
BULLETIN OF THE POLISH

ACADEMY OF SCIENCES

MATHEMATICS

Vol. 64, No. 2-3, 2016

MATHEMATICAL LOGIC AND FOUNDATIONS

Some Notions of Separability of Metric Spaces in ZF and
Their Relation to Compactness

by

Kyriakos KEREMEDIS

Presented by Czesław BESSAGA

Summary. In the realm of metric spaces we show in ZF that:

(1) Quasi separability (a metric space X = (X, d) is quasi separable iff X has a dense
subset which is expressible as a countable union of finite sets) is the weakest property
under which a limit point compact metric space is compact.

(2) ω-quasi separability (a metric space X = (X, d) is ω-quasi separable iff X has a
dense subset which is expressible as a countable union of countable sets) is a property
under which a countably compact metric space is compact.

(3) The statement “Every totally bounded metric space is separable” does not imply
the countable choice axiom CAC.

1. Notation and terminology. Let X = (X, d) be a metric space,
x ∈ X and ε > 0. Then B(x, ε) = {y ∈ X : d(x, y) < ε} denotes the open
ball in X with center x and radius ε. Given B ⊆ X, δ(B) = sup{d(x, y) :
x, y ∈ B} ∈ R+ ∪ {∞} will denote the diameter of B.

X is said to be bounded iff δ(X) <∞.
X is said to be separable iff D = X for some countable subset D of X.
Let U be an open cover of X. We say that U has a Lebesgue number δ > 0

iff for every A ⊆ X with δ(A) < δ there exists U ∈ U with A ⊆ U .
Given ε > 0, a subset D of X is called ε-dense iff for every x ∈ X,

B(x, ε) ∩D 6= ∅, or equivalently X =
⋃
{B(d, ε) : d ∈ D}. A finite ε-dense

set D of X is called an ε-net.
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X is said to be Lebesgue iff every open cover ofX has a Lebesgue number.
X is said to be almost separable iff for every ε > 0 there is a countable

(finite or countably infinite) ε-dense subset D of X.
X is said to be strongly almost separable iff it admits a sequence (Dn)n∈N

such that for all n ∈ N, Dn is a countable 1/n-dense subset X.
X is said to be totally bounded iff for every ε > 0, there exists an ε-net

of X.
X is said to be strongly totally bounded iff it admits a sequence (Dn)n∈N

such that for all n ∈ N, Dn is a 1/n-net of X.
X is said to be precompact iff for every ε > 0, X can be covered by

finitely many open discs of radius ε.
X is said to be strongly precompact iff it admits a sequence (Un)n∈N such

that for every n ∈ N, Un is a finite cover of X consisting of open discs of
radius 1/n.

X is said to be compact or Heine–Borel compact iff each of its open covers
has a finite subcover.

X is said to be countably compact iff each of its countable open covers
has a finite subcover.

X is said to be sequentially compact iff each of its sequences has a limit
point.

X is said to be limit point compact iff every infinite subset of X has a
limit point.

X is said to be sequentially bounded iff each of its sequences admits a
Cauchy subsequence.

X is said to be complete iff each of its Cauchy sequences converges.
X is Cantor complete iff

⋂
{Gn : n ∈ ω} 6= ∅ for every descending family

{Gn : n ∈ ω} of non-empty closed subsets of X with limn→∞ δ(Gn) = 0.
We recall that if {Xn = (Xn, dn) : n ∈ N} is a family of metric spaces

then the function d : X ×X → R, X =
∏

n∈NXn, given by

d(x, y) =
∑
n∈N

ρn(xn, yn)

2n
,

where ρn(a, b) = min{1, dn(a, b)} for all n ∈ N, is a metric, and the metric
topology it induces coincides with the product topology. We shall always
assume that whenever a family {Xn = (Xn, dn) : n ∈ N} of metric spaces is
given, then δ(Xn) ≤ 1 for all n ∈ N, and the product X =

∏
n∈NXn carries

the metric d.
An infinite set X is said to be Dedekind-infinite (resp. weakly Dedekind-

infinite) iff X contains a countably infinite set (resp. P(X) contains a count-
ably infinite set). Otherwise X is said to be Dedekind-finite (resp. weakly
Dedekind-finite).
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Below we list some of the weak forms of the axiom of choice we shall deal
with.

• CAC (Form 8 of [4]): For every countable family A of non-empty sets
there exists a function f such that f(x) ∈ x for all x ∈ A.
• CAC(R) (Form 94 of [4]): CAC restricted to families of non-empty

subsets of R. Equivalently (see e.g. [2]), every family A = {An : n ∈ N}
of disjoint dense subsets of R has a choice set.
• CACω(R) (Form 5 of [4]): CAC(R) restricted to families of non-

empty countable subsets of R. Equivalently (see e.g. [3]), every count-
able family of disjoint non-empty countable subsets of the real line has
an infinite subfamily with a choice function.
• CUC (Form 31 of [4]): The countable union of countable sets is count-

able.
• CACfin (Form 10 of [4]): CAC restricted to countable families of non-

empty finite sets. Equivalently (see Form [10 O] in [4]), every infinite
well-ordered family A of non-empty finite sets has a partial choice set,
i.e., some infinite subfamily B of A has a choice set.
• IWDI (Form 82 of [4]): Every infinite set is weakly Dedekind infinite.

2. Introduction and some preliminaries and known results. In
this paper, the intended context for reasoning and statements of theorems
will be the Zermelo–Fraenkel set theory ZF. To indicate that a result is
proved in ZF (resp. ZFC (= ZF + AC)) we shall start the statements of
the theorems and propositions with (ZF) (resp. (ZFC)).

The notions of strongly totally bounded (stb for abbreviation), strongly
precompact (sp), quasi separable (qs), ω-quasi separable (ω-qs), almost sep-
arable (as) and strongly almost separable (sas) are new here. Some of these
notions are consequences of separability but some others are not. However,
in ZF+CAC they all imply separability. The following ZF implications:

• s (separable) → p, ∀p ∈ {qs, ω-qs,as, sas},
• qs → ω-qs, sas → p, ∀p ∈ {ω-qs,as},
• tb (totally bounded) ↔ p (precompact),
• sp → p,
• tb → as, and
• stb → p, ∀p ∈ {tb, as, sas, ω-qs, sp}

are straightforward and are left as a warm-up exercise for the reader. We
also observe:

1. The real line R has each of the properties listed in A = {s,as, sas,
qs, ω-qs} but none of the properties listed in B = {tb, stb, sp}.
Hence, the non-implications p9 q, p ∈ A, q ∈ B, hold true in ZF.
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2. In the basic Cohen modelM1 in [4], the subspace X, X = A∩ (0, 1),
of the real line R, where A denotes the set of all added Cohen
reals, is totally bounded but has none of the properties listed in
C = {s, sas,qs, ω-qs, stb, sp} (recall that A is a dense, Dedekind
finite subset of R). Hence, all non-implications tb 9 p, p ∈ C, are
consistent with ZF.

Table 1 below contains the ZF implications/non-implications which we
shall establish in this article, as well as the ZF implications/non-implications
which remain open. The interpretation of the table is self-evident: If the entry
with row heading x and column heading y is → (resp. 9) then x→ y (resp.
x9 y). If it is ? then it is not known whether x→ y or x9 y.

Table 1

stb sp s qs ω-qs tb sas as

stb → → 9 → → → → →
sp ? → 9 ? ? → ? ?

s 9 9 → → → 9 → →
qs 9 9 9 → → 9 9 9
ω-qs 9 9 9 9 → 9 9 9
tb 9 9 9 9 9 → 9 →
sas 9 9 9 9 → 9 → →
as 9 9 9 9 9 9 9 →

The following has been established in [9], [6] and [7]:

Theorem 1. Let X = (X, d) be a metric space. Then:

(a) [6] (ZFC) The following are equivalent:

(i) X is compact.
(ii) X is limit point compact.
(iii) X is sequentially compact.
(iv) X is Cantor complete and totally bounded.
(v) X is complete and totally bounded.
(vi) X is complete and sequentially bounded.
(vii) X is countably compact.

(b) [6] (ZF) If X is separable then (i)–(vii) are equivalent.
(c) [9] (ZF) X is sequentially compact iff it is complete and sequentially

bounded.
(d) [9] (ZF) X is compact iff it is totally bounded and Lebesgue.
(e) [7] (ZF) Every sequentially compact metric space is compact iff every

compact metric space is separable.
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Table 2 records the implications/non-implications which hold between
the forms of compactness listed in Theorem 1. In Table 2, c, lpc, sc, ctb,
cctb and cc abbreviate: compact, limit point compact, sequentially com-
pact, complete and totally bounded, Cantor complete and totally bounded and
countably compact respectively.

Table 2

c lpc sc ctb cctb cc

c → → → → → →
lpc 9 → → 9 9 9
sc 9 9 → 9 9 9
ctb 9 9 → → 9 9
cctb 9 9 → → → 9
cc 9 9 → 9 9 →

For the non-implications of Table 2 counterexamples are provided in [6].
Since the c-line and the sc-column of Table 2 contain only →’s, it follows
that Heine–Borel compactness is the strongest and sequential compactness
is the weakest form respectively among all forms of compactness listed in
Theorem 1. Also, part (b) of Theorem 1 indicates that in ZF, compactness
= sequential compactness in the class S of all separable metric spaces. In
view of the latter observation one may ask:
• Is there a property p weaker than separability such that the statement
sc→ c (“Every sequentially compact metric space is compact”) (resp.
ctb→ c, cctb→ c, lpc→ c, cc→ c) is true in ZF?

Remark 1. In view of the following observations, p cannot be second
countability.

(1) In M1 the subspace A of the real line R is second countable and
sequentially compact. Indeed, every sequence in A has a finite range. There-
fore, every sequence has a limit point and A is sequentially compact. How-
ever, A is not compact because the open cover U = {(n, n+ 1)∩A : n ∈ Z}
of A has no finite subcover.

(2) The subspace A of the real line R mentioned in (1) is also limit point
compact. Indeed, ifK ⊆ A is an infinite subset of A without limit points then
K is a second countable, discrete metric space. Therefore, if B is a countable
base for K then {{x} : x ∈ K} ⊆ B, and consequently K is a countably
infinite subset of A, contradicting the fact that A is Dedekind finite.

(3) The subspace X of R mentioned in item 2 at the beginning of the
section is second countable, complete (every Cauchy sequence in X has a
finite range), limit point compact (for the same reason as A in (2)) and
totally bounded but not compact.
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We list the following theorems for future reference.

Theorem 2.

(a) [6] (ZF) The product X =
∏

i∈ω Xi of a family {(Xi, di) : i ∈
ω} of totally bounded (resp. sequentially compact, complete, Cantor
complete) metric spaces is totally bounded (resp. sequentially com-
pact, complete, Cantor complete).

(b) [6] (ZF) Let X = (X, d) be a metric space and D be a dense subset
of X. Then:

(i) X is totally bounded iff D is totally bounded.
(ii) X is Lebesgue iff D is Lebesgue.

Theorem 3 ([7]). The statement “Every sequentially compact metric
space is compact” implies each of the following:

(i) The product of a countable family of compact metric spaces is com-
pact.

(ii) Every family A = {Ai : i ∈ ω} of non-empty compact metric spaces
has a choice function.

(iii) Every sequentially compact metric space is separable.

Next we observe that, in contrast to Theorem 2(a), countable compact-
ness is not countably productive in ZF.

Theorem 4.

(i) The statement “The countable product of countably compact met-
ric spaces is countably compact” implies “Every countable family of
countably compact metric spaces has a choice set” and CACfin.

(ii) The statement “Every countably compact metric space is compact”
implies IWDI.

Proof. (i) Fix a family {Xn = (Xn, dn) : n ∈ N} of countably compact
metric spaces. Without loss of generality we may assume that each member of
the family has diameter ≤ 1. For every n ∈ N, let∞n /∈ Xn, Yn = Xn∪{∞n}
and define a metric ρn : Yn × Yn → R by

ρn(x, y) =


0 if x = y,

dn(x, y) if x, y ∈ Xn,

1 if x ∈ Xn and y =∞n.

Clearly, for every n ∈ N, Yn is a countably compact metric space. By our
hypothesis, Y =

∏
n∈NYn is countably compact. Since G = {π−1

n (Xn) :
n ∈ N} is clearly a countable family of closed subsets of X with the finite
intersection property, it follows that

⋂
G 6= ∅. It is easy to see that every

member of the latter intersection is a choice function of the family {Xn :
n ∈ N}.
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The second assertion follows from the first one and the observation that
any finite set A endowed with the discrete metric is a countably compact
metric space.

(ii) Fix an infinite set X and let d be the discrete metric on X. Clearly,
X is not compact. Hence, by our hypothesis, X is not countably compact.
Thus, X has a countable open cover U without a finite subcover, meaning
that U is countably infinite. Hence, IWDI holds true.

In view of Theorem 3, separability is the weakest property p such that
every sequentially compact metric space having the property p is compact. In
Theorem 14 below we show that the statement “Every complete (resp. Can-
tor complete) and totally bounded metric space is compact” implies “Every
complete (resp. Cantor complete) and totally bounded metric space is sepa-
rable”. Hence, separability is the weakest property for the ZF validity of the
implications ctb → c (“Every complete and totally bounded metric space
is compact”) and cctb → c (“Every Cantor complete and totally bounded
metric space is compact”).

In Corollary 13 we observe in ZF that a quasi separable metric space is
compact iff it is limit point compact iff it is countably compact. In view of
the latter equivalences one may ask:

• Is there a property p weaker than quasi separability such that the
implication lpc→ c (resp. cc→ c) is true in ZF?

We show in Theorem 16 that for the limit point compact case the answer
is negative, but for the countably compact case the answer is affirmative.

Theorem 5 ([10]). CAC implies “Every totally bounded metric space is
separable”.

It is known (see e.g. [4]) that in the ZF model M1, CUC holds true.
By Remark 1, the subspace X, X = (0, 1) ∩ A, of the real line R is totally
bounded but not separable. Hence, CUC does not imply the statement
“Every totally bounded metric space is separable”. So, it seems that the
latter statement is strong enough (we will see in Proposition 8 that it implies
CAC(R)) and one may ask, in view of Theorem 5, if it implies CAC. We
show in Theorem 9 that the answer is negative. Since CUC clearly implies
“Every strongly totally bounded metric space is separable”, we see that strong
total boundedness is really stronger than total boundedness in ZF.

3. Almost separability, strong almost separability and strong to-
tal boundedness. Clearly, in ZFC the notions of strongly totally bounded,
strongly precompact, totally bounded and precompact metric spaces coin-
cide. Likewise, the notions of quasi separable, ω-quasi separable, almost sep-
arable, strongly almost separable and separable metric spaces also coincide.
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However, as expected, in ZF they are no longer equivalent. We demonstrate
this fact in propositions to follow.

By Remark 1, the subspace X, X = (0, 1)∩A, of the real line R inM1 is
second countable and totally bounded but not separable. Our first result in
this section shows in ZF that second countable and strongly totally bounded
metric spaces are separable.

Proposition 6. (ZF) Let X = (X, d) be a metric space. Then:

(i) X is separable iff it is second countable and quasi separable.
(ii) If X is strongly totally bounded then it is quasi separable. The con-

verse fails.

Proof. (i) (→) This is straightforward.
(←) Fix a countable base B = {Bn : n ∈ N} and a sequence (Dn)n∈N of

finite subsets of X such that D =
⋃
{Dn : n ∈ N} is dense in X. Use the

well-ordering of B to define, for every n ∈ N, a well-ordering on Dn. Then
D is countable as a countable union of well-ordered finite sets.

(ii) The first assertion of (ii) is obvious. For the second, simply note that
the real line is separable but not totally bounded, hence not strongly totally
bounded.

Proposition 7.

(i) Each of the statements: “Every almost separable metric space is sepa-
rable” and “Every strongly almost separable metric space is separable”
implies CUC. In addition CUC implies the second statement.

(ii) Each of the statements: “Every strongly totally bounded metric
space is separable”, “Every quasi separable metric space is separable”
and “Every strongly precompact metric space is separable” implies
CACfin.

(iii) Each of the statements: “Every strongly almost separable metric
space is quasi separable” and “Every almost separable metric space
is quasi separable” implies CACω(R).

(iv) Each of the statements: “Every quasi separable metric space is
strongly almost separable” and “Every quasi separable metric space
is almost separable” implies CACfin.

(v) Each of the statements: “Every ω-quasi separable metric space is
strongly almost separable”, “Every ω-quasi separable metric space is
separable” and “Every ω-quasi separable metric space is almost sep-
arable” is equivalent to CUC.

Proof. (i) Fix a disjoint family A = {Ai : i ∈ N} of countable sets. Let
X =

⋃
{Ai : i ∈ N} and d : X ×X → R be the metric given by
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(1) d(x, y) =

{
0 if x = y,

1/n if x ∈ An, y ∈ Am and n ≤ m.

We claim that for every n ∈ N,

(2) Dn =
⋃
{Ai : i ≤ n+ 1}

is a countable 1/n-dense subset of X. Indeed, for every n ∈ N, Dn being a
finite union of countable sets is countable. Furthermore, if x ∈ X \Dn then
x ∈ Am for some m > n+ 1. Hence, for every y ∈ An+1, 1/n > 1/(n+ 1) =
d(x, y) ≥ d(x,Dn), and so Dn is 1/n-dense in X as claimed. Hence, X is
strongly almost separable. Fix, by our hypothesis, a countable dense set

(3) Q = {qn : n ∈ N}
of X. Since d induces the discrete topology on X, it follows that B = {{x} :
x ∈ X} is a base for X. Hence, for every x ∈ X, x = qn for some n ∈ N,
meaning that X = Q is countable as required.

The second assertion is straightforward.
(ii) Fix a disjoint family A = {Ai : i ∈ N} of non-empty finite sets. Let

X, d and Dn, n ∈ N, be given by (1), (2) and (3) respectively. Clearly, for
every n ∈ N, Dn is a 1/n-net of X and

Bn =
{
B(x, 1/n) : x ∈

⋃
{Ai : i ≤ n+ 1}

}
is a countable open cover of X consisting of open balls of radius 1/n. Hence,
X is strongly totally bounded, strongly precompact and quasi separable.
Hence, in any case, X has a countable base B. Since d induces the discrete
topology, it follows that {{x} : x ∈ X} ⊆ B. Hence, X is countable, A has a
choice set and CACfin holds true.

(iii) Fix a disjoint family A = {Ai : i ∈ N} of countable subsets of R
and let X =

⋃
{Ai : i ∈ N}. Without loss of generality we may assume

that An ⊆ (1/(n + 1), 1/n) for every n ∈ N. Clearly, for every n ∈ N,
Dn =

⋃
{Ai : i ≤ n} is a countable 1/n-dense subspace X of R, and the

open balls of radius 1/n whose centers are from Dn cover X. So, X is almost
separable and strongly almost separable. Hence, by our hypothesis, X is
quasi separable. Fix a family Q = {Qn : n ∈ N} of finite subsets of X
with dense union. Since for every n ∈ N, An is an open subset of X and
Q =

⋃
Q is dense in X, it follows that there exists the least kn such that

Qkn∩An 6= ∅. Clearly, the mapping An 7→ min(Qkn∩An) is a choice function
for A, finishing the proof of (iii).

(iv), (v) (→) Fix a disjoint family A = {Ai : i ∈ N} of non-empty finite
(resp. countable) sets. Let X =

⋃
{Ai : i ∈ N} and let d be the discrete

metric on X. Clearly, X is quasi separable (resp. ω-quasi separable). By our
hypothesis, X has a 1/2-net (resp. a countable 1/2-dense subset). However,
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the only 1/2-net (resp. countable 1/2-dense subset) subset of X is X itself.
Hence, X is countable and A has a choice set.

(v) (←) This is obvious.

Clearly, every strongly totally bounded (resp. every strongly precom-
pact) metric space is totally bounded (resp. precompact). Next we show
that the statements “Every totally bounded metric space is strongly totally
bounded” and “Every precompact metric space is strongly precompact” can-
not be proved in ZF. In contrast to the well known fact that the properties
of total boundedness and precompactness are hereditary in ZF, we also show
that strong total boundedness and strong precompactness are not hereditary.

Proposition 8.

(i) Each of the statements: “Every totally bounded metric space is
strongly totally bounded”, “Every totally bounded metric space is sep-
arable” and “Every precompact metric space is strongly precompact”
implies CAC(R).

(ii) Each of the statements: “Every subspace of a strongly totally bounded
metric space is strongly totally bounded” and “Every subspace of
a strongly precompact metric space is strongly precompact” implies
CAC(R).

Proof. (i) Fix a family A = {An : n ∈ N} of dense subsets of R. For every
n ∈ N, let Xn = (1/(n+1), 1/n)∩An, and set X =

⋃
{Xn : n ∈ N}. Clearly,

the subspace X of R is totally bounded. Let, by our hypothesis, (Dn)n∈N,
(Un)n∈N satisfy the definition of strongly totally bounded and strongly pre-
compact respectively for the space X, and S be a countable dense subset
of X. Clearly the sets D =

⋃
{Dn : n ∈ N} and Q =

⋃
{Qn : n ∈ N}, where

for every n ∈ N, Qn denotes the centers of the balls of Un, are dense in X.
Since X = [0, 1], it follows that for every n ∈ N each ball in Un has a unique
center. Hence, for every n ∈ N, Qn is a 1/n-net of X. Assume for convenience
that Qn = Dn for every n ∈ N. It is easy to see that D is countable and
we may also assume that D = S. Since for every n ∈ N, Xn is open in X,
it follows that Xn ∩D 6= ∅. Clearly the mapping An 7→ dn, where dn is the
first member of D lying in Xn, is a choice function of A.

(ii) Fix A and X as in part (i). We claim that the subspace [0, 1] of R is
strongly totally bounded. Indeed, for every ε > 0, Uε = {(q − ε, q + ε) : q ∈
[0, 1] ∩ Q} is an open cover of [0, 1]. Hence, by the compactness of [0, 1] it
has a finite subcover. Let Qε be the first member of [[0, 1] ∩Q]<ω such that
[0, 1] ⊆

⋃
{(q−ε, q+ε) : q ∈ Qε}. Clearly, Qε is an ε-net of [0, 1]. Hence, [0, 1]

is strongly totally bounded and strongly precompact. Thus, the subspace X
of [0, 1] of part (i) has the same properties and A has a choice function.
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Theorem 9. The negation of “Every strongly precompact (resp. totally
bounded) metric space is separable implies CAC” is consistent with ZF.

Proof. We claim that in the Jech/Levy/Pincus model N16 in [4] (N16
is obtained by considering a set A of atoms of cardinality ℵω and letting the
ideal of supports be the set of all subsets of A of cardinality less than ℵω),
the statement “Every strongly precompact (resp. totally bounded) metric
space is separable” holds true. We recall (see e.g. [4, p. 194] and [5, Theorem
8.9, p. 124]) that the statement

Wℵω : For every i ∈ ω, for every set X, either |X| ≤ ℵi or ℵi ≤ |X|

holds true in N16. Without loss of generality we may assume that the kernel
of N16 satisfies |P(R)| = ℵ2.

Fix a strongly precompact (resp. totally bounded) metric space X =
(X, d) in N16. We show that X is separable. By Wℵω , either X is well-
orderable or it contains a well-ordered subset Y of size ℵ2. We will show
that the second case is excluded. We need the following claim.

Claim 1. Y is strongly precompact (resp. totally bounded).

Proof of Claim 1. Since the notions of strong total boundedness, to-
tal boundedness and strong precompactness coincide for well-ordered metric
spaces, it suffices to show that Y is totally bounded. Assume the contrary
and fix n ∈ N such that Y has no 1/n-nets. Via a straightforward induction
we can show that Y has a subspace A, A = {ai : i ∈ ℵ0} such that

for all distinct i, j ∈ ℵ0, d(ai, aj) ≥ 1/n.

Since X is totally bounded, for ε = 1/(3n) there exists an ε-net C = {ci :
i ≤ k} of X, i.e., X =

⋃
{B(ci, 1/(3n)) : i ≤ k}. It is easy to see that there

exist i ≤ k and x, y ∈ A ∩B(ci, 1/(3n)) with x 6= y. Hence

1/n ≤ d(x, y) ≤ d(x, ci) + d(ci, y) < 2/(3n).

This is a contradiction. So, Y is totally bounded as required.

Use Claim 1 and the well-ordering of Y to define for every n ∈ N a
1/n-net Dn of Y. Then D =

⋃
{Dn : n ∈ N} is a countable, dense subset

of Y. We have
ℵ2 = |Y | ≤ |P(D)| = ℵ1.

This is a contradiction. Hence, X does not have subsets of size ℵ2, and
consequently |X| ≤ ℵ1. Working as in Claim 1 with X in place of Y, we can
show that X is separable. Hence, “Every strongly precompact (resp. totally
bounded) metric space is separable” holds true in N16.

It is known (see e.g. [4, p. 194] and [5, Theorem 8.9, p. 124]) that CAC
fails in N16. Since Wℵω and CAC are transferable in ZF, it follows that
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there exists a ZF model satisfying “Every strongly precompact (resp. totally
bounded) metric space is separable” and the negation of CAC, finishing the
proof of the theorem.

It is well known (see e.g. [1]) that CAC(R) is equivalent to the assertion
“Every second countable metric space X = (X, d) is separable”. We show
next that in the latter equivalence separability can be replaced by almost
separability.

Theorem 10. The statement “Every second countable metric space X =
(X, d) is almost separable” is equivalent to CAC(R).

Proof. (←) This is straightforward.
(→) Fix a disjoint family A = {An : n ∈ N} of non-empty dense subsets

of R. Since for any x, y ∈ R with x < y a homeomorphism f : R → (x, y)
can be defined in ZF, we may assume that for all n ∈ N, An ⊆ (2n, 2(n+1))
is dense in the subspace (2n, 2(n + 1)) of R. Let X =

⋃
{An : n ∈ N} and

d : X × X → R be the restriction of the usual metric of R to X. Since R
is second countable, so is X. Fix, by our hypothesis, a countable 1/2-dense
subset D = {dn : n ∈ N} of X. Hence for every n ∈ N, An is an open subset
of X such that An ∩D 6= ∅. [Indeed, for every x ∈ An there exists nx ∈ N
such that x ∈ B(dnx , 1/2). Fix x ∈ An such that d(x, 2n+1) < 1/3; then x ∈
B(dnx , 1/2), hence d(dnx , 2n+1) ≤ d(dnx , x)+d(x, 2n+1) < 1/2+1/3 < 1,
meaning that dnx ∈ An ∩ D.] Clearly, c = {cn : n ∈ N}, where for every
n ∈ N, cn is the first member of D which is in An, is a choice set for A,
finishing the proof of the theorem.

4. Sequential, limit point and countable compactness of metric
spaces. In the first result of this section we show that, in contrast to The-
orem 1, none of the statements: “A sequentially compact, quasi separable
metric space is compact” and “A complete, totally bounded, quasi separable
metric space is compact” is provable in ZF.

Theorem 11. Each of the statements:

(i) “A sequentially compact, quasi separable metric space is compact”,
(ii) “A complete, totally bounded, quasi separable metric space is com-

pact”,
(iii) “A limit point compact (resp. countably compact) quasi separable

metric space is separable”

implies CACfin.

Proof. (i)&(ii) Assume the contrary and fix a disjoint family A =
{Ai : i ∈ N} of finite, non-empty sets without a partial choice set. Set
X =

⋃
{Ai : i ∈ N} and let d : X × X → R be the metric given by (1).
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It is easy to see that X is quasi separable and totally bounded. Since every
sequence in X has a finite range, it follows that X is complete and sequen-
tially compact. Hence, by our hypothesis, X is compact. However, the open
cover U = {{x} : x ∈ X} of X has no finite subcover, a contradiction. Thus,
CACfin holds true as required.

(iii) Fix a disjoint family A = {Ai : i ∈ N} of finite non-empty sets. Let
X =

⋃
{Ai : i ∈ ω} ∪ {∞} with ∞ /∈

⋃
{Ai : i ∈ ω} and d : X ×X → R be

the metric given by

d(x, y) =


0 if x = y,

1/n if x ∈ An, y ∈ Am and n ≤ m,
1/n if x ∈ An, y =∞.

Clearly, X is quasi separable and compact. Thus, X is limit point compact
(resp. countably compact) and, by our hypothesis, separable. It is not hard
now to define a choice set for A.

In view of Theorem 11 and the fact that a quasi separable pseudometric
space X = (X, d) is compact iff it is limit point compact (see e.g. [8]), one
may suspect that “A limit point compact, quasi separable metric space is
compact” is true. We show next that this is indeed the case.

Theorem 12.

(i) (ZF) Let X = (X, d) be a quasi separable metric space. Then X is
compact iff it is limit point compact.

(ii) (ZF) Let X = (X, d) be an ω-quasi separable metric space. Then X
is compact iff it is countably compact.

Proof. (i) (→) This is straightforward.
(←) FixX as in the statement of the theorem and letD =

⋃
{Dn : n ∈ N}

be a dense subset of X where Dn is finite for every n ∈ N. We will show that
X is compact. To this end, in view of Theorems 1 and 2, it suffices to show
that D is totally bounded and X is Lebesgue.

To prove that D is totally bounded, assume, aiming for a contradiction,
that there exists some ε > 0 such that D cannot be covered by finitely many
open discs of radius ε. Via a straightforward induction we construct a family
Q = {∅ 6= Qkn ⊆ Dkn : n ∈ N} such that (kn)n∈N is a strictly increasing
sequence of natural numbers and for all n ∈ N,

(4)
⋃{

B(x, ε) : x ∈
⋃
{Qki : i ∈ n}

}
∩Qkn = ∅,

i.e., d(Qkn , Qkm) ≥ ε for all distinct n,m ∈ N. We begin the induction by
setting k1 = 1 and Qk1 = Dk1 . Assume that k1 < · · · < kn have been
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constructed subject to (4). By our hypothesis, Wn =
⋃
{B(x, ε) : x ∈⋃

{Qki : i ≤ n}} 6= D. Let

kn+1 = min{i ∈ N : i > kn, Di \Wn 6= ∅}
and set Qkn+1 = Dkn+1 \Wn, terminating the induction.

Since S =
⋃
Q is infinite, it follows by our hypothesis that S has a limit

point s. Hence, B(s, ε/2) meets S in an infinite set. Since each Qkn , n ∈ N,
is finite, there exist distinct n,m ∈ N with

Qkn ∩B(s, ε/2) 6= ∅ and Qkm ∩B(s, ε/2) 6= ∅.
Fix xn and xm in the last two intersections respectively. It follows that
ε ≤ d(xn, xm) ≤ d(xn, s) + d(s, xm) < ε. This contradiction shows that X is
totally bounded as claimed.

To see that X is Lebesgue, it suffices in view of Theorem 2 to show that
for every open cover U of X there exists a δ > 0 such that for all d ∈ D
there are U ∈ U with B(d, δ) ⊆ U . Assume, aiming for a contradiction, that
U is an open cover of X such that for every m ∈ N, there are n ∈ N and
d ∈ Dn with B(d, 1/m) * U for all U ∈ U . For every m ∈ N, let nm be the
least n ∈ N such that for some d ∈ Dn, B(d, 1/m) * U for all U ∈ U . Set

Km = {d ∈ Dnm : B(d, 1/m) * U for all U ∈ U}
and let K =

⋃
{Km : m ∈ N}. We consider the following two cases:

(1) K is finite. In this case, there exists d ∈ K such that d ∈ Km for
infinitely many m ∈ N. Since U is an open cover of X, there is U ∈ U with
d ∈ U . Since U is open, there exists m0 ∈ N such that B(d, 1/m0) ⊆ U . Fix
m ≥ m0 such that d ∈ Km. Then B(d, 1/m) ⊆ B(d, 1/m0) ⊆ U . This is a
contradiction showing that (1) cannot be the case.

(2) K is infinite. In this case, we use the fact that X is limit point
compact and fix a limit point t of K. Since each Km, m ∈ N, is finite,
every open ball centered at t meets non-trivially infinitely many Km’s. As
in case (1) there exist U ∈ U and m0 ∈ N such that B(t, 1/m0) ⊆ U . Fix
x ∈ Km ∩B(t, 1/(3m0)) for some m ≥ 3m0. Then, B(x, 1/m) ⊆ B(t, 1/m0).
Indeed, if y ∈ B(x, 1/m) then

d(t, y) ≤ d(t, x) + d(x, y) < 1/(3m0) + 1/m ≤ 2/(3m0) < 1/m0.

Since B(t, 1/m0) ⊆ U , we see that B(x, 1/m) ⊆ U and x ∈ Km. This leads
to a contradiction. So, case (2) cannot occur either, finishing the proof of (i).

(ii) (→) This is obvious.
(←) Fix an ω-quasi separable, countably compact metric space X and

let D =
⋃
{Dn : n ∈ N} be a dense subset of X such that Dn is countable

for every n ∈ N. Clearly,

B = {B(x, 1/m) : x ∈ Dn, n,m ∈ N}
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is a base for X. We show that every cover U ⊆ B of X has a finite subcover.
Fix such an open cover of X. For every n ∈ N, let

On =
⋃
{B ∈ U : B has a center in Dn}.

Clearly, W = {On : n ∈ N} is a countable open cover of X. Hence, by our
hypothesis, W has a finite subcover V = {Oni : i ≤ k}. Since

Q = {B ∈ U : B has a center in Dni , i ≤ k}
is clearly a countable subcover of U , it follows by the countable compactness
of X that Q has a finite subcover G. Clearly, G is a subcover of U , and X is
compact as required.

Corollary 13. (ZF) Let X = (X, d) be a quasi separable metric space.
Then the following are equivalent:

(i) X is compact.
(ii) X is countably compact.
(iii) X is limit point compact.

Theorem 14. The statement “Every complete (resp. Cantor complete)
and totally bounded metric space is compact” implies each of the following:

(i) CPCMC: If {Xn = (Xn, dn) : n ∈ N} is a family of compact metric
spaces then X =

∏
n∈NXn is compact.

(ii) CACCM: For every metric space X = (X, d), every family A = {Ai :
i ∈ ω} of non-empty compact subsets of X has a choice function.

(iii) Every complete (resp. Cantor complete) and totally bounded metric
space is separable.

Proof. (i) Fix a family {Xn = (Xn, dn) : n ∈ N} of compact metric
spaces and let X =

∏
n∈NXn. Since a compact metric space is complete

(resp. Cantor complete) and totally bounded, Theorem 2 implies that X
is complete (resp. Cantor complete) and totally bounded. Hence, by our
hypothesis, X is compact as required.

(ii)&(iii) can be proved as in the proof of Theorem 3(ii)&(iii) respec-
tively.

As a corollary to Theorem 14 we get:

Corollary 15. (ZF) There is no property p strictly weaker than sepa-
rability such that the statement “Every complete (resp. Cantor complete) and
totally bounded metric space having the property p is compact” is true in ZF.

The following remark was suggested by the referee.

Remark 2. Theorem 14 states that if every complete and totally
bounded metric space is compact, then also every complete and totally
bounded metric space is separable. This is also our definition of being the
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weakest property under which a complete and totally bounded metric space
having this property is compact. In order to make a distinction between pos-
sible other definitions we will say that a property is I-weakest if it is weakest
in the sense of Theorem 14. On the other hand, we can consider another
natural definition. We say that property p is II-weakest if:

• under the property p every complete and totally bounded metric space
is compact,
• if q is a property under which every complete and totally bounded

metric space is compact, then every complete and totally bounded
metric space with the property q also has the property p.

If a property is II-weakest, then it is also I-weakest, but the converse is
not true: separability is I-weakest, but if it were also II-weakest, then every
compact metric space would be separable.

Theorem 16. There is no property p strictly weaker than quasi separa-
bility such that the statement “Every limit point compact metric space having
the property p is compact” is true in ZF.

Proof. First we establish the following claim:

Claim 1. The statement “Every limit point compact metric space is com-
pact” implies CMCMC (“For every metric space X = (X, d), every disjoint
family A = {Ai : i ∈ ω} of non-empty compact subsets of X has a multiple
choice function, i.e., a function f : A →

⋃
A such that for every A ∈ A,

f(A) is a non-empty finite subset of A”).

Proof of Claim 1. Fix a metric spaceX = (X, d) and letA = {Ai : i ∈ N}
be a disjoint family of non-empty compact subsets of X. Without loss of
generality we may assume that the diameter of X is ≤ 1. Clearly for every
n ∈ N the product Yn =

∏
i≤nAi is compact. It is easy to verify that any

partial multiple choice function f of the family {Yn : n ∈ N} (there is an
infinite Nf ⊆ N such that for every n ∈ Nf , f(n) is a finite non-empty
subset of Yn) leads to a multiple choice set of A. So, we assume that A has
no partial multiple choice function. Let Y =

⋃
A and σ : Y ×Y → R be the

metric given by the rule

σ(x, y) =

{
d(x, y) if x, y ∈ Ai,

1 otherwise.

Since A has no partial multiple choice function, every infinite subset K of Y
meets in a finite non-empty set only finitely many members of A. Hence,
K ∩ Ai is an infinite subset of Ai for some i ∈ N. Since Ai is compact,
K ∩ Ai has a limit point x ∈ Ai. Clearly, x is a limit point of K in Y, and
consequently, by our hypothesis, Y is compact. This leads to a contradiction
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(U = {Ai : i ∈ N} is an open cover of Y without a finite subcover). Hence,
CMCMC holds true as claimed.

We continue with the proof of the theorem by assuming the contrary and
letting p be a property strictly weaker than quasi separability such that every
limit point compact metric space having the property p is compact. Fix a
limit point compact, non-quasi separable metric space X = (X, d) having
the property p. We will show that X is quasi separable and thus arrive at
a contradiction. By our hypothesis, X is compact, and consequently totally
bounded. Hence, for every ε > 0 there exist xi ∈ X, i = 1, . . . , n, such
that

⋃
{B(xi, ε) : i ∈ n} = X. For every k ∈ N, let mk denote the least

natural number m for which there exists a set {xi : i ∈ m} ⊆ X with⋃
{B(xi, 1/k) : i ∈ m} = X, and set Yk = (Xmk , ρk), where ρk is the

uniform metric on Xmk . Since X is compact, so is Yk. Working as in the
proof of Theorem 3 we can show that for every k ∈ N, the set

Gk =
{
f ∈ Xmk :

⋃
{B(f(i), 1/k) : i ∈ mk} = X

}
is a (non-empty) closed subset of Yk. Since Yk is compact, so is Gk. Thus,
by CMCCM, the disjoint family G = {Gk : k ∈ N} of compact sets has a
multiple choice function h. Clearly, for every k ∈ N \ {1},

Dk = {f(i) : i ∈ mk, f ∈ h(k)}
is a 1/(k − 1)-net of X. Hence, X is strongly totally bounded, and conse-
quently quasi separable as required, finishing the proof of the theorem.
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