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ODE for L? norms
by

JARNO TALPONEN (Joensuu)

Abstract. In this paper we relate the geometry of Banach spaces to the theory of
differential equations, apparently in a new way. We will construct Banach function space
norms arising as weak solutions to ordinary differential equations (ODE) of the first order.
This provides as a special case a new way of defining varying exponent L spaces, different
from the Musielak—Orlicz type approach. We explain heuristically how the definition of
the norm by means of a particular ODE is justified. The resulting class of spaces includes
the classical L? spaces as a special case. A noteworthy detail regarding our LPO) norms is
that they satisfy Holder’s inequality (properly).

1. Introduction. In this paper we introduce a novel way of defining
function space norms by means of weak solutions to ordinary differential
equations (ODE). This provides a new perspective for looking at varying
exponent LP spaces.

The classical Birnbaum—Orlicz norms were defined in the 1930’s, and
since then there have been various generalizations of these norms in several
directions. Notable examples of norms and spaces carry the names of Besov,
Lizorkin, Lorentz, Luxemburg, Musielak, Nakano, Orlicz, Triebel, Zygmund
(see e.g. [BOJ, [L], [BY], [Mu]). These norms have recently been applied to
other areas of mathematics as well as to some real-world problems (see e.g.
[DHRI, [RR02]). Roughly speaking, these norms can be viewed as belonging
to a family of derivatives of the Minkowski functional. This kind of approach
leads to several varying exponent LP() type constructions, e.g. for sequence
spaces, Lebesgue spaces, Hardy spaces and Sobolev spaces. There is a vast
literature on these topics (see [Ko], [LT], [NS] and [RRII] for samples and
further references). There are also other ways of looking at the varying
exponent LP spaces, such as the Marcinkiewicz space (see [Mar]).
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Let us recall that the general Nakano or Musielak—Orlicz type norms are
defined as follows:

1A= inf{ A > 0: § 6(I£ @)1/, &) dm(r) < 1},

94

Here ¢ is a positive function satisfying suitable structural conditions. For
instance, ¢(s,t) = sP®), or (s, t) = PO /p(t), 1 < p(-) < oo, produces a
norm that can be seen as a varying exponent LP norm. In the latter case
we use the name Nakano norm (cf. [JKL]); these norms turn out to be of
particular importance in this paper.

In contrast, the basic form of the norm that will be introduced here differs
considerably from the above-mentioned norms in the sense that it does not
arise as a derivation of the Minkowski functional, and it does not apply
any norming set of functionals either. In some cases the classes of spaces
introduced here do not coincide as sets with any of the classes mentioned
above for a given p: [0, 1] — [1,00) measurable. This is due to obstructions
that will become obvious shortly. However, roughly speaking, the norms
studied here are equivalent to Nakano norms (see Proposition .

The Musielak—Orlicz norms enjoy the attractive property of being rear-
rangement invariant in the sense that for a measure-preserving transformation
T: 2— 2 such that ¢(|f(z)|,x) = ¢¥(|f o T'(z)|,T(x)) for a.e. x € 2 we
have ||f o T| = || f|l. However, one may argue that the rearrangement in-
variance and the apparent simplicity of the definition of the norm come at
a cost. Namely, the definition of the norm is opaque in the sense that it
involves an infimum with an integral inequality having rather complicated
interdependencies at the binding surface of the feasible set. For instance, by
looking at the definition of the norm it is difficult to decide how adding 1,
A C 2 measurable, m(A) > 0, to f contributes to the norm, even if A is
in some sense conveniently placed. Here 14 is the characteristic function of
the set A.

The ‘“virtues and vices’ of the norms to be introduced are mirror images of
the ones mentioned above. The ODE-driven norms considered here, in com-
parison, will typically not be rearrangement invariant in the above sense,
and in particular they do not reduce isometrically to the above Nakano
norms (see an example after Proposition cf. an example in [T]). On
the other hand, our norms will be ‘localized’ in the sense that one can an-
alyze the (infinitesimal) contribution of a single coordinate to the norm,
a built-in feature of the construction. To make a point, it is possible to com-
pute these norms by solving the defining ODE numerically for continuous
functions f and p. (It is, of course, also possible to compute the above infi-
mum numerically, but we stress that the methods needed to solve our first
order ODEs are linear in nature and elementary.) Thus, our approach to
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the definition of varying exponent LP space norms is rather inductive than
global.

Next we will discuss the motivating ideas behind the ODE-driven norms.
The author [T] studied varying exponent P() spaces formed in the following
naive fashion. As usual, we denote by X@®,,Y the direct sum of Banach spaces
X and Y with the norm given by

I, ke, y = Izl +yly, 2€X, yeY,1<p<oo.

Let p: N — [1,00) be a ‘varying exponent’. Define first a 2-dimensional
Banach space by R®,1) R, then a 3-dimensional one (R®,,1)R) ®p2) R and
proceed recursively to obtain n-dimensional spaces

(... (R Dp(1) R) Dp(2) R) Dp(3) - ) Dp(n—1) R;
finally, by taking the inverse limit, this yields a space which can be written
formally as

... ( .. ((R ®p(1) R) ®p(2) R) ®p(3) .. ) @p(n) R) @p(n-‘rl) .

This space is normed by taking a limit of seminorms corresponding to
the n-dimensional spaces above. The recursive construction of the spaces
can be regarded trivial at each step, but the end result may exhibit some
peculiar properties, depending on the selection of the sequence (p(n))nen
(see [T]). For instance, it provides an easy example of a separable Banach
space X with a l-unconditional basis such that X contains all spaces P,
1 < p < oo, almost isometrically. In any case, this appears a rather natural
way of constructing Banach sequence spaces and seems to have been first
discovered by A. Sobczyk and J. W. Tukey @ (see [S, p. 96], cf. Kalton et
al. JACK| [Ka]).

The main aim of this paper is to study a ‘continuous version’ of the above
class of sequence spaces ()| thus a space of suitable functions f : [0,1] — R,
instead of sequences. The idea is somewhat similar here: knowing the norm of
fup to acoordinate 0 < t < 1,1.e. |[194 f||, and knowing the value | f(t")], is
sufficient information to predict the accumulation of the norm right after ¢,
i.e. knowing |[1jo 44y f||- For example, if f(r) = 0 for t < r < s, then
we should have [[1jgyf|l = |14 fll, and if [f(t*)] > 0, then [[1jpf| <
10,5 f|l, and so on. This intuitive description of the accumulation of the
norm is captured by a suitable ODE in such a way that its weak solution,
@y:[0,1] = [0,00), shall represent the norm as follows:

(1.1) wr(t) = g fl,

(*) The author presented some of the ideas in this paper in the following function
space related meetings in 2014: Edwardsville, Albacete, Mekrijarvi; in 2015: Kitakyushu,
Delhi. The author is grateful to L. Maligranda for bringing the above historical account
to the author’s attention in Kitakyushu (see also [Mall).
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so that in particular ¢¢(0) = 0 and ¢¢(1) = || f||. Equation neatly out-
lines the overall strategy implemented at the beginning of the paper. The
basic idea in accomplishing this and the heuristic motivation appear shortly
(see Section 1.2). Differential equations have been previously studied in con-
nection with varying exponent spaces and Sobolev spaces (see e.g. [DR]) but
apparently not in the same vein as they arise here.

The required mathematical machinery in this paper is classical, and there
is no apparent reason why this alternative approach could not have been
experimented with much earlier. Also, our approach does not lead to exces-
sively technical considerations, so hopefully it is accessible to a wide range
of analysts.

1.1. Preliminaries and auxiliary results. We will usually consider
the unit interval [0, 1] endowed with the Lebesgue measure m. Here almost
every (a.e.) means m-a.e., unless otherwise specified. Denote by L° the space
of Lebesgue-to-Borel measurable functions on the unit interval. We denote
by (°(N) the vector space of sequences of real numbers with pointwise op-
erations. We refer to [CL], [FH™|, [LT] and |[Ru] for suitable background
information.

We will mainly study here varying exponent LP spaces with ODE-de-
termined norm, denoted by LP() and || - llp()» respectively. The author con-
siders these notations intuitive, even though in the literature the Nakano
spaces and norms sometimes bear such notations. Therefore, when Nakano
norms are considered, they will be explicitly specified and denoted by || - ||
to clearly distinguish them.

We will study Carathéodory’s weak formulation of ODEs, that is, in
the sense of Picard type integrals, where solutions are required to be only
absolutely continuous. This means that, given an ODE

o(0) =20, () = Op(t),t) forae. t & [0,1],

we call ¢ a weak solution in the sense of Carathéodory if ¢ is absolutely
continuous, t — O(p(t),t) is measurable and

T

o(T) =0 + | O(p(t), 1) dt

0
for all T € [0, 1], where the integral is the Lebesgue integral. In what follows,
we will refer to Carathéodory’s solutions simply as solutions.

Whenever we make a statement about a derivative we implicitly state

that it exists. We will write F' < G, involving elements of LY, if F(t) < G(t)

for a.e. t € [0,1]. We denote the characteristic function or indicator function
of a set A by 14 defined by 14(z) =1if v € A and 14(z) = 0 otherwise.
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LEMMA 1.1. Suppose that ¢, € C|0,1] are absolutely continuous such
that p(0) < (0) and

pt) = () = S V() ac.
Then ¢ < .

Proof. Observe that
¢'(t) < (min(p,9)) for a.e. t €[0,1]. =

We will frequently calculate terms of the form (a? +b?)'/? where a,b > 0
and 1 < p < co. We adopt from [T] the shorthand notation

am,b=(a’ + ).
This defines a commutative semigroup on R, in particular, the associativity
as, (bsyc) = (aByb)B,c
is useful.
The space 70) € £, p: N — [1,00), consists of those elements (z,,) such
that the following limit of a non-decreasing sequence exists and is finite:
Jim (- (2] 8p) [22]) Byiz) [23]) Bpea) [24]) Bpa) - - Bpn—1) [20]) By [2n+1]

and the above limit becomes the norm of the space (see [T]).

1.2. Arriving at the varying exponent LP norm ODE. Let us
‘derive’ heuristically our basic differential equation for varying exponent L
norm. As mentioned in the introduction, we wish to extend the varying
exponent /() norm in the sense of [I] to a continuous setting. Although
our motivation involves the above sequence spaces, we are only required to
look at simple structures X@, Y one at a time due to the infinitesimal nature
of the enterprise.

We will assume a Platonist approach to developing the definition of the
varying exponent norms here. Thus we wish to find a function space norm
following the gist of #7() space norms. This leads to thought experiments
on the right behavior of the function ¢ = [|19 4 f||. In a sense, the resulting
ODE will be a very robust one, and this allows us to write arguments in this
paper in a concise fashion, not paying much attention to the general theory
of the ODEs involved.

Suppose that we have a varying exponent, i.e. a measurable function
p: [0,1] — [1,00), and f:[0,1] — R is another measurable function, a
possible candidate to lie in the function space. We wish to arrange matters
in such a way that we have an absolutely continuous non-decreasing function
@r:[0,1] — [0,00) such that

) =1qfll, 0<t<1,
50 5(0) =0 and ¢y (1) = || f]| < oco.
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For example, in the classical case of LP spaces with a constant function
f=1and p=1,2,00 we have

eralt) =t,  @rat) =Vt @reo(t) =1 (),

respectively. Here the p-norms are 1 but the profiles differ considerably. The
first two solutions are absolutely continuous and the last one is not even
continuous.

We will study Carathéodory’s weak formulation of ODEs. It is convenient
to work with absolutely continuous solutions, since this way we may apply to
the solutions such usual tools as Fatou’s lemma and Lebesgue’s convergence
theorems (sometimes implicitly). We are only interested in Banach lattice
norms, therefore ¢ is always non-decreasing here. In fact, we will require
a mildly modified version of Carathéodory’s weak formulation, tailor-made
to our setting.

We are aiming at a recursive-like formula for ¢, in a similar spirit to [TJ,
so suppose that we have defined the function ¢ up to the interval [0, t].
Then we are not interested in the values of f and p on [0,ty), a Markovian
type condition. Suppose, as a thought experiment, that f and p are constant
on an interval [tg,to + A] where A > 0. Then we should have

(1.2) o(to + A) = (p(to)PT0) + A|f(tg)[Pte))1/plt0)
= (to) By(re) AP (t0)|

analogous to the ¢?() construction, and actually to the usual LP norm for-
mula, since

(tTA FlPdm(s) " = (tSO FFdm() " 5, (tor\ Ft)? dm(s)) "
0 0 to

where the right-most term is A/P(0)|f(tq)|. Thus, by differentiating (T.2)
we find a natural candidate for the norm-determining differential equation:

f(to)[P(to) B
- (p?il) Plto) 7.
A=0

d+

(1.3) a@

(to + AQ)

Here % denotes the right-sided derivative and we set A = 0, because we
are interested in ‘infinitesimal’ increments around tg. So, the above equation
is right if f and ¢ are constant on the interval [tg, to + A], but the equation
does not concern the values of f, ¢ and p beyond to.

In formulating the differential equation we do not require f or p to
be continuous anywhere, but motivated by Lusin’s theorem and related
considerations we will use the above formula in any case and aim to de-
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fine ¢ by
f ()P

(14 =0 ="

Looking at this ODE it becomes evident that if there is a solution ¢y cor-
responding to f, then there is also a solution ¢.s corresponding to cf for
any constant ¢ € R, and moreover the functional f — (1) is positively
homogenous (up to uniqueness of solutions).

This formulation has the drawback that 0172 is not defined. Also, it
has a trivial solution ¢ = 0, regardless of the values of f, if we use the
convention 0° = 0 and p = 1. Moreover, following this idea it is possible to
construct other degenerate solutions such that ¢ vanishes on [0,¢] for any
0 < t < 1. The behavior of the solutions is difficult to anticipate in the case
where ¢(t) is small and p(t) is large.

To fix these issues, we will consider stabilized solutions to the above
initial value problem. Namely, we will use initial values p(0) = zy > 0
and to correct the error incurred we let xp N\, 0. It turns out that the
corresponding unique solutions ¢, decreasingly converge pointwise to ¢
which again satisfies the same ODE. So, this procedure yields a unique
solution ¢ which we will formulate, by a slight abuse of notation, as

sy O
p(t)
There is more to the above procedure than merely picking a maximal solu-
tion; it turns out that in many situations it is convenient to look at positive-
initial-value solutions first. By using Lebesgue’s monotone convergence the-
orem and Lemma |'1;1'| one easily verifies that if for each zo > 0 there is ¢,
a solution to , except with initial value @,,(0) = x, then there is ¢,
a unique solution to , such that ¢;, ~\, ¢ uniformly and <px0 S in
L' as 2 \, 0. This unique solution is referred to by . Moreover, if the
0T -initial value solution exists, then for each positive initial value zq > 0 the
corresponding solution exists by suitable Picard iteration and Lemma [I.1]
We define the varying exponent class LP() ¢ L° (ODE-determined) as
the set of those functions f € L? such that ¢  exists as an absolutely continu-
ous solution to and (1) < co. In many cases, but not always, the class
becomes a linear space. In such a case the norm can be defined as f — ¢¢(1).

o)D) for ae. t € [0, 1].

(1.5) ©0(0) =07, o) PO for ae. t € [0,1].

WARNING 1. Even if the class LP() fails to be a linear space, we some-
times write ||f||zo¢) = [|fllp() := (1) where ¢y is the solution to (1.5)).

WARNING 2. As explained above, the class LP() and the mapping
f = |Ifllp) may differ from the Nakano space and the corresponding norm
which are often denoted by the same symbols in the literature.
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The above ODE is a separable one for a constant p(-) = p, 1 < p < oo,
and solving it (see (2.3)) yields (1) = S(l) |f(t)|P dt, compatible with the
classical definition of the LP norm. If p(-) is locally bounded and |f(¢)[P®
is locally integrable, then Picard iteration performed locally yields a unique
solution for each initial value ¢(0) = a > 0, possibly with ¢(s) — oo as
s /' r for some 0 <r < 1.

2. Constructions of ODE-determined LP() spaces. In this section
we will study only spaces of the type LP() with p: [0, 1] — [1, o0) measurable.
Some of the unbounded functions p(-) actually produce a class of functions,
rather than a linear space (see Example . We will first restrict our con-
siderations to those LP() classes which are Banach spaces (see Theorem
below). The norms of these spaces were described in the introductory part.

2.1. Transcending from discrete to continuous state. We will tra-
verse from varying exponent sequence spaces to such function spaces through
an intermediate notion which we call simple seminorm. Let us first define
a very simple seminorm by the formula

oo = (V117 dr) "

where 1 is a restricted Lebesgue measure with supp(u) C [0, 1]. Let us con-
sider such measures p; with maxsupp(u;) < minsupp(pit1), 1 <i<n-—1,
and ‘exponent constants’ p; € [1,00). Then we may define a composite semi-
norm as follows:

(21) ||f||(...(Lp1(Ml)@rng2(,U*2))@r3”'@rn,1[fpn_l(ﬂn*l))earnl’pn(“")
= (o ([ flprn Bra [Flposuz) Bra + Broy [flpaiin—1) Ern | flpnpm
= ( o ( t ((’f|p1,u1 + |f|p2,,u,2)r3/7‘2 + |f|p3,p,3)T4/r3

e )T+ L)Y

where max supp(p;) < minsupp(fit+1), Ti+1 > Pit+1. We will frequently con-
sider simple seminorms

1IN = NN rr (a0 @y £P2 (12)) B ) B L (1)

and denote this collection by A'. Thus N is a name for a seminorm which
is recursively defined in . Let us say that a seminorm is of standard
form if riyq1 = piyq for all @ € {1,...,n — 1}. In this case we may, in a
sense, extend each element N of N to an LP() norm by setting pn(t) = p;
for t € supp(u;) and py(t) = 1 otherwise (and this extension is unique).
If |J, supp(pi) = [0, 1] then the corresponding standard form norm N € N
satisfies || fll~v = [[fll5) by Lemma below.



ODE for L? norms 71

Observe that the seminorms are decreasing in r’s and increasing in p’s.
Define point intervals [py, ;] as follows: p; = p;+1 and r; = rj41 on the
support of pir1. We write N < p(-) whenever p(t) € [p, 7] for all ¢ such
that the interval is defined.

We define a partial order on N by setting N < M if the following
conditions hold:

1. A partition given by the supports of the measures corresponding to
N is refined by the supports of the measures corresponding to M:

VNG 3ty sty o supp(un) = ) supp(uy, o)
1<k<m
2. [pmtsmat] C [P, T for each t such that the left hand interval is
defined.

This leads to the definition of a varying exponent LP norm in a natural way
as a limit from below.

Actually, to simplify considerations we will consider simple seminorms
of standard form. For these seminorms we define N < M if the union of the
supports of M includes that of N and moreover py < pps. This is again a
directed poset. We define NS:D(J to be the collection of simple seminorms
N of standard form such that py < p(-). The sought-after norms can be
defined by applying one of the above orders, but here we will concentrate
on the latter.

Let us define a functional as follows:

(2.2) p(f) = limNsup £l

where the lim sup is taken along N € ng(,) such that py — p in measure,
i.e.
p(f) = _ inf sup || flln-
KeN<p() NeNy(y, KN
By thinking of the basic properties of lim sup and the simple seminorms,
we observe that the functions f € L% with p(f) < oo form a linear space

and p is a seminorm on it. We call this space LP0) and it turns out that
this seminorm is in fact a norm when we identify functions in the usual way,
i.e. according to a.e. coincidence.

We will connect the above limiting process of seminorms to ODEs. In do-
ing this we are required to use initial values for the ODEs, and for seminorms
as well. Although this procedure, strictly speaking, destroys the seminorm
property, we may modify the composite seminorms in such a way that the
resulting functions have an initial value in a natural way. Namely, we begin
the recursive construction by using L'(8o) @1 LP' (1) as the first term, in
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place of LP' (1), where dg is the Dirac delta at 0. Then |f(0)| serves as the
‘initial value of the seminorm’.

LEMMA 2.1. Let p(f) < oo. Suppose that there are compact subsets
C; € [0,1], 1 < i < n, maxC; < minCjq such that plc, = p;i € [1,00).
Assume additionally that f =1 ¢, f and p|[071]\ui c; = 1. Then the map-
ping ¢: [0,1] — R given by ¢(t) = p(ljf) is absolutely continuous and
satisfies

p(t)
e =0, g = 1O

Proof. First we observe the analogous fact on an interval with a constant
p by studying the following differential equation:

ola)=c, ¢t)= W;)‘pgo(t)lp for a.e. t € [a,b] C [0,1].

o) PO for ae. t €[0,1].

We use the separability of the above differential equation and the abso-
lute continuity of ¢ to obtain

b b
(2.3) VP () ()P dt = ()]7=q = | 1£ ()P d.

Indeed, we see immediately that ¢ defined in the formulation of the lemma is
absolutely continuous in this special case. The above calculation considered
in backward order also shows that in the constant p case, ¢ arises as a
solution to the above differential equation on that interval.

From this we obtain the analogous compact subset C' C [0,1] case by
passing to a function of the type 1o f. It is clear that the resulting ¢ is
again absolutely continuous and the derivative is

s Le@ f@)P
@' (t) = E—

This way we easily see that the simple seminorm accumulation functions

p(t) P = 1c(t)’f(;)|p<p(t)1p a.e.

(2:4) = Lo fll o (u)@py 72 (142)) By - B L (1)
can be seen as solutions to

1, supp (o) (O] ()[PD
0 — 07 / t — i PPHq
©(0) ¢ (t) ot
where p(t) = p; for t € C; = supp(;) and ¢'(t) = 0 for t € [0,1] \ U, Ci.
Indeed, for x; = max C; in (2.4) we obtain an ODE

f(t) p(t) 3
o(@) = Moaaf s #0) = L@y for ae. t€ Ciny
by induction. Note that the sup in the limsup in (2.2)) is actually attained
in this simple case with p(-) essentially piecewise constant on | J; C;. =

e(t)PD for a.e. t € [0,1]

—~ —
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Given a measurable function p: [0,1] — [1, 00), by Lusin’s theorem there
is for each € > 0 a compact set C' C [0, 1] with m([0,1] \ C') < € such that
p|c is continuous, thus uniformly continuous and bounded.

Thus we can find a sequence of compact subsets C,,, C [0, 1] as above with
m(Cy,) — 1, and by taking finite unions of such sets we may assume that
the sequence is increasing. Next we assume for technical reasons that all the
seminorms have a fixed positive initial value component, say zolg) € L' (60)
with zp > 0. We may construct by a diagonal argument a sequence (N,,) of
simple seminorms of standard form (but with the added initial value) such
that py, — p in measure and for every f € L* and m € N we have

|1c,, (£)f(£)[P¥n )
PN, (t)
(t) f ()P
)

dtH 0,40Cm f 1N, = Nn(1[07t}mcmf)1—15N7L(t)

|1Cm )
p(t

in measure (more precisely, in L°(C,,,)) as n — oo. Using the initial value
a ensures that Ny(1j0qnc,, N P(®) is uniformly bounded on C,, and we

hm sup Ny (Ljg e, ) PO

n—oo

are also using the fact that |f(t)[P* (") is uniformly bounded on C,,. Note
that these observations imply that limsup,,_,, Nu(1jonc,, f) is absolutely
continuous. Thus, the above shows that lim, oo Nn(1jonc,, f) exists for
each t and is absolutely continuous on ¢. In the same vein, thinking of the
definition of p, still with the same initial value component in all the semi-
norms, we observe that p(1jgnc,,f) = limy—00 Nu(Ljognc,, f)- In particu-
lar, t — p(1j0,4nc,, f) is absolutely continuous and

|Le, () F(1)PD
p(t)

exists a.e. on Cp,. If we let zg \, 0, the above terms increase and converge
to a value for a.e. t € Cy,, so that Lebesgue’s monotone convergence the-
orem yields a solution to the same ODE with initial value 0. According to
m(U,, Cm) = 1 and hence the positivity of in a positive measure set,
p is a norm, instead of merely being a seminorm.

We will denote by LP() the normed space of functions f € LY with
p(f) < co. We next collect and refine some findings obtained so far.

d _
(2.5) %p(l[o,t]ﬂcmf) = p(Logney, /)P0

PROPOSITION 2.2. Given a measurable function p: [0,1] — [1,00), the
class LPV) is a Banach space with the usual pointwise linear operations and
the corresponding norm p defined above.

Proof. We have already established that LP0) endowed with the func-
tional || - [[7,., := p is a normed space. To prove completeness we will pass
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to an equivalent norm,

(2.6) sup || f|[n-

NeN<p()
Indeed, clearly supy || fllv > p(f) and by using Lemma and Proposi-
tion [3.2] we get an opposite inequality with a multiplicative constant from
the latter result. Therefore these norms are equivalent, and it is clear that
defines a complete norm on LP(). Hence p is complete as well.

THEOREM 2.3. Let f € L° and p: [0,1] — [1,00) measurable. The fol-
lowing conditions are equivalent:

(1) ferr),
(2) f e LPY) and the mapping t — p(Ljo f) is absolutely continuous.
Moreover, in both (equivalent) cases we have ¢¢(1) = p(f).

Proof. Assume that f € L p(f) < oo and t ~ p(Ljo,f) is absolutely
continuous, as in the second condition. To show the first condition, without
loss of generality we may assume that the sequence C,,, considered previously
is such that p|c,, and f|¢,, are continuous for every m. By a diagonal argu-
ment we may choose a sequence of simple seminorms N,, of standard form
such that Ny (104 f) — p(1jo,4f) uniformly on ¢ and py, — p in measure as
n — oo. Thus

d p(t)
M) > PO 10910

in L°(C,,) as n — oo. Using the assumed absolute continuity and the bound-
edness of f and p on C),, we obtain

T

d d
(1 f) — (L5 f) = Sdt (1jo,9f) dt = sup S %P(l[o,t}f)dt
m [ST]mCm

=) A oy Poaf) 0 dt = | o (g )Y dt.

W e, PO 0

Strictly speaking, we are also required to control the term p(l[o,t] f)l_p(t)
which need not be bounded. However, it can be made bounded by using a
positive initial value and then letting the initial value tend to zero, as before.
Now, p(l[oﬂ f) is clearly the required solution to the norm-determining ODE.
The last part of the statement follows immediately.

The other direction becomes apparent later when we investigate estimates
for the norms by means of differential equations (see Proposition [3.2)). m

REMARK 2.4. According to the previous result the functional f — ¢¢(1)
=: || fllp(.) satisfies the triangle inequality.
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3. Inequalities. Given a measurable function p: [0,1] — (1,00) de-
fined a.e., we denote its pointwise Holder conjugate by p*: [0,1] — (1,00)
(defined a.e.), that is,

=1 forae.tel0,1].

PROPOSITION 3.1 (Holder). Suppose that f € LPY) and g € LP"C) with
1 < p(t) < oo for a.e. t. Then they satisfy Holder’s inequality:
1
D7 g®ldt < 10 llgllg-)-
0
Although the function classes here need not be linear spaces, we still use
the norm notation above (instead of (1) etc.); this is to establish a clear
connection with the classical case.

Proof. By using the Holder inequality for classical LP and /P spaces, we
obtain by induction an analogous statement for spaces of the type

(- (L7 (1) @py LP2(12)) @ps - - ) Dy L7 (pin)

considered above. That is, if we write u(A) = > 7" | ui(A) and f,g € L>®(u),
we have

V171 < NN 1)@ 272 (12)) B B £ ()

ol i (11) @5 L2 (112)) B )8 LPF (1n)”

This inequality passes to the limit by an approximation argument sim-
ilar to a previous one. Namely, by Lusin’s theorem we pick an increasing
sequence of compact subset C,, C [0, 1], n € N, such that p|¢, and ¢|c, are
continuous. Note that by the compactness of the subset and the continuity of
the exponent we have 1 < miniec, p(t) < maxiec, p(t) < oo, and similarly
for q(-). Then, as in the proof of Theorem for any sequence of simple
seminorms N}, of standard form with py, — p(-) in measure as k — oo we
have Ni(1c,, f) = 1, fllp() as k — oo. By essentially the same argument
we also see that if N;' are the dual simple seminorms of standard form, ob-
tained by replacing all the exponents with their respective conjugates, then
PNy — p*(-) in measure as k — oo and we have N} (1¢,,9) — [[1¢,,9llp=() as
k — oo. This shows that

V 1£9ldt < l1cy, Fllp) e glly -
Cm
Letting m — oo yields the claimed inequality for L* functions. Finally, by
approximating the given functions f € LP() and g € LP"() with functions
of the form 1pf, 1pg € L* in measure and using the absolute continuity of
the solutions ¢ and ¢, we obtain the statement. =
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Going back to simple seminorms of standard form, note that if p(:) = p;
on [0,t9) and p(-) = po on [tg, 1], and f € LPO). then we have | f|| r¢) =
[N 221 (1)@, 172 (1) Where supp(u1) = [0,%0] and supp(uz) = [to,1] (see
Lemma .

It is easy to see that if po = 1 then letting p; ~ oo, tg \, 0 we obtain
1],y /* 2. This is perhaps surprising, since always ||1||, = 1 in the constant
p case. We may also alter the above example as follows: letting f;, = 1/t
on [0,t0) and fi, = 1 on [tg, 1] with p; =1 and p2 * 0o and ty — 07 yields
||ft0||p(,) — 1, whereas || fi, |1 — 2.

We suspect that the above examples are characteristic in the sense that

Il < M lloe) < 201 llso

always holds (so that constant 2 is the best possible according to the above
examples). We leave this open problem for future research.

In any case, the above inequalities hold with other constants in place
of 2. Namely, suppose that ¢¢(ty) = || f||cc. Then

|f ()P

e @(t)l_p(t) for a.e. tg <t <1

o(to) = Iflo,  ¢'(t) =

yields
O'(t) < p(t) forae tg<t<1.

Observe that p(1) < y(1) where y is the solution to ' = y with y(0) = || oo,

that is, y(t) = || flloce’.

Let a € (1,2) be the solution to a® = e. Then b”/x is increasing in x > 1
for all b > a.

PROPOSITION 3.2. The following inequalities hold whenever defined:

(1) =110 5pf e < pyspsf o)
(2) 13 lp (<) Fllpn () < 1oy () <pa() Fllpa(y

B3) [1fllpey < ell flloo-

Proof. The last inequality was already proved, and we will verify the
middle inequality which is the most complicated one.

Suppose that pi(-) < pa(-) and f € LP10), with I fllp ) =1+ ae.

We wish to exclude the case where ¢,,() (1) < 1, so suppose that
©ps(),£(1) < 1. Let [r,1] be the maximal interval on which ¢, ¢(t)
< 0py(),£(t) (and @p, . (1) < 1). Let A C [0, 1] be the set where |f(t)| > a.
On [r,1] N A we have

2 (t) 1
|f§?2)(’:) (pp2(')7f(t)1 palt - ’fél)(‘p) S0131( )s f(t)l_pl(t)'
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Indeed, in this set we have

MOl Gl

p2(t) T ()
and
Poo (. (1) 720 > 0,0 s ()T > g ) ()P0,
Thus
#p1() (1) Ppa(-) ( )
! P1 f pg(t)
- S < ( ’ ,f(t)l_pl(t) | ;2)(’ ) ¢p2( Y, f(t)l—pz(t)> dt

pl(t) pa(t
S < ’ pl(.)7f(t)1_p1( ) ’f( )‘ S01)2(.)7]((15)1—192(15)> dt

r1]NA pa(t)

f() P () _ f @Y 1_2()>
JrrlS]\A( pi(t) P07 (0 p2(t) T P 070 )t

[ )

S <|f( )|p1(t) (t)lfpl( ) |f( )‘m(t) e 0h ), f(t)lpz(t)> dt

= ©pq (-
i p1(t) P1(-),f pa(t)
|f ()P 1—p1 (1)
< (,Dpl(.)dc(t) Pt dt
ripa Pl ()

< papaflpie < llalpaipalpi o < llalpallp ) < ellaljplleo = ae.
Thus ©,,),¢(1) > (1 +ae) —ae=1. =

The following fact connects the investigated varying exponent norm with
the Nakano LP() norms

ol - mf{)\ -0 gp(lt)<|g(;)|>p<t> y- 1}'

PROPOSITION 3.3. Let pe LO, p(-) > 1, and f € LPY) (ODE-determined).
Then

17 lloey < 1 Fllney < 20 lpe)-

Proof. To prove the left-hand estimate it suffices to check that if A =
1£[lp(.), then

RTINS
(*) §)p(t<)\> dt < 1.
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So, suppose that 0 < ¢¢(1) = A; then
FOPY
t AT~ A 1=p(t)
#r(t) 2 p(t)
(with strict inequality in a set of positive measure if f # 0) so that

FOPD 1 O
A =pp(1) > )\ -2 gy — (AL (L] dt.
! § p(t) 3 p()\ A
We will show that this yields (¥). We may restrict to the case || f[l,) = 1
by the positive homogeneity of the norms. If || f[|,) < 1 then we have the
claim, so assume that 0 < ¢y < 1 is such that ¢(tp) = 1. Then

[P
@(t) < () for a.e. t € [to, 1].
Thus
1 1
fFOP \f(t
(Pf(l)gl‘i‘tsop(t) +§) p(t dt—1+|”f|||P -

Thus the above Nakano norms are equivalent to the ODE-driven norms
considered here. However, these norms do not coincide in general. For ex-
ample, if pi(-) is 1 on [0,1/2) and 2 on [1/2,1] and pa(-) is defined in the
opposite way, then [|f[l,, ) = [|fllp.) in the case of Nakano norms (or
Musielak—Orlicz norms) for any f with f(s) = f(1/2+s) for 0 < s < 1/2.
The same rearrangement invariance condition does not hold for our || - |,y
norms. Indeed, for the constant function 1 we have

1\ 1 V3 1 1

We can use the above ideas to construct counterexamples as well.

EXAMPLE 3.4. Let p: [0,1] — [1,00) be a measurable function defined

by
1 2 1—p(t) 1
p(t) (3> Tt 1/2

if t € (1/2,1], and p(t) = 1 on [0,1/2]. Then the constant function f =1 is
not in LPC).

would be 1/2. Suppose that ¢ty >

Assuming the contrary, clearly ¢ )
< tg. Then we would have

(1/2
1/2 is such that () <2/3 for 1/2 <t

1 1 fo o
—2290f(t0)—80f<2> - S P(t)dt > S t_1/2dt:oo
1/2 1/2

Wl N
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contradicting the assumption that f was in the class, that is, had an abso-
lutely continuous solution ¢;. However, if we allow initial values ¢(0) =
xo > 1/2, then we have nice corresponding solutions.

Also note that 11919+ 1j0,1] € LPC) . This means that in general the LP()
class need not be an ideal in the sense of Banach lattice theory, i.e. g € LP(),
feLl |fl <g, does not imply f € LP()

In the above example, we have (1j9,1/9] + 1j01]), 10,172 € Lr¢) and
(1[0,1/2] + 1[0’1]) — 1[071/2} = 1[0’1] ¢ LPO). This shows that for some p(+)
the class LP() fails to be a linear space. This example is a manifestation of

the principle that the higher the value of ¢, the more stable the differential
equation becomes, ceteris paribus.

3.1. The essentially bounded exponent case. Let us take a look
at the nice case where p := esssup, p(t) < oo, as it turns out that the
corresponding spaces have less pathological properties.

We have observed previously that LP() classes need not have the ideal
property in general. However, in the case p < oo the conditions g € LP(),
|f] < g do imply that also f € LP(). This follows immediately from the
following observation.

PROPOSITION 3.5. Suppose that p < oo, g € LPO), |f| < |g|, and 0 <
zo < 1 is a given initial value. Then f € LP") and

) 1-p
Ll ( > .
|90f,x0| = |(pg,$0| @g,mo(l)

Proof. Consider a simple seminorm N applied to f, g and with the
above initial value: ¢(t) = [[1jo4 fllny and ¥ (t) = [|1 4glln- Clearly ¢ < 1.
Denote by p(-) the corresponding piecewise constant exponent. According
to Lemma we may differentiate ¢ and v a.e. We obtain

_If@pY
p(t)

248« () ()"

The existence of the solution for f follows from Theorem below. m

WP 1m0, ey = WOLD 1o,

SO

In particular we remain within the class if we restrict supports.

PROPOSITION 3.6. Let p < oo, f € L) and A, C [0,1] a sequence of
measurable subsets such that m(A,) — 0 as n — oo. Then |14, flp.) — 0
as n — oo.
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Proof. Fix € > 0. We claim that given an initial value o = ¢ > 0, there
is ng € N such that

(3.1) P14, fo0(1) <26, n>mng.

This clearly yields the statement of the lemma.
The absolute continuity of the solution ¢ ., implies that

S O 4o (t)dt =0, 1 — oo,
An
This observation together with Proposition yields (3.1)). m

Then L ¢ LP() is dense by the triangle inequality. For a general mea-
surable exponent p: [0,1] — [1,00) we define a natural Banach subspace

LB = | J{Lpyenf: € DO} € D00,

neN

THEOREM 3.7. For a general measurable exponent p(-) the above Banach
space satisfies Lg(') c LPO). In particular, in the case p < oo, we have
LPO) = LPO) | and consequently LP) is a Banach space.

Proof. First we will verify the latter part of the statement, so assume
that p < co. Let f € LP(), Similarly to the above, let D; C [0,1], i € N, be
measurable compact subsets such that both f|p, and p|p, are continuous
and m(D;) — 1 as i — oo. Set

Yi(t) == 1.90p, fll7r0)

where we consider the functions with a common initial value 0 < xg < 1.
We find that each 1); is absolutely continuous and

p(t)
;—'1’;;£|) ()P e

Note that
Vi(t) () = Ny fllzee
for t € [0,1] as i — oo by the absolute continuity of simple seminorms.
Using the positivity of the initial value x¢p and p < co, by studying the
derivatives 1)} we obtain

O

32) )T

We conclude that 1 is absolutely continuous and |f[P()/p(-) € L'.
According to Dini’s theorem, ¢; — 1) converges uniformly on [0, 1]. More-
over, by again using the positivity of the initial value and p < oo we get
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i(0)17P®) = 4p(¢)1=P®) in L>®°-norm as i — co. Thus

/ ‘f’p(t) 1—
U
in L', and hence
T (t)
W(T) =z + | %w(t)lp(ﬂ dt, T e€[0,1].
0

This shows that 1 is a solution witnessing that f € LP()| since zy was
arbitrary.

To verify the first part of the statement, fix f € Lg('); we aim to show
that f € LPO)| i.e. there is a solution oy Let fr, = 1,()<pf for n € N. Clearly
fn 7 fae asn — oo. As above, it follows from the triangle inequality that
¢, /" ¢ uniformly for a suitable ¢. We consider all the solutions with a
common positive initial value xg > 0.

For each k£ € N and € > 0 there exist by Egorov’s theorem a set D C
{t €10,1]: p(t) < k} such that m({t € [0,1]: p(t) < k}\ D) < € and

p(t p(t)
I ;(1') 101770 = O g0
uniformly on D as n — co. Thus

S ‘fn;(i‘)p SOfn(t)l M) gt — S ’fifgt‘) ¢(t)1—p(t) dt.
D D

Since € was arbitrary, Proposition 3.6] yields
p(t p(t)
S ‘f ( )’ Spf ( )1 —p(t) di — S ’f(t” ¢(t)1fp(t) dt

sk PO sy PO
for each k € N. Since ||f — 1,y<pn fllzp) — 0, we see that
p(t)
lim | |f()t| dt =0
k—o0 D>k p( )
Hence
[ |fa)P® 1—p(t PO
5, Vdt — \ ) PO g, T e o,1].
§ O § PORRAY 0.1]
Taking into account that ¢ — ¢ uniformly, we see that
p(t
o) = w0+ | L syi0 41, 7€ 0,1).
o o)

The above argument (recall (3.2))) yields the following fact.
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PROPOSITION 3.8. If p < oo, then f € L° is in LPO) if and only if

1 (?)
o

5 p@)

The LP() space construction here can be generalized to a multidimen-
sional setting Lp(')(Q) with domains {2 € R™, n > 1. There appear to be
several ways to accomplish this. For example, in some cases {2 can be conve-
niently decomposed into level sets of p(+); then taking the LP norms relative
to each level set and using the approach here to aggregate the LP norms
yields an LP()(£2) norm. We leave this for future research.
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