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Abstract. In this note we describe universal central extensions of certain topological current
algebras, which in our context are algebras of type A ® g, where g is a finite dimensional
semisimple real Lie algebra and A a certain commutative associative topological algebra.

Introduction. Although in the algebraic setting the problem to determine all central
extensions of a given current algebra, i.e., a Lie algebra of type A ® p g, where F' is any
field and A is some commutative associative unital F-algebra, is satisfactorily solved for
char(F) # 2 (see [6] for the case char(F) = 0 and [18] for the general case) not much is
known if one deals with central extensions of topological Lie algebras. A topological result
is contained in [3] but only for Lie algebras of type C*°(M,g) = C*°(M) ® g, where M
is a compact smooth manifold. In this note we construct universal central extensions for
Lie algebras of type g® A, where g is a finite dimensional semisimple real Lie algebra and
A a commutative associative algebra in a suitable locally convex category. If A equals
the algebra C'°°(M) of smooth functions on a smooth finite dimensional manifold M
(without any compactness assumptions), we are able to give an explicite description of
these universal extensions by using the A-module Q! (M) of smooth 1-forms on M, thereby
proving that this is the universal differential module for A in the category of Fréchet
A-modules. As a consequence of our results, we obtain a generalisation of a theorem
due to Pressley and Segal. Furthermore, we obtain analogous results on universal central
extensions of complete locally convex Lie algebras of type C°(M, g) = C°(M)®g, where
the subscript ¢ stands for compact support.

As an application we note that Theorem 16 and its corollaries form a good base in
order to construct (universal) central extensions for current Lie groups or for certain
topological current groups obtained from classical Lie groups by extending the ground
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field R or C to A. In [13] is shown that for a Lie group H modeled on a sequentially
complete locally convex (s.c.l.c.) space each 2-cocycle w of the Lie algebra h with values
in some s.c.l.c. space 3 can be integrated to a smooth local 3-valued cocycle f for H.
In general one cannot expect these local cocycle f to be smoothly extendable to the
entire group H. Nevertheless, it makes sense to ask whether there exists a smooth global
cocycle ffor H which is a push-forward of f with values in some quotient 3/T", I a discrete
subgroup of 3. The answer to this question depends on the behavior of the so-called period
map which can be defined as follows: Let €2 be the left invariant 2-form on H with Q; = w.
Then the period map is defined by

per, :ma(H) = 5:[y] — /Q

In [13] it is shown that the existence of f is equivalent to the discreteness of im(per,,)
in 3. At least for Fréchet—Lie groups of type C*°(M, G), M compact, there exist simple
criteria in order to decide when this is the case (see [10] for more details).

As a notational convention we note that in this paper omitting the range in the
notation of a function space means that the functions are considered to be real-valued.

Topological tensor, alternating, and symmetric products. Let £ and F be
locally convex topological vector spaces, and let E ® F' denote their algebraic tensor
product (if nothing else is specified, tensor products are always taken over the reals). The
projective topology on E® F is the finest topology for which the map

(r,y)»zRy:EXF>EQF

is continuous. We call the so-defined topological tensor product of two locally convex
vector spaces the projective tensor product. It has the universal property stated in Theo-
rem 1 below. In the sequel we give another description for the projective topology which
shows that this topology, indeed, is a locally convex vector space topology. Moreover, the
description below yields that for two metrizable spaces E and F' the projective tensor
product again is a metrizable space. Let p be a seminorm on F and let ¢ be a seminorm
on F'. We define the tensor product p ® g of these seminorms by

(p©q)(=) = inf {3 plen)a(un) | > ar oy ==

It turns out that this again is a seminorm and moreover, if (p;)icr and (g;);es are
two families of seminorms which define the topologies on E and F, respectively, then
(Pi ®q5)(i,j)erx is a family of seminorms which defines the projective topology on £'® F'
(cf. [8], 15.1).

1. THEOREM. Let E, F, and G be locally convex, resp. metrizable, locally convex
spaces, and let f: E X F — G be a continuous bilinear map. Then there exists a unique
continuous linear map f: E® F — G such that 3 = f o ®.

In general the projective tensor product of complete spaces F and F fails to be com-
plete. We write E®F for its completion. Because of the universal property of the com-
pletion of a (metrizable) locally convex vector space we immediately obtain the following
consequence of Theorem 1.
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2. COROLLARY. Let E, F, and G be complete, resp. completely metrizable, locally
convex spaces, and let B : E X F — G be a continuous bilinear map. Then there exists a
unique continuous linear map B: EQF — G such that 8 = Bo ®.

In the sequel the letter K stands for the category of locally convex vector spaces
with continuous linear maps as morphisms or for one of its full subcategories consisting
of all complete, resp., metrizable, resp., completely metrizable (= Fréchet), spaces. Fur-
thermore, given two spaces E, F € K we write ' @k F for tensor product having the
universal property described in Theorem 1, resp., Corollary 2. Note that uniqueness of
the map f3 arising in Theorem 1 and Corollary 2 implies that the algebraic tensor product
E ® F always is dense in £ ®k F. Now let £ = F' € K, then the map

0 EXE—-EQkE: (z,y) »y®x
induces a continuous linear involution
T EQx F > FEQk FE
which yields a decomposition
Eox E = S4(E) © Ax(E),
where S (E) :=ker(1 — &) and Ak (E) := ker(1 + 7). Putting

1 1
fvg=5(fegtgeaf) and frg=o(fe®g-gaf)
we obtain as a consequence of Theorem 1 and Corollary 2 the following result:

3. THEOREM. Let E,F € K. Then for any continuous symmetric, resp., skew-sym-
metric bilinear map B : E x E — F there exists a uniquely determined continuous linear
map

B:Sk(E)—F, resp., pB:Ak(E)—F

such that = oV, resp., B=[oA.

Now, we consider a special situation which will be of interest for us later on. Let M
be a finite dimensional smooth manifold and E a Fréchet space. We topologize the space
C> (M, E) in the following way: For any two topological spaces X and Y we denote by
C(X,Y), the space C(X,Y) endowed with the topology of compact convergence. We
identify the tangent bundle TE of F with E x E, so that for any smooth map f: M — E
we obtain a smooth map df : TM — E by letting df (v) := pry(Tf(v)). Inductively, this
yields maps d*f : T"M — E for any n € Ny by putting d°f := f (T°M := M) and
d"f :=d(d"~1f) for n > 0. Using these maps, we get an injection

C*(M,E) = [] C(T"M,E)c: f = (d" f)nen,-
neNp
We endow C°°(M, E) with the topology induced by the product topology via this em-
bedding. Since for each of the spaces T" M, n € Ny, the respective topology has a count-
able basis consisting of relatively compact neighborhoods, the topology of each space
C(T"M, E). can be defined by a countable separating family of seminorms and there-
fore is locally convex and metrizable. As a subspace of a countable product of locally
convex metrizable spaces the space C°(M, E) is locally convex and metrizable as well.
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In fact, it turns out that its topology even is complete (cf. the proof of Proposition
III.1 in [14]) whence C*°(M, E) is a Fréchet space. Now we restrict our attention to
the special case where E = R and write C*°(M) for C°°(M,R). While the isomorphism
C®(M)®C>®(N) = C>®(M x N) is well-known if M and N are open subsets of some R”
a proof for the general case in which M and N are smooth finite dimensional manifolds
is not easy to find in the literature.

4. THEOREM. Let M and N be smooth finite dimensional manifolds. Then the map
C¥(M)®C™(N) = C*(M x N): f@ g ((p,a) = f(p)9(a))
is an isomorphism of Fréchet spaces.

Proof. We first recall some facts. Let X, Y, and Z be Hausdorff topological spaces.
For f € C(X xY,Z) and x € X we put f, := (y — f(z,y)) € C(Y, Z). It is well-known
that the map

a:C(XxY,2). = C(X,C(Y,2)e)e: f = (x = fr)

is a homeomorphism if Y is locally compact, and since «, obviously, is natural in X and
Z, we obtain that C (Y, -). is a right adjoint self functor of the category of Hausdorff topo-
logical spaces and thus preserves limits. For the remaining proof we note that, according
to [14], Theorem II1.4, the image of the map |~ (arx ) is contained in C°° (M, C*(N)),
and that for any Fréchet space E the map

C®(M)RE — C®(M,E): f@z+— fx
is an isomorphism of Fréchet spaces (cf. [5], Chapter II, p. 81). Hence we are done, if we
can show that the map
B:C®(M x N)— C®(M,C*(N)) : f+— af)

is an isomorphism of Fréchet spaces. Thanks to the Open Mapping Theorem for Fréchet
spaces it suffices to show that /8 is a continuous linear bijection. Clearly, £ is injective.
For the prove of its surjectivity we have to show that for g € C°(M,C>(N)) we have
a~t(g) € C®(M x N), i.e., that a~1(g) is smooth at any point. Since the latter is a local
property we can assume M and N to be open subsets of some R™; but in this case the
assertion is already proved, see [17], Theorem 40.1. It remains to show continuity of £.
By definition of the topology of C*°(M,C>(N)) the map S is continuous exactly if for
any m € Ny the map

Bm : C®°(M x N) = C(T™M,C*®(N)). : f—d"B(f)
is continuous. Since C*°(NV) is embedded into the product [[, .y, C(T"N)c, and since
C(T™M, ) preserves limits, the map f3,, is continuous exactly if for any n € Ny the map
Bmn : CC(M x N) = C(T"M,C(T"N).)e: f+—d" o Bm(f)
is continuous. In view of the isomorphism C(T™M,C(T"N).). = C(T™M x T"N).
continuity of B, is equivalent to continuity of the map
C®(M x N)—= C(T"M x T"N).: f—d"dy f

where d; and ds denote the respective “partial derivatives”. But the latter is clearly
fulfilled, since f is smooth. m
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Universal differential modules. In this section we point out that the concept of a
universal differential module for a commutative associative algebra, which is well-known
in the algebraic setting, not only makes sense, but even is a very useful tool, in a categorial
framework. By an algebra object in the category K, or simply a K-algebra, we mean an
object A € K together with a morphism

p:AKA— A

called multiplication. Suppose for the rest of this note that A is a unital K-algebra with
commutative and associative multiplication. An A-module in the category K is an object
M together with a morphism

v:AQk M — M

that satisfies vo (ida ®v) = vo(p®idy) and v(1®@m) = m for each m € M. A derivation
from such an algebra A into an A-module M is defined to be a linear map D : A — M
satisfying

D(ab) = aDb+ bDa

for all a,b € A. The embedding
a—»a®l:A—> ARk A

turns the K-algebra A ®k A into an A-module with respect to the multiplication map on
A®k A, and in view of this module structure the map 7 also is a morphism of A-modules.
Consequently, its kernel I is an A-submodule of A @k A.

5. LEMMA. Let J:=IN(A®A). Then we have J =span,{1®b—-b®1|be A} and

I=1J.

Proof. Obviously, we have J' := spany{1®@b—-b® 1|b € A} C J. In order to show
the reverse inclusion consider ¢ = > ar ® b, € J, that is, > arbr, = 0. Then we have

c= Zak@)bk— (Zakbk) ®1= Zak(1®bk —-br®1)eJ,
and the first claim follows. To prove the second claim we note that the map
e (c—p(e)®@1, ple) : A9k A - T A
is an isomorphism of K-A-modules whose inverse is given by
(bya)—»b+a®l: I®A— ARk A.
As a consequence of this, the map
MARkA—=T:c—ce—plo)®1

is a surjective morphism of K-A-modules satisfying A\(A ® A) = J, by what we have just
shown. As A ® A is dense in A ®k A, this implies the second claim. m

While quotients of Fréchet spaces again are Fréchet spaces, quotients of arbitrary
complete locally convex spaces need not be complete (cf. [9], §31.6). So it may happen
that for a complete locally convex algebra A the space I /ﬁ is not complete. For that
reason we define Qi (A) to be the space I /ﬁ except K is the category of complete locally
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convex spaces where we define Qi (A) to be the completion of the space I /T2. Moreover,
we define a continuous linear map d4 : A — Q4 (A) by the prescription
da(a) =[1®a—a®1],

where [c] denotes the class of an element ¢ € I in QL (A). Since we have

da(ab) —ada(b) —bda(a) =[1@ab—ab®@1] - [a®@b—ab@ 1] - [b®a —ba ® 1]
l®a—-a®b-b®a+ab® 1]
(1®a—a®@)(1®b—Db®1)]
=0

1
1

for all a,b € A, we see that d4 in fact is a derivation. We call the pair (4 (A),da) the
K-universal differential module of the algebra A. It has the following universal property:

6. THEOREM. Let E be a K-A-module and let D : A — E be a continuous derivation.
Then there exists a unique continuous A-linear map D : QU (A) — E such that D =
Dody.

Proof. In order to prove the existence of the map D, we consider the continuous
bilinear map

A:AxA— F:(a,b)— aDb

which induces a continuous linear map A : A ®k A — E satisfying

Al(a®b) = aDb
for all a,b € A. As is easy to verify, this map fulfils the identity

(1) A(e) = u(eVA() + u(c)A(c)

for all ¢,¢’ € A® A, and hence for all ¢, € A ®k A, because of_the density of A® A in
A®k A. Equation (1) shows that A vanishes on I? and thus on I2. Hence, the restriction
Al7 factors to a map

for which we have
(Dods)(a)=D(1®a—a®1])=1Da—aD1 = Da,

as desired.
Uniqueness of the map D follows from the fact that, according to Lemma 5, the image
of da generates a dense A-submodule of Qi (A). m

Now we consider a special situation. Let M be a finite dimensional smooth manifold
(which we always assume to be paracompact), A := C>°(M), resp., B := C°(M x M)
the algebra of smooth functions on M, resp., M x M, and let A. and B, the respective
subalgebras consisting of compactly supported functions. Then A and B are Fréchet alge-
bras whereas A, and B,, viewed as subspaces, in general are just locally convex algebras.
Denoting the category of Fréchet spaces by F, we seek for a convenient description of
the universal module Qf.(A). In the sequel we view the Fréchet algebra B as a Fréchet
A-module with respect to the embedding

A= B:f=((p.q) — f(p))
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Further, we consider the following morphisms of Fréchet A-modules:
0*:B— A:F+— Fob,
where ¢ is the diagonal map p — (p,p) : M — M x M, and
f:Avp A —> B
which is induced by the continuous bilinear map

0:Ax A= B:(f,9)~ ((,q) = f(0)g(q)).

Both maps §* and @ are also morphisms of the underlying Fréchet algebras and moreover,
# is a homeomorphism according to Theorem 4. Denoting by u : A ®p A — A the
multiplication map on A, we have

p=20500.
From this relation we immediately infer K := ker(6*) = 0(I) and therefore obtain the
following isomorphism of Fréchet A-modules:

Qh(4) = K/K2.
In the sequel we think of QL(A) as K /K2 with respect to this isomorphism. Likewise, we

identify A ®p A with B via 6. Now let TM be the tangent bundle of M. Then the space
C>(TM) is a Fréchet A-module in which the space

QM) :={a € C>®(TM)|(Vp € M) al|r, is linear}

of smooth 1-forms on M is a closed A-submodule and therefore is a Fréchet A-module as
well. We denote the space of compactly supported 1-forms on M by QL(M). This space
is a locally convex A.-module as well as a locally convex A-module, and it is dense in
Q' (M) since the identity element in A is a limit of elements in A.. We want to show that
QY (M) and Qf(A) are isomorphic Fréchet A-modules, and in order to do this, we first
collect some information on Q! (M).

We put J. := ker(6*|a,04.) = KN(A:® A.), K. :=ker(6*|p.) = KN B, and consider
the continuous linear map 7 : B — Q'(M) defined by

T(F)(z,X) := dF(z,z)(0, X).

As one easily checks, the map 7 even is A-linear. In the subsequent proposition all closures
are taken with respect to the topology induced by that of B.

7. PROPOSITION. The kernel of 7|5, equals J_gﬂ Je, the kernel of 7|k, equals K2, and

the kernel of 7|k equals K2,

Proof. We have
(2) T(FG) = 6" (F)7(Q) + 6" (G)7(F)
for all F,G € B (which is easily verified for F,;G € A® A and then follows by density).
Hence, we have J2 C ker(7|;.), K2 C ker(t|g,) and K2 C ker(r|x). It remains to show
J.) is an ideal in A, ® A, and
likewise that ker(7|x,) and ker(7|x) are ideals in B. For the rest of this proof let (Ug)ren

the reverse inclusions. Equation (2) also shows that ker(r

be a locally finite open covering of M consisting of relatively compact neighborhoods
which are diffeomorphic to open convex 0-neighborhoods in R™ and let (pr)ren be a
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partition of unity subordinate to this covering. Using this partition of unity on M we
obtain a partition of unity on M x M consisting of functions in A. ® A. by choosing a
bijection ¢ : N — N? and putting 9y, := Doy (k) @iy (k) - We first show that ker(7[x, ) C K?
J.) € J2. For that purpose we pick F' € B.. Putting F}, := ¢, F we have

F:Ey%
k

Since supp(F') is compact only finitely many of the supports of the functions 1)y, intersect
supp(F) so that we have F = F} + ...+ F,,, for some m € N. Since ker(7|x,) is an ideal
in B, it follows that

F € ker(7|k,) — (Vk < m) Fy, € ker(7|k,),

and ker(7

and the fact ker(7|s,) is an ideal in A, ® A, implies
F € ker(r|;,) < (Vk<m)F; € ker(r|,.).

So it suffices to consider the case M = R™.
In order to prove the desired inclusion for this case, we define for each pair (z,y) €
R™ x R™ functions g(,. ), A(e,y) : R = R™ x R™ by

Gy =tz + (1 —t)y,y) and () = (z,tz + (1 - t)y).
Now let F' € K.. Then we have
2F(z,y) = F(z,y) — F(y,y) + F(2,y) — F(z, z)

:/ (Fog(w’y))/(t)dt —/ (Foh(m’y))'(t)dt
0 0

and thus .
(3) F(z,y) =Y (zx — yr) Fu(z,y),

k=1
where )

1 oF oF
F; = = — t)) — =—(h t dt
)= [ (St = S a0

and z1,...,Zn,Y1,...,Yn denote the coordinate functions on M x M. Applying 7 to

equation (3) leads to the 1-form

n
T(F) = (x = — ZFk(x,x)dxk)
k=1
on R™ and we see that vanishing of 7 on F' implies that any Fj vanishes on the diagonal
and so F' € K. We claim that each F} has compact support, but this easily follows from
the definition, since supp(F) C [—a, a]*" for a € R implies

OF oF
By, o) = gy, O e =0
for (z,y) € R?™\ [~a, a]?". Replacing the coordinate functions by functions 71, ...,7, on

R™ which coincide with the coordinate functions on [—a, a]*" and vanish outside some

compact neighborhood of [—a, a]?*" shows that F' € K2. For F € ker(r
expect the functions Fj, to be in J.. In this case we proceed as follows: We consider the

J.) one cannot
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Fréchet subpaces A, := {g € A|supp(g) C [~a,a]"} and B, = {G € B|supp(G) C
[—a,a]®} of A, resp., B. For these spaces the restriction of the map 6 : A ®p A — B to
the subspace A, ®F A, is an isomorphism onto the space B, which allows us to identify
both spaces. Lemma 5 now implies that each function F} is a limit of functions in .J.

]?", so that we obtain

FelJ, J.CJ2

with support in [—a,a

Now let F € B. We put
F, = (1/J1+...+1/J1)F

and obtain a sequence (F});cy in B, which converges to F' in B (because of the local
finiteness of the covering (Uy)ren). Now we have

Fcker(t|g) <= (VleN)F €ker(r|g,),

since ker(7|x) is anideal in B and B.K C K.. But since we already know that ker (7|, ) =
K? this implies ker(7|r) € K2 C K2, as desired. =

8. PROPOSITION. We have 7(B.) = T7(A. ® A.) = QL(M) and 7(B) = QY(M).

Proof. Clearly, we have 7(A. ® A.) C 7(B.) and so it suffices to show 7(A. ® A.) =
QL(M). So let o € QL(M). First we consider the case that M is diffeomorphic to an open
convex subset U of R™, where n := dim M. Then we have in local coordinates

a(p) = fulp)day.
k=1

Choosing functions T, . . ., T, € C*°(R"™) with compact support in U which coincide with
the coordinate functions on supp’(«), we obtain

a(p) = 3 fip)dm = (3 fulp) © 7
k=1 k=1

and see that QL(M) = 7(A. ® A.) in this case. Now let M be any finite dimensional
manifold. By choosing a suitable partition of unity we get a decomposition a = a; +
...+ ay, where each of the sets supp’(ay) is contained in some neighborhood Uy, which is
diffeomorphic to an open convex neighborhood in R". Now 7(A4. ® A.) = QL(M) follows
by what we have just proved.

In order to prove 7(B) = Q! (M) we choose a locally finite open covering (Uy)en of M
consisting of relatively compact neighborhoods which are diffeomorphic to open convex
neighborhoods in R™. Furthermore, we choose a partition of unity (¢ )ren subordinate to
this covering. Now let v € Q' (M) and put ay, := pra € QL (M) for each k. Then we have
= ey ok in Q' (M). At the beginning of the proof we have seen that for any of these
1-forms ay, we find a function Fj, € QL(M) with 7(F)) = o) and supp(F)) C Ug x Ug.
We put G, := Fy + ...+ F;, for k € N and note that the sequence (Gg)pen converges
to some G in B because of the local finiteness of (Uy)ren. Continuity of 7 now yields
7(G) = a, and we are done. m

9. THEOREM. The map d : QL(A) — QY(M) induced by the differential d : A —
QY (M) is an isomorphism of Fréchet A-modules.
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Proof. Thanks to the Open Mapping Theorem for Fréchet spaces it suffices to show
bijectivity of the map d. With respect to the identification Q(A) = K/K?2 the injectivity
of 7 is equivalent to the equality ker(7|x) = K2 and thus is an immediate consequence of
Proposition 7. In order to show surjectivity, we have to show that 7(K) = Q'(M). From
Proposition 8 we know that 7(B) = Q!(M). But this implies 7(K) = Q(M) since we
have 7(F — *(F)® 1) =7(F) and F —6*(F)®1 € K forany F € B.

10. REMARK. In fact, Theorem 9 seems to be well-known (although unproved in full
strength, as far as the author knows) if M is compact (cf. [2]).

Now let C be the category of complete locally convex spaces. As a strictly inductive
limit of a cofinal sequence of Fréchet algebras of type C¥ (M) := {f € C>*°(M) | supp(f)
C X}, X € M compact, which are considered as subspaces of C*(M), the algebra
A, = C*(M) is an LF algebra and hence, is complete (cf. [17]). Likewise, the A.-module
QL(M) is a strictly inductive limit of spaces Q% (M) := {a € QY(M) |supp’(a) C X},
X C M compact. In fact, the space QL(M) even is a topological A.-module with respect
to this structure (cf. [4]). Since, in general, the algebra A. has no identity element, we
write A; := R1 + A.. Now the question arises if the module QL(M) is the universal
differential module for the algebra A; in the category C.

11. THEOREM. The map d : Q&(A1) — QL(M) induced by the differential d : Ay —
QL(M) is an isomorphism of topological Ay-modules.

Proof. The assertion follows if we can show that the pair (QL(M), d) has the property
of a universal differential module for A; in the category C. In order to obtain this, we first
establish an algebraic description of Q2L(M). For that purpose let f,g € A. and let ¢ € A,
be a function that vanishes on a compact neighbourhood of supp(f) U supp(g) and that
equals 1 on supp(f)Usupp(g). Then we have fQg— fg®e € J.and 7(f ® g — fg®e) =
7(f ®g). Both relations together with Proposition 8 imply 7(.J.) = 7(A. ® A.) = QL(M).
Together with Proposition 7 this yields the following (algebraic) isomorphism of A;-

modules:
Je

J.NJ2
Now let E be any complete locally convex topological A;-module and let D : A; — E

be a continuous derivation. Using the facts we have just proved, we see as in the proof of
Theorem 6 that the map

=~ Ql(M).

A:ARA - E:f®g— fDg

induces an Aj-linear map
Dt
J.NJ?

Obviously, we have D = D od, and uniqueness of D follows from the fact that dA; = dA.

generates Q1(M) as an Aj-module. It remains to show continuity of D.
As the topology on QL(M) is the direct limit topology with respect to the subspaces

~ QM) —~ E, D(fdg)=D(r(f®g))= fDg.

QL (M), X € M compact, it suffices to verify that the restrictions E|Q§((M) are con-
tinuous. For that purpose we choose on M a partition of unity (¢g)ren @s in the proof



TOPOLOGICAL CURRENT ALGEBRAS 71
of Proposition 8. The set Nx := {k € N|supp(p;) N X # 0} is finite, and for each

a € Q4 (M) we have
=S Y el
keNx keNx 1

where the functions ff are suitably chosen as in the proof of Proposition 7. Since the

sum is finite, we obtain
D) ) —k
D(a)= ) Dl(pwa)= Y Y afD().
keNx keNx 1
Independence of the functions ff of a and the fact that multiplication with ¢ is a
continuous endomorphism of Q!(M) implies that the maps

QLUM) = Ao af

c

are continuous. Continuity of the module structure on £ now yields continuity of D. m

The continuous case. An opposite to the smooth situation we are concerned with
in the preceding discussion is the continuous case. Given a compact topological space X,
one may ask for a universal differential module for the Banach algebra A := C(X) in the
category of Banach A-modules. Indeed, such an object exists, and can be obtained by
our general construction described in the previous section. Surprisingly, this construction
always leads to the trivial module, as we shall see in the sequel. In order to show this,
we introduce the notion of an amenable Banach algebra. Let A be a Banach algebra. For
any Banach A-bimodule M the dual Banach space M’ also carries the structure of an
A-bimodule via

(af)(@) == f(za) and (fa)():= f(az)

forae A, x € M, and f € M’'. We call A amenable if for any A-bimodule M and any
continuous derivation 6 : A — M’ there exists f € M’ such that

0(a) =af — fa
for all a € A. Such derivations of A are called inner M’-derivations. In [1] the following
is shown:
12. THEOREM. If X is a compact topological space, then C(X) is an amenable Banach
algebra and furthermore, for any C(X)-bimodule M each M -derivation of C(X) is inner.
Proof. See [1], Theorem VI.12, and Proposition VI.14. =
As an immediate consequence of Theorem 12 we now obtain the following result:

13. COROLLARY. If X is a compact topological space, then the universal differential
module for the Banach algebra C(X) in the category of all Banach spaces is trivial.

Proof. Let A := C(X) and let 4§ (A) denote the universal differential module for 4 in
category of Banach spaces. We define on Qg (A) an A-bimodule structure by wa = aw.
Theorem 12 now implies that each Q}5(A)-derivation is inner, but with respect to the
above defined bimodule structure on Q% (A), any such inner derivation obviously is trivial,
which implies that Qf(A) itself is trivial, because it is generated by the range of a
derivation. m
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Finally we note that the situation even changes if we consider a compact C'*-manifold
M, since in this case the differential d : M — Q}(M) (where Q}(M) denotes the Banach
space of continuous 1-forms on M) is a non-trivial derivation, and thus the respective
universal differential module has to be non-trivial.

Central extensions of topological current algebras. Throughout this section
the letter A denotes a commutative associative unital K-algebra. We mainly investigate
central extensions of K-current algebras, which are Lie algebras of type A ® g, where
g is some finite dimensional semisimple Lie algebra. Nevertheless, we start a bit more
general. We are only interested in extensions that are described by continuous Lie algebra
cocycles. Given a K-Lie algebra g, an abelian K-Lie algebra 3, and a continuous 2-cocycle
w:gXxg—3 wewrite g @, 3 for the Lie algebra g x 3 with the bracket

[(z,a), (y,0)] == ([z, Y], w(z,y)).
These extensions are exactly those which are given by an exact sequence
0—3—h"g—0

of K-Lie algebras in which the map 7 admits a continuous linear section. Such an ex-
tension is called weakly universal if for any other central extension g &, 1 there exists a
morphism of K-Lie algebras ¢ : 3 — 1 such that n = ¢ o w, it is called universal if the
morphism ¢ is unique. In any of these cases w is called a universal cocycle. We note that
a weakly universal extension g, 3 is universal if g is perfect (cf. [11], 1.9, Proposition 1).

We start by stating a general result on perfect Fréchet—Lie algebras. So let g be a
perfect Fréchet—Lie algebra. The Lie bracket induces a continuous linear map

B:AR(9) = g

which, because of the Jacobian identity, factors to a map
B: A(9)/B3 (9) = 0,
where BY (g) denotes the closure of the span of all elements of the form
Ay, 2] +yAlz,x]+ 2z Az, y]
in AZ(g). Writing g := AZ(g)/B¥ (g) and [z] := x + BE (g) for z € A%(g) the prescription
[l o] = [a] A [y
defines a continuous Lie bracket on the space g. Denoting the kernel of the map § by

Z¥ (g) and writing HY (g) := ZF (g)/BE (g), we have the following result which is a special
case of [15], Corollary II.12, resp., Theorem IIL.8:

14. THEOREM. The perfect Fréchet-Lie algebra g possesses a weakly universal central
extension if there exists a continuous projection p : § — HY(g). In this case a weakly
universal extension is given by the Fréchet-Lie algebra g with universal cocycle

w:gxg— H(g): (z,y) — p(lz Ay)).

If, moreover, g is a perfect Banach-Lie algebra, then the existence of a weakly universal
central extension is equivalent to the existence of a continuous projection p: g — HY (g).
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From now on let g be finite dimensional and semisimple. We put g4 := A ® g and
define a Lie bracket on ga by
[a®z,b@y] :=ab® [z,y]

With respect to this bracket g4 becomes a perfect K-Lie algebra. If A is a Fréchet algebra,

then Theorem 14 yields both a criterion for the existence of a weakly universal central

extension of g4 as well as a construction method for it. In the sequel we will see that such

an extension not even always exists but also can be described in a more explicit way.
We consider the action of g on S?(g) given by

gV 2) = o]V 2+ yV [, 2],
put V(g) := S?(g)/95%(g), and define a symmetric bilinear map  : g x g — V(g) by
r(z,y) = [z Vyl,
where [2] denotes the class of an element z € S?(g) in V(g). Since we have
K[z, y],2) + Ky, [z, 2]) = [[2,y] V2 +y V [z, 2] = [2(y v 2)] = 0.

for all z,y,z € g, this map is invariant. Furthermore, it has the following universal
property:

15. LEMMA. Let E be a Fréchet space and B : g X ¢ — E a continuous invariant

symmetric bilinear map. Then there exists a unique (continuous) linear map 8 : V(g) — E
such that B = o k.

Proof. Uniqueness of /3 is clear. For the proof of the existence we note that, because
of the symmetry of 3, the universal property of S%(g) yields a linear map B: 82 (9) > F
with g(x Vy) = B(z,y). The invariance of 3 then implies that gS?(g) is contained in the
kernel of B, whence B factors to the desired map 3: V(g) — E. =

Now we put 34 := V(g) ® (4 (A)/daA) and define a map wa : ga X ga — 34 by

wa(f @z,g®y) = k(z,y) @ [fda(g)],

where [a] denotes the class of v € Q} (A) in Q) (A)/daA. Taking the invariance of « into
account, this map is easily verified to be a continuous 2-cocycle on g4 and hence defines
a central extension of g4. For this central extension we have the following result:

16. THEOREM. If the Lie algebra g is semisimple, then the Lie algebra ga = ga®w 34
is a universal central extension of g4 in the category of K-Lie algebras.

Proof. We note that the central extension g4 is automatically universal if it is weakly
universal, since g4 is perfect. So it remains to show that w4 is a universal cocycle. Before
doing this we fix some notation. For real vector spaces E and F' and k € N we denote by
Lin®(E, F) the space of k-linear F-valued mappings on E and by Alt*(E, F) its subspace
of alternating mappings. If, moreover, F is a g-module we write

Esx:={veE|gv={0}} and FE.:=span{zv|z € g,v € E}.
Identifying g with 1 ® g C g, an action of g4 on Lin%(ga,3) is given by
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for 8 € Lin® (ga,3), x € g, and y, z € ga. Making use of the natural isomorphisms

Lin®(ga,3) = Lin(g4 ®k g4,3) = Lin((g ® g) ® (A ®k A),3)
= (g®g)" ®Lin(A®k A,3)

this action transforms to an action of g on the space (g ® g)* ® Lin(A ®k A,3) which
is trivial on the second factor and thus semisimple. Hence, Linz(g 4,3) and each of its
submodules is a semisimple g-module. Consequently, for the submodule Z%(ga,3) of
continuous j-valued 2-cocycles we have

(4) Z(84,3) = Zix(84,3)x © Zic (84, 3)efr-
Furthermore, we have for any « € g4 and any k£ € N the insertion map
i(x) : Alt*(ga,3) = Alt* ' (ga,3) t o oz, ).
Taking w € Z&(ga,3) the Cartan formula yields
ow = d(i(z)w) + i(z)(dw) = d(i(z)w) € Bi(94,3),
and this relation together with equation (4) implies
Zi(94,3) = Z5(84,3)x + B (94, 3)-

Therefore any central extension of g4 by some 3 € K can be described by a g-invariant
cocycle. So let w € ZIQ{ (ga,3)ax. Its invariance implies

w(]- ® xaab® [y,z]) = _W(GJ@ yvb® [Z,:L’]) - W(b ®z,aQ [xay])
= _W(GJ@ [xvy]vb@)z) _W(b®zva® [xay])
and thus
(5) w(l®g,g4) =0,
since g4 is perfect. Fixing a,b € A, the map
Wiab) 18X 831 (T,y) »wa®z,by)

is a continuous g-invariant bilinear map and therefore has to be symmetric, since g does
not possess any non-zero skew-symmetric g-invariant bilinear form (cf. [12]). In view of
Lemma 15, there exists a unique continuous linear map W, @ V(g) — 3 satisfying
W(ap) = W(ap) © k. From the uniqueness of the maps W, ), (a,0) € A x A, and the
continuity of w, we deduce the existence of a continuous linear map

n:A®r A— Lin(V(g),3)
satisfying
n(a®b)(k(z,y)) =wl@®a,b@y).

Now the skew-symmetry of w together with the symmetry of £ and the fact that im(k)
generates V' (g) as a vector space imply that 7 is skew-symmetric. Using the invariance of
K, the fact that w is a 2-cocycle yields

n(ab® ¢+ bec @ a+ ca ®b)(k([z,y],2)) =0
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for all a,b,c € A and all z,y, 2z € g. Since g is perfect and im(x) is generating, we conclude
from the latter equation that n vanishes on all expressions of the form

ab@c+bcRa+ca®be ARr A.

From (5) it follows that n vanishes on 1 ® A and since, in view of Lemma 5, the elements
of the form

a(leb-001)(1®c—c®1l)=a®bc—ab@c—ac@b+abc®1 € AQr A

generate a dense subset of 12 (recall that I was defined  to be the kernel of the multiplica-
tion map p: A®p A — A), we see that n vanishes on I? and hence induces a continuous
linear map
7 : Qi (A) = Lin(V(g), 3)-
For this map we have
M(da(a)) =n(l®a—-a®1)=2n1&a) =0,
whence it factors to a continuous linear map
€ QO (A)/da(A) — Lin(V(g), 3).
In view of the canonical isomorphism
Lin, (Qk(A)/daA, Lin(V (g),5)) = Lin.((Qk (A4)/dad) @ V(9).35),
where Lin, means continuous linear maps, we can consider £ as a continuous linear map
34 — 3, and with this identification the above calculations yield w = —£ow4. =m

Having Theorem 9 in mind, we consider the special case A := C*°(M). We put
gy = C™®(M,g) = ga and in order to obtain a convenient description of the universal
central extension of gy we set 3p7 := Q1(M)/dA, and define a continuous 2-cocycle wys
on gy by

wu(fez,gy) = /ﬁg(x,y)[fdg] €M,
where k4 denotes the Killing form of g. As dA is the annihilator of all continuous linear
functionals [ : Q' (M) — R, a € C*®(S', M), it is closed in Q' (M) and we have 3ar = 34.
Since, furthermore, in case g is simple all invariant symmetric bilinear forms on g are
multiples of the Killing form, we get the following consequence of Theorem 16 which
generalizes Proposition 4.2.8 in [16]:

17. COROLLARY. If the Lie algebra g is simple, then the Lie algebra gnr = gn By, 3M
is a universal central extension of gs.

Analogous to Corollary 17 we obtain another interesting consequence of Theorem 16
by taking Theorem 11 into account. We put A, := C°(M), ga,e = CP(M,g) = ga,
3nme = QL(M)/dA. and define a continuous 2-cocycle wps, on gar,c by

wame(f ® 1,9 @Y) = kg(z,y)[fdg] € 3ar,c-

For the associated central extension of gy, we then have the following result:

18. COROLLARY. If the Lie algebra g is simple, then the Lie algebra gas,c:=gr,cPuwyy .
3M.c s a universal central extension of gar,c.
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