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An asymptotic formula related to the sums of divisors
by

MENG ZHANG (Jinan)

1. Introduction. Let d(n) be the number of divisors of n, and k a pos-
itive integer. For X > 1, consider the sums of divisors of the form

(1.1) T(k,s;X) = Y dmf+--+mh).
1<mi,...ms<X
The earliest result about the asymptotics of such sums was given by Gafurov

[2, B8] who studied the divisors of the quadratic form with s = 2 in (1.1) and
obtained

T(2,2; X) = A1 X%log X + A3 X% + O(X°3log® X),

where A, and A, are certain constants. The above error term was improved
to O(X3/2*¢) by Yu [I3]. In 2000, C. Calderén and M. J. de Velasco [I]
investigated (1.1) with £ = 2, s = 3 and established the asymptotic formula

(1.2) T(2,3;X) = @Xff log X + O(X?),

- 5¢(4)
where ((s) is the Riemann zeta-function. Let v be the Euler constant, and
write

18) Co= 3 CEEERNE S (2] s
q=1 q 1<a<q “r=1 q
(a,9)=1
and
co 1 s
(1.4)  ILigs= S (Se(vkk) dv)s(ge(—v)\)(logv)j_l dv) d\, j=1,2.
—oco 0 0
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In 2012, Guo and Zhai [4] improved (1.2) to

T(2,3;X) = 228)(3 log X + (C13la3 + Ca3013) X + O(X¥/3),
where
(15) Ci,s =052 and Ij,S =1ljo5s, /L7j — 172

The error term above was refined to O(X?log” X) by Zhao [14] in 2014.
Recently, Hu [7] investigated T'(2, 4; X ) and obtained the asymptotic formula

(1.6) T(2,4; X) = 2C1 411 4 X log X + (Cy alz4+ Couly 4) X1+ O(XT/2H9),

where C g, I s (i, = 1,2) are defined in (1.5).

In this paper, we consider T'(k,s; X) for general k > 2, and establish
asymptotic formulas for (1.1). We state our main results separately for k = 2
and k > 3.

THEOREM 1.1. Let T'(k,s; X) be as defined in (1.1), and let C;g, I
(1,7 =1,2) be as defined in (1.5). Then for k =2 and s > 3,

T(2, S; X) = 201751175)(5 logX + (CLSIQ’S + 02751175))(8
+ 04 (X2 108574 X 4 X2 log X),

where the singular series C; s (i = 1,2) are absolutely convergent and satisfy
C@S > 1.

Note that 2C1 3113 = 8((3)/(5¢(4)) and the error term for s = 3 in
Theorem 1.1 is O(X?log” X) which implies the result of Zhao [I4]. For
s = 4, the error term in Theorem 1.1 is O(X*/?1log® X), which is better
than the result in (1.6).

THEOREM 1.2. Let T'(k,s; X) be as defined in (1.1). Then for k > 3 and
s > min{2¢71 k2 + &k — 2},

T(k,s;X) = kCy goI1 s X 10g X 4+(Chpslops+Copsl1 k) X HO(X570F)

for every € > 0, where

1 1
k<2k_1—> when 3 <k <6 and s > 2F1,
0= °
— k2 —k+2
SR -RT2 when k>7 and s > k> + k — 2,
2sk — 2s

and Cips, Lirs (i,j = 1,2) are defined in (1.3) and (1.4), respectively.
Moreover, the singular series C; 1 s (i = 1,2) are absolutely convergent and
satisfy Cj s > 1.

To prove our theorems we use the circle method. For Theorem 1.1, in-
stead of using the classical circle method, we apply the Hardy—Littlewood—
Kloosterman circle method which avoids decomposing the unit interval into
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the major arcs and the minor arcs. Also, we use Voronoi’s summation for-
mula to deal with the exponential sum related to d(n). Moreover, to obtain
a relatively good error term, we employ the estimates of the quadratic Gauss
sum in [§].

In fact, the proof of Theorem 1.1 depends on the properties of the
quadratic Gauss sum. As these properties are not available for general Gauss
sums, the same method cannot be applied to prove Theorem 1.2. For The-
orem 1.2, we use the classical circle method. We will treat the integral over
the major arcs much as in [4]. For the minor arcs, we will use Weyl’s in-
equality and Hua’s lemma (see [I1]) for 3 < k < 6; and for k > 7, we will
apply Wooley’s new estimates of Weyl type for exponential sums together
with the mean value estimates of [12].

Notation. Throughout the paper, X is a large positive integer and -y is
the Euler constant. As usual, e(z) = €™ and (a, b) = gcd(a, b). The symbol
[X] denotes the integer part of X, and for an odd prime p, (%) denotes
the Legendre symbol. The letter € denotes positive constants which are
arbitrarily small, but may vary from statement to statement.

2. Proof of Theorem 1.1. To apply Voronoi’s summation formula,
we introduce a smooth weight. Let ¢ € C2[0,00) be a function compactly
supported on [0, s + 1] which is identically 1 on [0, s], and let ¢1 € C?[0, )
be supported on [1/2,s) with ¢1(z) =1 for x € (1,s — 1). For X > 2, we
define

o1(x) if v <1,
dlr) =<1 if 1 < <sX?
po(x/X?) if x> sX2
Then ¢ is a smooth function supported on [1/2, (s + 1)X?], and
T(2,5X)= Y  dn)(n).

I<my,..,ms<X
m%+~~-+m§:n

In order to apply the circle method, we introduce the exponential sums
(2.1) frl@)= Y e(mFa), hla) = d(n)¢(n)e(na).
1<m<X n

Then we have

1 7/(T+1)
T(@,5 X) = | fi(h(-a)do= | f3(0)h(—a)da,
0 —1/(7+41)

where 7 is a large integer to be chosen later. We will evaluate T'(2, s; X) by
dissecting the interval (—1/(7+1), 7/(7 +1)] with Farey’s points of order 7
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(see [9, Chapter 11]). Let a'/¢’ < a/q < a”/q" be adjacent points with ¢
and ¢” satisfying

T<q¢+q,q+¢"<q+7, ad =1 (modq), a¢’=-1 (mod q).

Then
-1 T a 1
—_— 7_|_ .
<r+1 r+1} qgogq( q+q) q q(q+Q”)}
(a,9)=1
Hence
q
T(2,5X) = > f2< +>\)h<——>\> dA
q<t (aC,Lq:1:1M(q’a)
where

1 1
M(g,a) = |— , )
(0 [ (g +q') Q(Q-f—q/)}
Following the argument in [6, Section 3] (see also [14], (5.1)—(5.2)]), we get
(2.2) T(2,5,X) =
q _
a av
o(v; A —— = Ael —— ) dA,
% bz 28G5 ()
4=T |N|<1/(qT) Jv|<T a=1
(avq)_l

where

(2.3) a(v; )\, q) <

1+ o]
To prove Theorem 1.1, we use two propositions which will be proved at
the end of this section. Write
q k
ah® + bh
(2.4) Sk(g,a,b) = Ze(q

h=1

), Si(2,a) = Si(g,a,0),

and define

q s _
am
’F(qa b17" 87 Z SQ(q,a,bj)€<q)7

1 =1

Flg) = ( --+,0,0).

s

(2.5)

PROPOSITION 2.1. Let g be a positive integer and q=q1q2 with (q1,q2) =1,
q1 square-free and qo square-full. Then

Flgiby, . beym) <5 qp" V2022,
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PROPOSITION 2.2. Let X be a sufficiently large real number and 7=[5X].
Suppose that a = a/q+ X with (a,q) =1, ¢ <7 and |\ < 1/(qr). Then for
any v € Z,

(@=1 g
= 3 A 00e(-) + A
(=1
where
(2.6) T q) =v*(N)I(=A,q)
with
X
v(\) = \ e(z?)) dz,
(2.7) (S)

(A, q) = S (logx + 2y — 2log q)e(x\)p(z) dz,
and A(q, \) satisfies

(2.8) S 1A V] dA < XETD210g7HE X
g<7 [\|<1/(q7)

Proof of Theorem 1.1. Let X > 2, 7 = [6X] and o = a/q + A be a real
number with (a,q) = 1, ¢ < 7 and |A| < 1/(q7). It follows from Proposi-
tion 2.2 and (2.2) that

TEsX)=3 | Y owrg > Si(;i’la)j(A,q)e<‘“’> d\

g<T |\<1/(g7) Jo|<r a=1 q
(a,q)=1

+> 0 > owihg)A(g,A) dx

q=T |AI<1/(gqT) [o|<T

Thus by (2.3) and (2.8), we have
(29) T(2,5;X) =

4q s
Z Z S SQ(q’a’)j()\,q) d)\+OS(X(S+1)/2 logs+4X).

s+1
q<T a=1 XeM(q,a)
a,q)=1
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Applying the technique used in [0, Section 3], we get

q
S3(q,
> | 0 70 an
q<t (a?;lzl AeM(q,a)\[fm%y%%

—

SO D SECPRIEEL RN CWITY

q<t 21 <\)\|< L |o|<T
T

where F(q;0,...,0,m) is defined in (2.5). By Proposition 2.1 and (2.3), the
expression on the right is

q(s+1)/2q(s+2)/2

1
(2.10) <s Z mz S %’j()\ﬂ)’d/\'

lv|<T q<T QL<‘)\|<L
q

For v(\) and 9(\, ¢q) defined in (2.7), integration by parts shows that

X X2(logq + log X)

(2.11) v(\) < and Y\ q) <

V1+ X2 1+ X2\
This together with (2.6) gives
(2.12) T\ @) < X2 (log X)(1 + X2|A)~(=T2/2,
Inserting (2.12) into (2.10), we get
q
S5(q, a)
213) > Y | 2qs+1 T\, q) dX
q<T (a?;lzl )\EM(q,a)\[—Qq%,Qq%]
(s+1)/2 (S+2)/2 542
1 X log X
< Yoy Uog.X)
1+ Jv| s+1( —|—X2|)\|) (s+2)/2
lo]<T IST 5o <M<
<o XGHD/21063 X
Let F(q) be defined in (2.5). Then by Proposition 2.1 and (2.12),
q
554, a)
214) > > | 2q ST (A q) dA
q<7 a=1 |X\|>1/(2qT)
(a,9)=1 |
<5 | 17O )lda

g<T IAI>1/(2q7)
<o XGHD/2 1002 X
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Back to (2.9), we deduce from (2.13) and (2.14) that
(2.15)  T(2,s;X)

:Z Zq: S 53(g, @ )j()\ q)d\ + Os(X (s+1)/2logs+4X)

qs+1
q<t  a=1 IAISI/(2qT)
( Q)

a S+1 S TN q)dX+ OS(X(S‘H)/2 log™+ X)

Q<T |/\\<1/(2q7')

= S+1 S Lq) X + O5 (X D/ 2 10g5T X)),
q<’T —00

Define
X
T\ q) = (g e(22)) dx) [ (logz + 2y — 21og q)e(—aN)do(2/X?) do
0

By changing variables, 7 (), ¢) can be written as
(2.16) T\ q) = 2X°+2(log X )G (X3N)
+ X5T2(Go(X2N) + (27 — 2log q)G1(X2N)),

where

(ie 22\) da:) e(—z\)do(z) dz

0

(ie z2)\) da:) (log z)e(—x\)do () dx
0

Note that [T (X, q) — T\ q)] < X3(logX)(1 + X2|A|)~*/2. By Proposi-
tion 2.1,

(2.17) > f (ff Ogo (TN q) — T\ ) dr <5 X 2log X.

q<T —00

Therefore by (2.15)—(2.17),

Fl) T =
T(2,5X) =) (fl) | T )dA + 04(X D2 10g"H X 4 X2 log X))

q<T —00

_QZ logX S+Z s+1 78

q<7 q<7’

F 2v — 21lo -
_1_2 ( )( ZS+1 gq)XSILS+OS(X(S+1)/210gS+4X+XS zlogX),

q<t
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where
Le= | Gi(M)dXx+0(1) and L= | G(\)dr+0(1)

with I (j = 1,2) defined in (1.5). Moreover, it is easy to see that

f'
> s(+q1) = Chs + 05(X 1792 10g X),

F 2 —_2Tlo
T (9)(2y gq)

qs+1

=Co s + OS(X(PS)/2 log? X),

q<t
where C; ¢ (i = 1,2) are defined in (1.5). Therefore, for s > 3, we obtain

T(2, S; X) = 201751178XS IOgX + (CLSIQ?S + 02781178))(5
+ Og( X2 1065t X 4+ X5 2 1og X).
This finishes the proof of Theorem 1.1. u

Now we turn to the proofs of Propositions 2.1 and 2.2. To prove Propo-
sition 2.1, we need two lemmas which are related to the Gauss sum. The
following lemma can be found in [§].

LEMMA 2.3.

(1) If (2,a) = 1, then |S2(2",a,b)| < 2147/2,
(2) If (2a,q) =1, then
4ab®\ (a
Safa0.0) =2 ) (4) sata. 1
q q
moreover, |Sa(q,1)| = ¢'/2.
LEMMA 2.4. Let s be a positive integer. Then
L a\® [a
> () (G)l=r
a=1 p p
(a,p)=1
Proof. 1If s is odd and (a,p) = 1, then (%)s = (%) Hence the desired
inequality follows from [I4, Lemma 3.4]. If s is even and (a,p) = 1, then the

sum on the left hand side is equal to u(p), and the desired result follows,
because |u(p)|=1. =

Proof of Proposition 2.1. Following the proof of [14, Lemma 3.5, we
find that F(g;b1,...,bs,m) is multiplicative in ¢, that is, for ¢ = q1¢g2 with
(q17 CI2) = 11

(2.18) F(q1q2;b1,...,bs,m) = F(q1;b1,...,bs,m)F(q2;b1,...,bs,m).
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To prove Proposition 2.1, we only need to deal with F(p";b1,...,bs,m)
(r > 1). By Lemma 2.3, we get

|F(27 by, ..., bs,m)| < 25~ 1H(sH2r/2)
F(p";b1,...,b5,m)| < p(s+2)T/2 (p>2).

In particular, if » = 1 and p > 2, we change variables and deduce from
Lemma 2.3(2) that

p T /1.2 2 s
—4a(bs4+---+b—4
F(p;b1,...,bs,m) = S5(p, 1) E e( a(l = m))(a)

(2.19)

= p p
(avp)zl
o) (=) s () 6)
=) =—) (2 s (S)(E) .
v )(p) P ; p)\p

(c:)=1
Then by Lemmas 2.4 and 2.3(2), we get
(2.20) F(p;bi,... bg,m) < plth)/2,

Assume that ¢ = ¢1¢q2 with (q1,¢2) = 1, ¢1 square-free and g2 square-full.
By (2.18)—(2.20), we get

Flaribi,oo byym) <o g™ and - Flaiby, .. bom) < g7
This completes the proof of Proposition 2.1. =

Now we turn to the proof of Proposition 2.2. The following lemma pro-
vides an asymptotic formula for fo(«) which is [I1, Theorem 4.1] with k = 2
(see also [14, Lemma 4.1]).

LEMMA 2.5. Let X be a sufficiently large real number and 7 = [5X].
Suppose that « = a/q+ X\ with (a,q) =1, ¢ <7 and |\| <1/(q7). Then

X
So(q,a
o) = 2LDT 2 dr s Y Syg.abyD(ba,N),
q 0 —3¢/2<b<3q/2
where Sk(q,a,b), Sk(q,a) are defined in (2.4), and
(2.21) > ID(bg )| < log(g+2).
—3q/2<b<3q/2

To estimate h(a), we employ Voronoi’s summation formula to get the
following result:

LEMMA 2.6. Let a be defined as in Proposition 2.2. Then

h(a) =g '|(logz + 2y — 2log g)e(z\)$(x) dz + > e(—aTL)H(n, q, M),
In|#0
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where
(2.22) > [H(n.q, M) = Os(qlog?(q + 2) + [AP¢*/2X7/?).
n|#0
Proof. The proof is similar to that of [14, Lemma 4.2]. The only differ-
ence is that we replace the smooth weight function w(x) in [14] by ¢(x) here,

which results in the dependence on s of the O-term in (2.22). We omit the
details. =

Proof of Proposition 2.2. Let F(q,b1,...,bs,m) be as in (2.5). Applying
Lemmas 2.5 and 2.6, we get

;’31 fzs(a)h(—a)e(—‘f) - qul Si‘qii’f”y(A,q)e(—‘Z)+A<q,x>,

(a,q)=1 (a,q)=1

where J (A, q) is defined in (2.6) and

s s—1
Ag, A) = ZRi +2Ek
=0 k=0

e E (s

—3q/2<b1,...,bs—;<3q/2 |n|#0 j=1
x F(q;b1,y...,b5-3,0,...,0,n —v)
——

i

s—k
sl D(=A gk
Er = kl(s — k)! ghtl Z (H D(ij 4, A))
’ ) —3q/2<by,....bs_<3q/2 j=1

X F(q;b1,...,bs—k,0,...,0,—v).
——
k

In the following, we will only deal with integrals involving Ry, Rs, Fg and
E;_1. The treatment of other terms related to Ry (1 < i < s—1) and E}
(1 <k < s—2) is similar. By Proposition 2.1 together with (2.11), (2.21)
and (2.22), we get

Ry <, q§s+3)/2q§s+4)/2 10g5+2 X + ’)\’2q§8+4)/2qés+5)/2X7/2 1Og5 X,

—s —s X°® 10g2 X 4—s5)/2 (5—s)/2 X7/2+8
R, <, (3—5)/2 _(4—s)/2 A[2g49)/
< QI q2 (1 +X2‘)\DS/2 +| | ql q2 (1 +X2’)\|)S/2,
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_ X2log*t X
E (s—=1)/2 s/2
0<<sq1 qs 1+X2’)\| 3

s 2
(1-5)/2_(2-5)/2_ X**'log® X
E, 1 <sqq 43 (14 X2|A|)+1/27

Thus
> | JRoldh < XETD210g7t X
<7 \|<1/(q7)
SV (B + B+ |Baa]) dh <o XD 2 10852 X
q<7 |\[<1/(qr)

Similarly, we have

s—1 5—2
> | (Z Rl + ) |Ek|) A\ <5 XETD/2100513 X
q<7 [N<1/(q7) =1 1

This finishes the proof of Proposition 2.2. u
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3. Proof of Theorem 1.2. To prove Theorem 1.2 we use the classical

circle method. Let fi(«) be as in (2.1), and write

gla)="Y_  d(n)e(na)

1<n<sXk
with X > 2 and k£ > 3. Then for any @ > 0, (1.1) can be written as
1 14+1/Q
T(k,s;X) =\ fi(a)g(~a)da= | fi(a)g(~a)da.
0 1/Q

By Dirichlet’s lemma on rational approximations, each « € [1/Q,1 + 1/Q)]

can be written in the form

a 1
a=— 4\, A< —,
q A qQ
for some integers a, ¢ with 1 <a < ¢ < @ and (a,q) = 1. We set
(3.1) P=1x"s and @Q=2xMe-U/s
Define the major arcs 9 and the minor arcs m as follows:
1 1
32) MmM=mP,Q =] |J Mga), m= [,1+} \ 0,
q<P 1<a<q Q Q
(a,q)=1

where M(q, a) = [a/q —1/(¢Q),a/q+1/(qQ)]. Then
(k5 X) = { | + | }i(@)g(~a) da.
m

m

For the integral over the major arcs, we have the following:
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PROPOSITION 3.1. Let the major arcs M(P,Q) be as defined in (3.2)
with P, Q defined in (3.1). Then for k >3 and s > k,

| fi(@)g(~a) da
m
= kC1 s T1 s X 10g X + (Chpsla s + CogesTips) X° + O(X 70T,
where 6 = 1—k/s and C; s, Lk s (i,5 = 1,2) are defined in (1.3) and (1.4),
respectively. Moreover, C; 1, s are absolutely convergent and satisfy C; i, > 1.
For the minor arcs, we have

PROPOSITION 3.2. Let the minor arcs m be as defined in (3.2). Then for
k>3 and s > min{2¥"1 k2 + k — 2}, and every € > 0,

| fi(@)g(—a) da = O(X*~7%),

where

1 1
k<2k1_> when3§k§7ands>2k_1,
) — s

s—k2—k+2
2sk — 2s
Proof of Theorem 1.2. Theorem 1.2 is an immediate consequence of
Propositions 3.1 and 3.2. =

when k> 8 and s > k% + k — 2.

Our task now is to prove Propositions 3.1 and 3.2. To prove Proposi-
tion 3.1, we need some lemmas. The following lemma can be found in [I1].

LEMMA 3.3. Let Sk(a,b,q) and Sk(q,a) be as defined in (2.4). If (a,b,q)
=1, then
Sk(a,b,q) = O(¢g"1/**9).

Moreover, if (a,q) = 1, then
Sk(g,a) = O(¢" /"),

Lemmas 3.4 and 3.5 give estimates of the exponential sums over the
major arcs.

LEMMA 3.4. Let the major arcs M(P, Q) be as defined in (3.2) with P, Q
defined in (3.1). Then for « = a/q+ X € M,

1
I (a + )\> _ S0 ) [ ouh XN do + O(g 1),
q g )
LEMMA 3.5. Let the major arcs M(P, Q) be as defined in (3.2) with P, Q
defined in (3.1). Then for a = a/q+ X € M,

g(_z _ A) _ J+O(q1/2Xk+sQ71 _|_q2/3Xk/3)7



Sums of divisors 195

where
S

(=X oN) d’u+ Se —X*u\) logv dv
0 0

k:XklogXS
q

J:

—21 2
L “2logg + VXkSG(*Xk

vz) dv.
q 0

The proofs of Lemmas 3.4 and 3.5 are similar to those of [4, Lemmas 4.1
and 5.1]. In fact, the proofs in [4] require the conditions PQ < X* and
Q > X*1*2. One can verify that P,Q defined in (3.1) meet this require-
ment. To prove Lemma 3.4, we follow the argument of [4, Section 4] step by
step, replacing [4, Lemma 3.4] by Lemma 3.3. For Lemma 3.5, we employ
the estimate in [5] of the sum of the divisors over an arithmetic progression
(see also [, Sections 6 and 7.1]), and the proof is almost the same as in [4]
except for replacing So(—a;3X?) in [4, Section 7.2] by g(—a) here. We omit
the details. m

LEMMA 3.6 (see [10, Lemma 8.10]). Suppose that for some k > 1 and
A >0, we have |f*¥)(x)| > A for any x € [a,b]. Then

b
Je(f(2)d = O(A71%),

a

Proof of Proposition 3.1. Let o € M(P, Q) with P,Q defined in (3.1).
By (3.2), we have

1/(a@)

s s @
33) | filog(-a)yda= > > | £ < +)\> <— — A) d.
n 1<g<P 1<a<q -1/(qQ) 1 a
(a,q)=1

Using Lemmas 3.4 and 3.5, we obtain

s kS3(q,a) Xt log X /¢ s /0
fila)g(—a) = k( ;SH & (S e(vFXEN) dv) (S e(—XF*u)\) dv)

0 0

SH@ X 1) (e xt
+ s ((S)e(v X"X) dv) ((S)e( X"vN) logvdv>
S S 1
N Si(q,a)X +’;S(+_12 log g + 27) <S e(kak)\) dv)s

0
s

el — k'U v
x(é(X )\)d)

+ O(Xs+k—l+£q—s/l<: +Xk/3+s+5q2/3—s/k +Xs+k+aql/2—s/kQ—l>.
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Define

Hj(z) = (§ e(vkz) dv)sd e(—vz)(logv)’ 1 dv), j=12.
0

0

Changing the variable z = X*\, we get

1/(a@Q)
(3.4) | fila)g(—a)da
-1/(qQ)
k
kSi(q,a)X®log X X*/a@)
= qs+1 S

Hy(z)dz
—X*/(qQ)
X*/(Q)
Hy(z)dz
—X*/(qQ)

Silg, a)X?
qs+1

3 S Xk Q

qs+1

Hy(z)dz
—X*/(qQ)
+ O(Xs+k—1+eq—s/k—1Q—1 +Xk/3+s+eq—1/3—s/kQ—1

+ Xs+k+€qfl/278/kQ72).

We first deal with the integrals X)_(;/k(;zgzg) H;(z)dz (i = 1,2) in (3.4). By
Lemma 3.6, we have

1 log |z|
HI(Z) = O(‘Z|S/k‘+1> and HQ(Z) = O(’Z‘S/k-‘rl)

Then for any U > 2,

| Hi(z)dz=0@U /%) and | Hi(z)dz=0U"*logl).
|z|>U |z|>U

Thus the infinite integrals {* H;(z)dz (j = 1,2) converge for s > k. Taking

U = X*/(¢Q), one can easily check that U > 2 for ¢ < P and P, Q defined
in (3.1). Then we obtain

Xk/(‘JQ) 00

s/k
S Hy(z)dz = S Hl(z)dz+0<< ) ),
-X*/(qQ) —0
Xk/(fIQ) 00

| Haz)dz= | Hg(z)dz+0<<q>8/klogX>.

-X*k/(qQ) —o©

gis

g
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Inserting the above two estimates into (3.4), by Lemma 3.3, we get

1/(a@Q) 00
s kS?(q,a)X®log X
35) | fi@gl-a)da = PHEOSTEL | ),
-1/(q@Q) —o©
Si(q,a) X T
+k(qs+1 S HQ(Z)ClZ

S8(q,a) X5 (—=2logq +2v) T
n (g, a) ((]S+1 gq+2v) S Hy(2) d

—00

+ O(Qs/kq—lXe + XS-I—k‘—l—i—Eq—S/k—lQ—l
+Xk/3+s+5q71/375/kQ71 +Xs+k+5qfl/273/kQ72)
=:T1 + T + T3 + O-term.

For s > k, the contribution of the O-term to (3.3) is

(3.6) < Z Z (Qs/kq_lXE+Xs+k_1+€q_s/k_1Q_1
1<q<P 1<a<q
(a,q)=1
+Xk/3+s+5q71/373/kQ71 +Xs+k+5q71/2fs/kQ72)
< PQs/kXe + Q—1X5+k—1+s + Xk/3+s+aQ—1 max{l,P5/3_5/k}
+ XS+I€+€Q*2 min{17p3/27s/k‘}
< Xs—(l—k/s)-i—a'

Then back to (3.3), for s > k, we obtain
| fi@g(—a)yda= 3" 3 (T +Tp+Ty) + O(xs~ (k%)

m 1<q<P 1<a<gq
(a,9)=1

=3 > (i +To+Ts) + O(X*~(k/)Fe)
g=1 1<a<q
(a7Q):1

= kCh psl1 ks X% log X + (Ch g slo ks + Coslip,s) X°
+ O(Xs—(l—k/s)—l—a),
where Cj s, Ljks (1,5 = 1,2) are defined in (1.3) and (1.4). This proves

Proposition 3.1. =

Now we turn to the proof of Proposition 3.2. We distinguish two cases:
3<k<6and k>7. For 3 <k <6, we need the following two lemmas,
which are Lemmas 2.4 and 2.5 in [I1].
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LEMMA 3.7. Suppose that (a,q) =1 and |a — a/q| < ¢~2. Then
frlo) < X+ X! _i_qX—k:)l/Qk*l.

LEMMA 3.8. Fix k> 1. Then
: k k
VI fe(@) da < X270,
0

Proof of Proposition 3.2 for 3 <k < 6. By Cauchy’s inequality,

| fi(@)g(~0) do < mase | (@) 2 (§ i) 2* da) (] o(~0) 2 do)

1/2

m m m
. . 1/2 1/2
< max | (@) ([ U@ da) (Y dm)
m 1<m<sXFk
Note that
(3.7) Z d(n) < tlogt.

1<m<t

By Lemma 3.7, for & € m we obtain
(38) frl@) < X (P X 4 QxR

Applying Lemma 3.8, one can deduce that
1
[ 1fu(@)) do < (| fu(@)]" do < X2 7HFe,

m 0
This together with (3.7) and (3.8) gives, for s > 281,
[ fi(@)g(—a) da < X=+=(P=1 4 x~1 4 Qx—ky/2 -1

m

< Xs—k(l/Qk*1—1/5)+a'
This finishes the proof of Proposition 3.2 for 3 <k < 6. =

For k£ > 7, we use the following lemmas which are Theorem 1.5 and
Corollary 10.2 in [12].

LEMMA 3.9. Let k > 2 be an integer. Suppose that (a,q) =1, |a—a/q| <
q 2 and g < X*. Then

ful@) < X1He(g 1 4 X1 4 gX Rz

LEMMA 3.10. For s > k> 4+ k — 2,
1
S|fk:(a)|2s do < X 25—k+e
0
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Proof of Proposition 3.2 for k > 7. By Cauchy’s inequality,

| £i(0)g(~a)da < max| fi(e) '~ (] | fy(e) 2421 da)

m m

< (Vlo(-o)2da)””

s (k21— 2 _ 1/2
< max| (@)~ F D (] fy(@) 24 da

m
1/2
(Y am) "
1<m<sXk
Then it follows from Lemmas 3.9 and 3.10 that
(3.9) ful@) < X'FE(P~1 4 X1 4 QX FyzmeD

for « € m, and
1

(310) [l da < [ fi() PR da < XTI
m 0
By (3.7), (3.9) and (3.10) we obtain, for s > k* + k — 2,
s—(k2+k—2)
| fi0)g(—a)do < X*T5(P71 4+ X1+ QX F) =
" s=(K2+k=2)

< XS_ 2s(k—1) +5‘

This completes the proof of Proposition 3.2. u
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