
connecting (¢, P1(c)) and (f, Pi(f)). Thus P; has slope 1 in [c¢, f]. An ana-
loguous argument shows that P, has slope 1 in this interval. If some P; rises
(resp. declines) in this range, then so does ;, by virtue of (4.5).

Set u; = Pi(c), up, = Py(c) and u = (Pa(c) + -+ + Pp_2(c))/(n — 3)
when n > 3, but u = 0 when n = 3. Since Pi(c) + -+ + P,(¢) = 0 and
P,_1(c) = P,(c), we have

(4.8) ur + (n — 3)u+ 2u, =0.

Points (¢, w), (¢, w") with ¢ < ¢/ which lie on (possibly distinct) declining
line segments have w' +mq’ > w +mgq, and therefore Py (f)+mf > P,(c)+
mc, which yields

m(f —¢) = Pa(c) = PA(f) = Pa(c) = Pa(c) = (f —¢) =up —u1 — (f — ¢,
hence
(4.9) n(f—c) > u, —uj.

Let (g,v1) be the point of intersection of the line of slope 1 through
(c,u1), and the line of slope —m through (¢, u,,), as depicted in Figure 1.
Setting D = g — ¢, we have

(4.6) (n—

(4.10) vi =u1 +D andalso v =u, —mD,
hence
(4.11) Up, —up =nD.

Now (4.8) yields (n — 3)u + 3u, = nD, so u, > D, and (n — 2)u, +v; =
(n — Du, —mD > 0 by (4.10), i.e.

(4.12) (n —2)Pyu(c) + Py(g) > 0.
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(¢,un)

(f, Pr(f))

(Cv ul)

Fig. 1
As a consequence, v1 = —au, with 0 < o < n — 2, so that
mao
4.13 -2> > q.
( ) " “1l4a «
Moreover,
(4.14) mD =u, —v; = —-vi(1+1/a) =-vi(l+a)/a.
We obtain
P P -2
c [Y c g cg
_ (n—2)upg — aupe  Auy,
a cg o
with o o
(n=2g—ac>—lg—c) = U1

by (4.13) and (4.14), so that

(4.15) (n— 2)P"C(C) LRl S v Palg) Pale)

cg g c
But g € [c, f], and P, hence Pi(q)/q, increases in this interval, so that
P, 20 g Pl

f g c
giving the first relation in (4.7), and Lemma [4.2|is proved.
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In the proof of the lemma we dealt only with the part of the combined
graph in the interval [c, f]. But to make sense of ¢, f being critical numbers,
it is better to think of an open interval containing [c, f]. In what follows we
will deal with a combined graph in an open interval satisfying all the usual
properties including (4.5).

We will now generalize Lemma We will no longer require that there
are no upper critical numbers between ¢ and f.

LEMMA 4.3. Suppose ¢ < f with ¢ an upper and f a lower critical num-
ber. Suppose there is no lower critical number between ¢ and f. Then (4.6)
holds.

Proof. We will proceed by induction on the number [ of upper critical
numbers between ¢ and f. The case [ = 0 is true by Lemma Assuming
the truth for [, where [ > 0, we will now establish the case of [ + 1 upper
critical numbers

c<g<c1<---<cC

with ¢; < f. By the induction hypothesis,

w6, Be) , o AL

¢ f
When P,(c)/c > P,(c;)/c, then P,(c)/c > G(Pi(f)/f), hence (4.7). But
sometimes P, (c)/c < P,(c;)/c, so that we need a more intricate argument.
By the same reasoning as for Lemma Py increases with slope 1 in [e, f].
Set

(4.17) R(q) = (P2(q) + -+ Pa-1(q))/(n — 2),
so that R will have slopes 1 and —2/(n—2). Also set t; = Pi(¢;) (1 <i <n),
t = R(q), so that t; + (n — 2)t +t, = 0.

The unique maximum of P, in [¢,¢] will be assumed at a number b,
c < b < ¢. Write s, = Pp(b), s = R(b). Since P, decreases with slope —m
in [b, ¢, and R increases with slope 1 in this interval, we have s,, > ¢,,, s < t.

Let (a,r) be the point of intersection of the line £ of slope 1 through
(b, spn), and the line of slope —2/(n — 2) through (b, s). This point (a,r) is
not necessarily on the graph G. Figure 2 may be helpful.

The point (¢, P,(c)) certainly lies on £. We claim that, as indicated in
the figure, a < ¢ < b. The upper bound is clear. We also know that P; has
slope 1 on [c, f], and that by construction P, has slope 1 on [¢, b]. So P; and
P, have both slope 1 on [c, b], and therefore R has constant slope —2/(n—2)
on [c,b]. Since by (4.17) it is clear that R < P,, this implies that a < ¢,
which gives the lower bound. Moreover,

(n =1 = Po(b) = (b= a) + (n = 2)(R(b) + (2/(n — 2))(b - a))
= (Py(b) + -+ + Pu(b)) + (b—a) >0,
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(b,5n)

(Cz,tn)

(Clv t)

Fig. 2

hence r > 0, and r < a since (a,r) lies on the line £ through (b, P, (b)).
Thus a > r > 0.

Let y = S(q) be the equation of £, so that S(¢) = Pu(c) +¢—c =
q + P,(c) — c. Here P,(c) < c. Therefore S(q)/q will increase, yielding
Po(e) _S(e) _ S(a) _r

4.18 .
( ) c c a a

Let (ap,ro) be the point of intersection of the line of slope 1 through
(¢1,tn) and the line of slope —2/(n — 2) through (¢, t) (see Fig. 2 again).

If y = S(q) is the equation of the combined two line segments at the
top of Figure 2 connecting (a,r) and (¢, t,), and y = T'(q) the equation of
the combined line segments at the bottom connecting (a,r) and (¢, t), then
S + (n —2)T has slope —1 in [a, ¢;]. Therefore

mr = S(a)+ (n—2)T(a) = S(c;) + (n—2)T(¢;) + ¢ —a
=t,+(n—2)t+c¢ —a.

Similarly, mrg = t, + (n — 2)t + ¢; — ap. Since a < ag, we obtain r > r¢ and
r/a > ro/ag. Therefore, in view of (4.18), it will suffice to show that

(4.19) % > G(Pljgf)>.

When t = t,, (which is always true if n = 3), the points (¢, t), (¢, tn), (ao, 7o)
are the same, so that ro/ag = t,/c; = Py(c;)/c, and (4.7), (4.6) is a con-
sequence of (4.16). When t < t,, we will construct a graph G’ in an open




The generalization of Jarnik’s identity 129

interval containing [ag, f]. This graph will coincide with G for ¢ > ¢;. The
fun part will be for g < ¢.

When t < t,, there will be some k, 2 < k < n—2, with ¢, = t,—1 =
oo =ty and tgq > . We set (agi1, Sk+1) = (¢, tn).

(cistr)

(ci,te—1)

(e, t2)

Fig. 3

As shown in Figure 3, let (ay,si) be the intersection of the line £ of
slope 1 through (¢, t,) and the line £y of slope —m through (¢, tx). In
[, ¢1] = [, 1] the graph of P will be the line segment on Ly between
(ag, s) and (¢, tg), so that P] has slope —m. The P! with i # k will have
slope 1. Observe that P/ ,(q) = --- = P} (q) for q € [ag, ], and their graph
is a rising line segment of multiplicity n — k. Also note that ¢; is a switch
number for G’ of type (k;gl)

(ag—1, Sk—1) will be the point of intersection of £ and the line L£y_; of
slope —m through (o, P|_(ag)). On [og—1, 4], P,_, will have slope —m,
and the P/ with ¢ # k — 1 will have slope 1. Continuing in this way we

1
construct ag_g, Sg—2, Pl_o, ..., a2, s2, P;. We will have

Py(az) =+ = Py(az) = s2.

Now Pj, P, have slope 1 in [ag,¢], and R’ = (Py+---+ P/_;)/(n —2) has
slope —2/(n — 2). Therefore (a2, s2) = (ao, 70)-
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We have t, = P,(c;) < ¢, and since £ has slope 1, also rg < ag. We now
extend G’ a little to the left of ag, with P}, of slope —m, each P} with ¢ # n
of slope 1, but little enough to guarantee that still P,(¢q) < ¢ throughout G'.

The graph G’ satisfies all the usual conditions, including (4.5). The num-
ber ag = s is an upper extreme number for G’, but ¢ is not. Therefore we
may apply our induction hypothesis for I — 1 to P} (ag)/ag and obtain

ro _ Flao) o G<P1(f)>7

ao ao f
i.e. (4.19), hence (4.7), (4.6). Lemma [4.3]is proved.

The proof of the first inequality in (1.9) will now be easily finished. There
are infinitely many upper as well as lower critical numbers, hence infinitely
many pairs ¢ < f as in Lemma[4.2] Let ¢o < fy be such a pair with ¢o > qo,
and ¢y < fo, c1 < f1,... with ¢g < fo < c1 < f1 < --- the sequence of such
pairs with ¢ > gp. There may be critical numbers between f;_; and ¢;, but
there will be a number h;, f;—1 < h; < ¢;, with no upper critical numbers in
[fi—1, hi], and no lower critical numbers in [h;, ¢;].

P,

Py

Ci3 Ci2 Cil Ci fi fi fiz  fis
Fig. 4

Let ¢y,; be the minimum of ¢, (q) over the numbers in [h;, hit1], i.e. the
minimum of ¢, (q) over the critical numbers in [h;, ¢;]:

min{ey, (cit), - .., en(cin), pn(c)},
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where ¢y, ..., ¢;1 are the numbers formerly denoted by ¢, ..., c1. Let ¢1; be
the maximum of ¢;(q) over ¢ € [hi, hiy1], so that

e1, = max{p1(fi), e1(fir),-- -, e1(cfir)}

in obvious notation. Then

(4.20) ¢on, = liminf ¢, ; < liminf ¢, (¢),
- 1—00 ’ 1—00
(4.21) ;= limsup ;1 ; > limsup p1(fi).
1—00 i—»00

Since ¢ ; > G(¢1(fi)) by Lemma and G is decreasing, we have

n > liminf G(p1(fi)) = G(limsup ¢1(fi)) > G(#y),

hence the first inequality in (1.9).
It remains for us to prove the dual inequality, i.e. the second inequality
in (1.9), which may also be written as

P < G(fn)'
It will follow from (4.20), (4.21) once we establish
(4.22) 01 < Glpn(c)) (E=1,2,...).

Let ¢ < f be as in Lemma[1.2] and set wy = Py(f), w, = P,(f) and
w=(Ps(f)+-+Pyo—1(f))/(n—3) whenn > 3,

but w = 0 when n = 3. Reflection on a point (a,0) with ¢ < a < f will
reverse the roles of (¢, Pi(c)),..., (¢, Py(c)) and (f, Po(f)),..., (f, Pi(f)),
and we obtain 2w; + (n — 3)w + wy, = 0 in place of (4.8). We define (g, v,,)
to be the point of intersection of the line of slope 1 through (f,w,) and the
line of slope —m through (f,w;). To stress the duality we set D := g — f,
and note that D < 0. Proceeding in a dual way to the one in the proof
of Lemma we obtain ¢ < g < f, v, = Py(g), as well as w; < D and
(n—2)w; + vy, <0, ie.

(n—=2)Pi(f) + Pal(g) <0,
in analogy to (4.12).
Next, v, = —aw; with 0 < @ < n — 2, hence again (4.13). On the other
hand, mD = —v,(1 + a)/a in place of (4.14). We obtain
wr  vn _ (n=2uigtonf  (n—2)uig —afwr  Aw

n—-2)—/+—=

f g fg fg fg’
Wlth mao mao
A= (n—2)g— —f) = - v,
(n—2)g ozf>1+a(g ) ito v

Therefore
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in analogy to (4.15). As a consequence,

P  (Pe0)) < o (F0)

f g c

since P,(c)/c < P,(g9)/g and G is decreasing. By the method of proof
of Lemma but reversing left and right, we also obtain Pi(fi;)/fi; <
G(Py(c;i)/c;) for the numbers f;; occurring in Figure 4, and (4.22) follows.

5. The inequalities in (1.9) are best possible. An n-system P will
be said to be invariant if it is invariant under dilation by some factor p > 1.
We now begin with the first inequality in (1.9). By Theorem it will
suffice to construct for every X with 0 < X < 1 an invariant n-system P
such that
(n—2)X
1+X 7

for then p; = F'(p,) so that the first part of (4.2) holds with equality. The
graph G will be as follows. The number ¢ = 1 will be an upper critical
number with P»(1) = --- = P,(1) = X, so that a declining as well as an
inclining line segment of multiplicity n — 2 pass through (1, X). Moreover,
Pi(1) = —mX = —(n — 1)X. In the interval [1,1 + X], P> declines with
slope —m, the P; with ¢ # 2 incline.

We now pick a number 6 > 0 to be specified later. In [1 + X, 1+ X + 9],
Py will decline, each P; with i # 1 will incline. Setting so =14+ X + 6, we
have

(5.1) =X, P =FX)=-

Py(s9)=—mX+X+5=—(n—2)X+4,
P3(82) == Pn(SQ) = PQ(SQ) +nX =2X +6.

For 2 < j < n we set s; = s + (j — 2)X. In the interval [s;, sj+1], where
2 < j < n, Pj;; will decline, but P; with 7 # j+1 will incline. For 2 < j < n,

Py(sj) = Ps(sj) = - -- = Pj(s;) = Pals2) + (j — 2)X,
Pit1(s;) = Pjya(s;) = -+ = Pa(sj) = Pa(sy) + nX,
and moreover,
Py(sp) == Pp(sp) = Pa(s2) + (n —2)X = 6.

Set p=s, =852+ (n—2)X =14 (n—1)X +J, and let G; be the graph
in [1, p] we just constructed. Figure 5 shows this construction in the case
n = 5.

We want to set

g = U p'Gi,

teZ



The generalization of Jarnik’s identity 133

Fig. 5

so that G is invariant with factor p. For this it is necessary that G at ¢ = p
is, up to the factor p, as at ¢ = 1. So we need

0 Palp) _ Ba(1)

= = :){7
P P 1
ie.d =Xp=X(1+mX + ), hence
5 X +mX?
1-X

We indeed have p, = X and

_ _ Pl+X) —-mX+X (n—-2)X

L S I

giving (5.1).
It remains to show that the second inequality in (1.9) is best possible as
well. It will suffice to see that for every Y with 0 < Y < 1, there exists an
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invariant n-system P with

Y
2 =Y, 7 =CGY)=——
(5.2) % P =G() T
It will be convenient to set X :=Y/(n — 2), so that (5.2) becomes
X
. n=(—2)X, P=-——.
(5.3) #n=(n—2) =Ty

As before, we construct an appropriate graph G. The number ¢ = 1 will
be an upper critical number with P,_;(1) = P,(1) = (n — 2)X, so that a
declining as well as an inclining line segment of multiplicity 1 pass through
(1,(n — 2)X). Moreover, Pi(1) = --- = P,_2(1) = —2X. In the interval
1,1+ X], P,—1 declines with slope —m, the P; with i # n — 1 incline.

We again pick a number § to be specified later. In [1 + X, 14+ X + 4],
P, will decline, each P; with ¢ # 1 will incline. Setting so = 14+ X + 6, we get

P1(82) =—-X - (7’L — 1)5

We set s; = so+ (j —2)6 for 2 < j < n, but s, = sp,—1 + X. In the
interval [sj, sj41], where 2 < j < n — 1, P; will decline, each P; with i # j
will incline. But in [s,,—1, sp], P, will decline and P; with ¢ < n will incline.
Observe that
Po1(sp) =P (14+X)4+(n—2)0+ X = (n—2)J,

P,(sp) = Po(sp—1) —mX =(n—-2) X+ X+ (n—2)0 —mX = (n—2)4,
so that P,—1(sp) = Py(sp) as in Figure 6, which deals with the case n = 5.

We have

Pl(Sn) == n72(5n) = Pl(SQ) + (n - 3)5 + X = -26.
Set p=s, =52+ (n—3)0+X =1+2X + (n — 2)J, and let G2 be the
graph in [1, p] we just constructed.
In order to obtain an invariant graph with factor p by setting

g= U ptg%
teZ
it is necessary that G at ¢ = p is, up to the factor p, like at ¢ = 1. So we

need
-20 P P(1
_P) PO _ .
p p 1
ie. (142X + (n—2)0)X =9, hence
5 X +2X?
C1-(n—-2)X’
Then we have ¢, = (n —2)X and
_ _h(l+X) 2X+X X
AT TIEX T 1+ X 14X

and hence (5.3).



The generalization of Jarnik’s identity 135

Fig. 6
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