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Abstract.We consider Lie algebra 2-cocycles on the Lie algebra of vector fields on the circle

with values in the space of tensor densities on the circle, whose integral over the circle is the

Virasoro cocycle. Geodesic equations on the abelian extensions defined by these cocycles are

determined.

1. Introduction. Some partial differential equations can be written as geodesic

equations on groups of diffeomorphisms. Considering right invariant L2 or H1 metrics on

the group of diffeomorphisms of the circle and on the group of volume preserving diffeo-

morphisms of a Riemannian manifold M , as well as abelian extensions of these groups,

the following geodesic equations are obtained: Euler equation of motion of a perfect fluid,

averaged Euler equation, equations of ideal magneto-hydrodynamics, Burger’s equation,

Korteweg-de-Vries equation, Camassa-Holm shallow water equation, superconductivity

equation and equation of motion of a charged ideal fluid.

By the method of transferring the problem of studying an equation to the problem of

finding geodesics on a group of diffeomorphisms, it is possible to give more information

on this equation: to say something about the stability of the partial differential equation

by determining the sign of the curvature of the diffeomorphism group, to get local well

posedness of the Cauchy problem for the partial differential equation as well as smooth

dependence on the initial data or to indicate the existence of stable perturbations by

determining the conjugate points of geodesics.

The Riemannian geometry of Lie groups with right invariant metrics lives actually on

the level of their Lie algebras: the geodesic equation can be written in terms of the right

logarithmic derivative of the curve, the Riemannian tensor is determined by its values at
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the identity. So, by an abuse of language, we can speak about geodesic equations on Lie

algebras with inner products.

The geodesic equation for the right invariant L2 metric on the Virasoro-Bott

group, the 1-dimensional central extension of the group of diffeomorphisms on the circle

Diff+(S
1) by Thurston-Bott group cocycle c0(ϕ, ψ) =

∫
S1 log(ϕ

′ ◦ ψ)d logψ′, is the

Korteweg-de-Vries equation ut + 3uu′ + au′′′ = 0 [OK]. Here the prime stands for ∂
∂x

and the index t for ∂
∂t
. The corresponding real valued Lie algebra cocycle on X(S1), the

Lie algebra of vector fields on the circle, is the Virasoro cocycle:

vir(X,Y ) =

∫

S1

(X ′Y ′′ −X ′′Y ′)dx =

∫

S1

(X ′′′Y −XY ′′′)dx(1)

and its cohomology class is a basis for H2(X(S1)), the second Lie algebra cohomology

group. Do the expressions under the integral in (1) define Lie algebra cocycles with values

in smooth functions on S1?

A similar setting is the following: every closed differential 2-form on a compact man-

ifold M determines a 2-cocycle on X(M) with values in C∞(M), so it defines an abelian

extension of the Lie algebra of vector fields by the module of smooth functions. When a

Riemannian metric on M is given, the integral of this cocycle over M gives a real valued

2-cocycle on the Lie algebra of divergence free vector fields onM , called the Lichnerowicz

cocycle, so it defines a 1-dimensional central extension of this Lie algebra. Considering L2

inner products, the geodesic equation on this central extension of the Lie algebra of diver-

gence free vector fields on M is the superconductivity equation [Z] [R] and the geodesic

equations on the abelian extension above (restricted to the Lie algebra of divergence free

vector fields) is the equation of motion of a charged ideal fluid [V].

Let Fn be the space of n-densities on the circle. The canonical action of the Lie algebra

X(S1) on Fn is b(X)f = −Xf ′ − nX ′f . Only in this context the expressions under the

integral in (1) become Lie algebra cocycles. For n = 1 we get the action on 1-forms and

the expression ω(X,Y ) = X ′Y ′′ − X ′′Y ′ defines a 2-cocycle on X(S1) with values in

Ω1(M). For n = 2 we get the action on quadratic differentials (the coadjoint action in

the group of diffeomorphisms on the circle) and ρ(X,Y ) = X ′′′Y −XY ′′′ is a cocycle on

X(S1) with values in Q(S1).

A theorem in [F] determines the dimension of the cohomology groups of X(S1)

with values in tensor densities. It follows that the dimension of H2(X(S1);Fn) is 2 for

n = 0, 1, 2. In [OR] extensions of the group Diff+(S
1) by the module of tensor densities

are considered and in [K] coadjoint orbits on these extensions are studied. The dimension

of the group H2
c (Diff+(S

1);Fn) of differentiable cohomology, which classifies these exten-

sions, is 1 for n = 0, 1, 2. We write down the geodesic equations for the corresponding

group extensions with L2 invariant metrics, as well as for the Lie algebra extensions by

cocycles which can not be integrated to a group cocycle with L2 inner products.

2. Right invariant metrics on Lie groups. Let G be a regular Lie group in the

sense of Kriegl-Michor [KM], with Lie algebra g. Let ρx be the right translation by

x ∈ G. Any right invariant Riemannian metric on G is determined by its value at the

identity 〈 , 〉 : g × g → R, i.e. by a positive definite bounded inner product on g. Let
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g : I = [a, b] → G be a smooth curve and u : I → g its right logarithmic derivative (the

velocity field in the right trivialization) u(t) = Tρg(t)−1 .g′(t). In terms of u the geodesic

equation for g has the expression [MR]

ut = − ad(u)⊤u,(2)

where ut means time derivative of u and, for X ∈ g, ad(X)⊤ is the adjoint of ad(X) :

g → g with respect to 〈 , 〉 (if this adjoint does exist). Equation (2) is the Euler-Poincaré

equation for right invariant systems, where the kinetic energy is the Lagrangian. By abuse

of language we will call equation (2) the geodesic equation on the Lie algebra g with inner

product 〈 , 〉, even if a corresponding Lie group G does not exist.

Example 1. Let G = Diff+ S
1 be the group of orientation preserving diffeomorphisms

of the circle and g = X(S1) the Lie algebra of vector fields. The Lie bracket is [X,Y ] =

X ′Y −XY ′, the negative of the usual bracket on vector fields (vector fields on the circle

are identified here with their coefficient function). We consider the right invariant metric

on G given by the L2 inner product 〈X,Y 〉 =
∫
S1 XY dx. The transpose of ad(X) is

ad(X)⊤Y = 2X ′Y +XY ′, because:

〈ad(X)⊤Y, Z〉 = 〈Y, ad(X)Z〉 =

∫

S1

Y (X ′Z −XZ ′)dx

=

∫

S1

(X ′Y + (XY )′)Zdx = 〈2X ′Y +XY ′, Z〉.

It follows that the geodesic equation in terms of the right logarithmic derivative u : I →

X(S1) is Burger’s equation:

ut = −3uu′.

Example 2. Let G = Diffvol(M) be the group of volume preserving diffeomorphisms

of a compact Riemannian manifold (M, g) with induced volume form µ. Let g = Xvol(M)

be the Lie algebra of divergence free vector fields. We consider the right invariant metric

on G given by the L2 inner product 〈X,Y 〉 =
∫
M
g(X,Y )µ. The transpose of ad(X)

is ad(X)⊤Y = P (∇XY + (∇X)⊤Y ) where P denotes the orthogonal projection on the

space of divergence free vector fields and ∇ the Levi Civita covariant derivative. Then

the geodesic equation in terms of the right logarithmic derivative u : I → Xvol(M) is the

Euler equation for the ideal flow

ut = −∇uu− gradp, div u = 0.

3. Extensions of Lie algebras. Let b be a Lie algebra action of g on the vector

space V . The cohomology groups of the Lie algebra g with values in the g-module V ,

denoted Hk(g;V ), are defined by the following derivation on multilinear skew-symmetric

mappings from g× . . .× g to V :

dω(X1, . . . , Xk+1) =

k+1∑

i=1

(−1)ib(Xi)ω(X1, . . . , X̂i, . . . , Xk+1)

+
∑

1≤i<j≤k+1

(−1)i+j−1ω([Xi, Xj], X1, . . . , X̂i, . . . , X̂j , . . . , Xk+1).
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In particular a 2-cocycle satisfies the relation
∑

cycl

ω([X1, X2], X3) =
∑

cycl

b(X1)ω(X2, X3)

and it determines an abelian Lie algebra extension e of g by V with Lie bracket

[(X1, f1), (X2, f2)] = ([X1, X2], b(X1)f2 − b(X2)f1 + ω(X1, X2)).

When the g-module V is trivial, i.e. b = 0, we get a central extension, when ω = 0 we

get the semidirect product g ⋉ V . There is a 1-1 correspondence between the second

cohomology group H2(g;V ) and equivalence classes of abelian extensions e of g by V :

0 → V → e → g → 0.

Following [V] we write down the geodesic equations on e with respect to the inner

product

〈(X1, f1), (X2, f2)〉e = 〈X1, X2〉g + 〈f1, f2〉V ,

where 〈 , 〉g and 〈 , 〉V are inner products on g and V such that the transpose ad(X)⊤ :

g → g exists for any X ∈ g. We suppose also that the transpose b(X)⊤ : V → V exists

for any X ∈ g and there exist maps h : V → L(g) linear (actually h takes values in the

space of skew-adjoint operators on g) and l : V ×V → g bilinear, defined by the relations

〈ω(X1, X2), f〉V = 〈h(f)X1, X2〉g, 〈b(X)f1, f2〉V = 〈l(f1, f2), X〉g.

Proposition 1. With the conditions above, the geodesic equation on the abelian ex-

tension e for u : I → g and f : I → V is:

ut = − ad(u)⊤u− h(f)u+ l(f, f), ft = −b(u)⊤f.(3)

In the special case of central extensions, the geodesic equation becomes

ut = − ad(u)⊤u− h(a)u, a ∈ V.(4)

Example 3 [OK]. The Korteweg-de-Vries equation is a geodesic equation on the

Virasoro Lie algebra. Let g = X(S1) with L2 inner product, V = R and ω(X,Y ) =

vir(X,Y ) = 2
∫
S1 X

′Y ′′dx. Observe that ω(X,Y ) = 2
∫
S1 X

′′′Y dx, so h(a)X = 2aX ′′′ for

a ∈ R and the geodesic equation (4) is the KdV equation (see also example 1):

ut = −3uu′ − 2au′′′, a ∈ R.

Example 4 [R] [Z]. The superconductivity equation is a geodesic equation on a central

extension of the Lie algebra of divergence free vector fields Xvol(M) with the Lichnero-

wicz cocycle ω(X,Y ) =
∫
M
η(X,Y )µ. Here M is a compact 3 dimensional Riemannian

manifold and η is a closed differential 2-form on M , hence the vector field B defined by

iBµ = −η is divergence free (the magnetic field). When considering the L2 inner product

on g = Xvol(M), we can write ω(X,Y ) = 〈X×B, Y 〉, where × denotes the cross product

determined by µ, i.e. X × Y = (iX∧Y µ)
♯. Then h(a)X = aP (X × B) and, with the

notations from example 2, we get the superconductivity equation as geodesic equation:

ut = −∇uu− au×B − gradp, a ∈ R.

Example 5 [V]. The equation of motion of an ideal charged fluid in a magnetic field

is a geodesic equation on the abelian extension of g = Xvol(M) by V = C∞(M) with
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cocycle ω(X,Y ) = η(X,Y ), where η is again a closed 2-form on the 3 dimensional compact

Riemannian manifold M with corresponding divergence free vector field B (magnetic

field). With L2 inner products on g and V , the action b(X)f = −df.X of g on V is skew-

adjoint, which implies l(f, f) = 0, and 〈η(X,Y ), f〉V = 〈fX × B, Y 〉g, which implies

h(f)X = P (fX ×B). The geodesic equation (3) for u : I → Xvol(M) (velocity field) and

f : I → C∞(M) (charge density) is the equation of motion of an ideal charged fluid in a

magnetic field

ut = −∇uu− fu×B − grad p, ft = −df.u.

4. Tensor densities on the circle. The Lichnerowicz cocycle in example 4 is the

integral over M of the function valued cocycle in example 5. The Virasoro cocycle in

example 3 is the integral over the circle of the expressions:X ′Y ′′−X ′′Y ′ orXY ′′′−X ′′′Y .

These do not define cocycles with values in the module of functions on the circle, but do

define cocycles with values in tensor densities on the circle.

Let n ∈ Z. The space of n-densities on the circle is

Fn =





C∞(⊗nT ∗S1) for n > 0

C∞(⊗−nTS1) for n < 0

C∞(S1) for n = 0

When no confusion is possible, we represent densities by their coefficient functions. The

Lie group Diff+(S
1) acts on Fn by

B(ϕ)f = (f ◦ ϕ−1)(ϕ′ ◦ ϕ−1)−n

and the corresponding Lie algebra action of X(S1) is

b(X)f = −Xf ′ − nX ′f.

For n = −1 we get the adjoint action on vector fields, for n = 0 the action on functions

by derivations, for n = 1 the negative of the Lie derivative on 1-forms and for n = 2 the

coadjoint action on the space Q(S1) of quadratic differentials. We can consider also the

module Fλ of λ densities, for every λ ∈ R.

The following theorem [F] determines the dimension of all cohomology groups of X(S1)

with values in tensor densities on the circle for n ≥ 0.

Theorem 2. Let n = 3r2±r
2 . Then

Hq(X(S1);Fn) = Hq−r(S1 × S1 × ΩS3;R),

where Ω denotes the loop space.

Moreover H∗(X(S1);Fn) is a free H∗(X(S1);C∞(S1))-module with one generator,

which belongs to Hr(X(S1);Fn).

As a consequence we get that dimH2(X(S1);Fn) = 2 for n = 0, 1, 2. In these cases

the generators of H∗(X(S1);Fn) are explicitly determined in [F]:

Proposition 3. The generators of the ring H∗(X(S1);C∞(S1)) are represented by

the cocycles α0(X) = X ′, β0(X) = X and the Virasoro cocycle vir(X,Y ) = 2
∫
S1 X

′Y ′′dx

∈ R ⊂ C∞(S1).
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H∗(X(S1); Ω1(S1)) is a free H∗(X(S1);C∞(S1))-module with one one-dimensional

generator, represented by the cocycle α1(X) = X ′′.

H∗(X(S1);Q(S1)) is a free H∗(X(S1);C∞(S1))-module with one one-dimensional

generator, represented by the cocycle α2(X) = X ′′′.

Next we enumerate cocycles representing elements of a basis for each of these second

cohomology groups. A basis for H2(X(S1);C∞(S1)) is represented by σ(X,Y ) = X ′Y −

XY ′ and the Virasoro cocycle vir(X,Y ) = 2
∫
S1 X

′Y ′′dx ∈ R ⊂ C∞(S1). A basis for

H2(X(S1); Ω1(S1)) is represented by the cocycles

τ(X,Y ) = XY ′′ −X ′′Y, ω(X,Y ) = X ′Y ′′ −X ′′Y ′.

A basis for H2(X(S1);Q(S1)) is represented by the cocycles

ρ(X,Y ) = X ′′′Y −XY ′′′, η(X,Y ) = X ′′′Y ′ −X ′Y ′′′.

By taking the integral of ω and ρ over the circle we obtain the Virasoro cocycle.

For all n 6= 1 the cocycle ω(X,Y ) = (X ′Y ′′ −X ′′Y ′)dxn is exact, namely ω = dγ with

γ(X) = X ′′dxn. On the other hand, ρ(X,Y ) = (X ′′′Y −XY ′′′)dxn is not a cocycle for

n 6= 2 and vir is not a cocycle for n 6= 0. The integral of τ and η over the circle gives zero.

The group H2
c (Diff+(S

1);Fλ) of differentiable group cohomology classifies extensions

of Diff+(S
1) by the module Fλ of λ densities on the circle. Ovsienko and Roger in [OR]

give explicit expressions of cocycles which determine a basis for H2
c (Diff+(S

1);Fλ) = R

for λ = 0, 1, 2, 5, 7. These cover all the cases where the group cohomology is non-trivial.

Only the Lie algebra cocycles given by differential operators without zero order terms

can be integrated to the group. From the list above these are vir, ω and η.

The Thurston-Bott cocycle

c0(ϕ, ψ) =

∫

S1

log(ϕ′ ◦ ψ)d logψ′(5)

is a group cocycle integrating the Virasoro cocycle vir. A group cocycle on Diff+(S
1)

with values in Ω1(S1) integrating ω is

c1(ϕ, ψ) = (log(ψ−1)′ ◦ ϕ−1)d log(ϕ−1)′.(6)

A group cocycle with values in quadratic differentials Q(S1) and integrating η is

c2(ϕ, ψ) = (log(ψ−1)′ ◦ ϕ−1)S(ϕ−1)dx2,(7)

where S denotes the Schwarzian derivative S(ϕ) = ϕ′′′

ϕ′
− 3

2 (
ϕ′′

ϕ′
)2.

A first remark is that
a0(ϕ) = log(ϕ−1)′

a1(ϕ) = d log(ϕ−1)′

a2(ϕ) = S(ϕ−1)dx2

are 1-cocycles on Diff+(S
1) with values in Fn, n = 0, 1, 2 integrating α0, α1 and α2

respectively (β0 can not be integrated to a group cocycle). A second remark is that c1
is a cap product of a0 with a1 and c2 is a cap product of a0 with a2. The representing

cocycles here differ from those in [OR] because there they consider the Diff+(S
1) action

on Fn given by ϕ · f = B(ϕ−1)f = (f ◦ ϕ)(ϕ′)n.
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5. Geodesic equations. Let G̃ be the abelian extension of G = Diff+(S
1) by the

module of differential 1-forms on the circle V = F1 = Ω1(S1) defined by the cocycle c1
from (6). We consider the right invariant L2 metric on G̃ coming from the inner product

〈(X1, f1), (X2, f2)〉 =
∫
S1(X1X2 + f1f2)dx on g̃, the abelian extension of g = X(S1) by

the module F1 defined by the cocycle ω(X,Y ) = X ′Y ′′ −X ′′Y ′.

In this section we will determine the geodesic equation on G̃, using again propo-

sition 1. The action of vector fields on 1-forms is b(X)f = −Xf ′ − X ′f with ad-

joint b(X)⊤f = Xf ′. In this case b(X) is not a skew-adjoint operator: the relation

〈b(X)f1, f2〉V = 〈l(f1, f2), X〉g defines the mapping l(f1, f2) = f1f
′
2 with l(f, f) 6= 0.

What is the mapping h in this case?

〈h(f)X,Y 〉 = 〈ω(X,Y ), f〉 =

∫

S1

f(X ′Y ′′ −X ′′Y ′)dx

=

∫

S1

Y ((fX ′′)′ + (fX ′)′′)dx = 〈2X ′′′f + 3X ′′f ′ +X ′f ′′, Y 〉

and we get h(f)X = 2X ′′′f + 3X ′′f ′ +X ′f ′′. Then the geodesic equation is

ut = −3uu′ − 2u′′′f − 3u′′f ′ − u′f ′′ + ff ′, ft = −uf ′.

In particular, for the initial condition f0 = a constant, we obtain the Korteweg-

de-Vries equation. This is similar to examples 4 and 5: considering an initial condition

with constant f0 in the equation of motion of an ideal charged fluid, we obtain the

superconductivity equation.

In a similar way geodesic equations corresponding to the other listed cocycles, elements

of the basis in H2(X(S1);Fn), n = 0, 1, 2, can be written.

Case n = 0: for σ(X,Y ) = X ′Y −XY ′ the geodesic equation is

ut = −3uu′ + uf ′ + 2u′f − ff ′, ft = −uf ′ − u′f,

and for vir(X,Y ) = 2
∫
S1 X

′Y ′′dx the geodesic equation is

ut = −3uu′ + 2u′′′
∫

S1

fdx− ff ′, ft = −uf ′ − u′f.

Case n = 1: for τ(X,Y ) = XY ′′ −X ′′Y the geodesic equation is

ut = −3uu′ + 2u′f ′ − uf ′′ + ff ′, ft = −uf ′,

Case n = 2: for ρ(X,Y ) = X ′′′Y −XY ′′′ the geodesic equation is

ut = −3uu′ + u′′′f + (uf)′′′ + 3ff ′, ft = −uf ′ + u′f,

and for η(X,Y ) = X ′′′Y ′ −X ′Y ′′′ the geodesic equation is

ut = −3uu′ + 2u′′′f ′ + 3u′′f ′′ + u′f ′′′ + 3ff ′, ft = −uf ′ + u′f.
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