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Topological radicals, VI. Scattered elements in
Banach Jordan and associative algebras

by

PENG CAO (Beijing) and YURrIl V. TurovskIl (Baku)

Abstract. A Jordan or associative algebra is called scattered if it consists of elements
with countable spectrum (so called scattered elements). It is proved that for sub-Banach,
Jordan or associative, algebras there exists the largest scattered ideal and it is closed.
Accordingly, this determines the scattered topological radical. The characterization of the
scattered radical is given, and the perturbation class of scattered elements is considered.

1. Introduction. The paper continues the series of works [33], [34] 35,
22], [36], each of which can be read independently. Topological radicals were
introduced by Dixon [I3], for the classes il,, and i, of all normed asso-
ciative and Banach associative algebras, respectively. He also suggested the
axioms for algebraic radicals that were somewhat stronger than the classical
Amitsur—Kurosh axioms. Later, especially in [35] B86], axioms for topologi-
cal radicals for general classes of normed associative algebras were unified.
In [22] some topological radicals on the class of Banach Lie algebras were
considered.

The scattered radical Rs was introduced in [32] and studied mainly
in [36] for the class $ly,. For each A € LUy, Rs(A) is the largest scattered ideal
of A; an ideal is scattered if its elements all have countable spectrum. One of
the main goals of this paper is to show that the scattered radical R¢(J) exists
for each Banach Jordan algebra J, and that R is a topological radical on
the class Uj; of all Banach Jordan algebras, and even on the wider class {;
of all sub-Banach Jordan algebras. An important fact about the latter class
is that analytic functional calculus exists in every unital sub-Banach Jordan

algebra (see Lemma [2.5).
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For Banach Jordan algebras J, there are well known examples of scat-
tered ideals: the Jacobson radical, rad, and the socle, soc. Using ana-
lytic multifunctions, Aupetit gave nice spectral characterizations of them.
Namely, let € J. Then z is in rad(J) if and only if the spectrum o(U,x)
is zero for each a € J, and if and only if supycc p(a + Az) < oo for each
a € J, where U, is the quadratic operator generated by a, and p is the
spectral radius [2, Corollary 1 and Theorem 2]. Note that this is also valid
for normed Jordan Q-algebras [2, Remark]. If J is semisimple then x is
in soc(J) if and only if U,z has finite spectrum for each a € J [3| The-
orem 3.11]. Wilkins [40] obtained a spectral characterization of inessential
ideals (whose elements have at most 0 as a limit point of spectrum). Au-
petit and Baribeau [4, Theorem 19] transferred the Barnes Theorem [6] on
existence of the socle in semisimple scattered Banach associative algebras to
the case of Banach Jordan algebras. They showed that each separable scat-
tered Banach Jordan algebra J has an increasing transfinite chain (1,)a<~
of closed ideals such that Iy = rad(J), I, = J and the quotients In41/I,
are modular annihilator.

Our paper is based on the technique of analytic multifunctions devel-
oped, in particular, by Aupetit [I]. One of the main results we apply to
Banach Jordan algebras J is due to Aupetit and Zraibi [5, Theorem 1]: If
f: D — J is an analytic function on an open set D C C, then A — o(f(\))
is an analytic multifunction. We also use the Scarcity Theorem and the
Aupetit—Zemének Theorem [I, Theorems 7.2.8 and 7.2.13] that determine
the behavior of scattered analytic multifunctions.

An ideal I of a normed (not necessarily associative) Q-algebra L is called
thin if o(x)\ & (z/I) is countable for each x € L, where x/I is the coset of
in L/I and o (x) is the full spectrum of . Every thin ideal is clearly scattered
and, by [30, Theorem 8.14], each scattered ideal and its closure are thin for
every sub-Banach associative algebra. In Corollary we obtain a stronger
result: the closure of a scattered ideal in the completion of a sub-Banach
Jordan or associative algebra is thin. This result leans on Theorem that
is of independent interest, and improves the Gohberg—Krein Theorem [16],
Theorem 5.1 and Lemma 5.2] and the Aupetit Theorem on perturbation by
inessential elements [I, Theorem 5.7.4].

As a consequence, we deduce that there is the largest scattered ideal
Rs(L) in each sub-Banach Jordan or associative algebra L, it is closed
(Corollary [3.5), and the map Rs : L — R(L) is a topological radical on
the class ig; and on the class iy, of all sub-Banach associative algebras
(Corollary . For associative algebras, this result was obtained earlier in
[36, Section 8] in a different way.

We improve the results of Aupetit and Baribeau mentioned above. We
prove that Rs(L) has a similar chain of closed ideals for any (not nec-
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essarily separable) sub-Banach Jordan or associative algebra L, and that
every scattered semisimple sub-Banach Jordan or associative algebra has
a non-zero socle (Corollary [3.7)). Moreover, we show that R, is the restric-
tion of some algebraic radical (depending on rad and soc) to {Ug; and LUg,
(Corollary [3.9)).

The technique of analytic multifunctions allows us to give a charac-
terization of Rs(L). We show that an element z € L is in Rs(L) if and
only if o(x + a) \ d(a) is countable for any @ € L, and if and only if
{A € C:0 € o(a+ \x)} is countable for every a in L' (the unitization
of L) with 0 ¢ &(a) (Theorems and [3.11)). It follows from this that
Rs(A) and R4(A™) coincide where A is a sub-Banach associative algebra
and the Jordan algebra AT is the algebra A considered with the product
z -y = (zy + yz)/2 (Corollary [3.12).

Given a linear space X, the perturbation class of a subset G C X is the
set Per(G) of all x € X such that x +y € G for every y € G. Perturbation
classes were introduced by Lebow and Schechter [23] for the study of semi-
Fredholm operators. For a Banach associative algebra A, the following result
of Zemének is well known [41), Theorem 2|: a € rad(A) if and only if a belongs
to the perturbation class of the set of all quasinilpotent elements of A.

We consider the perturbation class Z(L) := Per(S(L)) of the set S(L)
of all scattered elements of L and show that, under some natural conditions
on L, Z(L) is a full subalgebra of L (Theorem [4.4). If L = A is asso-
ciative and complete normed, and D is a bounded derivation on A, then
D(A) C Rs(A) whenever D(A) C Z(A) (Theorem [4.6). If L = J is a uni-
tal Banach Jordan algebra, then the associators of elements of Z(.J) are
in Rs(J) (Theorem [4.8). At the end of paper we consider some conditions
equivalent to the equality Z(L) = S(L). In particular, we show in Corol-
lary that, for a Banach associative algebra A, Z(A) = S(A) if and only
if S(A) lies in the center of A modulo the scattered radical.

Note that our results are formulated in full generality, for incomplete
normed algebras. For simplicity, the reader can restrict attention to the case
of complete normed algebras, but it seems that the use of incomplete normed
algebras is more appropriate, especially for topological radical axioms. Note
also that Theorem answers the question for which scattered normed al-
gebras their completion is also scattered. In Theorem we present an ex-
ample of a scattered commutative associative Q-algebra with Rs-semisimple
completion.

2. Preliminaries. In what follows, all spaces and algebras are taken
over the field C of complex numbers. For A € C and 6 > 0, let N(A,d) denote

the open disk {y € C : |A— | < 6}. Let G and G denote the boundary and
polynomially convex hull of any bounded set G C C, respectively.
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If X is a normed space and ¥ C X then Y denotes the closure of Y
in X, and X the completion of X. If Y is a subspace of X, we identify YV’
with the closed subspace of X, so Y C Y. In general, Y # Y.

First we recall some definitions and results on Jordan algebras. We also
assume that the reader is familiar with the corresponding definitions and
results in the associative setting.

2.1. Jordan algebras. A Jordan algebra J is a non-associative algebra
whose product - satisfies a-b = b-a and (a-b)-a® = a-(b-a?) for all a,b € J,
where a? = a - a. The associator [a,b, c] of elements of J is defined by

(2.1) [a,b,c)=(a-b)-c—a-(b-c).

By a result of Jacobson (see [10, Lemma 3.1.23]), b — [a, b, ¢] is a derivation
of J. It is easy to check from the commutativity of the product that

(2.2) la,b,c] + [b,c,a] + [c,a,b] =0 for all a,b,c € J.

For x € J, the operator of “left” multiplication L, is defined by L,a :=
x-a for all @ € J. The operator of “right” multiplication obviously coincides
with L,. As usual, U, denotes the operator on J defined by

Ua7bZE = {a, x, b} = (LaLb + LyL, — La.b)x

and we set U, = Uy, for all a,b,z € J.

An associative algebra A endowed with the new product a-b = (ab+ba)/2
is a well-known example of a Jordan algebra; it is denoted by AT. Any
Jordan algebra which is isomorphic to a Jordan subalgebra of A™ is called
special.

The identity element (or the unit) in J is an element 1 such that a-1 = a
for each a € J. Let J' denote J if .J is unital, and the Jordan algebra J & C
obtained from J by adjoining the unit 1 otherwise. Let p € J be a projection
(p?> =p) and J1(p) ;== {x € J : p-x = z}. By [19, (3.1.6) and Lemma 3.1.1],
Ji(p) = UpJ, Ji(p) is a subalgebra of J, and p is the identity element
of 31 (p) .

An element a in a unital Jordan algebra J is invertible if there is b € J
such that a-b =1 and a?-b = a. The inverse is unique and denoted by a .
The set of all invertible elements of J is denoted by Inv(.J).

If J is not necessarily unital then a € J is quasi-invertible if 1 — a is
invertible in J'. For any Jordan algebra .J, there is the largest ideal rad(.J)
consisting of quasi-invertible elements of J; it is called the Jacobson radical
of J. By [25, (3)], for invertible =,y € J,

(2.3) el -yl = Uy ey — Uy-1(x —y).

An element a is invertible in J if and only if U, is invertible, and in this
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case U; ' = U,-1. The equality

(2.4) Uv,p = U UpU,  for all a,b e J
shows that
(2.5) U,b is invertible < a and b are invertible.

Taking into account that a=! = U,-1a = U, 'a for each a € Inv(J), we see
from the above that

(2.6) (Uab) ™" = U Uab = Uy Uy-1Uy1Ugb = Uprb™
for all a,b € Inv(J). It is easy to check that
(2.7) Upx = Uy — 2\Lo + N2

for all @ € J and A € C. In particular, Uy = U_; is the identity operator
on J.

For z € J, the spectrum of x (denoted by o;(z) or o(x)) is the set of
A € C for which A — z is not invertible in J'. By the definition, o;(z) =
oj1(x). Let Res(z) := C\ o(z) be the resolvent set of x.

A subspace M of J is called a quadratic ideal of J if UpyJ C M [42,
Section 15.1], and an inner ideal of J if Uy J! C M [26]. For example,
U,J is an inner ideal called the principal inner ideal generated by x € J.
Any inner ideal of J is a subalgebra in J, and the intersection of inner
(quadratic) ideals is an inner (quadratic) ideal. By [4, Proposition 4c)], if p
is a projection in J and z € U,J, then oy, j(x) C 0(x).

For e € J, an inner ideal M is called e-modular if U1_8J+U1_67MJ1 cCM
and e? — e € M; if M is maximal among proper e-modular inner ideals, it
is called a mazximal e-modular inner ideal. Finally, M is a maximal modular
inner ideal if it is maximal e-modular for some e € J. The intersection of
all maximal modular inner ideals is an ideal that coincides with rad(J) [I8,
Theorem 4.1]. If J is unital, rad(J) is the intersection of all maximal inner
ideals of J [I8, Theorem 1.1].

A largest ideal of J contained in a maximal modular inner ideal of J
is called primitive. Let Prim(J) be the set of all primitive ideals of J; J is
called primitive if 0 € Prim(J). The Jacobson radical is the intersection of
all primitive ideals of J [26, Theorem III.5.3.1] and

oj(z) = UJ/rad(J)(Jf/fad(J)) = U{UJ/P(J?/P) 1P e Prim(Jl)}

for every x € J (see [39, Lemma 1]), where z/rad(J) and x/P are the cosets
of z in J/rad(J) and J/P, respectively. (Usually one writes = + I for z/I,
but « + I may be used for the set {z +y:y € I}.)

Let I be an ideal of J. Then the kernel-hull closure kh(I) of I is an ideal
of J defined by

(2.8)  kh(I)=(){P €Prim(J'): I C P} = |{P € Prim(J): I C P}.
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As {P/I : P € Prim(J), I C P} = Prim(J/I), we have
(2.9) kh(I)/I = rad(J/I) = rad(J'/I).

LEMMA 2.1. Let J be a Jordan (or associative) algebra, I an ideal of J,
and p a projection in J. If p € kh(I) then p € I.

Proof. Let p=p/I. As p € rad(J/I) by (2.9), p is quasi-invertible and
U,_5 is invertible in (J/I)'. As U_sp=0,wehavep=0andpcl. =

A Jordan algebra J is non-degenerate [26] if U,J! = 0 implies z = 0 for
x € J. For instance, if rad(J) = 0 then J is non-degenerate. It is easy to
see that any ideal I of a non-degenerate Jordan algebra is non-degenerate:
if U,I' = 0 for x € I then Uy, nJ* C Up(UnU,Jt) € Up It = 0 by (2.4),
whence U,J' =0 and z = 0.

If a Jordan algebra J is non-degenerate, the socle soc(J) of J is de-
fined as a sum of all minimal inner ideals [27]. Then soc(J) is the sum of
the simple ideals of J generated by all completely primitive projections [27,
Theorem 17], so soc(J) is an ideal of J. Recall that a projection p is com-
pletely primitive (or division) if the subalgebra Ji(p) (equal to the image
Up(J), see [19, (3.1.6) and Lemma 3.1.1]) is a division Jordan algebra. The
following assertion is folklore.

LEMMA 2.2. Let J, J1, Jo be non-degenerate Jordan algebras. Then:

(1) If 0 is a homomorphism from Jy onto Jo then 6(soc(Jy)) C soc(Jz).
(2) If I is an ideal of J then soc(I) = I Nsoc(J) and soc(soc(I)) =
soc(I).

Proof. (1) Let M be a minimal inner ideal of J;. It is clear that 6(M)
is an inner ideal of J. Assume that 6(M) # 0. If K is a non-zero inner
ideal of J; and K C (M) then §~(K) N M is an inner ideal of J;, whence
M C 71(K) and §(M) C K. Therefore (M) is a minimal inner ideal of Jo.
This shows that 6(soc(J1)) C soc(Ja).

(2) It is easy to see by using that if K is an inner ideal of J then
Uvpen J' C UgJ', whence UgJ' is also an inner ideal .J.

Let M be a minimal inner ideal of J. Then Uy J' = M or Uy J* = 0,
but the latter case is impossible by assumption. As M N[ is also an inner
ideal of J, we have either M C I or M NI = 0. Assume that K is a non-zero
inner ideal of I and K € M C I. Then UgJ! is a non-zero inner ideal of J:
UUKJ1J1 C Ukl C UgJ'. As M is minimal in J, UxJ' = K = M, i.e. M
is a minimal inner ideal of I. This shows that I Nsoc(J) C soc([).

Let N be a minimal inner ideal of I. Then UxI! = N and UyxJ!' =
Uyyat J' C UyI' = N, whence N is an inner ideal of J. Assume that K
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is a non-zero inner ideal of J and K C N. Then UgJ! is a non-zero inner
ideal of I, whence UxJ! = K = N, i.e. N is a minimal inner ideal of J.
This shows that soc(I) C soc(J).

To prove soc(soc(I)) = soc(I) it suffices to replace I by soc([) in soc(I) =
INnsoc(J). m

A subalgebra M of J is called strongly associative if [Lg, Ly) = 0 for
any a,b € M, spectral if opr(a) U{0} = o5(a) U {0} for each a € M, and
full (or inverse closed) if M contains the inverse of each element of M in-
vertible in J. Each strongly associative subalgebra is associative. By [25],
Corollary 2.3], for any a € J there is a maximal strongly associative subal-
gebra containing a which is inverse closed whenever J is unital; this subal-
gebra is obviously spectral. If J is a special Jordan algebra, i.e. J C AT for
some associative algebra A, then U,z = (axzb+ bzxa)/2 for all a,b,z € J,
x-x = (xx+xx)/2 =28, v -2 = xxe and so on. So maximal strongly
associative subalgebras of J are really subalgebras of A.

LEMMA 2.3. Let J be a unital Jordan algebra, and let x,a € J be invert-
ible. Then o(a™t) = {\"1: X € o(a)} and o(Uya?) = o(Uya?).

Proof. Let p1 € C be non-zero. As a — p = Uy(a™! — pa=2), we see
that a —  and a~! — pa~2 are simultaneously invertible or not. Let A be a
maximal strongly associative subalgebra of J containing a. Then a ="' — pia =2
is invertible in J if and only if it is so in A. As A is an associative algebra,

a~! — pa=? is invertible in A if and only if 1 — ua~' is. As A is an inverse
closed subalgebra of J, 1 — ua~! is invertible in A if and only if it is so in J.
Hence

(2.10) ol ={p':pecola)}

It is clear that U,a? and U,z? are invertible. Let A € C be non-zero.
Then it follows from

Upa® = X = Ug(a® = \z™2) = U Uy (1 — ANUy—1272)

that Uza®? — X\ and 1 — AU,-12~2 are simultaneously invertible or not. As
U,-1x~2 is the inverse of U,2? (see (2.6))), we have o(U,a?) = o(U,x?) by
using (2.10). =

An element z in J is called scattered in J if o ;(z) is finite or countable.
In what follows, we omit “finite or” for brevity. The set of all scattered
elements in J is denoted by S(J). If J is not unital then S(J) = S(J')NJ
and S(J') = S(J) + C. A subalgebra or ideal of J is called scattered if it
consists of scattered elements of J. All these notions can be transferred to
associative algebras. So, if A is an associative algebra then S(A) denotes the
set, of all scattered elements of A.
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2.2. Banach Jordan algebras. A Jordan algebra J is called normed
if it is a normed space with norm || - || and ||z - y|| < ||z|| ||y|| for all z,y € J.
If J is unital, we assume that ||1|| = 1. If J is complete under the norm then
J is called a Banach (or complete normed) Jordan algebra.

Let J be a unital normed Jordan algebra and A*(z) (or A*(x;J) if it
is necessary to indicate J) be a closed full subalgebra of J generated by
x € J. It follows from [25] that A'(x) is associative and is the closure of
the algebra of rational functions p(z) - ¢(z)~!, where p,q are polynomials
and ¢(x) is invertible. If J C AT for a normed associative algebra A, then
A¥(x, J') is a closed full commutative subalgebra of Al.

By [25, Theorem 2.8], for a Banach Jordan algebra J, 07(z) = 0 4ic(y)(2)
is a compact non-empty set in C and A + (A — z)~! is analytic on Res(x).
Moreover, by analytic functional calculus (see [25, Theorem 2.9]), for any
C-valued function f analytic on some neighborhood V' of o(z) there is an
element f(z) € A*(z) defined by

(2.11) F(a) = i)t | £ — 2) de
r

where I" is a suitable contour in V' surrounding o(z), f(z) does not depend
on the choice of V' and I', and the map f — f(z) is a homomorphism from
the algebra O(V) of functions analytic on V into J; this homomorphism
is continuous with respect to convergence of functions on compact subsets
of V' (see [30, Theorem 10.27]). If I" C Res(z) surrounds the clopen part o
of o(z) then

(2.12) po(x) = (2mi) " {(€ —2) 7" d¢

r
is called the spectral projection of x corresponding to o; if I' = ON (A, 9), it
is convenient to write py s(z) for p,(z). One of the important properties of
functional calculus is the Spectral Mapping Theorem:

(2.13) flo(x)) = o(f(z))

for every function f analytic in some open neighborhood of o(z). In partic-
ular, o(ps(x)) is equal to 0 U{0} if o(z) \ o is not empty, and to o otherwise.
Hence o = ) if and only if p,(z) = 0.

Let x € J. If Uy is an open set containing o(z) and f is holomorphic
on Uy, and Uj is an open set containing f(o(z)) and g is holomorphic on Uy,
then (go f)(z) = g(f(x)) (see for instance [I, Exercise 3.13]).

Let J be a normed Jordan algebra. Then p(z) = lim ||z"||/" is the
spectral radius of x € J; x is called quasinilpotent if p(z) = 0. If J is
complete normed then, by the Beurling—Gelfand formula (see also [25]),

(2.14) pl) = ps(x) = max{|A| : A € o(2)},
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and the map = — o(x) is upper semicontinuous on J [3, Theorems 2.1
and 2.2]. In particular,  — p(x) is upper semicontinuous on J.

For a compact set K C C, recall that K is the set of all i € C such that
Ip(1)| < supyeg |p(A)| for every polynomial p [15], Section 3.1]. In particular,
Kisa compact set in C,

(2.15) sup |p(u)| = sup [p(A)| = sup [p(p)| = sup [p(})]

ueR \eK wedk AEIK
for every polynomial p, and 0K = K . We write o(x) for a/(;) The set o (z)
is called the full spectrum of z. Using upper semicontinuity of p and ,
it is easy to show that the map = — & (x) is upper semicontinuous on .J.

By [10), Proposition 4.1.28], if J is a Banach Jordan algebra with unit 1
and if M is a closed subalgebra containing 1, then

oj(x) Cop(z) and Oop(x) C doy(x) for any x € M,

whence 7ps(x) = 07(z). Hence S(L) = S(J)N L for any closed subalgebra L
of J. In particular, each scattered closed subalgebra is a scattered Jordan
algebra. If J C A™ for a Banach associative algebra A then S(J) coincides
with S(A) N J elementwise.

As the spectrum of any element in a normed Jordan algebra is not empty,
the Gelfand—Mazur Theorem [I4, 1.2] shows that every division normed
Jordan algebra is isomorphic to C. So the socle of a normed non-degenerate
Jordan algebra J is the sum of the simple ideals generated by all minimal
projections; a projection p in J is called minimal if U,J = Cp.

2.3. Sub-Banach Jordan algebras. A normed Jordan algebra J is
called a Q-algebra if Inv(J') is open. By [29, Theorem 4], .J is a Q-algebra
if and only if ps(a) < |la| for every a € J, and if and only if J! is a
Q-subalgebra of its completion J!. It is easy to see (from py(-) < | - )
that J is a Q-algebra if and only if the same is true of A*(z;J') for every
x € J. As any normed associative algebra is a Q-algebra if and only if it is a
spectral subalgebra of its completion (see [2I], Lemma 20.9] and [28, Theorem
4.2.10]), J is a Q-algebra if and only if it is a spectral subalgebra of J. , and
if and only if py(a) = p(a) for any a € J (see also [10, Theorem 4.6.11]).

Let J be a normed Jordan @-algebra. Then any inverse closed subal-
gebra of J is spectral. Let I be an ideal of J and x € I. As A*(z;I') C
A(z; JY) N T + C, we have

or(x) U{0} = os(z)U{0} for each z € I.
Hence I is a spectral subalgebra of J, S(I) = S(J) NI, and if I consists of
scattered elements then [ is a scattered normed Jordan algebra.

A normed Jordan algebra J is a normed Jordan Q-algebra if and only
if all maximal modular inner ideals are closed [10, Theorem 4.4.72]. So all
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primitive ideals and the Jacobson radical of a normed Jordan Q-algebra are
closed. In particular, if I is an ideal of a normed Jordan Q-algebra J then
I C P for every primitive ideal of J such that I C P. Hence (also in the
associative setting)

(2.16) T C kh(I) = kh(I) = kh(I).

Let L be a unital normed, Jordan or associative, Q-algebra. Then o (z)
is equal to o7 (z) or to o7 (2)U{0} for each 2 € L. Hence, for every function f
analytic on some neighborhood of o (x), f(x) given by is an element
of the completion L by analytic functional calculus.

We say that analytic functional calculus ezists in L if, for each x € L and
each function f analytic on some neighborhood of o, (x), the element f(x)
of the completion L belongs to L. It should be noted that in this case
op(x) = ( ) for each # € L. Indeed, if z is invertible in E then the

inverse 1 in L is the value of the integral of the form and must
belong to L by assumption.

LEMMA 2.4. Let L be a normed Jordan or associative Q-algebra and I
be a proper ideal of L. Then:

(1) If p is a projection in L and p € I thenp € I.
(2) Assume that analytic functional calculus exists in L'. Then:

(a) If x € I then f(x) — f(0) € I for every function f analytic
on some neighborhood V' of o(x). That is, analytic functional
calculus exists in I'.

(b) If M is a unital closed full subalgebra of L' then analytic func-
tional calculus exists in M.

(c) Ifz,y€ L and x —y € I then f(x)— f(y) € I for each function
f analytic on some neighborhood of o(x) U o(y). In particular,
if ON (X, 6) C Res(z) NRes(y) then pys(x) —prs(y) € 1.

Proof. (1) As p € I, we have p € kh(I) by . By Lemma pel.

(2a) As I is proper, x is not invertible. So f is defined at zero for every
function f analytic on some neighborhood of o, ().

As (€ —x) P = ¢+ ¢71a(¢ — 2)7 ! for every non-zero & € Res(x), we
have

1
1@ =50 = 5 § P dg o+ L e o) - 100,
r r
From the Cauchy integral formula
_ 1 | FE) e
2mi 9§ &

so f(z) — f(0) € I.
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(2b) If z € M then (£ —x)~! € M for each £ € Res(x). So partial sums
of (2.11) belong to M. As M is closed, f(x) € M

(2c) By [.3), (€ —2)7' = (6 —y)~! €I for every & € Res(z) N Res(y).
As f(2) = Fly) = @ri) 7§ FEE —2) 7" = (€= )71 dE (see (211)), the
partial sums of this integral lie in I. So f(z) — f(y) belongs to I. =

Let L be a Jordan or associative algebra. Recall that a subalgebra M
of L is called a subideal of L if there is a finite chain K, C --- C K1 C Kj
of subalgebras of L such that K;; is an ideal of K; for any ¢ and M = K,
L = Kj. A normed algebra is called a Banach subideal if it is a subideal of
some Banach algebra; it is clear that such an algebra may not be complete.

We call an algebra M a sub-Banach algebra if there is a complete normed
algebra L with a finite chain K,, C --- C K1 C Ky of subalgebras of L such
that M = K,,, L = Ky, and for each i, either KH—I is an ideal of K;, or K1
is a closed full subalgebra of K}. Identifying K +1 with a subalgebra of K il
for each i, we obtain

(2.17) M'=K!CcK} ,Cc---CcK{ CcK}=L"

Clearly, each ideal and each closed full subalgebra of a unital sub-Banach
algebra are sub-Banach algebras.

LEMMA 2.5. Let M be a sub-Banach Jordan or associative algebra. Then:

(1) M is a normed Q-algebra.
(2) Analytzc functional calculus exists in M*.
(3) M = N! for some normed algebra N that is a subideal of N.
(4) If I is a proper ideal of M then I is a Banach subideal.
(5) If I is a closed ideal of M then
(a) M/I is (isometrically isomorphic to) a sub-Banach algebra;
(b) if M is unital then (\,c;0(x +y) C o(z/I) for every x € M.
Proof. (1) follows from the fact that every Banach Jordan or associative
algebra is a normed Q-algebra, and every ideal or closed full subalgebra of
a unital normed @-algebra is again a normed ()-algebra.
(2) follows from Lemma [2.4] by induction on n in (2.17).
(3) Let M! be taken from . As L' is complete normed, one may

consider its completion M! as a closed subalgebra of L'. Hence
(2.18) M'=N!c N}  c-.-c N c N =M,

where N; = K; N M for any ¢. If K;y1 is an ideal of K; for some ¢ then
N1 is an ideal of N;.

Suppose that K} i+1 18 a closed full subalgebra of K}. Then N} i s a
closed subalgebra of N;!. But it follows from (2.18)) that N, +1 is dense in IV; . 1
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Hence N}H =
subideal of N.
(4) follows from (3).
(5a) Assume that (| - ) holds where each N;y; is an ideal of N;. One
may clearly consider T as a closed ideal in M~. M. Then consider the following

chain of subalgebras of M*: M
M'+T=F'cF! ,c---cF cFl =M,

N}. Let N = N,. Then M is either N or N!, and N is a

where F; =N, + T for any 4. It is clear that each Fjy; is an ideal of F;, and
T is a closed ideal of each algebra F!. As a result, we obtain the following

chain of subalgebras of M / I:
(M'+D)/I=F')IcF' ,JIc---c F})Tc F})T=M"/I.

Here M / T is complete normed, and it is easy to see that M /I and F,,/ T are
isometrically isomorphic under /I +— x/I. Identifying them we conclude
that M/I is a sub-Banach algebra.

(5b) Let A ¢ a(x/I). As o(x/I) = am(x/l) and 0 is in an unbounded
component of Res((A—xz)/I), [30, 10.30] shows that (A—z)/I has a logarithm
in M/I. By (2), it has a logarithm in M/I. Thus there is z € M such that
(A —x)/I = exp(z/I) = exp(z)/I. So there is y € I such that A — z =
exp(z) +y. Hence A — x — y is invertible and A ¢ o(z +y). =

Let J be a unital sub-Banach Jordan algebra, and define

= | J{Uexp(ar) "+ Uexplam) L : @1, - - an € T}
neN

It follows from that 21(J) C Inv(J), and exp(a) = Ugp(a/2)1 lies in
1(J) for any a € J. Hence {z € J : ||[1 —z| < 1} C 1(J) (because
if |1 —=z| < 1 then 0 ¢ o(x), whence x has a logarithm in J). If a =
Uexp(al) s Uexp(an)l and f()\) B Uexp()\al) s UeXp()\an)l then f()\) lies in
Inv(J) for every A € C, the functions f and A~ f(A)~! are analytic on C,
f(1) =a ! and f(0) = f(0)~! = 1. Hence
(2.19) a L Ube () ifabe 2(J),
and 2 (J) is a connected component of Inv(.J) containing 1. If J is complete
normed, 21(J) is a principal component of Inv(J) by [24].

Note that, for a unital sub-Banach associative algebra A, 2;(A) can be
defined by

= U {exp(ai)---exp(a,) : a1,...,a, € J}.
neN

Then 2;(A) is a subgroup of Inv(A) and a connected component of Inv(A)
containing 1.
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2.4. Topological radicals. Let i be a class of normed (not necessar-
ily associative) algebras. We may assume that ${ is closed under images of
topological morphisms: If 6 : L1 — Lo is an open continuous homomorphism
of L, onto L9, and 4 contains one of them, then it contains the other. It
is convenient to identify two algebras if there is an isometric isomorphism
between them. By default, by a morphism we mean a topological morphism.

A class 3 of normed algebras is called ground if it contains all closed
ideals and the corresponding quotients of all algebras from i, and universal
if it is ground and contains arbitrary ideals of all algebras from . The
class Up; of all Banach Jordan algebras is ground, and the class i,; of all
normed Jordan algebras is universal. By Lemma the class of all Banach
Jordan subideals and the class igy; of all sub-Banach Jordan algebras are
universal; the same is valid for the class of all Banach associative subideals
and the class Uy, of all sub-Banach associative algebras.

Let 4 be a ground or universal class of normed algebras. The map P
on Y that associates with each algebra L a closed ideal P(L) of L is called
a topological radical on 1 if it satisfies the following conditions (called the
topological radical axioms):

1. 8(P(L1)) C P(Lg) for any morphism 0 : Ly — Lo of algebras from 4
2. P(L/P(L))=0;

3. P(P(L)) = P(L);

4. P(I) is an ideal of L contained in P(L), for any ideal I € { of L.

An algebra L € il is called P-semisimple if P(L) = 0, and P-radical if
L=P(L).

The most famous radical in the class ; of all Jordan algebras, as well
as in the class U, of all associative algebras, is the Jacobson radical rad. An
algebra L from &l; or i, is called semisimple if rad(L) = 0, and radical if
L =rad(L). The Jacobson radical is a radical in the Amitsur-Kurosh sense
and also an algebraic radical in Dixon’s sense: it satisfies the algebraic radical
azioms that repeat Axioms 1-4 with one exception: in Axiom 1 algebraic
morphisms are assumed, i.e. onto homomorphisms.

Let us introduce now the following useful notions. A map P on il such
that P(L) is an ideal of L, for each L € 4, is called an (algebraic) preradical
[36] if it satisfies (algebraic) Axiom 1. For normed algebras, a preradical
P is topological if P(L) is a closed ideal of L for each L. A preradical P
is hereditary if P(I) = I N P(L) for any ideal I € 4 of L € il For any
hereditary topological radical P on ;, the assignment P — P" defined by
P"(J) = J N P(J) maps P into a hereditary topological radical P" on .
(For normed associative algebras this was proved in [33, Theorem 2.21]; the
same proof is valid for normed non-associative algebras, in particular for
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normed Jordan algebras.) This procedure is called regular. For more details
of the theory of topological and algebraic radicals we refer to [36].

The Jacobson radical is not a topological radical in the class i,; or in
the class of all normed associative algebras, but it is an algebraic hereditary
preradical. In fact, Dixon [I3, Example 10.1] constructed an algebra A € i,
for which rad(A) is not closed, whence AT € {,,; and rad(A™) = rad(A4)*"
is not closed in A™. However, rad is a hereditary topological radical on the
class of all normed Jordan ()-algebras because rad is a hereditary algebraic
radical on #; and rad(J) is closed in J for any normed Jordan Q-algebra J.

Let Rad be the restriction of rad to the classes l;; of all Banach Jordan
algebras and i, of all Banach associative algebras. Then Rad is a heredi-
tary topological radical on both of these classes. Then Rad” is a hereditary
topological radical on i,; and ,,; it is called the reqular Jacobson radical.

One of the most useful tools for the theory of radicals of Jordan algebras
is the Slin’ko Theorem [42] Theorem 14.12] that states that if J is a Jordan
algebra, I is an ideal of J and K is an ideal of I, and if I /K has no nilpotent
ideals, then K is an ideal of J.

2.5. Analytic multifunctions. By a multifunction we mean any
map K from an open subset D of C into the set of all non-empty compacts
in C; K is analytic on D if K is upper semicontinuous on D and if for any
open set GG in D and for any function ¢ plurisubharmonic on a neighborhood
of {(\,z) : A € G, z € K(\)} the function p(\) = sup{y)(\,2) : z € K(\)}
is subharmonic on GG. The other names in the literature are analytic multi-
valued (or set-valued), functions.

Recall two facts from the theory of analytic multifunctions [I, Chapter 7].
Let K be an analytic multifunction from an open set D C C into C. Then
either {A € D : K(\) is countable} has capacity zero, or K (\) is countable
for all A € D, by the Scarcity Theorem [, Theorem 7.2.8]. In the last case,
for a fixed n € C, the set {\ € D :np € K(\)} is either countable or equal
to D, by the Aupetit-Zemdanek Theorem [I, Theorem 7.2.13]. We also note
the important Localization Principle [1, Theorem 7.1.5].

It is important for us to underline that the Aupetit—Zraibi Theorem [5]
Theorem 1] is valid for a sub-Banach Jordan (or associative) algebra L: if
f:D — L is an analytic function then the map X — o(f(\)) is an analytic
multifunction. Indeed, as L is a full subalgebra of its completion L (see
Lemma [2.5), it follows that o(f(\)) = o7 (f(A)) for every A € D. So we
can refer to the Aupetit—Zraibi Theorem for Banach Jordan (or associative)
algebras.

REMARK 2.6. If L is a normed Jordan (or associative) Q-algebra and if
f: D — L is an analytic function and K(\) = o(f(\)) for any A € D, then
the Scarcity Theorem and the Aupetit—Zemanek Theorem are applicable
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to K. Indeed, let K'(\) = oz(f())) for X € D. Then K’ is an analytic
multifunction, and (the conclusions of) these theorems hold simultaneously
for K and K’, because L is a spectral subalgebra of L.

3. The scattered radical

3.1. Preparatory lemma. We start with the following important re-
sults.

LEMMA 3.1. Let J be a unital sub-Banach Jordan algebra and a,b € J.
Then:

(1) For each A ¢ &(a) there exist a number §(\) > 0 and an ana-
lytic function g : N(\,6(X)) — A"(a;J) such that, for every p in
N(A,0(N),

(a) g(u) is invertible in J and g=2(p) = a — p;
(b) g(p) = fula) for some analytic C-valued function f, defined on
a suitable neighborhood of o(a).

(2) If Ug(ub is scattered for each p € N(\,6(N\)) and X ¢ 7(a) then the
set o(a+b) \ &(a) is countable.

(3) If A is a normed associative Q-algebra, a,b € A and (a — \)~'b is
scattered for any \ ¢ o(a) then o(a+b) \ o(a) is countable.

Proof. (1) Let A\ ¢ &(a). As 0 lies in an unbounded component of
Res(a — \), choose a simply connected open set {2 with 0 ¢ 2 and o(a — \)
C £2. (For instance, take 2 = C\ E where E is a simple continuous curve
in Res(a — A) joining 0 and cc.) By [12, Theorem 7.2.2], there is an analytic
function f : 2 — C such that exp(f(n)) = n for each n € 2. As z — o(x)
is upper semicontinuous, there is 6(\) > 0 such that o(b— \) C 2 for every
b € J with |la — b|]| < d(A). By holomorphic functional calculus for such b,
the elements f(b — \) are well defined; in particular, f(a — u) exists for all
we N(AIN).

Set g(p) = exp(—f(a — p)/2) for p € N(X,0(N)). It is easy to see that
g %(n) = a — p. The function g(u) is analytic on N(\,d()\)) as it is the
composition of analytic functions exp(—f/2) and p — a — p.

If f,, is the composition of the analytic functions exp(—f/2) and § — {—p
(defined on a suitable neighborhood of o(a)) then f, is an analytic C-valued
function with f,(a) = g(p) for any p € N(A,6(X)).

(2) Let A ¢ &(a), and let v : [0,1] — C\ &(a) be a continuous curve join-
ing A and some point n where |n| > p(a+0b). By (1), for every point (t) there
are 6(t) > 0 and an analytic function g; : N(v(t),5(t)) — A*(a) satisfying
g7 2(n) = a— p for every i € N(y(t),5(t)). As v([0,1]) is a compact set cov-
ered by the open sets N (v(t),0(t)), therearerealstp =0<t; < --- <t, =1
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such that
¥([0,1]) € [ N(v(t5), 6(t;))-
=0

Let Dj = N(v(t)),6(t;)) and fj(pn) = Ugtj(u)b for any p € Dy, for j =

0,1,...,n. As f; is evidently analytic, the map K; : p — o(fj(n)) is an

analytic multifunction on D; by [5, Theorem 1]. As Uy, (,,) is invertible, we

deduce (by using a — p = 97:;2(10 = Ug1! and b = U Y, U wb =
J

gi; (1)~ 9t
Ug;jl(,U«)Ugtj (M)b) that

@b —p = Uy (14 Uy, (0) = Uy (1+ £5())

gtj

for every u € Dj, and a + b — p is not invertible if and only if 1 + f;(u) is
not invertible. Hence

(3.1) O’(a—i-b)ﬂDj :{,U,ED]‘ :—1 GKj(,u)}.

By assumption, K (1) is countable for any p € D;. By the Aupetit-Zemanek
Theorem, G := {u € Dj : —1 € K;(p)} is either countable or equal to Dj,
for j=0,1,...,n.

Assume that Gy = Dy. Then Dy C o(a-+b) by . As DyN Dy consists
of an uncountable number of points of o(a + b), the set G1 = o(a+b) N Dy
cannot be countable. Therefore, by the Aupetit-Zeméanek Theorem, G; =
Dy C o(a+ b). Repeating this argument a finite number of times, we find
that G, = D, C o(a+b). Asn € D, and p(a + b) < |n|, we obtain a
contradiction.

Therefore, by the Aupetit-Zemanek Theorem, Gy is at most count-
able, and so also is o(a + b) N Dy by (3.1). We have proved in fact that
o(a+b)NN(A J(N)) is countable for any A ¢ 5(a). As C\ o(a) is a separ-
able metric space, there is a countable covering by inscribed open sets each
of which contains a countable number of points of o(a+b). So o(a+b)\o(a)
is countable.

(3) Let D = C\ &(a) and K(\) = o((a — A)7'b) for A € D. Then
K is a multifunction on D, and K(\) is countable for any A € D. Since
a+b—XA=(a—A)(1+(a—A)"1b) for A € D, we have o(a +b)ND =G
where G = {A € D : —1 € K(\)}. By the Aupetit—Zemének Theorem
(see Remark , G is either countable or equal to D. The latter case is
impossible because o (a+b) is bounded, but D is not. Therefore o(a+b)\o(a)
is countable.

Under the assumptions of Lemma [3.1] o(a +b) \ 5(a) is countable if and
only if o(a+0b)\c(a) is countable, and in this case

(3.2) o(a+b)\5(a) =5(a+b)\5(a) for all a,b.
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This follows from the fact that if a compact set in C is the union of a
polynomially convex set K and a countable set Z then it is polynomially
convex. Indeed, let \ € KUZ.1f A € K then clearly A € K. Assume now
that A ¢ K. As K is polynomially convex, there is a polynomial p such that

A < .
max |p(p)] < [p(A)] < max|p()]

Let Z' ={p e Z:p(N)| < Ip(p)]}. It is casy to see that Z' is a compact set

and A € Z'. But every countable compact set in C is polynomially convex.
SoxeZ C Z.

3.2. Scattered ideals

3.2.1. First we introduce a useful technical notion. Let L be a unital
sub-Banach Jordan or associative algebra, I an ideal of L, x an arbitrary
element of L, and G a polynomially convex compact set containing o (x).
An open disk N(\,d) with 6 > 0 is called (z, G, I)-special if G N N(\, )
is countable, the contour I'\ 5 := ON(A,6) lies in C\ G, and the spectral
projection py s(x) := (2mi)~? SFA 5(§ — )71 d¢ of  corresponding to the set
o(x) NN (A, J) belongs to I. We say that A € C has an (x, G, I)-special disk
if there is an (x, G, I)-special disk N (), d) for some § > 0.

LEMMA 3.2. Let L be a unital sub-Banach Jordan or associative algebra,
let I be an ideal of L, let x € L, and suppose o(x) C G = G for some compact
set G C C. Assume that N(\,9) is an (x, G, I)-special disk. Then:

(1) In any interval [t1,t2] C R with 0 < t; <ty < § there ist > 0 such
that N (A, t) is an (x, G, I)-special disk.

(2) If p € N(\,9) then p has an (z, G, I)-special disk.

(3) If M is a polynomially convex compact set in C and M \ G is count-
able then \ has an (x,GU M, I)-special disk.

Proof. Without loss of generality one can assume that L is complete
normed.

(1) Assume, to the contrary, that there is an interval [t1,to] with 0 <
t1 < ta < ¢ such that N(A,t) is not a (A, G, I)-special disk. Then for every
t € [t1,1t2] either IN (X, t)NG # 0 or ON (A, t) C C\G and p) 4(z) does not lie
in I. In the latter case py () = pa+(x)-pas(x) belongs to I, a contradiction.
So the former case must hold for all ¢ € [t1,ts]. But then G N N(A,9) is
uncountable, also a contradiction.

(2) If uw € N(X,0) then there is ¢/ > 0 such that N(u,t) C N(A,0) for
any t < t’. Then G N N(u,t) is countable. Arguing as in (1), we conclude
that there is a positive ¢ < ' such that ON(u,t) C C\ G and p,(x) € 1.
Therefore N(u,t) is an (z, G, I)-special disk.
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(3) Let F = GU M. Then 6(z) C F = F and F N N(\, ) is countable.
If ON (A, 6) N F # (), there is a positive ¢t < § such that ON(\,t) C C\ F and
pat(x) € I. Hence N (A, t) is an (z, F, I)-special disk. =

Let I be an ideal of L and x € L. Let w(x;I) be the set of all A € 7(x)
having no (z,0(x), I)-special disks. Taking into account that o(x —n) =
o(x) —mn, it is easy to see that w(z —n;I) = w(x;I) —n for every n € C
whenever w(x; I) is not empty. The following theorem generalizes [I, Theo-
rem 5.7.4].

THEOREM 3.3. Let L be a unital sub-Banach Jordan or associative
algebra, let I be an ideal of L and x € L. Then:

(1) w(x; 1) is a polynomially convexr compact set.
(2) o(x) \ w(x;I) is countable.

(3) If w(z;I) is not empty then Ow(x;I) C o(x).
(4) If I is scattered then

—

a) w(z;I) =w(x+y;I) for everyy € I;
b) if w(x;I) is empty then 5(x/I) = {0} (I is the closure of I

in E),

(c) if w(z;I) is not empty then w(x;I) = &(x/I).

Proof. (1) The set C \ w(x;I) is covered by open disks each of which
is inscribed in C \ w(z; ) and intersects o(z) in a countable set, whence
C \ w(x;I) is open and w(x;I) is closed. So w(x;I) is a compact set. If
A € C\w(x;I) then there is an (z,0(z), I)-special disk N(A,6). Let E(u) =
{tA+(1—t)p:0<t <1} for p € ON(A,0). As o(x) N N(A,0) is countable,
there is p/ € ON(),4) such that E(y') € C\ o(x). As u/ € ON()\,6) C
C\ o(z), there is a simple continuous curve in C \ &(x) joining x' and oo.
Therefore A lies in an unbounded component of C \ w(x; ). Hence w(x; 1)
is polynomially convex by [15, Lemma 3.1.3].

(2) As C \ w(z;I) is a separable metric space which is covered by
(z,0(x), I)-special disks, it admits an inscribed countable covering, whence
it intersects o(x) in a countable set. Thus o(z) \ w(x; ) is countable.

(3) Let us show that dw(x;I) C o(x). Assume, to the contrary, that
A € Ow(z;I) but A € Res(x). Hence V' C Res(z) for some neighborhood V'
of \. As A\ € dw(x;I), as we saw in (1), V contains a point p that lies in
C\ o(x). Hence A € C\ &(z), a contradiction. So dw(z;I) C o(z).

(4a) The case when L = J, a unital sub-Banach Jordan algebra. By
Lemma [3.1)(1), for any A € C\ o(z) there exist an open disk N(,d) and an
analytic function g : N(\, ) — A*(z) such that ¢g=2(u) = 2 — u for every
p€ NN 6). Asy € I, the element U,y is scattered for every we N(A0).
By Lemma [3.1}(2), o(z + y) \ () is countable. By (3.2)), 5(z + y) \ o(z) is

countable.

—
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Assume, to the contrary, that there is a point n € w(x + y; I) \ w(x; ).
Then 7 has an (z,5(x), I)-special disk N (1, §). By Lemmal[3.2|3), the point 7
also has an (z, 7 (z)Uo (x+y), I)-special disk N (n,t). Then p,, ¢(x+y)—py ¢ (x)
€ I by Lemma ( c). As p,i(x) € I, we obtain p,(z +y) € I. By
Lemma [2.4(1), py(z +y) € I, whence n € C\ w(x + y;I), a contradiction.

Therefore w(x +y;I) C w(a: I). Exchanging x and x + y, we also obtain
the converse inclusion w(z;I) C w(x + y; I).

(4a) The case when L = A is a unital sub-Banach associative algebra.
As y € I, the element (A — x)~'y is scattered for any A € C\ &(z). By
Lemma [3.1f(3), o(z 4+ y) \ o(z) is countable. The rest of the proof is similar
to the case when L = J.

(4b)&(4c) If A € o(x) \ w(z;I) then there is an (z,5(x), I)-special disk
N(A,6). So the spectral projection pys(x) corresponding to o = o(z) N
N(A,6) lies in I. Then X € o and

o(x/I) = o((@- (1 =prs())/T) Copla- (1 —prs(@)))
=o(z- (1 =prs(e))) C{0}U (o(z) \ 0).
So, if A # 0 then z/I — X is invertible, whence o \ {0} C Res(z/I). Thus
(3.3) o(x/T) C {0} Uw(a; I).

If w(a; I) is empty then o(z/T) = {0}

Assume that w(x; ) is not _empty. By (3.3)) applied to a = x + p with
lu| > p(x), we see that o(a/I) C w(a;l), whence o(z/T) C w(x;I). As
w(z; I) is polynomially convex, o:(z/I) C w(x;I).

By (3) and (4a), w(z;I) = w(z +y;I) and dw(z;I) C o(z + y) for each
y € I. Hence dw(x;I) C o(x +y) for each y € I by upper semicontinuity of
the map z — o(z) on L. By Lemma (5b),

Ow(x; I) C ﬂ o(x+y) Co(x/I) C wla;I),
yel
whence 7(z/1) = w(a; I). =

3.2.2. Thin ideals. Let L be a sub-Banach Jordan or associative algebra.
A closed ideal I of L is called thin [36] if o(a)\ &(a/I) is countable for each
a € L; an arbitrary ideal is called thin if its closure is thin. Each thin ideal
is scattered. The converse follows from Theorem [3.3(2)&(4).

COROLLARY 3.4. Let L be a sub-Banach Jordan or associative algebra.
If I is a scattered ideal of L then I is a thin ideal of L. In particular, if L
is scattered then L is scattered.

Corollary cannot be extended to normed Jordan or associative Q-
algebras. Indeed, by the example due to Dixon [I3, Example 9.3], there is a



190 P. Cao and Yu. V. Turovskii

radical normed associative algebra A such that Ais semisimple. It is obvious
that A is a (Q-algebra, and A cannot be scattered.

Let L be a normed Jordan or associative (Q-algebra, I an ideal of J and
qr : J — J/I the quotient map. In particular,

(3.4) 1 C kh(I)

(for Jordan algebras, see (2.16)); in normed associative Q-algebras all prim-
itive ideals are closed (see, for instance, [33, Theorem 2.1]), which im-

plies ().

COROLLARY 3.5. Let L, Ly, Ly be sub-Banach Jordan (or associative)
algebras. Then:

(1) If I is a scattered ideal of L then kh(I) is a scattered ideal of L and
a7 S(L/T) = S(L).
(2) If I and Is are scattered ideals of L then I + I3 is a scattered ideal.

(3) There is the largest scattered ideal for L and it is closed.
(4) If Rs(L) denotes the largest scattered ideal of L then

(a) O(Rs(L1)) C Rs(La) for any algebraic morphism 6 from Jy
onto Ja;

b) Rs(L/Rs(L)) = {0};

¢) Rs(Rs(L)) = Rs(L);

d) if I is an ideal of L then Ry(I) = I NRs(L);

) Rs(L) = LNR(L).

Proof. (1) Let = € kh(I). By Theorem o(z/I) = {0} = &(z/I),
whence w(z; I) is empty or {0}. Therefore o(x) is countable and x is scat-
tered.

Now suppose /1 is scattered for some x € L. By Theorem w(x; 1)
and o(z) \ w(z;I) are countable. So 7(z) is countable and = is scattered.
This proves ¢ 'S(L/T) c S(L). The converse inclusion is obvious.

(2) By (1) and (3.4), one can assume that I; and I are closed. Let
x =a+bwith a € I} and b € I5. It is easy to see that Res(a) C Res(x/I2), so
/Iy is scattered. Then w(x; I5) is countable. By Theorem [B.3] 7(x)\w(x; I>)
is countable, whence x is scattered.

(3) If (1) is a chain of scattered ideals of L then the ideal | J I, is clearly
scattered in L. So, by Zorn’s Lemma, there are maximal scattered ideals
of L. Tt follows from (2) that they all coincide, so there is only one maximal
scattered ideal K, and this ideal is largest. By (1), K is closed.

(4a) Clearly, o(f(a)) C o(a) for each a € Li, whence 8(Rs(Lq1)) is a
scattered ideal of Lo. Hence it is contained in Rs(Ls).
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(4b) Let I = Rs(L) and gr : L — L/I be the quotient map. Let I’ =
g7 "(Rs(L/I)). By (1), I' € S(L), i.e. I is a scattered ideal of L, whence
I' C Rs(L) =1 and R4(L/I) = {0}.

(4c) is obvious.

(4d) The case when I is an ideal of a sub-Banach Jordan algebra J. It
is clear that I NRs(J) C Rs(I). Since Rs(I/Rs(I)) = {0} by (4b), I/Rs(I)
is semisimple and has no non-zero nilpotent ideals. So Rs(I) is an ideal of J
by Slin’ko’s Theorem [42, Theorem 14.12], whence R4(I) C Rs(J).

The case when I is an ideal of a sub-Banach associative algebra A. Let M
be an ideal of A generated by Rs(I). As M3 C Rs(I) C M, M? and hence
M3 are scattered ideals of A. As M)/ M3 is nilpotent, M is a scattered
ideal of A by (1). Hence Rs(I) C M C Rs(A) and Rs(I) C I NRs(A). As
INRs(A) C Rs(I), we obtain equality.

(de) As LORS(E) is a scattered ideal of L, we get LQRS(E) C Rs(L). On
the other hand, the completion R/S(T) can be identified with a scattered ideal

of L by Corollary 3.4l So Ry(L) € Ru(L) C Ry(L) and Ry(L) € LNRL(L). =

Corollary [3.5(4a)—(4d) yields

COROLLARY 3.6. The map Rs : L — Rs(L) is a hereditary topologi-
cal radical on the class Ug; of all sub-Banach Jordan algebras and on the
class Ugp, of all sub-Banach associative algebras.

The map R is called the scattered radical. For every normed Jordan

~

algebra J, the ideal JNAR(.J) is scattered and closed in J. The map R} : J —
JnN Rs(j ) is a hereditary topological radical on the class il,; of all normed
Jordan algebras (see Section . This radical is called the reqular scattered
radical. Proposition 2.28 of [33] shows that R}(A) may be smaller than the
largest scattered ideal for a normed associative )-algebra A. Taking into
account Corollary below, we obtain such an example for the normed

Jordan Q-algebra A*.
3.2.3. Structure theorem for the scattered radical

THEOREM 3.7. Let L be a sub-Banach Jordan or associative algebra.
Then:

(1) There is an increasing transfinite chain (Py(L))a<y of closed ideals
of L such that Py(L) = kh(0), Py 1(L) = kh(q;i( 1y(s0c(L/ Pa(L))))
for any o, Ps(L) = kh(U,p Pa(L)) for any limit ordinal B8, and
Py(L) = Ra(L).

(2) If L is scattered and semisimple then L has a non-zero socle.

Proof. We will only give the proof for Jordan algebras; for associative
algebras, the assertion is well known. Let I, = P, (L) for all a.
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(1) The case when L is complete normed. First we show that all ideals
I, are scattered. Let I be a scattered closed ideal of L such that L/I is
semisimple, and let I’ = ¢; *(soc(L/I)). By Theorem [3.3 w(x;I) = &(x/I)
and o(z) \ w(z;I) is countable for every x € L. As z € I' if and only if
z/I € soc(L/I), the set a(x/I) is finite for every 2 € I’ by [3, Theorem 3.11].
Hence &(z) and o(z) are countable for every = € I’. Therefore I’ and I’ are
scattered ideals of L. Further, kh(I') = kh(I’) is also a scattered ideal.
As kh(I') = q%l (rad(L/T")), L/kh(I') is semisimple. This proves that if I,
is scattered then so is I,11. Taking into account that Iy is scattered, we
can assume that [, are scattered for a < 8 where § is a limit ordinal. As
such ideals lie in R,(L), the ideals {J, 5 Io and Ig are also scattered. By
transfinite induction, all ideals I, are scattered.

As L is a set, the transfinite sequence stabilizes at some ordinal v: I, =
I,+1. As I, is scattered, we have I, C R¢(L). Assume, to the contrary, that
I, # Rs(L). Then R,4(L)/I, is non-zero, scattered and semisimple. By [4]
Theorem 19], soc(Rs(L)/I,) is non-zero. By Lemma soc(Rs(L)/1,) C
soc(L/1I,). Hence we can add to (o)<~ anideal I, := kh(ql_w1 (soc(L/1I)))
# I, a contradiction. So I, = R(L).

(2) By Lemma L' = N' where N is a subideal of N. We can assume
that N # N. Since N is scattered, it follows from Corollary that N
is also scattered. Then for N there is a chain (I,)a<~ of ideals described
in (1). Let B be a smallest ordinal for which N NIz # {0}. Clearly, N N Ig
is an ideal of N. As N is semisimple, N contains an element a € N N Ig
with non-zero spectrum. As N is scattered, o(a) is countable and there is
a non-zero A € o(a) such that N(A,0) \ {A\} C Res(a) \ {0}. As NN Ig
is a sub-Banach algebra, analytic functional culculus exists in (N N [, 5)1
by Lemma Then the spectral projection p := p) 5 of a corresponding to
o(a)NN(A,d) belongs to (NNIg)t. As A is a non-zero isolated point of o(a),
p is a value of some analytic function f(a) with f(0) =0. Then p € N NIy
by Lemma (2a).

It is clear that 8 > 0. If 3 is a limit ordinal then, by Lemma 2.1} p € I,
for some a < B, but N N1, = {0}, a contradiction. Hence f = a + 1
for some « and p € ql_al(soc(]\Af/Ia)) C I41. By assumption, soc(N/I,) C
Int1/1,, and by Lemma (2), s0¢(Iny1/1y) = soc(N/I,). Hence p/I, is
in soc(Io+1/1a)-

It is clear that N N I44; and (N N In41 + I,) are subideals of I41.
Then M := (N NInp+1 + 1a)/1, is a subideal of I,41/1,, whence soc(M) =
M Nsoc(Int1/1s) by Lemma[2.2(2). As p/I, € M, we get p/I, € soc(M).
Let 6 : x — z/I, be a homomorphism from N N I,41 onto M. It follows
that if /1, = y/1, for x,y € NN 1Iyy1 then x —y € NN, = {0}. So 0
is injective and ! is a homomorphism from M onto N N I,4;. By Lemma
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2.2{(1), we have p € 0~ (soc(M)) C soc(N N Iat1). As N N1,y is an ideal
of L, we conclude that p € soc(L) by Lemma ).

(1) The general case follows exactly as in the above case of complete
normed algebras by using (2). =

The maps P, : L — P,(L) in Theorem may be applied to any
Jordan or associative algebra. Recall that the algebraic radical axioms repeat
Axioms 1-4 word for word, only in Axiom 1 it is necessary to take algebraic
morphisms. Let P,T be maps on the class { of algebras such that P(L) and
T'(L) are ideals of L for any L. Then P is called an (algebraic) under radical
[13] if P satisfies all (algebraic) radical axioms apart from Axiom 2. Let us
define the convolution PxT of P and T by (PxT)(L) = q;(lL)(P(L/T(L)))
for any L, where qp(r) is the quotient map L — L/T(L). For details on the
convolution we refer to [36 Section 4].

Let R(L) = kh((soc*rad)(L)) for any Jordan or associative algebra L.
Define the ideals R, (L) by induction as follows: Rj(L) =0 and R,+1(L) =
(R*Rqo)(L) for any ordinal a. If § is a limit ordinal, set Rg(L) =<5 Ra(L).

LEMMA 3.8. Let R and R, be defined as above, and let P, be defined as
in Theorem [3.7], for any ordinal . Then:

(1) If T and P are algebraic hereditary preradicals then T % P is an
algebraic hereditary preradical.

(2) R: L~ R(L) is an algebraic hereditary preradical on i; and ,.

(3) All R, and P, are algebraic hereditary preradicals.

(4) Pyik = Rosk for any a and k > 0.

Proof. (1) By [36, Lemma 4.10], which also holds in the non-associative
algebra context, the convolution of preradicals is a preradical. So T x P is a
preradical.

Let I be an ideal of L. As P(I) = I N P(L), we infer that I/P([I)
is isomorphic to the ideal I’ := (I + P(L))/P(L) of L/P(L), and that
T(I/P(I)) is isomorphic to T'(I") = I' N T(L/P(L)). Now if z € (T = P)(I)
then qpp)(z) € T(I/P(I)), whence qpry(v) € T(L/P(L)), and therefore
r € IN(T*P)(L). Conversely, if y € I N (T x P)(L) then gpry(y) € T(I'),
whence qp(p)(y) € T(I/P(I)). As y € I, we have y € (T * P)(I). Therefore

(3.5) (T = P)(I) = I N (T = P)(L).

(2) Let T' = soc and P = rad, and let psoc(L) = (T * P)(L), the presocle
of L. Although soc has the properties of a hereditary preradical on semi-
simple algebras (see Lemma , an argument similar to one in (1) shows
that holds.

Let us check that psoc is a preradical. Let f : Ly — Lo be an al-
gebraic morphism. As f(P(L1)) C P(La), there is an algebraic morphism
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g:L1/P(L1) — Lo/ P(L2) with gp(z,) o f = goqp(r,), and g(T(L1/P(L1)))
C T(L2/P(L2)), whence

JUT * PY(L1)) = F(aply, (T(L/PL1)) € apty (0(T (L1 /P(L1))
C aply,) (T(La/P(L2)) = (T * P)(Lo).

So psoc is a hereditary preradical. As R = rad *psoc, R is a hereditary
preradical by (1).

(3) Assume that we have already proved that R, and P, are hereditary
preradicals for all o < 8. If 5 = a + 1, it follows from (1) that R,41 and
P,+1 are hereditary preradicals. The case of a limit ordinal g is evident.

(4) Clearly, R; = R = rad #(soc *xrad) and P; = (rad xsoc) xrad. By [36]
Lemma 4.10], convolution is associative for preradicals. In our case it is easy
to check that P, = R;.

Further, Ry = rad xsocxrad *R; and P, = rad xsoc*P;. But as rad is
a radical, it is evident that rad = rad*xrad, whence P, = Ry. Hence, if
P, = R, for some ordinal « then clearly P,y1 = Ro+1. If P, = R, for all
a < 3, where 8 is a limit ordinal, it is easy to see that Pg = rad *Rg and
Pgi1=Rpi1. m

COROLLARY 3.9. The scattered radical Ry is the restriction of some al-
gebraic radical (denoted by rad®°) from the classes il; and i, to the classes
Uep; and Ugpq, Tespectively.

Proof. Let P, and R, be defined for any ordinal « as in Lemma As
P, and R, are hereditary preradicals by Lemma [3.8] it is easy to see that
they are under radicals. Note that [I3, Theorem 6.6] is also valid for non-
associative algebras. By that result, for any Jordan or associative algebra L,
the sequence (R, (L)) stabilizes at some v and R, is an algebraic radical.
We denote this radical by rad®°. By using Lemma (4), we conclude that
the sequence (P, (L)) stabilizes at y+1 and Py41(L) = Ry41(L) = R(L) =
rad®**¢(L). It follows from Theorem that R, is the restriction of rad to
the classes {gp; and LUspg. »

3.3. Characterization of the largest scattered ideal. First we con-
sider the case of sub-Banach Jordan algebras.

THEOREM 3.10. Let J be a sub-Banach Jordan algebra and x € J. The
following are equivalent:

(1) z € Rs(J).

(2) Uuz is scattered for every a € J*.

(3) d(z+a)\d(a) is countable for every a € J.

(4) {A€C:0€0(a+ A\x)} is countable for every a € J' with 0 ¢ 5(a).
(5) {IN€C:0¢€ a(a+ A\v)} is countable for every a € 21(JV).
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Proof. (1)=+(2) is obvious, and (2)=(3) follows from Lemma [3.1]

(3)=(4): Condition (3) can be written as follows: o(a + Ax) \ 7(a) is
countable for all @ € J! and A € C. Let @ € J! and 0 ¢ &(a). Let G be the
set of all n € C such that 0 € o(a + nz). Let A € G. As o(a + Az) \ 7(a)
is countable, there are disjoint open sets Vi, Vo C C such that o(a + Az) C
ViUVa and 0 € Vi € C\&(a). As the map y — o(y) is upper semicontinuous,
there is §(A\) > 0 such that o(a + px) C V4 UV, for any p € N(A,6(N)). Let
K(u) :=o(a+pz)NVy for p € N(A,0(A)). By the Localization Principle [,
Theorem 7.1.5], K(u) is either empty or not empty, simultaneously for all
€ N(X 6(N)), and in the latter case K (u) is an analytic multifunction on
N(X,6(X)). Since 0 € K(A), we conclude that K is an analytic multifunction
on N(X,0(N)). As K(u) € C\o(a), K(p) is countable for any p € N (X, 0(X)).
By the Aupetit-Zemanek Theorem [I, Theorem 7.2.13], G N N(X,6()N)) is
either countable or equal to N (A, d())).

Now let Q@ = {\ € G : N(\,0(\)) C G}. It is evident that @ is open
in C. On the other hand, if A\, = XA as n — oo for some {\,} C @ then
A € G (because the limit Uy, of non-invertible operators U,yy, . is not
invertible). As N(A, 6(A))NN (A, 6()\,)) contains an uncountable number of
points of G for all sufficiently large n, we have N(\,d(A\)) C G and therefore
A € Q. So Q is also closed in C. Hence Q is equal to () or C. If ) = C then
0 € o(a), a contradiction.

So @ = (), whence GN N (X, 6())) is countable for every A € G. As G is a
separable metric space, it admits a countable covering by disks N (A, d())),
whence it is countable.

(2)=(5): Let a € £21(J') be such that |1 —al| < 1. Then 0 ¢ &(a) and
a has a logarithm in J1 by [30, Theorem 10.30], whence a has a logarithm
in J! since analytic functional calculus exists in J' by Lemma Then
a = exp(b) for some b € J'. Let ¢ = exp(—b/2). Then c is invertible and
lies in J!, and also a = ¢72. As a + Az = U,1(1 + AU.x), for A # 0 this
element is not invertible if and only if —1/\ € o(U.x). As Uz is scattered,
{AeC:0€0(a+ Az)} is countable.

Let now a € (21(J') be arbitrary. Then a = Uexp(bn) *** Uexp(py) 1 for
some by,....by, € J' Let f(1) = Uexp(ubn) -+ Uexp(uby) 1 for € C. Then
f is an analytic function, f(0) = 1, f(1) = a, and there is § > 0 such
that |1 — f(u)|| < 1 for each p € N(1,9). By the above, {\ € C :
0 € o(f(p)+Az)} is countable for any p € N(1,4). Let F'(u) be the operator
Uexp(—pub1) =" Uexp(—ubn) o0 J for p € C. As

F(1) = Upspusn)** Uenp() = (Ue
we see that F'(u)f(n) =1 and

(3.6) F(p)(f(p) + Az) = 14+ AF(p)z.

U

—1
xp(ibn) exp(ub1)> J
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It follows from and that, for A # 0, the element f(u) + Az is not
invertible if and only if —1/\ € o(F(u)z). Therefore o(F(p)x) is countable
for any p € N(1,9). As p+— o(F(u)x) is an analytic multifunction and the
capacity of N(1,0) is not zero, o(F(u)x) is countable for any p € C by the
Scarcity Theorem [I, Theorem 7.2.8]. In particular, o(F(1)x) is countable,
whence sois {A € C:0 € o(a+ A\z)}.

(5)=(4): If 0 ¢ &(a) then a = exp(b) for some b € J' as above. Hence
a € 21(JY), and by (5), the set {\ € C: 0 € o(a + Ar)} is countable.

(4)=(2): Let a € J'. Define g, f : C\ &(a) — J by g(i) = a — p and
f(p) = g~2(u) for any p € C\ 5(a). It is easy to check that 0 ¢ &(f(u)) for
any p € C\ o(a). Since

Ug(u)(f (1) + A2) = Ug(yUg(y =11 + AUy (yx = 1+ Mgy,

for X # 0, f(u) + Az is not invertible if and only if —1/\ € o(Uy(,)v). As
{AeC:0¢€a(f(p)+ Ax)} is countable, so is K(u) := o(Uy(,yx) for any
p € C\ a(a). As the multifunction p — K (u) is analytic on C and K (p)
is countable on the sets of positive capacity in C\ 7(a), we conclude that
K (u) is countable for any p € C by the Scarcity Theorem. In particular,
U,x is scattered.

(2)=(1): Let M = {z € J : U,z is scattered for any a € J'} and let
x,y € M. We have just proved that (2) is equivalent to (3) and (5). By (3)
applied to « and y, the sets o(x +y+a) \ o(a+y) and 5(a +y) \ (a) are
countable for any a € J, whence so is d(z+y+a)\o(a). Hence x +y € M.
So M is a linear subspace of J.

Let b,c € 21(J). By (2.19), Uy-1c € 21(J). As c+AUpz = Up(Up-1c+Az)
for any A € C, we infer from (5) that {A € C: 0 € o(c+AUpx)} is countable.
By (2), UgUpx is scattered for any b € £21(J') and d € J*.

Let a € J. Then a — A € 2;(J*') for every A € C\ 5(a). So UyU,_ 7 is
scattered for any A taken from a set of positive capacity. By the Scarcity The-
orem, UyU,_z is scattered for every A € C and d € J', whence U,_yz € M
forevery A\ € C. As M C J, by we have Lox = (Ugx—U,_1242)/2 € M
for every a € J!. Therefore M is a scattered ideal of J!. Thus M C
Rs(JY)NJ =Rs(J), whence x € Rs(J). =

THEOREM 3.11. Let A be a sub-Banach associative algebra and x € A.
The following are equivalent:

(1) z € Rs(A).

(2) (a— \)"'x is scattered for every a € A and X\ ¢ 5(a).

(3) d(x+a)\ cd(a) is countable for every a € A.

(4) {A€C:0€o(a+Iv)} is countable for every a € A with 0 ¢ 5(a).

Proof. Tt is clear that (2) can be written as follows:

(2') a~lz is scattered for every a € A! with 0 ¢ 5(a).
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Further, (1)=>(2) is obvious, (2)=-(3) follows from Lemma [3.1|3), and
(3)=(4) can be proved word for word as the corresponding conditions in
Theorem [3.101

(4)=(2): Let a€ Aand D =C\ o (a). As

a—p+rr=(a—p)(1+Ma—p)~
for every u € D, it follows that, for A # 0, u € o(a + A\x) if and if A71 €
o((a — p)~tz). Since {\ € C: 0 € o(a — pu + Ax)} is countable for every
p € D, sois o((a— p)~tz) for every pu € D.

So (2'), (2), (3) and (4) are mutually equivalent.

(3)=(1): Let M be the set of all z € A for which o(z + a) \ o(a) is
countable for any a € A'. Let x,y € M. Then 5(z +y +a) \ 5(y + a) and
7(y+a)\7(a) are countable for every a € A', whence so is o(z+y+a)\7(a).
This means that z +y € M. So M is a subspace of A.

Let a € A and D = C\ &(a). Then 0 ¢ 5((a — A\)~') and a — X is the
inverse element to (a — A\)~! for any A € D, whence (a — \)x is scattered
for any A € D by (2'). As D contains sets of positive capacity, (a — \)x is
scattered for any A\ € C by the Scarcity Theorem. Hence ax is scattered for
any a € Al. As o(uv)\{0} = o(vu)\{0} for all u,v € A, in particular, b~ lax
and b~1xa are scattered for every b € A! with 0 ¢ 5(b). As (2’) and (3) are
equivalent, 7 (ax +c)\7(c) and 5(za+c)\7(c) are countable for any c € A,
Therefore ax,za € M for any a € A', whence M is an ideal of A. As M is
scattered, M C R4(A) and z € Rs(A). n

In general, the condition € Rs(A) does not imply that o(z +a) \ o(a)
is countable for every a € A. Indeed, let A be the algebra of all bounded
operators on the Hilbert space H = [*(Z), U the shift e, + ej, 1 for any ey,
from the standard orthonormal basis of I2(Z), and K = —e}, ® e; where
ey is the functional efj(z) = (z,ep) for any x € H. As R4(A) is the ideal
of compact operators on H, we have K € R (A). It is easy to see that the
spectrum of U is the unit circle, but the spectrum of K +U is the closed unit
disk (see also the observation after [7, Theorem 12]). So o(K +U) \ o(U) is
not countable.

156)

COROLLARY 3.12. Let A be a sub-Banach associative algebra and x € A.
Then:

(1) If I is a one-sided scattered ideal of A then I C R4(A).
(2) x € Rs(A) if and only if x € Rs(A"), and if and only if axza is
scattered for every a € Al.
Proof. (1) follows from the implication (2)=-(1) of Theorem
(2) follows from comparing Theorems and . Indeed, the spectra
of the same element in A and A" coincide, and conditions (3) and (4) are
the same for both of these theorems. =
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4. Perturbation class of scattered elements

4.1. If X is a linear space and Y C X, the perturbation class Per(Y)
of Y is the set of all x € X such that x +y € Y for all y € Y. Clearly,
Per(Y') + Per(Y) C Per(Y); if CY C Y then Per(Y') is a subspace of X.

Let L be either a normed Jordan Q-algebra J or a normed associative
Q-algebra A, and let Z(L) = Per(S(L)) be the perturbation class of the
set S(L) of all scattered elements of L. It is a subspace of L. As c4(x) =
o4+ (z) for each z € A, it follows that € Z(A) if and only if x € Z(A™).
By [11], for a unital Banach associative algebra A, Z(A) is a full subalgebra
of A and a Lie ideal of A. Moreover, [Z(A), A] C Rs(A), and for = € A, the
element az is scattered for each scattered a € A if and only if z € Z(A).

It is well known that the set of all scattered elements is not closed in
general. For instance, in the famous Kakutani example of discontinuity of
spectrum (see the solution of [I7, Problem 104]) some sequence of nilpotent
operators tends to a non-scattered operator. Now we are going to show that,
for a Banach associative algebra A, Z(A) may also be non-closed even if it
is commutative.

THEOREM 4.1. Let X be a Cantor set, and let A be the algebra C(X)
of all continuous complex-valued functions on X. Then Rs(A) = {0}, and
Z(A) coincides with S(A) and is dense but not closed in A.

Proof. In the proof we use the fact that o(a) = a(X) for every a € C'(X).

Assume that R4(A) is not zero. Then, by Theorem [3.7} A has a non-zero
socle, so there is a minimal projection p of A. As Ap is one-dimensional,
there is only one £ € X such that p(§) = 1. As o(p) = {0,1}, we have
p(s) = 0 for every ¢ € X \ {¢}. It is easy to see that £ is an isolated point
in X. But X is a perfect compact set, a contradiction. Thus Rs(A) = {0}.

Let E be the set of all functions in A having finite image. Then it is a
symmetric subalgebra of A. For all distinct £, ¢ € X there is a decomposition
of X into two disjoint closed sets G and F such that £ € G and ¢ € F. So
FE separates the points of X. By Stone’s Theorem, E is dense in A.

Let a,b € A. It is clear that if a(X) and b(X) are countable then so
is (a 4+ b)(X). Hence E C Z(A) = S(A). As the function z : £ — £ has
uncountable spectrum X, Z(A) is not closed in A. m

Note that Z(A) from Theorem {4.1]is an example of a commutative scat-
tered Q-algebra having an R-semisimple completion.

THEOREM 4.2. Let L be either a normed Jordan @Q-algebra J or an
associative QQ-algebra A. Then:
(1) If L is not unital then Z(L) = Z(LYYN L and Z(L') = Z(L) + C,
and if L is sub-Banach and I is a closed scattered ideal of L, then
Z(L) = q; (Z(L/1)).
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(2) If L=J and x € J then

(a) if x € Z(J) then Uux is scattered for all scattered a € J*;
(b) if J is sub-Banach and U,x is scattered for all scattered a € J*
then x € Z(J).

(3) If L=A and x € A, then x € Z(A) if and only if ax is scattered for
any scattered a € A.

Proof. (1) The first assertion follows from the fact that 1 € Z(J*!).

Let us prove the second one. By Corollary (1)7 since L is a sub-Banach
algebra, S(L) = qI_I(S(L/I)). If x € Z(L) then x + a is scattered for any
a € S(L), whence qr(z) + qr(a) is scattered. Since S(L/I) = q;(S(L)), we
have qr(x) € Z(L/I).

Conversely, let x € ¢; ' (Z(L/I)). As qr(x + a) is scattered for any a €
S(L) = q; *(S(L/I)),  + a is also scattered, whence = € Z(L).

(2a) Let x € Z(J) and a € S(J). Assume that a is invertible. As Upz — A
= Uy(z — Xa~2), we have

(4.1) o(Upzr) ={A€C:0ca(z—Ia?)}.

Let f(A) =z —Xa"2 and K(\) = o(f()\)) for A € C. Then f()) is an entire
function, and K is a multifunction. As a=2 € S(J), we have f(\) € S(J)
and K ()) is countable, for any A € C. By the Aupetit—Zemdanek Theorem
and Remark {Ae C:0e€ K(\)} is either countable or equal to C. By
(4.1)), the latter case is impossible since o(U,z) is bounded, so o(U,z) is
countable.

Let now a € S(J) be arbitrary. Then the multifunction L(\):=0(U,—xx)
(defined on C) is countable for any A € Res(a), and Res(a) contains sets of
positive capacity. By the Scarcity Theorem and Remark L(\) is count-
able for any A € C, whence U,z is scattered.

(2b) Let x € J be such that U,z € S(J) for every a € S(J). Let a € J be
scattered. Then o(a) = 5(a), whence, by Lemmal[3.1[(1), for every A € Res(a)
there are an open disk N (), d) and an analytic function g : N(X,8) — Ai(a)
such that g(u) = fu(a) for some analytic C-valued function f,, defined on a
suitable neighborhood of o(a), and g=2(u) = a — p for any u € N(\,d). As
o(fu(a)) = fu(o(a)) by the Spectral Mapping Theorem, g(u) is scattered
for any p € N(A,0), whence so is Uy,)z by assumption. By Lemma
o(x + a) N Res(a) is countable. As a is scattered, o(x + a) No(a) is also
countable. Hence = + a is scattered.

(3) Let € Z(A) and a € S(A). Then we have x — p(a — A\)~! =
(a—X)"Y((a— M)z — ) for any A € Res(a) and p € C, whence o((a—\)z) =
{peC:0e K(u)} where K(p) = o(x — p(a— \)~1). As K(u) is countable
for each p € C, { € C: 0 € K(u)} is either countable or equal to C by
the Aupetit—Zemédnek Theorem and Remark In the latter case, since
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nr—(a—A)"1 = —(a— N1 asn — 0, we infer that (a — A\)~! is not
invertible, a contradiction. Hence (a — A)x is scattered for each A € Res(a).
By the Scarcity Theorem and Remark (a — M)z is scattered for any
A € C, whence azx is scattered.

Now let x € A be such that az is scattered for any a € S(A). Then
(a — \)7! is also a scattered element of A for every A\ ¢ &(a). By Lemma
3.1(3), o(x + a) \ o(a) is countable. As 5 (a) is countable, z + a is scattered
for any a € S(A). Therefore x € Z(A). m

THEOREM 4.3. Let J be a unital sub-Banach Jordan algebra. The fol-
lowing statements are equivalent:

(1) ze Z(J).
(2) {X:0€0(y+ A\x)} is countable for every y € S(J) NInv(J).

Proof. (1)=(2): Since z € Z(J), it follows that y + Az is scattered for
every y € S(J) NInv(J) and X € C. Let f(A\) = o(y+ Az) for A € C. Then
A — f(A) is an analytic multifunction. As f(\) countable for any A € C,
the set £ := {\:0 € o(y + Az)} is either countable or equal to C by the
Aupetit-Zemének Theorem. As y is invertible, E is not equal to C, whence
it is countable.

(2)=(1): For a € S(J) and u € Res(a), let y = (a — p)~2. Then
y € S(J) NInv(J) by analytic functional calculus (see Lemma [2.5). As
Us—p(y+Ax) = 14+ AUq—px, y+ Az is not invertible if and only if 14+AU,_ @
is not invertible, i.e. —=1/X € 0(Uq—pz). By (2), {\: 0 € o(y+ Az)} is count-
able, whence so is 0(Uq—p). Let h(p) = 0(Us—p(2x)) for p € C. Then h(-) is
an analytic multifunction on C. As h(u) is countable for every u € Res(a),
h(p) is countable for every p € C by the Scarcity Theorem. For p = 0 we
find that U,z is scattered. So z € Z(J) by Theorem [4.2)2b).

THEOREM 4.4. Let L be a unital sub-Banach Jordan algebra or a unital
normed associative Q-algebra. Then Z(L) is a full subalgebra of L.

Proof. The case when L = J, a sub-Banach Jordan algebra. Let u €
Z(J) be invertible. If a € J is scattered and invertible then a1 is scattered
by Lemma and U,-1u is scattered by Theorem (Qa). As Ugu~! =
(Uy—1u)~1 by (2.6), Usu=! is scattered.

If @ is not invertible then it follows from the above that U, _\u~' is
scattered for every A € Res(a). Define G(\) = o(U,_yu™?!) for A € C.
As G is an analytic multifunction, G(\) is countable for every A € C by
the Scarcity Theorem. In particular, U,u~"! is scattered. As a € S(J) is
arbitrary, u~! € Z(J) for every invertible v € Z(.J) by Theorem (2b).

Let now x,y € Z(J). Assume first that y is invertible. For a scattered
and invertible element a € J, using analytic functional calculus, one can
find scattered and invertible elements b, z € J such that b = a and 22 = y.
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As Upy is scattered by Theorem |4.2f(2a) and o(U.a) = o(Upy) by Lemma
U.a is scattered. Also U,a is invertible, whence {\ : 0 € o(U,a + A\z)}
is countable by Theorem It is clear that U,a 4+ Az is invertible if and
only if a + AU,-1x is. As a is an arbitrary element of S(J) N Inv(J), we see
that U,-1z € Z(J) by Theorem As y~! € Z(J) by the above, we have
similarly U,-1y~! € Z(J), but U,-1y~! = U,-1(z71)2 = (z71)* = (4*)~ L.
So we conclude that y? € Z(J).

By Lemma 0(Uy-1a) = o(Upy™?), and Upy? is scattered by The-
orem 2a). Thus Uy-1a is scattered. Also Uy-1a is invertible, whence
{A:0 € o(Ujra+ Azr)} is countable by Theorem As a + NUyx =
Uy(Uy-1a+Ax), Uj-1a+ Az is invertible if and only if a+ AU,z is. As a is an
arbitrary element of S(J)NInv(J), we obtain Uyxz € Z(J) by Theorem 4.3

Assume now that y € Z(J) is arbitrary and K(X\) = o(Uy—rx + a) for
A € C. As usual, K(\) is countable for any A € Res(y), and Res(y) contains
sets of positive capacity. By the Scarcity Theorem, K(\) is countable for
any A € C. Therefore Uyxz € Z(J) for all z,y € Z(J).

Now it is easy to show that Z(J) is a subalgebra of J. Indeed, if z,y €
Z(J) then Uyy,Uz—1y € Z(J), so that

z-y=Lyy= Uy —Usry+y)/2€ Z(J).

As Z(J) contains the inverses of its elements, it is a full subalgebra of J.

The case when L = A is a normed associative Q-algebra. Let x,y €
Z(A). By Theorem [4.2)(3), zyS(A) C zS(A) C S(A), whence zy € Z(A).
So Z(A) is a subalgebra of A. Assume that z is invertible. Then z(a — \)
is scattered for any a € S(A) and A\ € C. Hence (a — \)"tz~! is scattered
for any A € Res(a). By Lemma (3), x~t € Z(A). Therefore Z(A) is a full
subalgebra of A. =

The proof of Theorem [4.4] yields

COROLLARY 4.5. Let J be a unital sub-Banach Jordan algebra. If
x € Z(J) then Uya € S(J) for every a € S(J).

Proof. We know that 2% € Z(J) by Theorem If a is invertible then
there is an invertible and scattered element b with b? = a. As o(Uza) =
o(Upr?) by Lemma and U,? is scattered by Theorem (2a), it follows
that U,a is scattered.

If a is not invertible, U,(a — A) is scattered for each A € Res(a). As
A= o(Ug(a — N)) is an analytic multifunction, o(U,(a — A)) is countable
for each A € C by the Scarcity Theorem. So U a is scattered. m

The converse is not always true. For example, it is easy to find an oper-
ator x in B(H) such that 22 = 0 and = ¢ K(H) + C. Then (U,a)? = 0 for
each a € B(H) but = ¢ Z(B(H)) (see Corollary [4.7).
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4.2. Derivations. Let L be complete normed, and let D be a bounded
derivation of L. Then exp(AD) is a bounded automorphism of L [10, Lemma
2.2.1]. If D?x = 0 for some x € L then Dx is a quasinilpotent element
of L. The last statement is a well-known variant of the Kleinecke—Shirokov
Theorem (and holds even if D is unbounded: see [38, Theorem 2.9] and [39,
Theorem]). One can argue in the spirit of [I] as follows. If D2z = 0 then
exp(AD)z = x + ADz and p(uz + Dz) = |u| p(exp(u~1D)z) = |u| p(z) for
any non-zero pu € C. As the function u — p(ux + Dx) is subharmonic, by
[1, Theorem A.1.2] we have

(4.2) p(Dz) = limsup p(ux + Dz) = limsup |u| p(x) = 0.

0#£u—0 0#£u—0
For a normed Jordan algebra the spectral radius does not change under
passing to the completion of the algebra, so the statement itself and (4.2)
also hold for normed Jordan algebras.

THEOREM 4.6. Let L be either a Banach Jordan algebra J or a Banach
associative algebra A, and let D be a bounded derivation of L. Then:

(1) Rs(L) and Z(L) are invariant for D. In particular, if L = J then
[a,z,b] € Z(J) for any a,b € J and x € Z(J).
(2) If L= A and D(A) C Z(A) then D(A) C Rs(A).

Proof. (1) As exp(AD) is an automorphism of L, it preserves spectrum.
So, for L=, it is easy to see from Theorem (2) that Uexp(ap)a eXp(AD)z
is scattered for any a € J and x € Rs(J). Hence exp(AD)zx € Rs(J). As
x € Rs(J) and Rs(J) is closed, it follows that Dx € R4(J). For L = A, the
corresponding result is proved similarly.

Further, it is clear that exp(AD)S(L) = S(L) and exp(AD)Z(L) = Z(L).
Let x € Z(L), a € S(L),

fA) = (exp(AD)x —z)/A\+a for A\420 and f(0):= D(x)+ a.

Then f is an entire function, and the multifunction A — o(f(X)) is analytic
on C and countable for any A # 0. By the Aupetit—Zemanek Theorem,
o(f(0)) is also countable. Therefore D(z) + a is scattered for any a € S(L),
ie. D(z) € Z(L) for any x € Z(L).

In particular, for L = J, as x +— [a,z,b] = (a-z)-b—a-(z-b) is an inner
derivation for any a,b € J, we have [a,x,b] € Z(J) for any = € Z(J).

(2) Let D(A) C Z(A) and = € S(A). Then D(xa),Da € Z(A) and
xDa € S(A) for any a € A. Hence

(Dz)a = D(za) —xDa € Z(A) + S(A) C S(A).
Therefore Dz € Rs(A).
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As D preserves Rs(A), in view of Theorem 4.2|(1) one can assume that
Rs(A) = {0}. Thus we need only show that D = 0. For any y € A, we have
Dy € Z(A) C S(A), whence D%y € R¢(A) = {0}. Thus Dy is quasinilpotent
for any y € A by ([.2). By [31, Proposition 2.2], D(A) C rad(A4) = {0}. =

COROLLARY 4.7. Let A be a Banach associative algebra, and let x be a
scattered element of A. Then x € Z(A) if and only if xa — ax € Rs(A) for
every a € A. In particular, Z(A) is the set of scattered elements that lie in
the center Cr (a)(A) of A modulo the scattered radical.

Proof. Passing to cosets modulo Rs(A), one may assume that the scat-
tered radical of A is zero by Theorem [1.2|1).

For every a € A, the inner derivation z — az — za preserves Z(A) by
Theorem [4.6(1). So if # € Z(A) then the inner derivation a — za — ax
maps A into Z(A). By Theorem {4.6(2), xa — ax € Rs(A) = {0} for every
ac A

Conversely, let z € S(A) and za — ax € Rs(A) = {0} for each a € A.
Then z commutes with any scattered element b of A. As o(x + b) C
o(x) + o(b), z + b is a scattered element of A. Hence x € Z(A).

Returning to the initial assumptions of the corollary, we conclude from
above that Z(A) = S(A) NCr, (4)(4). =

It is not clear whether statement (2) of Theorem [4.6|is valid for Banach
Jordan algebras.

THEOREM 4.8. Let J be a Banach Jordan algebra. Then:

(1) [ZSSVJ(?})Z(J)’Z(J)]CRS(J% [Z(J),J, (J)]CS(J) and [J, (J),J]
C .

(2) If Rs(J) = {0} then [Z(J),J,Z(J)] and [J,Z(J),J]| consist of
quasinilpotents of J.

Proof. (1) Without loss of generality we may assume that J is unital.
Let a,b,c € Z(J) and x € J. Then [z,a,b],[a,b,z] € Z(J) by Theorem
4.6(1). By (2.2), we have [b,z,a] € Z(J). Thus

(4.3) 1Z(J), ], Z(J)] € Z(J).

As Tia) : Y+ [a,y, c] is a derivation on J, and as Ti, ) (b-2), T(q,c)r € Z(J)
by (4.3) and b - Ti, oz € Z(J) by Theorem 4.4} we obtain

(T(a,c)b) c T = T(a,c) (b : iL') —b- T(a,c)x S Z(J)
This immediately shows that
(4.4) (Z(]), Z2(J), Z2(J)] - J < Z(J).
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Further, T{, ) is also a deriwation in the associator Lie triple system
of J. Recall that the latter is a vector space inherited from J considered
with the map (u,v,w) — [u,v,w] (see [L9 Section 8.1]). So it is easy to see
that

T(a,c) [33, z, b] = [T(a,c)xa Z, b] + [xa T(a,c)xa b] + [ma T, T(a,c)b]'
As Tigepr € Z(J) by (4.3), we have [T(, )7, 2,b] € Z(J) again by (4.3),
and [z, T(q,¢)7,b] € Z(J) by Theorem [4.6(1). As also Ti, [z, 2,0 € Z(J)
by (4.3), we have
(4.5) [1’, x, T(mc)b] = T(a7c) [ac, x, b] - [T(aﬁ)x, X, b] - [J}, T(a7c)$, b] S Z(J)
As L2T(q00b € Z(J) by (4.4), we obtain
UsT (0,000 = 2(L5 — Ly2)T(q,0)b + L2 T (g0
= _2[$7x7T(a,c)b] + szT(a’c)b S Z(J)

In other words, U,T{4,¢)b € S(J) for every z € J. By Theorem we have
T(a,c)b S RS(J)
As R4(J) is a thin ideal of J, to complete the proof of (1) it suffices to

rove (2).
’ (2) Assume that Rs(J) = {0}. It follows from the above that
(4.6) (Z2(]), 2(7), 2(J)] € [2(J), Z(]), Z(J)] = {0},

whence T, b € Z(J) for every b € J and a,c € Z(J) by (4 . By 1 ,
Tg,e)Tae) = 0 for all d,e € Z(J). In particular, T( )b = 0 and T, )b

is a quasinilpotent (see ) This shows that [Z(J),.J, Z(.J)] consists of
quasinilpotents of J. L
Let x,y € J. Then T(, . (Z(J) ) C Z(J) by Theoremﬁ As Z(J) is
a Banach commutative associative algebra, T(,,)(Z(J)) C rad(Z(J)) by
the Singer—Wermer Theorem [37]. This shows that [J,Z(J),J] consists of

quasinilpotents of J. m

Let J be a Banach Jordan algebra, and let D be a bounded derivation
on J. Assume that D(J) consists of quasinilpotents or even D? = 0. Then
[9, Examples 4.7 and 4.8] shows that D does not necessarily map J into
rad(J).

Let L be complete normed. We consider the conditions that guarantee
equality of S(L) and Z(L).

COROLLARY 4.9. Let J be a Banach Jordan algebra. Then the following
conditions are equivalent:

(1) a+ b is scattered for any scattered a,b € J.
(2) Uub is scattered for any scattered a,b € J*.

Proof. Follows from Theorem [1.2)2)
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COROLLARY 4.10. Let A be a Banach associative algebra. Then the fol-
lowing conditions are equivalent:

(1) a4+ b is scattered for any scattered a,b € A.

(2) ab is scattered for any scattered a,b € A.

(3) S(A ) is a Lie ideal (a subalgebra) of A.

(1) [S(4%), S(A7), S(A1)] C Ry(A").

(5) ax — za has finite spectrum modulo Rs(A) for every x € A and
ac S(A).

(6) S(A) is commutative modulo Rs(A).

(7) S(A) lies in the center of A modulo Rs(A).

Proof. By Corollary [3.5(1) and Theorem [£.2{1), it suffices to show the
required implications under the condition Rs(A) = {0}. So we assume in
what follows that A is Rs-semisimple. By Corollary sois AT.

(1)<(7) follows from Corollary and (1)<(2) from Theorem [4.2|(3)
The implications (3)=-(1), (7)=-(3), (7)=-(5) and (7)=-(6) are obvious, and
(6)=(1) follows from the inclusion o(a+b) C o(a)+o(b) for any commuting
a,be A.

(7)=(4): It is clear that S(A) is a commutative subalgebra of A. Hence
the Jordan product induced in S(A) from A" coincides with the usual prod-
uct in S(A). Therefore S(A)™ is an associative algebra. But S(A)" = S(A™).

(4)=-(6): Note that [a,b,b] = 0 implies [b,[b,a]] = 0. Then, by the
Kleinecke-Shirokov Theorem, [b,a] is quasinilpotent for any scattered (in
particular, quasinilpotent) elements a,b € A. Hence the set of quasinilpotent
elements of A coincides with rad(A) by [20, Theorem 2]|. As A is semisimple,
S(A) is commutative.

(5)=(7): Assume that az — za has finite spectrum for each z € A and
a € S(A). Let D, be the derivation z — ax — za for a € S(A). Then D,(A)
consists of elements with finite spectrum. As A is semisimple, D, maps A
into soc(A) by [8, Theorem 3.2]. But soc(4) C Rs(A) = {0}. So az = za
foreachx € Aand a € S(A). =

COROLLARY 4.11. Let A be an Rs-semisimple associative Banach al-
gebra. Then for any non-zero quasinilpotent a € A there is a quasinilpotent
b € A such that o(a + b) is infinite.

Proof. Assume, to the contrary, that there is a non-zero quasinilpotent
a € A such that a + b has finite spectrum for any quasinilpotent b € A. For
every ¢ € A, define f(\) = (a —exp(—Ac)aexp(Ac))/A for 0 # A € C and set
f(0) = ca — ac. Then f is analytic on C, and f(\) — a is quasinilpotent for
any A € C. By the scarcity of elements with finite spectrum (see [I, Theorem
3.4.25]), the set of A € C with finite o(f())) either has zero capacity or is
the whole C. Hence ca — ac has finite spectrum for any ¢ € A. Repeating
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the proof of (5)=-(7) in Corollary we see that a is in the center of A.
So az is a quasinilpotent for any « € A, whence a € rad(J) C Rs(A) = {0},
a contradiction. =

COROLLARY 4.12. Let H be a Hilbert space and A = B(H)/K(H). Then

for any non-zero quasinilpotent element of A there is a quasinilpotent ele-
ment of A such that their sum has infinite spectrum.

Proof. Note that A is Rs-semisimple and apply Corollary .

Acknowledgements. The authors express many thanks to Matej

Bresar, Edward Kissin and Victor Shulman for useful discussions and re-
marks, and also to the referee for careful reading of the manuscript and
valuable comments.

References

B. Aupetit, A Primer on Spectral Theory, Springer, New York, 1991.

B. Aupetit, Spectral characterization of the radical in Banach and Jordan—Banach
algebras, Math. Proc. Cambridge Philos. Soc. 114 (1993), 31-35.

B. Aupetit, Spectral characterization of the socle in Jordan Banach algebras, Math.
Proc. Cambridge Philos. Soc. 117 (1995), 479-489.

B. Aupetit et L. Baribeau, Sur le socle dans les algébres de Jordan—Banach, Canad.
J. Math. 41 (1989), 1090-1100.

B. Aupetit et A. Zraibi, Propriétés analytiques du spectre dans les algebres de
Jordan—Banach, Manuscripta Math. 38 (1982), 381-386.

B. A. Barnes, On the existence of minimal ideals in a Banach algebra, Trans. Amer.
Math. Soc. 133 (1968), 511-517.

B. A. Barnes, Riesz points and Weyl’s Theorem, Integral Equations Operator The-
ory 34 (1999), 187-196.

M. Bregar and P. Semrl, Deriwations mapping into the socle, Math. Proc. Cambridge
Philos. Soc. 120 (1996), 339-346.

M. Bresar and A. R. Villena, The range of a derivation on a Jordan Banach algebra,
Studia Math. 146 (2001), 177-200.

M. Cabrera Garcia and A. Rodriguez Palacios, Non-Associative Normed Algebras,
Vol. I, Cambridge Univ. Press, 2014.

P. Cao, Scattered elements in Banach algebras, Studia Math. 214 (2013), 195-200.
J. B. Conway, Functions of One Complex Variable, 2nd ed., Springer, 1978.

P. G. Dixon, Topologically irreducible representations and radicals in Banach al-
gebras, Proc. London Math. Soc. (3) 74 (1997), 174-200.

A. Fernéandez Lépez, Noncommutative Jordan Riesz algebras, Quart. J. Math. Ox-
ford 39 (1988), 67-80.

T. W. Gamelin, Uniform Algebras, Prentice-Hall, New York, 1969.

I. C. Gohberg and M. G. Krein, Introduction to the Theory of Linear Nonselfadjoint
Operators, Amer. Math. Soc., Providence, RI, 1969.

P. Halmos, A Hilbert Space Problem Book, 2nd ed., Springer, New York, 1982.

L. Hogben and K. McCrimmon, Mazimal modular inner ideals and the Jacobson
radical of a Jordan algebra, J. Algebra 68 (1981), 155-169.


http://dx.doi.org/10.1017/S0305004100071371
http://dx.doi.org/10.1017/S030500410007331X
http://dx.doi.org/10.4153/CJM-1989-047-x
http://dx.doi.org/10.1007/BF01170933
http://dx.doi.org/10.1090/S0002-9947-1968-0226418-4
http://dx.doi.org/10.1007/BF01236471
http://dx.doi.org/10.1017/S0305004100074892
http://dx.doi.org/10.4064/sm146-2-4
http://dx.doi.org/10.4064/sm214-2-6
http://dx.doi.org/10.1112/S0024611597000075
http://dx.doi.org/10.1093/qmath/39.1.67
http://dx.doi.org/10.1016/0021-8693(81)90291-X

(19]
20]

(21]

22]

23]
24]
[25]

[26]
27]

(28]
29]
(30]
31]
32]

33]

34]

39]
(36]
37]
(38]
39]
(40]

[41]

Scattered elements 207

N. Jacobson, Structure and Representations of Jordan Algebras, Amer. Math. Soc.,
1968.

A. Katavolos and C. Stamatopoulos, Commutators of quasinilpotents and invariant
subspaces, Studia Math 128 (1998), 159-169.

E. Kissin and V. S. Shulman, Representations on Krein Spaces and Derivations
of C*-algebras, Pitman Monogr. Surveys Pure Appl. Math. 89, Longman, London,
1997.

E. Kissin, V. S. Shulman and Yu. V. Turovskii, Topological radicals and Frattini
theory of Banach Lie algebras, Integral Equations Operator Theory 74 (2012), 51—
121.

A. Lebow and M. Schechter, Semigroups of operators and measures of noncompact-
ness, J. Funct. Anal. 7 (1971), 1-26.

O. Loos, On the set of invertible elements in a Banach Jordan algebra, Results
Math. 29 (1996), 111-114.

J. Martinez-Moreno, Holomorphic functional calculus in Jordan—Banach algebra,
Ann. Sci. Univ. Clermont-Ferrand IT Math. 27 (1991), 125-134.

K. McCrimmon, A Taste of Jordan Algebras, Springer, 2004.

J. M. Osborn and M. L. Racine, Jordan rings with nonzero socle, Trans. Amer.
Math. Soc. 251 (1979), 375-387.

T. W. Palmer, Banach Algebras and the General Theory of *-algebras, Vol. I, Cam-
bridge Univ. Press, 1994.

J. Pérez, L. Rico and A. Rodriguez, Full subalgebras of Jordan—Banach algebras and
algebra norms on JB*-algebras, Proc. Amer. Math. Soc. 121 (1994), 1133-1143.
W. Rudin, Functional Analysis, 2nd ed., McGraw-Hill, New York, 1991.

V. S. Shulman and Yu. V. Turovskii, Conditions for massiveness of the range of the
derivation of a Banach algebra and associated differential operators, Math. Notes
42 (1987), 669-674.

V. S. Shulman and Yu. V. Turovskii, Radicals in Banach algebras and some problems
in the theory of radical Banach algebras, Funct. Anal. Appl. 35 (2001), 312-314.
V. S. Shulman and Yu. V. Turovskii, Topological radicals, I. Basic properties, tensor
products and joint quasinilpotence, in: Banach Center Publ. 67, Inst. Math., Polish
Acad. Sci., 2005, 293-333.

V. S. Shulman and Yu. V. Turovskii, Topological radicals, II. Applications to the
spectral theory of multiplication operators, in: Oper. Theory Adv. Appl. 212, Birk-
h&user/Springer, 2011, 45-114.

V. S. Shulman and Yu. V. Turovskii, Topological radicals and joint spectral radius,
Funct. Anal. Appl. 46 (2012), 287-304.

V. S. Shulman and Yu. V. Turovskii, Topological radicals, V. From algebra to spectral
theory, in: Oper. Theory Adv. Appl. 233, Birkh&user/Springer, 2014, 171-280.

I. M. Singer and J. Wermer, Derivations on commutative normed algebras, Math.
Ann. 129 (1955), 260-264.

M. P. Thomas, Primitive ideals and derivations on non-commutative Banach al-
gebras, Pacific J. Math. 159 (1993), 139-152.

A. R. Villena, A local property of derivations on Jordan—Banach algebras, Comm.
Algebra 29 (2001), 1295-1300.

T. J. D. Wilkins, Inessential ideals in Jordan—Banach algebras, Bull. London Math.
Soc. 29 (1997), 73-81.

J. Zemének, A note on the radical of a Banach algebra, Manuscripta Math. 20
(1977), 191-196.


http://dx.doi.org/10.1007/s00020-012-1990-8
http://dx.doi.org/10.1016/0022-1236(71)90041-3
http://dx.doi.org/10.1090/S0002-9947-1979-0531985-4
http://dx.doi.org/10.1007/BF01240459
http://dx.doi.org/10.1023/A:1013186826199
http://dx.doi.org/10.1007/s10688-012-0036-y
http://dx.doi.org/10.1007/BF01362370
http://dx.doi.org/10.2140/pjm.1993.159.139
http://dx.doi.org/10.1081/AGB-100001684
http://dx.doi.org/10.1112/S0024609396001932
http://dx.doi.org/10.1007/BF01170725

208 P. Cao and Yu. V. Turovskii

[42] K. A. Zhevlakov, A. M. Slinko, I. P. Shestakov and A. I. Shirshov, Rings that are
Nearly Associative, Academic Press, 1982.

Peng Cao Yurii V. Turovskii
School of Mathematics and Statistics Institute of Mathematics and Mechanics
Beijing Institute of Technology National Academy of Sciences of Azerbaijan
Beijing, P.R. China 9 Vahabzade Street
E-mail: cpeng@bit.edu.cn Baku AZ1141, Azerbaijan

E-mail: yuri.turovskii@gmail.com



	1 Introduction
	2 Preliminaries
	2.1 Jordan algebras
	2.2 Banach Jordan algebras
	2.3 Sub-Banach Jordan algebras
	2.4 Topological radicals
	2.5 Analytic multifunctions

	3 The scattered radical
	3.1 Preparatory lemma
	3.2 Scattered ideals
	3.2.1
	3.2.2 Thin ideals
	3.2.3 Structure theorem for the scattered radical

	3.3 Characterization of the largest scattered ideal

	4 Perturbation class of scattered elements
	4.1
	4.2 Derivations

	References

