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Conjugacy classes of diffeomorphisms of the interval
in Cl-regularity

by

Eglantine Farinelli (Dijon)

Abstract. We consider the conjugacy classes of diffeomorphisms of the interval, en-
dowed with the C'-topology. Given two diffeomorphisms f, g of [0;1] without hyperbolic
fixed points, we give a complete answer to the following two questions:

e under what conditions does there exist a sequence of smooth conjugates hy, fh,,* of

f tending to g in the C'-topology?

e under what conditions does there exist a continuous path of C*-diffeomorphisms h;

such that h; fh; " tends to g in the C'-topology?

We also present some consequences of these results to the study of C'-centralizers for
C'-contractions of [0;00); for instance, we exhibit a C'-contraction whose centralizer is
uncountable and abelian, but is not a flow.

1. Introduction

1.1. Conjugacy classes of diffeomorphisms of the interval. We
consider diffeomorphisms of [0; 1] whose fixed points are precisely 0 and 1.
In 1970, N. Kopell [K] showed that, for an open and C*-dense set of such
diffeomorphisms f, the only C'-diffeomorphisms commuting with f are the
iterates of f, i.e. the elements of the group {f*:4 € Z}: the diffeomorphism
f has trivial centralizer. One of the keys to this theorem is the fact that the
Cl-centralizers of f on [0;1) and on (0;1] are both one parameter-groups,
which will respectively be denoted by f;~ and f;". The centralizer of f on [0; 1]
corresponds to those values of t such that f;” = f;7. Comparison between
these two flows is described by the Mather invariant of f: this invariant
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depends continuously on f in the C?-topology, and vanishes when f;” = f;"
for all t. More details about the centralizer and the Mather invariant can
be found in Section [2| For the moment, let us explain how this result is the
starting point of the study presented in this paper.

The Mather invariant is a C'-conjugacy invariant among C2-diffeomor-
phisms. However, it does not vary continuously with respect to the C'-topo-
logy: in [BCVW], it is shown that every f can be C!-perturbed into a diffeo-
morphism for which the Mather invariant vanishes, and thus the perturbed
diffeomorphism is embedded in a flow. The argument mentioned in [BCVW]|
seemed to indicate that an arbitrarily small C!-perturbation of f may lead to
a Mather invariant having every a priori fixed value. On the other hand, the
Mather invariant represents, together with the values of the derivatives at the
extremities—when these are not equal to 1-—a complete C!-conjugacy invari-
ant among C2-diffeomorphisms of [0; 1] without fixed point in the interior.

This reasoning led the authors of [BCVW] to the following conjecture:

CONJECTURE 1. For all o > 1 and 0 < 8 < 1, consider the set D, g
of diffeomorphisms f: [0;1] — [0; 1] whose fixed points are exactly 0 and 1,
and such that Df(0) = a and Df(1) = 8. Then C!-conjugacy classes are
all C'-dense in D, g. In other words, given two diffeomorphisms f,g € D, g,
one can find a diffeomorphism arbitrarily C!-close to ¢ and conjugate to f
by a diffeomorphism of [0; 1].

Our Theorem [I.2] confirms this conjecture: conjugacy classes are dense
in D, g. Actually, we show a slightly stronger result, implying that each
diffeomorphism g € D, g is accessible from f by a path in its differentiable
conjugacy class. We will see that this stronger notion is crucial for the study
of centralizers.

More precisely, the key notion for the study of centralizers will be the
following:

DEFINITION 1.1. Given f,g € Diff*([0;1]), one says that f is isotopic
to g by Ct-conjugacy (or simply isotopic by conjugacy to g) if there exists
a C'-continuous path (ht)eo,1), bt € Diff'([0;1]), such that ho = id, and
hifh;' — g as t — 1. Under these conditions, the path (htfh;l)te[o;l) will
be called an isotopy by conjugacy from f to g.

And this is the result:

THEOREM 1.2. Let f and g be two diffeomorphisms of [0; 1] without fized
points, except 0 and 1, and f,g > id on (0;1). Then there exists an isotopy
by conjugacy from f to g if and only if f and g have the same derivatives at
0 and 1: Df(0) = Dg(0) and Df(1) = Dg(1).

Continuity of the Mather invariant in the C2-topology implies that The-
orem is not true in the C"-topology, for any r > 2.
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REMARK. This notion of isotopy by conjugacy is a priori more restrictive
than the fact that g is accessible from f by a path in its conjugacy class (i.e.
g is the limit of a continuous path (htfht_l)te[o;l) such that hy € Diff*([0;1])
for all t and hg = id, without requiring any continuity of h; with respect
to t). Actually, concerning diffeomorphisms of D, g, the two notions are
equivalent.

Indeed, Theorem is a consequence of the more general Theorem
each continuous path of diffeomorphisms linking f to g that neither changes
derivatives on the boundary nor introduces fixed points in the interior can
be Cl-approximated by an isotopy by conjugacy from f to g.

Now that we have introduced the notion of isotopy by conjugacy, we
come to the natural question:

QUESTION 1. Given two diffeomorphisms f, g of [0; 1], under what con-
ditions is there an isotopy by C!-conjugacy from f to g?

As already seen, the case of diffeomorphisms without fixed points in (0; 1)
was settled by Theorem [I.2] which also establishes Conjecture

Let us consider now diffeomorphisms of [0;1] without hyperbolic fixed
points in (0;1), but with no restriction on the set of nonhyperbolic fixed
points. We will see that, in this context, the existence of an isotopy by con-
jugacy from f to g is a more restrictive condition than that g is an accumu-
lation point of the conjugacy class of f.

Theorem below provides a necessary and sufficient condition for each
of those properties. Its statement features the notion of signature of a dif-
feomorphism f of [0;1] (see Definition : the signature of f is a pair
((C ={Cs}ier, <),0), where:

e (C, <) is a countable ordered set—roughly speaking, the set of maximal
intervals on which the sign of f does not change, ordered by their
position in [0; 1];

e 0 is a map from C into {+, —} which associates to each interval the
sign of f —id on it.

The most general answer to Question [I] provided in this paper can be
stated as follows:

THEOREM 1.3. Let f and g be two nondecreasing C*-diffeomorphisms of
[0; 1] without hyperbolic fized points except possibly 0 and 1, and such that
Df(0) = Dg(0) and Df(1) = Dg(1). Let ((C, <),0) and ((C',<"),0’) denote
the respective signatures of f and g. Then:

1. There exists an isotopy by conjugacy from f to g if and only if there

exists an injective and order preserving map ® : C' — C such that
o' () =o(P()) forall d € C".
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2. There exists a sequence of conjugates of f converging to g if and only
if, for every finite subset 7' of C', there exists an injective and order
preserving map @ : v — C such that o'(¢') = o(P()) for all ¢ € 4.

We now give an example to show the distinction between the existence of
an isotopy by conjugacy from f to g and the fact that ¢ is an accumulation
point of the conjugacy class of f.

EXAMPLE 1.4. Let f,g € Diff'(]0; 1]) without hyperbolic fixed points be
such that Fix(f) is a sequence tending to 0, and the sign of f — id changes
at each fixed point, while Fix(g) consists of a sequence tending to 0 and a
sequence tending to 1, and the sign of ¢ — id changes at each fixed point.
Namely, they can been chosen so that:

e the sign of f —id is:
r._1
e <0on (573 5,7),
. >0on (ﬁ,%) for all n > 0;
e the sign of g —id is
. <0on (%, 72711—1) and on (1 — 72711—13 1-— %),
1.1 1. 1 1.2
.>0on (m, %), (1 — %71 — 2n+1) and (g,g) for all n > 1.
Then there exists a sequence (hy)nen of diffeomorphisms of [0;1] such that
hnfh ! converges to g, but there does not exist any isotopy by conjugacy
from f to g. Indeed, one can easily check that the signature of f is —N with

o¢(—n) = (=1)""!, whereas the signature of g is Z with o4(n) = (—1)".

1.2. C"-centralizer of contractions of [0;00). The centralizer C"(f),
for > 0, of a C"-diffeomorphism f of a manifold M is the set C"(f) =
{g € Diff (M) : gf = fg}. This set is a group and contains the group
(f) = {f'}icz generated by f. One says that f has trivial centralizer when
C"(f) is as small as possible, that is, C"(f) = (f).

We are interested here in diffeomorphisms of the half-line [0;00), and
more precisely in contractions, that is, diffeomorphisms having 0 as the only
fixed point and which are strictly smaller than the identity on (0;00). In
this context, size and structure of centralizers of diffeomorphisms of [0; c0)
depend essentially on the regularity of the diffeomorphisms in question.

For example, each C%-contraction f of [0;00) is conjugate to the trans-
lation z — x — 1 of R (after restriction to (0;00)), so that the centralizer
of f is conjugate to the group of lifts on R of diffeomorphisms of the circle.
Consequently, the C%-centralizer of a contraction has large size and does not
depend, up to a conjugacy, on the diffeomorphism cosidered.

Beyond the C° context, however, rather opposite situations may occur:
for example, if f is a homothety of [0;00), then the only homeomorphisms
commuting with f and which are differentiable at zero are homotheties. In
particular, C!(f) is the group of homotheties. In the case of a C?-contraction
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f of [0; 00), the situation is quite similar: the C'-centralizer is then isomorphic
to R (it is a flow). This follows from Kopell’s lemma [K| and from Szekeres’
theorem [Sz], or from Sternberg’s theorem [St]. Consequently:

e The C"-centralizer of a contraction of [0;00), for r > 2, is isomorphic
to a subgroup of R.

That is what was stated in Kopell’s lemma: if f is a C2-contraction of [0;c0)
and g is a C'-diffeomorphism commuting with f, then, if g has another fixed
point besides 0, then g must be the identity. From that, one can deduce im-
mediately that the C!-centralizer of f is an ordered and archimedean group,
and thus from Holder’s theorem is a subgroup of R.

The results above lead us to the following natural question:

QUESTION 2. Which subgroups of R appear as C"-centralizers of con-
tractions of [0;00)7

Concerning this question, recall that F. Sergeraert [Se] gave explicit ex-
amples of C*-contractions of [0;00) whose C"-centralizers, for r > 2, are
not whole R. Also, relying on his construction, H. Eynard [Ey| provided ex-
amples where the centralizer is a proper subgroup of R containing a Cantor
set.

Between these two extreme situations, we find the case of the C'-centra-
lizer of Cl-contractions of [0;00), in which we are interested in this paper.
This context is rather different from the C2-context, in particular because,
Kopell’s lemma being invalid in the C'-context, the centralizer presents a
greater flexibility than in the C?-context, and also because in compensation
the nonvalidity of Szekeres’ theorem does not ensure anymore the existence
of a centralizer as big as R.

1.3. Embedding of a group in a centralizer and isotopy by conju-
gacy to the identity. In this context of C'-centralizers of C!'-contractions,
various situations can occur; indeed:

e Togawa [T showed that, for every map in a certain Gs-dense subset
of the set of Cl-contractions, the centralizer is trivial.

e It is a comsequence of our results that there exist contractions of
[0;00) whose centralizers contain nontrivial diffeomorphisms having
fixed points different from 0 (going in this way against the conclusions
of Kopell’s lemma). Here we note that the existence of such examples
was previously known (see in particular [FE]).

Existence of C'-counterexamples to Kopell’s lemma leads to the following
question: given a compact subinterval of (0; 00), which groups of diffeomor-
phisms with support in this subinterval can be embedded in the centralizer
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of a contraction? First we have to formulate this question in more precise
words.

DEFINITION 1.5. Given a compact interval J C (0;00) and a group G of
diffeomorphisms of J, the group G will be called embeddable in the centralizer
of a contraction if there exists a C'-contraction f of [0;00), with 0 as the
only fixed point, and a subgroup Gg of C*(f) such that {g|;: g € Go} = G.

Our first result answers the above question by characterizing groups
which are embeddable in the C'-centralizer of a contraction. Before stating
this result, we extend the notion of isotopy by conjugacy from a diffeomor-
phism to another diffeomorphism (Definition to a notion of isotopy by
conjugacy from a group to a diffeomorphism:

DEFINITION 1.6. A subgroup G C Diff1([0;1]) is said to be isotopic
by conjugacy to a C'-diffeomorphism g of [0;1] if there exists a continu-
ous path (h¢)ep;1) of C'-diffeomorphisms of [0;1] such that, for all f € G,
(htfh;l)te[o;l) is an isotopy by conjugacy from f to g.

THEOREM 1.7. A group of diffeomorphisms of a compact subinterval of
(0;00) is embeddable in the centralizer of a contraction if and only if there
exists an isotopy by C'-conjugacy from this group to id.

Thus we want now to answer the following question:

QUESTION 3. Which groups of diffeomorphisms of [0; 1] are isotopic by
conjugacy to the identity?

An obvious obstruction is the existence of a hyperbolic fixed point (i.e.
with derivative different from 1) for at least one element of the group. The
question is whether there exist other obstructions. In this paper, we answer
this question in the case where G is generated by only one diffeomorphism,
namely we shall prove:

THEOREM 1.8. A C!-diffeomorphism f of [0;1] is isotopic to the identity
by Ct-conjugacy if and only if all its fized points are tangent to the identity.

We think that Theoremis not true if the isotopy is required to be a C%-
continuous path of C2-conjugates. As an immediate corollary of Theorem
we obtain:

COROLLARY 1.9. If J is a nontrivial subinterval of (0;00) and if g; is a
diffeomorphism of J whithout hyperbolic fixed points, then gy is embeddable
in the Cl-centralizer of a contraction: there exists a contraction f of [0;00)
and a diffeomorphism g € C'(f) whose restriction to J is g;.

The following result exhibits C!-contractions with big centralizers:
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COROLLARY 1.10. Let T = {I;}ien be a sequence of subintervals of [0;1]
whose interiors are pairwise disjoint and, for all i € N, let g; be a diffeo-
morphism of [0; 1] with support in I;, whose derivatives at fized points are 1.
Assume that, for all i € N, g; tends to the identity in the C'-topology, i.e.
lim; 00 ||gi —id||1 = 0. Then:

o for every bounded sequence n = {n;}ien of integers, the map g which
coincides with g;"* on I; for all i € N and with the identity outside the
union of the I;’s is a diffeomorphism of [0;1];

e the set of all g where 1 is a bounded sequence of integers is an abelian
and uncountable group, denoted by Gr;

o the group Gz is isotopic by conjugacy to the identity.

Proof. One checks easily that G is a group of diffeomorphisms. From
Theorem [1.§] if 72 is the constant sequence equal to 1, then gy is isotopic by
conjugacy to the identity, via the isotopy (hignh; 1)t€[0;1). It follows that, for
all i, (hegihy l)te[O;l) is an isotopy by conjugacy from g; to the identity. Thus,
for every bounded sequence 7 of integers, (hignh; 1)te[0;1) is an isotopy by
conjugacy from gz to the identity. m

After a first informal version of this paper was available, Andrés Navas
showed us a clever and simple argument proving Theorem [I.8 which is based
on the cohomological equation. His result can also be applied in the context
of diffeomorphisms of the circle with irrational rotation number. Here is what
he shows:

THEOREM 1.11 (Navas). Each diffeomorphism of [0; 1] without hyperbolic
fixed points is isotopic by conjugacy to the identity. Each diffeomorphism of
the circle with irrational rotation number « is isotopic by conjugacy to the
rotation Ry,.

2. Background

2.1. The C", r > 2, setting: Kopell’s lemma and theorem, Sze-
keres vector field and Mather invariant. In [K], Kopell considered the
centralizer of C2-diffeomorphisms of the interval. She proved the existence
of a C?-dense open subset O of diffeomorphisms whose centralizer is triv-
ial: if f € O and g commutes with f, then ¢ = f* for some k € Z. The
technical point in [K|, known as Kopell’s lemma, concerns the centralizer of
C2-contractions of [0, 00).

LEMMA 2.1 (Kopell’s lemma). Let f be a C2-contraction of [0;00). Let
g € Diff1([0;00)) commute with f. Assume that g has a fized point in (0;00).
Then g is the identity map.
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The proof of Kopell’s lemma uses essentially the control of the distor-
sion of the iterates f™ on a fundamental domain [z; f(x)] to prove that the
derivative of any diffeomorphism g commuting with f and having a fixed
point at x is bounded on [z; f(x)], independently of the diffeomorphism g.
As g", for n € Z, also commutes with f, this means that the derivatives
of g", n € Z, are bounded on [z; f(z)] independently of n € Z. One easily
deduces that the only possibility is that g is the identity.

Kopell’s lemma implies that the C!-centralizer C*(f) of a C?-contraction
f is naturally ordered: if g1, g0 € C'(f) satisfy g1(zg) < go(x0) for a point
xo € [0;00), then g(z) < ga2(z) for all x € [0;00). This property defines an
order, which is a total archimedean order, and then Holder’s theorem implies
that C'(f) is isomorphic to a subgroup of R.

In the opposite direction, Szekeres’ theorem states that any C?-contrac-
tion of [0;00) is the time-one map of a vector field X which is C? on (0;0)
and C! at 0. By combining Kopell’s lemma and Szekeres’ theorem, one find
that C!(f) is precisely the flow of X (and thus is isomorphic to R). As f
is assumed to be C", r > 2, it is natural to consider its C"-centralizer. It
is a subgroup of C!(f), and [Se] provides an example of a C*°-contraction
f which has no C? square root: the time—% map of the Szekeres flow is not
C? (see also [Ey] for recent generalizations). This cannot happen if the fixed
point 0 is hyperbolic (or even if it is not C*°-flat). In that case, f is smoothly
conjugate to a smooth normal form and hence is embedded in a smooth
flow.

Let us come back now to diffeomorphisms f of [0;1] and assume for
instance that Fix(f) = {0,1} and f(z) > z for x € (0;1). In this case,
the restriction (f_)~! of f~! to [0;1) and fi of f to (0;1] are conjugate to
contractions of [0;00) and therefore are the time-one maps of the Szekeres
flows X_ and X respectively.

The C'-centralizer of f is the intersection

Cl(f) =Cc'(fr)nC(f-).

In [K], N. Kopell shows that, for a C?>-open and dense subset of such diffeo-
morphisms, C1(f+) NCYH(f-) = {f* : n € Z}. Let us quickly explain why
this is natural: Start with a smooth diffeomorphism fy of [0;1], fo > id
on (0;1), which is the time-one map of a vector field X. Choose a point
a € (0,1) and a (smooth) diffeomorphism ¢ supported on [a; fo(a)]. Con-
sider then the diffeomorphism f = ¢ fy. One easily checks that the Szek-
eres vector fields X_ and X, coincide respectively with ¢,(X) and X on
[a; fo(a)] = [a; f(a)]. If (x) > x on (a; fo(a)), one can see that, for every
te (0;1), (X_)i(a) > (Xy)ila). Thus CL(f+) NCL(f-) = {f":n € Z}.

This argument is closely related to the Mather invariant: the Szekeres
flows X_ and X both provide a time parametrization ¥_ ¢ : R — (0;1)
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which conjugate f to the translation T3 : t — ¢ + 1. These parametrizations
are well defined up to composition with a translation. The Mather invariant
is the change of these coordinates: it is a diffeomorphism of R commuting
with the translation 77, and well defined up to compositon on the right and
on the left with translations.

In the example above, the Mather invariant M will be precisely the
diffeomorphism induced on R commuting with 77 and whose expression in
the fundamental domain ¥~ ([a; fo(a)]) is

_ —1
MLyt as o)) = V5 PP

Let us conclude this section by noticing that Kopell’s lemma, Szekeres’
theorem, and the Mather invariant are typical of C2-diffeomorphisms and do
not hold in the C!-setting: for instance, Tsuboi [Ts] builds counterexamples
to the C1T@ Kopell’s lemma. Indeed, as can be noticed from our Theorems
and [L.8 Kopell’s lemma is not true anymore in these settings. These two the-
orems together give C'-counterexamples to Kopell’s lemma: they show that
every diffeomorphism supported on a compact interval included in (0;00)
can be embedded in the C'-centralizer of a C!-contraction.

In the same spirit, Kopell’s lemma implies that the C'-centralizer of a
C2-diffeomorphism f of [0;1] is not abelian if and only if f coincides with
the identity on some nonempty open interval. This is no more true if f is C':
[BoFal] shows that there exist diffeomorphisms of [0; 1] without fixed point
in (0;1) whose centralizer may contain the free group Fs.

Therefore, it is somewhat surprising that the Mather invariant is actually
invariant under C!-conjugacies (among C2-diffeomorphisms). The reason is
that the C!-centralizer is preserved under C'-conjugacies, hence the Szekeres
flows are conjugate. Nevertheless, [BCVW]| shows that one can obtain a
trivial Mather invariant by C!-small pertubations.

In this paper, we will define and use (in Section a notion of Mather
invariant in the C!-setting. Let us give an idea of this tool. We consider
diffeomorphisms f, g of [0;1] without fixed points in (0;1) such that g co-
incides with f in a neighbourhood of 0 and of 1. As a consequence, there
is a unique diffeomorphism h_ of [0;1) which conjugates f to g and which
is the identity map in a neighbourhood of 0. In the same way, there is a
unique diffeomorphism Ay of (0;1] which conjugates f to g and which is
the identity map in a neighbourhood of 1. The Mather invariant of g with
respect to f is the diffeomorphism M(g) = hi'h_: (0;1) — (0;1), which
commutes with f. This Mather invariant vanishes if and only if f and g are
conjugate by a diffeomorphism h which is the identity in a neighbourhood
of 0 and 1. Our main result consists in some sense in cancelling this relative
Mather invariant by small perturbations of g.
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2.2. Historical motivation in foliation theory. Kopell’s lemma has
been an important tool for the study of codimension 1 C2-foliations, in
particular on 3-manifolds. In particular, due to the Novikov theorem and
Thurston’s construction of foliations, compact leaves diffeomorphic to a torus
T? play a key role in this study. For such leaves, the holonomy group is gen-
erated by two commuting diffeomorphisms of a transverse section which is a
segment.

Let us mention a straightforward consequence of Kopell’s theorem: on T3,
there are foliations whose leaves are cylinders and finitely many compact tori,
which are C2-structurally stable: every C2-foliation C?-close to them is con-
jugate to them by a homeomorphism. Such a foliation F may be constructed
as the suspension of two commuting diffeomorphisms f, g of the circle: f is a
Morse—Smale diffeomorphism with exactly two hyperbolic fixed points, and g
is the identity. One chooses f so that its restriction to each segment between
two successive fixed points belongs to the C2-open set given by Kopell’s re-
sult for which the centralizer is trivial. Then any foliation C?-close to F is
conjugate to the suspension of two commuting diffeomorphisms f; and g1,
which are C2-close to f and g respectively. As the centralizer of f is trivial
and ¢; is close to the identity, one deduces that g; = id and one concludes
using the fact that f is structurally stable. The fact that the Mather invari-
ant can be made trivial by small C!'-perturbations of f shows that none of
these foliations are C'-structurally stable.

Let us give a more recent application of the study of centralizers in
foliation theory. The topology of the space of foliations remains mostly a
mistery: one does not know whether this space is arc-connected, locally
connected, etc. Recently, H. Eynard announced the connectedness of the
space of C* codimension 1 foliations on compact 3-manifolds whose tan-
gent bundle belongs to a given homotopy class. More precisely, in her PhD
thesis, she reduced the connectedness problem to the problem of connected-
ness of the space of C®-actions of Z? on [0, 1]; this last step has been done
in [BE].

3. Groups which are embeddable in a centralizer: proof of The-
orem Let us begin with the following useful lemma:

LEMMA 3.1. Let G be a group of diffeomorphisms of a segment J. There
exists an isotopy from G to id if and only if there exists a sequence (pn)neN
of diffeomorphisms of this segment, converging to the identity in the C'-
topology, such that pg = id and such that, for all g € G, the sequence

On - 901900990(71901_1 ..ot converges to the identity in the Ct-topology.

Proof. Let us assume that there exists an isotopy (high; 1)te[0;1) from
each element g of G to the identity.
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CLAIM. There exists a sequence (ep)nen of strictly positive numbers con-
verging to 0 and an mcreasing sequence (tn)nen in [0;1) converging to 1 such
that to = 0 and ||hy —id||; < ey, for alln € N.

Proof of the claim. leen an increasing sequence (t),>1 in [0;1) con-
verging to 1, by compactness of {h; : t € [t;;t, ]}, for all n > 1 there
exist an integer K, and a sequence (£} )re[1;x,] of real numbers in [0; 1) such
that Hhtzﬁh;gl —1id||; < 1/n for all k € [1; K,, — 1]. By concatenating the
sequences (t})re[i:x,] on one hand, and on the other hand the constant se-
quences equal to 1/n for n > 1, we obtain the desired sequences (¢, )nen and
(5n)n€N- u

Let (ep)nen and (t,)nen be as in the claim above, and define the following
C-diffeomorphisms of [0;1]: ¢o = hy, and @, = hy,hy " for n > 1. Then
the sequence (¢, )nen converges to the identity in the C!'-topology, as also
does the sequence (@, ... 910099 @1 - ¥n nen = (htngh;})neN, since
highy !'is assumed to converge to id when t — 1.

Conversely, assume that there exists a sequence (¢,)nen of diffeomor-
phisms of J converging to id as n — oo such that ¢g = id and, for all g € G,
On .- cplgooggoglapl_l ...} converges to the identity in the C!-topology.

For all n € N and ¢ € [0;1], define ¢, ; = id + t(¢, — id).

For all n € N, denote by H,, the diffeomorphism of [0;1] defined by
H, = ¢po0- -0, and, for T' € R, define a diffeomorphism hz of [0;1] by
ht = ¢nt1,t © Hy, where t € [0;1) is the fractional part of T', and n € N its
integer part.

Since ¢piHy—1 — opHyp1 = H, =ido H, = ¢poH, ast — 1, and
because of the continuity of the path (yn.t)ico;) for all n € N the path

n+1

(h1)Ter is continuous. By hypothesis, if g € G, then H,_; gH _, converges
to id as n — oo. One also knows that ||¢,: —id|1 < |l — id|1, where
llprn, —id]]1 — 0 as n — oo. Consequently, ||cpnt — idHl tends to 0 uniformly
with respect to t € [0;1). Thus D(@, H,_1gH,* " 10n, 1) tends to 0 uniformly
on J. As ¢, H, 19H, llapnt has fixed points at the extremities of J, it
follows that this diffeomorphism also converges to id in the C1 topology as
n — o0o. Furthermore, if g € G, then thh; = pntHp— 1gH 19% +» where n
still denotes the integer part of T and ¢ its fractional part. As a consequence,
thth1 converges to id as T'— 00. =

Sufficient condition of Theorem[1.7. We show that a group which is iso-
topic to the identity by conjugacy is embeddable in a centralizer.

Let us consider a closed subinterval J of [0;00), a group G of diffeo-
morphisms of this interval, and a C'-continuous path (ht)te[o;l) of diffeomor-
phisms of J such that hy = id and htght_l —id ast — oo for all g € G.
From Lemma there exists a sequence (¢, )nen of diffeomorphisms of J



212 E. Farinelli

converging to id as n — oo, and satisfying

gon...googgogl...gogl—ﬁd for all g € G.

n—oo
Let now fp be a homothety with ratio o < 1 such that the iterated images
of J under fy are pairwise disjoint. One defines a contraction f of (0;00) by

flr = foo o,

Floen = foo (foerfo 1)s - flnny = foo (feeonfy™) foralln>1,
f=/fo elsewhere.
1
Since ¢y, S idasn — oo, we know that D(fienfy™)(fi(x)) converges
to 1 uniformly with respect to z € J. Then Df|f6l(J) tends to a as n — o0,
and thus Df(z) — a as  — 0. Consequently, f can be extended to a C!-
diffeomorphism of [0; 00).

Then we extend each g; € G to a diffeomorphism g of (0; c0) in such a way
that it commutes with f,i.e. g = f"g;f " on f§(J), wheren € Z, and g = id
elsewhere. For all n €N, we then have g|f61(J) =flon... gpochpal et
where @, ... gpogjgaal ... tends to the identity in the C!-topology. So, as
fo is a homothety, the derivative of g| £200) also tends to 1 as n — oo, and
thus Dg(x) — 1 as © — 0. It follows that g extends in a differentiable way
at 0.

This ends the proof of the sufficient condition of Theorem [1.7}

Necessary condition of Theorem[I.7. We now show that given a group G
of diffeomorphisms of some J = [a;b] C [0;00), there exists a contraction f
of [0; 00) in whose centralizer G is embeddable.

First note that, by replacing if necessary f by f* with k some large
enough integer, one can assume that J is included in a fundamental domain
[f(x0); zo] of f.

By assumption, each element g; of G has an extension commuting with f.
Denoting by g such an extension, for all n € N we have g| 5 = f"gsf™".
If n € N, we denote by A,, the increasing affine map from f™(J) into J and
by gn the C'-diffeomorphism of .J defined by g, = A,g| nAn L

CLAM. |lgn, —id||1 — 0 as n — oc.

Indeed, the orbits under g of fixed points of gy which are the extremities
a and b of J accumulate at 0 and consist of fixed points of g. By continuity
of the derivative of g at 0, the derivative of g tends to Dg(0) at 0; moreover
Dg(0) = limy, o0 g(f"(a))/f"(a) = 1. Thus, if n is large enough, g|¢n(;) has
derivative near 1 between two fixed points, and as a consequence is C'-close
to id. By conjugating this diffeomorphism by the affine map A,,, one does not
modify its derivative, which enables us to conclude that g, is also C'-close
to the identity if n is large enough.
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From the expression of g| () given above, one has
gn = Anf"g1f AL

Defining @o = id|s; @1 = Ai1fls; on = (Anf™0) (A1 f" pnor()) "t for
n > 2, one has g, = ¢n ... Lplgoogocpalgol_l ... L. From the previous claim
and Lemma if we prove the following result, we will have proved that
there exists an isotopy by conjugacy from g; to id and thus completed the
proof of Theorem [I.7}

CLAIM. ¢, — id as n — oo in the C'-topology.

Indeed, by definition, ¢, = Anf|fn—l(J)A;i1. Furthermore, as Df is
continuous at 0 and D f(0) # 0, one has

sup Df(x)
syefr(yy Df(y) n—oo

Consequently, Do, (z)/Dpy,(y) tends to 1 uniformly with respect to z,y € J
as n — 00. Since D, is equal to 1 at one point of J at least, it follows that
Dy tends to 1 uniformly on J. The claim follows. =

4. Isotopies by conjugacy

4.1. Statement of the result. In this section, we consider the set

Do = {f€Diff'([0:1]) : Fix(f)={0;1}, f>id, Df(0)=a, Df(1)=p},
well-defined for all & > 1 and 0 < 8 < 1, and we show that the conjugacy
classes of such diffeomorphisms are dense in this set in the C'-topology.

Let now f and g be two diffeomorphisms in D, g. We will show that in
each C'-neighbourhood of g, there is a conjugate of f. This will give

THEOREM 4.1. For each diffeomorphism f € D, g, the differentiable con-
Jugacy class of f is dense in Dy, g.

Let f,g € Dy, and U be a C'-neighbourhood of g in D . In order to
find a conjugate of f in U, we will perturb g by sufficiently small diffeomor-
phisms so that we do not go out of U, till we find a conjugate of f.

As announced in the introduction, we actually show the stronger result
stated in Theorem which we will deduce from the following theorem:

THEOREM 4.2. Let f € D, g without fized points in (0;1) and let (e;); C
(0;1) be a continuous path. Let (fi)iepa) be a C'-continuous path in Dg g
such that:

o fo=1;
e f; has no fized point in (0;1) for all t < 1.
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Then there exists a C'-continuous path (ht)iefo:1y of diffeomorphisms of [0;1],
each coinciding with id on a neighbourhood of 0 and of 1, such that hy = id
and ||hefhit — fill1 < &t for all t € [0;1).

REMARKS. Since f; has no fixed point in (0;1) for all ¢ < 1, the diffeo-
morphism f; can have in (0;1) only fixed points with derivative equal to 1.

By choosing (g;) converging to 0, under the hypotheses of this theo-
rem, one obtains a continuous path (ht)te[o;l) such that lim;_sq htfh;1 =
limg 1 f;.

Proof of Theorem from Theorem [4.3 Given f,g € Dqp, one can
always easily exhibit a C*-continuous path (ft).ejo;1) € Da,p such that fo = f
and fy — gast — 1, for example, f; = (1—t) f+tg. If (€¢)e[o;1)is a continuous
path of strictly positive numbers converging to 0, Theorem [.2] provides a
continuous path (h¢).ejo;1) of diffeomorphisms of [0; 1] such that hq fhy L=y
and hyfh; ' — g ast — 1. Then (htfh;l)te[o;l) is an isotopy by conjugacy
from f to g. =

4.2. Two “gluing lemmas”. From now on, ¢ will denote a fixed C*°-
diffeomorphism of [0; 1] which is decreasing, equal to 1 on [0;1/2] and equal
to 0 on a neighbourhood of 1. Its derivative, continuous on [0;1], is thus
bounded. We define Mg = max,¢(o,1) |[DP| > 1.

Gluing at the extremities. Given two C!-diffeomorphisms of 0; 1], f and g,
having the same derivatives at 0 and at 1, and an € > 0, Corollary below
enables us to obtain a new C!-diffeomorphism which coincides with f on a
neighourhood of 0 and on a neighourhood of 1, and which is e-close to ¢ in
the C!-topology on the whole interval [0; 1].

DEFINITION 4.3. Let g € Diff1([0;1]). For every € > 0 and a,b € (0;1),
we denote by U?  , the set of f € Diff'([0;1]) such that:

i ”f|[0;a] -9 [O;a}Hl <g
o || flp) — glpll <e.

We set UZ = Ua,pe(o:n) u?

e,a,b’

LEMMA 4.4. Let ¢ > 0. Then there exists € > 0 such that for all g €
Diff'([0;1]) and a,b € (0;1), if f € U2, then there ezists fo € Diff*([0;1])
such that:

() [[fo =gl <e&;
(1) foljosa/2ui1+6)/2:1) = Fliosas2uiae)/201)5
(111) fo‘[a;b] = g|[a;b]'
Proof. Lete > 0,and 0 < & < £/(2Mg). Let g € Diff1([0;1]), a,b € (0;1)
and f € nga p- If a > b, it suffices to let fo be f. Thus, we assume a < b.
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We now define a map @q of [0; 1], which is obtained from ¢ as follows:

o if x € [0;a], then ®p(x) = P(x/a), so Py is equal to 1 on [0;a/2] and
to 0 on a neighbourhood of a in [0; al;
o Oy(x) =0if z € [a;b];
o Oy(z) = &(5L) if z € [b;1], so Py is 0 on a neighbourhood of b in
[b;1], and 1 on [(1+b)/2;1].
Set now fo = Pof + (1 — Pp)g, and notice that the hypothesis that
“II fli0:a) = 9ljosqll1 < €7 implies, by integrating the inequality |Df — Dg| < &
on [0;z], that |f(z) — g(x)| < €z for all = € [0;a]. By the same method, one
obtains |f(z) — g(x)| < €(1 — z) for each = € [b;1]. As (i) and (iii) follow
immediately from the construction of fy, one has now only to show that
|fo—g| <eand |Dfy — Dg| < e, which is a simple calculation. =

From this lemma, we deduce the following corollary:

COROLLARY 4.5. Lete >0 and f,g € Dy . Then there exist a,b € (0;1)
and fo € Do g such that:

(1) fo—gll <e;
(ii) folfo:a/zruia+0)/2:1) = Fliosa/21uja40)/2:1)5
(111) f0|[a;b} = g|[a;b}'
Proof. Indeed, considering € > 0 as in Lemmal4.4] since f and g have the
same derivatives at 0 and at 1, there exist a,b € (0;1) such that f € Mga’b.
Now apply Lemma [£.4] =

This result will be useful in proving the density of conjugacy classes of
diffeomorphisms from D, g in that set. However, in order to obtain an isotopy
by conjugacy from a diffeomorphism of D, g to another, a parameter version
will be needed:

LEMMA 4.6. Let f € Do and (fi)icjo;1) @ C!-continuous path of diffeo-
morphisms in Do,g. Then, for every continuous path (e¢)ejo;1) in (0;00),
there exist continuous paths (ai)icon) and (br)icpo;y in (0;1) and a new
Cl-continuous path (ﬁf)te[o;l) in Dy g such that:

° ﬁl[o;at/Q]U[(mel)/?;l] = fliosar/2u(bet1)/2;1) for allt < 1;
o ||ft— fillh <&t forallt <1.

Moreover, if fo = f, then we can also require that fo = f.
Let us first give the following result:

LEMMA 4.7. Let (g¢)eo:1) be a continuous path in (0;00), f € Do p and
(ft)te[[);l) a C'-continuous path in D, . Then there ewist continuous paths

(at)eefo:y and (b)scio;1) in (05 1) such that || filjoa, uipe1) — fliosaupeilln < &t
forallt < 1.
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Proof. Given an increasing sequence (t,, )nen in [0; 1) converging to 1, one
uses the continuity of (fi)iejo,;1) on each compact set [t;tn41] to obtain a
partition of this interval into finitely many subintervals such that, for all ¢ in
one of these subintervals I, only one 0 < a; < 1satisfies || fi[j0;a,) = flj0;a]l1 <
mingep, .¢,,,,] €t- All what is needed now is finding a continuous map ¢ such
that, for all ¢ in I, a; = (t) is smaller than ay, which can easily be done.

We conclude by the same token as regards the path (b;). =

Proof of Lemma . Lemma gives us two continuous paths (a;) and
(bt) such that for all ¢,

. €t &t
| feljosacumpest) — Flosadumpe It < 1nf<2, 4M¢>'
Considering the construction done in Lemma [£.4] one obtains the desired
path (f;); its continuity follows from the continuity of (a;) and (b;). =

To prove Theorem [1.2] it is now sufficient to establish the following the-
orem:

THEOREM 4.8. Let f € Dy g without fized points in (0;1) and (&¢)ejo;)
be a continuous path in (0;00). Let (ft)iejo;1) be a Cl-continuous path in Dy, g
such that:
o fo=1f;
e f; has no fized point in (0;1) for all t < 1;
o for all t < 1, there exist a; > 0 and by < 1, continuously depending
on t, such that fi coincides with f on [0, a:] U [b, 1].

Then there exists a continuous path (hi)iejo;1y of diffeomorphisms of [0;1],
each coinciding with id on a neighbourhood of 0 and of 1, such that hg = id
and ||hefhyt — fill1 < & for all t € [0;1).

Proof of Theorem fmm Theorem @ For (ft):e[o;1), thanks to Lem-
ma , one can exhibit continuous paths (a¢)icp.1) and (bt)iecp;1) in (051)
and a continuous path ( ft)te[o;l) of diffeomorphisms such that:

o fo= fo;
b ftl[o;at/Q]u[(bt—&-l)/Q;l] = f|[0;at/2]u[(bt+1)/2;1] for all t < 1;
o || ft — filli <e/2forallt < 1.

One then applies Theorem to obtain a C!-continuous path (ht)efo;1y of
diffeomorphisms of [0;1], with kg = id, such that h; coincides with id on a
neighbourhood of 0 and of 1, and ||hsfh;* — fill1 < &:/2 for all t € [0;1).
Then ||hefh; ! — fill1 < e for all t € [0;1). u

Let us also point out a corollary of Lemma which will be useful in
Section If f and g are C'-diffeomorphisms of [0;1] coinciding at one
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point, this corollary produces a new C'-diffeomorphism coinciding with f in
a neighbourhood of this point, and arbitrarily close to g.

COROLLARY 4.9. Let ¢ > 0. Then there exists € > 0 such that for all
g € Diff([0;1]), zo € (051), and n € (0;min(zo/2, (1 —20)/2)), if [ is a
diffeomorphism of [0; 1] such that:

e f(zo) = g(z0);

hd ||f’[x0—277;x0+277] - g|[m0—2n;mo+2n] Hl <E,

then there exists go € Diff '([0;1]) such that:

® 90ltwo-mwotn = flizo—nizo+n);

® gO|[O;xo—2n]u[xo+277;1} = g’[O;xo—Qn]U[xo-‘rQn;l];

* [lgo— gl <e.

Here is the parameter version of this corollary:

COROLLARY 4.10. Let (gt)icpo;1) be a continuous path in (0;00). Then
there exists a continuous path ()ie(0,1) in (0;00) such that for all C-conti-
nuous paths (fi)iefo;1) in Diff1([0;1]), all continuous paths (zt)ie)0,1) i (0;1),
and all n, € (0;min(x/2, (1 — x)/2)), if f is a diffeomorphism of [0; 1] such
that:

o f(xy) = filxy) for allt < 1;
b Hf’[a?t*277t§itt+2nt} - ft‘[xt*277t§xt+27]t}ul < &,

then there exists a C'-continuous path (9t)tef0,1) 0 Diff1([0;1]) such that:
b gt|[ﬂct—"7t;$t+77t] = f|[$t—77t§$t+77t} ’

® 9tl[ow—2m]Ulei+2n:1) = Sel[0swi—200+20051)5
o llge — fillh < e

The proofs of Corollaries [£.9] and are absolutely similar to the one
of Lemma thus we omit them.

“Partial gluing” near an extremaity

DEFINITION 4.11. If g € Diff!([0;1]), € > 0 and a € (0;1), we willl
denote by UZ, the set of maps f € Homeo([0;1]) such that:

o fliy € Diff ([a; 1], [f (a); 1]);
o || flig) — 9yl < e

We will see in the proof of the following lemma how, from a C!-diffeomor-
phism g of [0;1] and a homeomorphism f € UZ,, one can produce a map
coinciding with f in a neighbourhood of the extremities and which is arbi-
trarily close to g.
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LEMMA 4.12. Let ¢ > 0. Then there exists € > 0 such that for all
g € Diff*([0;1]), a € (0;1), 1 > b > (a+1)/2, and f € U, there exists

go € Diff*([0; 1)) satisfying:

® golia+1)/2 = Flia+1) 205
* gol[osa)u(v+1)/2:1] = Ill0sa)uio+1)/251]5
e |lgo—glh <e.

Proof. Let ¢ > 0 and é < min(e/2,e/(4Mg)). Let g € Diff'([0;1]),
€ (0;1), f e U, and let ¢y be a C>®-map of [0;1], constructed from &

(see Section in the following way:

on [0;a] and on [(b+ 1)/2;1], &g is constant, equal to 1;
if x € [a; (a+ 1)/2], then §p(z) = @(W);
on [(a+1)/2;b], Py is constant, equal to 0;

if z € [b; (b4 1)/2], then $o(x) = q;((ll_—ﬁ)_

Then one defines go = P9 g + (1 — o) f, and one checks that ||g — goll1 is
bounded by e. The other conclusions can be checked by simple calculation,

using the fact that the integration of the inequality |Df — Dg| < € gives
|f(z) —g(x)] < &(1l—x) for all z € [a;1]. m

One can notice that, in Lemmas [£.12] and [£.4] € depends only on e. That
justifies the following definition:

DEFINITION 4.13. Given € > 0, we denote by Marg(e) the set of strictly
positive real numbers satisfying the conditions satisfied by & in Lemmas [4.4]

and and in Corollary [£.9] In other words,
Marg(e) = <0;min<;, 4]\21))

Just as for the first “gluing” lemma, we state a parameter version of
Lemma 4.12:

LEMMA 4.14. Let (g¢)e[o;1) be a continuous path in (0;00), f € Dqag and
(ft)ie[o:1) @ continuous path in D, 5. Lemma ensures the existence of a
continuous path (be)iejo;1) i (05 1) such that || filip,.1) — flipenllh < Marg(er).
Then, for all paths (ct)iejo;) and (di)iejon) such that by < ¢ < 1 and
(et +1)/2 < dy < 1, there emists a C'-continuous path (ft)te[();l) in Dqog
satisfying:

o filoeuitae+1 20 = Feliosequi@i+1) /205

* Siliern/zd) = Fliern za;

o ||fi — filli < e

Once again, the proof is analogous to the one of Lemma and so we
omit it.
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4.3. Mather invariant. If f € D, g and a,b € (0;1), we set

Df,a,b = {QEDQ,,B : f|[0;a] :g|[0;a] and f|[b;1] :g|[b;1]}¢ Df = U Df,a,b-
a,be(0;1)

If f € Dag,abe (0;1), 9 € Dyqp and o < a is such that f(zg) < a,
then flio; (wo)] = 9l{0sf(z0)]> @nd then h defined on [0; f(zo)] by h = id con-
jugates f to g on [0;zp]. The Remark below states that this diffeomorphism
extends uniquely onto [0; 1) in such a way that it conjugates f to g.

REMARK. For all f € D,g and g € Dy, there exists a unique diffeo-
morphism h of [0;1) which conjugates f to g and coincides with id on a
neighbourhood of 0.

Proof. If h conjugates f to g, the relation hfh~! = g gives

holign(@o)ifrti@e) = 9 hof ™" = g"f~"  for all integers n.
One checks that this formula defines a Cl-diffeomorphism of [0;1). =

DEFINITION 4.15. The homeomorphism of [0; 1] coinciding with the dif-
feomorphism h mentioned in the Remark above on [0;1) and with value 1
at 1 will be called the unitary conjugacy from g to f, and denoted by hy. It is
the only conjugacy from g to f which coincides with id on a neighbourhood
of 0.

LEMMA 4.16. Let f be a C'-diffeomorphism of [0;1], (at)eepo;y and
(bt)eefo;1) be continuous paths in [0;1], and (f¢)ieqo;1) be a C*-continuous path
of diffeomorphisms of [0; 1] such that fi € Dyq,, for allt € [0;1). Then, for
every compact interval I in (0;1), the path (hy,|1)ic(0;1) is continuous in the
C'-topology.

Proof. Let I = [vg;v1]. Since v1 < 1, and by continuity of (a;)¢, for every
t € [0;1) there exists a neighbourhood V; of ¢ and an integer n; such that,
for all ¢ € Vy, h f, is defined by hy, = ' 7" and so depends continuously
on fy in the C!-topology. The continuity of hy,|; follows.

If the extension of hy to [0; 1] has Cl-regularity, then g is C'-conjugate to
f by hg, and the conclusion of Theorem is satisfied. However, generally,
hg is not differentiable at 1. In order to show that the conjugacy class of f
is arbitrarily close to g, one modifies g on & N Dy in such a way that h,
coincides with id on a neighbourhood of 1.

PROPOSITION 4.17. If f € Dopg, g € Dy, and U s a C'-neighbourhood
of g, then there exists ¢ € Dy NU such that hy = h' coincides with id in a
neighbourhood of 1.

A parameter version of this statement is the following:

PROPOSITION 4.18. Let f € Dqp; (at)iep;1) and (be)iejo1) continuous
paths in (0;1); (et)iepo;1) @ continuous path in (0;00). Let lastly (fi)ieo;1) be
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a Cl-continuous path in Dy g such that f; € Dy oy p, for allt € [0;1). Then
there exist continuous paths (b)icjo;1) and (Ct)iejo) in (0;1), as well as a
C!-continuous path (ft)te[o;l) in Dy, 5, such that, for allt € [0;1), we have:

o hf:t =1id on [¢; 1];
o |lfe — fil L <er
In particular, this yields:
COROLLARY 4.19. Under the hypotheses of this proposition, the map
[0;1) = Diff'([0;1]), ¢+ hy,
is continuous in the C'-topology.

Indeed, we saw in Lemma [£.16] that, for every compact interval I in
(0; 1), the diffeomorphism h 7 |; depends continuously on ¢ in the C!-topology.
Thus it is sufficient to choose I in such a way that A 7, coincides with id
on the complement of I so as to ensure that tht,|1 — hjlrll1, as well as
| i lcr = hj,lorllh are arbitrarily small provided that ¢ and ¢’ are sufficiently
close to each other.

From these two propositions, one can prove Theorems and rather

easily. Proposition [£.1I8] will also be useful in Section [6] in the proof of
Lemma [6.7]

Proof of Theorem[{.1] from Proposition[{.17 Given two diffeomorphisms
f,g of Dy g, we prove that there exists a conjugate of f arbitrairily C!-close
to g. Let € > 0. From Corollary , there exist 1 > a,b > 0 and gg € Dy 44
such that [|go — gll1 < &/2. From Proposition [4.17} there exists go € Dy such
that ||go — goll1 < €/2 and hg, = id in a neighbourhood of 1. Then hg, is a
C!-diffeomorphism of [0; 1] coinciding with the identity on a neighbourhood
of 0 and of 1, conjugating f to go, and ||go — g|[1 < e. =

Proof of Theoremfrom Proposition |4.18. If (ft)ic[0;1) s a continuous
path in Dy, then (ft)te[o;l) = (hf fhj;l)te[o-l) given by Proposition [4.18
t A >

is a C'-continuous path of conjugates of f such that the conjugacies h,ft all

coincide with the identity near 0 and 1 and |[h, f hj_g1 —fillh < e forallt < 1.
t

Moreover, Corollary ensures the C'-continuity of the path (h ft)te[O;l)- .

From now on, the aim is to reword the problem in order to obtain a
formulation similar to the C?>-problem. For that, we will introduce an equiv-
alent of the C2-Mather invariant. This will enable us to measure how much
hg differs from id near 1.

DEFINITION 4.20. Let f € D, and g € Dy. We define the Mather
invariant of g with respect to f, denoted by M¢(g), to be the unique hom-
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eomorphism of [0;1] commuting with f and coinciding with hg on a neigh-
bourhood of 1.

REMARK. The Mather invariant is well-defined since hy commutes with
f on a neighbourhood of 1. By choosing a fundamental domain I included
in this neighbourhood and by pushing h4|; by the dynamic of f, one obtains
the unique homeomorphism M (g)](o;1y of (0; 1] which commutes with f and
coincides with hy on a neighbourhood of 1. By finally setting M;(g)(0) = 0,
one obtains a diffeomorphism of [0; 1].

LEMMA 4.21. If f € Dop and g,9' € Dy are such that ¢ > g and
g > g on a closed interval containing a fundamental domain of ¢', then

Mi(g') > M (9)-

Proof. Let a,b € (0;1) be such that g, ¢’ € Dy 4. By definition of My, it
is sufficient to show that hy > hy on a fundamental domain Iy = [zo; f(20)]
of f included in [b; 1]. In other words, it is sufficient to show that hg h;l >id
on hgy(Ip), or that ¢"g~" > id on hy(lp) if n is so large that ¢g~"(z) < a. Let
x € hy(lp). Since ¢’ > g, we know that ¢"g~"(x) > x¢, and so the suborbit
{g"(97™ (%)) }o<i<n lies in the fundamental domain of ¢’ on which ¢ > g.
Consequently, ¢ (g7 "(x)) > ¢"(¢ " (z)) > x. =

LEMMA 4.22. Let f € Dog and let (ar)icpo;1), (bt)icjo;1) be continuous
paths in (0;1). Let (fi)iejo;1) be a path of Ct-diffeomorphisms with fy € D 4, p,
for all t < 1. Then, for every compact subinterval I of (0;1), the path
(Ms(fo)l1)eefo;1) is continuous in the C'-topology.

Proof. Let t € [0;1) and V be a neighbourhood of ¢. From Lemma
we know that hy, depends continuously on t' € V on a fundamental domain
Iy of f included in [supycy by;1). As I is compact, there exists an integer
n such that at each point x € I, My(fy) is obtained by conjugating hy, |z,
by f less than n times. Thus it suffices that hy,|j, is sufficiently close to
hy, |1y, in other words that t’ is sufficiently close to ¢ for M(fy) to be close
to My (f;) on the whole I. =

5. Proofs of Theorems [4.1] and [4.8] This section is dedicated to
finishing the proof of the main result of this paper, that is, Theorem [4.§
preceded by its discrete and more comprehensible version, Theorem
We will first use the material presented in the previous section to reword
Propositions [£.17] and [£.18] Let us recall in this connection that proving
these two propositions will complete the proofs of Theorems [.1] and [1-§|

Propositions [5.1] and [5.2] below are rewordings of Propositions and

[4.18| respectively.

PROPOSITION 5.1. If f € Dyg, g € Dy, and U is a Cl-neighbourhood
of g, then there exists ¢’ € Do g NU such that Ms(g") = id.
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PROPOSITION 5.2. Let f € Dap and let (ar)ico;) and (be)icjon) be
continuous paths in (0;1), and (e¢)icp;1) @ continuous path in (0;00). Let
lastly (ft)iejo;1) be a Cl-continuous path in Dy such that fi € Dga,p, for
all t € [0;1). Then there exist continuous paths (Bt)te[o;l) and (Ct)iefo;1) N
(0;1), as well as a C'-continuous path (ft)te[o;l) in D; . 5, such that, for all
t €1[0;1), we have:

o My(fi) =id;
o [Ife— filli <ee

Thus we will try, in the following subsections, to cancel the Mather in-
variant of a diffeomorphism (i.e. to make it coincide with the identity) while
remaining in an arbitrarily small neighbourhood of it.

5.1. To make the unitary conjugate have a fixed point. In order to
prove Proposition given f € Dy g and g € Dy, we will first make M (g)
have fixed points by modifying g by small perturbations. More precisely,
Proposition [5.3] will enable us to prescribe the point which will become a
fixed point of M(g) after having perturbed g:

PROPOSITION 5.3. Let [ € Dyp; a,b € (0;1) with a < b; g € Dyayp;
U be a C-neighbourhood of g in Dqog; and p € (0;1). Then there exist b > b
and g € UN Dy 5 such that p is a fived point of M(9).

The parameter version follows:

PROPOSITION 5.4. Let f be a diffeomorphism of [0; 1] without fized points
in (0;1). Let (fi)iepo;1) be a Cl-continuous path of diffeomorphisms of [0;1]
such that:

1 fU = f}l

e f; has no fized point in (0;1) for all t < 1;

e for all t < 1, there exist a; > 0 and by < 1, depending continuously
on t, such that f; coincides with f on [0,a;) U [b, 1] (i.e. ft € Dyg,p,)-

Then, for every path (e¢)iejo;1) in (0;00) and every continuous path (pt)ejo;)
in (0;1), there exists a C'-continuous path (ﬁ)te[o;l) of diffeomorphisms of
[0; 1] such that:

o fo=f; B

o for all t < 1, there exists by < 1, depending continuously on t, such

that f; coincides with f on [0;a:] U [by; 1];
o forallt €[0;1), || fe — fillh <eu; 3
o forallt € [0;1), py is a fived point of My(f;).

The idea of the proof is to perturb each f; in a continuous way with
respect to t. So, one will obtain a new path which will also be continuous
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with respect to t, and such that the unitary conjugacies will have a fixed point
for all ¢. For that, we will consider two diffeomorphisms f and f_ going
respectively “arbitrarily faster” and “arbitrarily slower” than f—the meaning
of these expressions will be made rigorous in Lemma below—and we will
make the f;’s coincide with these diffeomorphisms for a sufficiently long time
for them to catch up or lose their lead with respect to f.

First, we will show that such diffeomorphisms f; and f_ exist:

LEMMA 5.5. Let f be a C'-diffeomorphism of [0;1] such that f > id.
There exist two C*-diffeomorphisms fi and f— of [0;1] such that:

« fo>fid<fo<f;
* Df-(1)=Df(1) = Df(1);
o for all z € (0;1) and all ng € N, there exists k € N such that

(1) (f)f (@) = frot¥(z) and  (f-)" " (z) < fH(2);

consequently, for all k' > k, the inequalities (f1)¥ (x) > ™t (x) and
(f_)0tK () < f¥(x) are still satisfied;

o the lead of fi with respect to f and the delay of f— with respect to f
are decreasing, i.e., given ng, the smallest integer k satisfying the last
condition is increasing with respect to x.

Notation. If f € Dy, x € (0;1) and ng € N, we will denote by k(ng, x)
the smallest integer k satisfying condition above.

The proof of Lemma [5.5]is quite long and deferred to the Annex.

Let us now recall the definition of translation number of a diffeomorphism
with respect to another commuting with it:

LEMMA-DEFINITION 5.6. If f, h are two increasing C!-diffeomorphisms
of [0; 1] such that f has no fixed point on (0;1), f > id and f and h commute
on [0;1], then we can consider, given x € [0;1] and n € N, the integer m(n)
defined by

;N (@) < Bt () < frOH (),

Then the limit lim,_,o m(n)/n exists and is independent of z. We call
it the translation number of h with respect to f, and denote it by 7¢(h).
Furthermore, if (h¢);c(o;1) is a path of C!'-diffeomorphisms which varies C!-
continuously on compact sets in (0;1), then the translation number 7¢(hy)
depends continuously on ¢.

One can consult [BF] for a more general proof in the case of local hom-
eomorphisms, or [N] for a similar proof in the context of rotation numbers.

Let us also introduce the following definition:
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DEFINITION 5.7. Let f, g be increasing C!-diffeomorphisms of [0; 1], with
no fixed point in (0;1), such that g coincides with f on a neighbourhood Vy
of 0 and on a neighbourhood V; of 1. Then the delay of g with respect to f
is the integer 7¢(g) = [|7r(M£(g))|], that is, the integer part of the absolute
value of the translation number of the Mather invariant of g with respect

to f.

LEMMA 5.8. Let f be an increasing C'-diffeomorphism of [0;1] with no
other fized point than 0 and 1; (at)ic(o;1) and (bi)icpo;1) be continuous paths in
(0;1); and (gi)ejo;1) be a C'-continuous path of increasing diffeomorphisms
Gt € Dfapp,. Then 74(My(ge)) depends continuously on t, and the delay of
gt with respect to f is upper semicontinuous with respect to t.

Proof. From Lemma [4.22] we know that the Mather invariant of g; with
respect to f varies continuously on compact sets in [0; 1]. Thus, from Lemma-
Deﬁnition the translation number 7¢(M¢(g)) depends continuously on .
One concludes thanks to the continuity of the absolute value and the upper
semicontinuity of the integer part. =

LEMMA 5.9. Let f € Dag, (Tt)iejo;1) be an upper semicontinuous col-

lection of integers and (x¢)ie0;1) be a continuous path in (0;1). Then the

collection (£¢)scio;1) = ( f(”’mt)(xt))te[o;l) is locally upper bounded; in other

words: for all t € (0;1), there exists € > 0 such that supgep_cypyq s < 1.
The same holds for the collection (ff(”’xt)(xt))te[o;l).

Proof. Let t € [0;1) and e > 0. If s € [t —¢;t +¢] and € is small enough,
then by semicontinuity, rs varies from r; — 1 to ry + 1. Thus k(rs, zs) is
bounded by maxe(;_c;42) k(rt +1,25). Since fy has been defined in Lemma
in such a way that k(ng, z) increases with respect to x, one can conclude
that k(rs,zs) is bounded by k(r; + 1,x44c). Finally, the increasing of f
ensures that /5 < fimﬂ’zt“)(wt%). n

LEMMA 5.10. Let (£t)ieo:1) be a locally upper bounded collection of real
numbers in [0;1), that is, for all t € (0;1), there exists e, > 0 such that
SUDgcft—eyitteq) Us < 1. Then there exists a continuous path (di)scpo;1) in (0;1)
such that 1 > d; > 4, for all t € [0;1).

Proof. Each compact set C'in [0; 1) is covered by | J,c [t —¢€¢;t+€¢]. From
this union, one can extract a finite subcover. Since £¢|(_c,;t+c,) is bounded
by M, (¢)iec is bounded by the maximum of these constants. So ¢; is
bounded on each compact set in [0;1). Let (¢, )nen be an increasing sequence
converging to 1. On each interval [t;t,+1], ¢+ is bounded by M,,, so there
exists a continuous path (d¢);c(o;1) such that, on [t,;t,+1], one has d; > M,
and the lemma is proved. m
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Proof of Proposition[5.4 Since f; and fi+ have the same derivative at 1,
from Lemma one can find a continuous path (ct);c(o;1) in (0; 1) such that,
forall t < 1,

ct + 1 Et

ct > by, f_1< > >>bt7 Hft’[cul}_f:t‘[cﬁl]ul<5t:4M¢-

From Lemmas [5.85.10] one can in this way produce a continuous path
(di)tejo;) in (05 1) such that, for all ¢ € [0;1),

P Ly (S5 +1 <Ct + 1>

k

For all t < 1, from Lemma .14} there exist diffcomorphisms f; ; and f;
such that:

e f; 1 coincide with f; on [0;¢] U [(dy + 1)/2;1];

o fi+ coincide with fi on [(¢; +1)/2;dy];

o ||fix— filh <er
Let us denote k¢ = k(s + 1, f((er +1)/2)).

CLAIM 1. For allt < 1, one has the following inequalities on (dg; 1):

Mf(ft7+) > id, Mf(ft_) < id.

Proof of Claim 1. Let t < 1, x > d;, and n a sufficiently great integer
so that f~"(x) < a;. Let n; be the smallest integer such that f~"'(z) <
(¢t +1)/2. By construction of d¢, one can decompose n1 as ny = r¢(f;) +1+
ki + 1+ n', where n’ € N*. Then
(2) My(fe+)(@) = [l Mg (f) 7 (@)

Moreover,
My(f(f " () = frrUl(fmm ()
by definition of 77(M(f;)). Thus

(3) FE My () f 7 (@) = i frrMedil(p=m @)
Since f; 4+ > f on [bs; 1] and f7"1(z) > by, one also has

STl MU (=1 (1)) > f™ ().

)

So
7 for O (£ () > g (70 ),

Hence fi™ " £ (w) = S £ (for £ (2); funthermore fy 4 f " (x) €
[eeHLs £ (24L)), thus fi 4 coincides with fy on the interval [fy 4 f~"™ (2);

J’?_l(ft7+f*”1 (2))), which enables us to write

PRI @) = fE (fen £ (@),
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Since f;+f"™(x) € [%, f+(%)), and since k is increasing with respect
to its second variable, fffp“"lf*”l (x) > f{};frf(ftHHkt(ft’Jrf*”l (z)). By
noticing that f; + = f4 is greater than f on [Ctg'l;ij(%)), one obtains

ft/fii-l-i-n’ffnl (.Z') > fg;f’”f(ft)+1+ktf*n1+l(x) > fg;f*n/(aj> > 1.
From these calculations it follows that M¢(f; ) > id on (d¢; 1). One can
show similarly that M(f; ) <id on (d¢;1). =

Thus, M¢(fy) (resp. Ms(f-)) is strictly greater (resp. smaller) than the
identity on at least one fundamental domain of f, and is defined elsewhere
by its commuting relation with f. It is then strictly greater (resp. smaller)
than the identity on the whole (0;1); in particular M ;(f+)(pe) > pe (resp.
My(f-)(pe) < pt)-

One now considers, for all ¢ < 1, the path (fs)sejo;1) of diffeomorphisms
defined by fis = sfe+ + (1 —5) ft .

CLAIM 2. For all t < 1, there exists a unique s; € [0;1] such that
My (fr,s)(Pe) = pr-

It should be noted immediately that the property || fr,+ — ft|l1 < &¢, which
has been stated above, implies that, for all s € [0; 1],

[ fr,s = filli < ex.
Moreover, setting by = (dy + 1)/2, we have
frs € vaatj)t'

Proof of Claim 2. By construction of f; 4, this diffeomorphism coincides
with fi on at least one fundamental domain, and is also strictly greater
than f; — on this domain, since f; _ coincides with f_ there. Consequently,
if 5,5 € [0;1] with s < &', then f; ¢ > fis on at least one fundamental
domain of f; , and as a consequence also on at least one fundamental do-
main of f; ». One can thus use Lemma to state that, if s < s’, then
M (fr.s) < Mys(frs). On the other hand, given ¢t € [0;1), one knows that
M (ft,s) depends continuously on s on each compact subset of (0;1), and
My (fi,+)(pt) > pe and My(fi~)(pe) < pe- The result follows. m

CrAM 3. The real number sy depends continuously on t.

Proof of Claim 3. Given t € [0;1) and a sequence (t,)npen converging
to t, there exists an integer N such that f~(p, ) = ft;{\sft" (py,,) for n large
enough. Moreover, by continuity of the path (p;); and of the diffeomorphism
f~N, one knows that f~N(p;, ) converges to f~N(p;), which is equal to
ft;]tv (pt). So ft;{gtn (pt,) converges to ftfsjy (pt), and by uniqueness of the
parameter s satisfying this property, one can deduce that s;, — s; as n — oo,
which proves the continuity of (s¢);ejo;1). =
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Claim 3 implies the continuity of the path (ft)te[o;l) = (ft,s)tefo;1)s SO
the proof of Proposition 5.4 is now complete. »

5.2. Creating a degenerate fixed point of 5,

LEMMA 5.11. Let f € Do g; a,b € (0;1) with a < b; g € Dy qyp such that
M¢(g) has a fived point p in (b;1); and U a C*-neighbourhood of g in Dy 5.
Then there exist b > b and g € U N Df,a,B such that p is a fixed point of
M(g), with derivative equal to 1.

This time again, we state a parameter version of this lemma:

LEMMA 5.12. Let f € Dag, (ft)iejo;1) be a Cl-continuous path in D, g,
(Pt)ejo;1y @ continuous path in (0;1) and (¢)icpo;1y) @ continuous path in
(0;00), such that:

hd fO = f;

e there exist continuous paths (at)icio;1) and (bt)iepo:1) in (0;1) such that

Jt € Dyaup, for allt <1;
o forallt <1, p. > by and p; is a fived point of My(fi).

Then there exist a Cl-continuous path (ft)te[o;l) in Do g and a continuous
path (Et)te[o;l) in (0;1) such that, for all t:

hd JiO = f;

o f € Df,at,l;t;

e p; is a fixed point of Mf(ft) with derivative equal to 1;

o [Ifi = filr <eu

Here again, since the proof of Lemma [5.12] is quite simple, one gives
directly the proof of the parameter version.

Proof of Lemma[5.13 The idea is to perturb locally, along the orbit of py,
the diffeomorphism f; by composition on the right with an affine map which
will, fundamental domain by fundamental domain, make the derivative of
hy(fi) at these fixed points become closer and closer to 1. For that, one
chooses a continuous path (&}).c(0;1) in (0;00) such that, for all ¢ < 1, for all
Cl-diffeomorphisms ¢; of [0;1] with [l¢; — id||1 < &}, one has ||f; o ¢ — fi|1
< €. For all t € [0;1), one can consider the smallest integer k; such that
Dhy(f)(pe)(1 =)™ < 1if Dhy(fe)(pe) > 1 (vesp. Dhy(fi)(pe)(1+ep)™ > 1
if Dhy(fi)(pe) < 1). One considers the composition of f; with the affine map
Hi_ () = (1—ep)(@—f*(pe)) +f*(pe), vesp. Hi, (w) = (1+ep) (z—f*(p)) +
fi(p¢) on a neighbourhood of the fixed points fi(p;) where i = 0,..., ks — 2,
and then with the affine map

1

(1 —ep)k=1Dh — f(f)(pe)

(& = M 72(p)) + 272 (pr)



228 E. Farinelli

resp.
1 k2 kep—2
A+ ) TDh— e

on a neighbourhood of the fixed point f*~2(p;). One can notice that, as py
has been chosen to be greater than b, the diffeomorphism h¢(f;) at f*(p¢)

is obtained by conjugating Hl:l:a’ o hf(ft) by f at fi=1(p;). This ensures the

preservation of the improvement given to the derivative of h f(ft) along the
orbit of p;, and thus enables us to conclude that, after having worked as
explained above, the derivative of hg( fe) at the fixed point f*(p;) is equal
to 1.

The C!-diffeomorphism f; is then given by re-gluing these local perturba-
tions to the initial diffeomorphism f; following Corollary [£.10} The continuity
of this new path (ft)te[o;l) follows from the continuity of the path (p:).e(o;1) of
fixed points, of the path (&¢);c(0;1), and the continuity of hy(f;) with respect
to t on each compact subset of (0;1). m

5.3. To squash h, in successive fundamental domains: end of the
proof of Theorems and In this section, we finish the proof of
Proposition by establishing the following proposition:

PROPOSITION 5.13. Let (ap)nen and (Bp)nen be sequences in [0;1],
(fa)nen be a sequence in D, g, converging to id in the C'-topology and
ho be an increasing C*-diffeomorphism of [0;1] with Dho(0) = 1 = Dhg(1).
Let e > 0. Then there exists a sequence (fn)nen, where fo, € Dy, 5. 0By, (€)
for all n, such that the sequence (hy)nen of Ct-diffeomorphisms of [0;1], de-
fined by hg and h, = fnflhnfl ;_11 for n € N* is stationary, equal to id for
all n large enough.

Proposition will follow from its parameter version:

PROPOSITION 5.14. Let (fin)(tm)eo:1)xn be a collection of diffeomor-
phisms in D, g, such that:

e for all n, (fin)icon) s a C!-continuous path,
o for allt € [0;1), (fin)nen converges to the identity in the Cl-topology
asn — oco.

Let also (ht,O)te[O;l) be a continuous path of increasing C'-diffeomorphisms
of [0;1] such that Dhyp(0) = 1 = Dhyo(1) for all t € [0;1), and lastly
let (et)iecfo;1) be a continuous path in (0;00). Then there exists a collection
(ft n)(tn ye[o:1)xN such that ftn € Da, 8, N By, . (t) for all (t,n) € [0;1) x N
and the collection (htn)neN of Cl-diffeomorphisms of [0;1] defined by he o

and hyp = ftn 1hen— 1ftn 1 for n € N* is stationary for all t, equal to id
for all n greater than N large enough.
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Let us make a technical remark before beginning the proof of this propo-
sition.

REMARK. The graph of the map F : (0; 00] — (0; 00|, x +— ‘lf—x , is given
by the figure below. In particular, F' is increasing on (0;1) and decreasing
on (1;00); its limits at 1~ and at 17 are oo; it has value 0 at 0 and tends to
1 at oo; its value at 1/2is 1 and at 1/3 is 1/2.

/e 7

NoTATIONS. If ¢ > 0, we will denote by 0 < a. < 1 < b two real
numbers such that F(z) > 1/ if a. < x < b, and F(z) < 1/eif z < a. or
x > be.

In order to expound clearly the reasoning, and as the adaptation to the
parameter version does not present any extra difficulty, we show here only
how to deduce Proposition [5.1] from Proposition [5.13

Proof of Proposition from Proposition [5.13 Let g € Dyqp and p €
(0;1). From Proposition there exist b > b and § € U N D, .y such
that p is a fixed point of M¢(g). From Lemma one can suppose that
DM¢(g)(p) = 1. Let m be a sufficiently large integer such that f(p) > b.
One considers the sequence (f,)nen, where f, is the normalization of the
diffeomorphism f|{pm-n (), pmtnt1(y)) from [f™F7(p); f7F7 1 (p)] on its image.
One also defines a C!-diffeomorphism hg to be the normalization on [0; 1] of
My(9)l(gm (p); m+1(py)- Then this sequence converges uniformly to the identity
in the C'-topology, and one can apply Proposition By perturbing g
on the successive fundamental domains of f in such a way that f, is the
normalization on [0; 1] of g|gm+n(p), pmtn+1(p)), one will obtain a perturbation
g of g on [0;1] such that M(g) =id. =
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Proof of Proposztwn E We will write ft n as perturbatlons fim o Vin.
By noticing that h; 11 is then given by f;, o ¥ nhin ft , We can interpret
the transition from Ay, to hy 41, where ¢ is given, as the transformation of
hin into 1y o hy p, followed by conjugacy by ft . Since our aim is to obtain
hin equal to the identity, it appears that the best perturbation 1, would be
hy. Tll However, the permitted perturbations have size bounded by &;, which
is small enough for ft,n = fi;m © Yin € By, (e¢) to hold. This real number
does not depend on f;,,, but only on €, and one can choose it in such a way
that the path (£¢),c(0;1) is continuous.

Given n € N and t € [0;1), one defines ¢y n(z) = « + K¢ n¥ »(z), where
ht_% () =z + ¥ (z) and

. €t ) . 1 )
K;, =inf( 1; =inf( 1;& - min —— .
b ( MaxXe o] |stt,n<:c>|> < " wel0:) | DYy ()]

One can then check that |[¢;, —id||; < &, and

Dhy p,
K, =inf(1; —_
¢, 1n( o r[glll]ll—Dhtn>
As already announced, one also defines, for (¢,n) € [0;1) x N, the diffeomor-

phlsm ft n to be ft n — ft n © wt ny and 15%5'51}’ hy n+l = ft nhi nft n-
Let us introduce the following operator P, defined on { ft,n}(t,n)e[o;l)xN X

Diff} ([0;1]) and with values in the same set:

P:(fin h) — (ft,nJrl’ft,nhftTrzl)-
In particular, if (¢,n) € [0;1) x N, one has P(fin, htn) = (frnt1, Pent1)-
REMARK. The operator P is continuous with respect to t.
Proof. This follows from the continuity of the paths (fin)iepo;1) and
(Pt,n)iejop) for n fixed, the latter proved by induction. Indeed, (h0)iecfo;1) is

assumed to be continuous, and if (ht,n)te[o;l) is continuous, then so are ¥ ,,
and Ky, (from the continuity of (£¢).c(0;1)), and consequently 1, as well.

This proves the continuity of (ft,n)te[o;l), and hence of (h¢y)r. =

Notice now that if there exists (¢,n) € [0; 1) x N such that miny,q)| 1?1];7%?,”‘
> 1/&, then Ky, =1 and hy 41 = id. Moreover, one can easily check that
if n is such that h;, = id, then h;j = id for all k& > n.

So, the proof will be complete once we prove the following:

CLAM 1. For allt € [0;1), there exists My € N such that

Dhy ar, 1
1 — Dhy gt

The rest of the proof is devoted to proving this result. For that, we will

first use the convergence of (f;n)nen to the identity to clarify the calcula-

min
[0;1]

>
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tions. Let (¢,n) € [0;1) xN. Let 1, > 0 be such that (14+&;)(1—n;) > 1+&;/2
and (1 —&;)(1+n:) <1—£/2, and also such that

2
1t 3(1 +£,/2)
There exists N; > 0 such that, for all n > N; and all z,y € [0; 1], one has
th n(x)
l—mpp < == <14mn.
n th,n(y) "

Define now 7y, = n;. The uniform convergence of f; ,, to id as n — oo implies
also the existence of a sequence (7, )n>nN, converging to 0 and such that, for
all n > Ny and x,y € [0;1], one has

thn(x)
1- < ——< <1+ .
77t,n th’n(y) nt,n

One can also require that 1, <mn for all t <1 and all n > ;.

We have the following result:

CLAIM 2. For allt € [0;1), there exists n > N; such that
Dhy
1 — Dhyp,
Proof of Claim 2. Let x,y € [0;1] and n > N;. Assume that the minimum
is < 1. We can calculate
(4) DYty 0 hen)(x) = Dhyp(x) + Ko (1 — Dhy ().
Notice that:
(i) If Dhyp(z) = 1, then 1 — Dhyjp(x) = 0, so the derivative at this
point does not change when h; , gets composed with 1) ,.
(ii) If Dhyy(z) < 1 (resp. Dhyyp(x) > 1), then 1 — Dhyp(z) > 0 (resp.
1—Dhyn(z) < 0), thus the derivative becomes greater (resp. smaller)
after being composed with v .
(iii) If Dhyyp(x) < 1, then D (3¢, 0 hey)(z) is also < 1, and conversely.
(iv) If Dhyy(z) < Dhypn(y), then D(1t .y, 0 hey)(z) < D¢ © hepn)(y).

The graph of F' indicates that

. Dht,n min Dht,n
min = :
[0;1] |1 — Dht,n |1 — min Dht,n‘
On the other hand, from (iv) it follows that

min > 1.

[0;1]

argmin D (1, © hy ) = argmin Dhy .

One can now calculate that min D(vyp, © ht ) = (1 + &) min Dhy p, i.e. the
minima of D (¢, 0 hyy) and Dhy y, are reached at the same point. It follows
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immediately that, for all = € [0;1],
() D (@t 0 hyp)(x) > (14 &) tmin Dhe,n.

So to know the derivative of h,41, one still has to conjugate 1, o hy, by
ft,n, which leads to

Dhi i1 (fin(z)) = D fen(¥enhin(x))

D fin(z) D1 nhin) ().

From this expression and from , and according to our choice for 7, we
deduce that for all z € [0;1],

(6) Dhtm_;_l(.’lj) > (1 + ét)(l — Ut,n) I[Blllr]l Dht,n > (1 + 515/2) I[BlllI]l Dht,n-

Let now k be an integer such that (1 + & /2)¥ ming,q) Dhe, > 1. Two cases
can then occur: either

e there exists an integer n < k' < k such that min‘lDi““" > 1; in this

case our statement is proved; or
Dht K

71 o ‘ < 1; in this case,

e for each integer k' between n and k, min[o;l}‘
from the previous calculation, one obtains
Dhy iy, > (14 &;/2)F min Dhy,, > 1,

and from the graph of the map F' we can conclude that Claim 2 is proved. =
ht \n

CLam 3. Let t € [0;1). If n > Ny is such that 1/&, > min| 5 ‘ > 1,
thenmm’l h““ ’>1f07‘allk:>n
Proof of Claim 3. We argue by induction. If n > N; and mln} tht = } >1,

two cases can occur:

If this minimum is reached at a point « € [0; 1] such that Dh; ,(z) < 1,
then, since 1/&; > min|1f)gi’;l’zn|, similar calculations to those above lead to
inequality @ In particular, min Dh ;41 > min Dhy ,,, and we deduce, with

the help of the graph of F, that mln}%‘ > m1n| T ht “ | > 1.

Otherwise, this minimum is reached at a point = such that Dhtm( x) > 1.
Thus, from the graph of F', it is reached at max Dhy y, that is,
Dhy 1 ~ max Dhyy
1 —Dhipi1| maxDhyy—1
Furthermore, as above we can use (iv) to conclude that argmax (D 0 hy p,)
= argmax Dhy ,,, which gives max D(1;,, 0 hy ) = (1 4 &) max Dhy,,. Con-
sequently, for all z € [0;1],

(7) Dht7n+1($) < (1 — f::t)(l + 77t,n> I[%Z‘lﬁ(Dhtm < I[Ila.)]( Dht,n-

3

[0 1]
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On the other hand, the hypothesis min‘ 1—D£)71,L ‘ > 1 implies that Dhy () >
1/2 for each ¢. Thus, for all z € [0;1],

1
D(wt,n o ht,n)(x) = Dht,n(l - Kt,n) + Kt,n > 5(1 - Kt,n) + Kt,n;

and then, using min‘ngzn‘ > 1 again, one obtains D (¢, o hey)(x) >

%(1 + &¢). After conjugating ¢, o ht .y, by fin, one has

1 I3 1
Dht7n+1(x) > (1 — nt,n)D(wt,n o ht,n)(x) > 5 (1 + 2t) > 5

Each Dhyp1(x) is then bounded by 1/2 on one side and by max Dhy,, > 1

. . Dhy
on the other side, and thus mm‘ﬁ‘ >1.
\n

CramM 4. For allt € [0;1), one has Dhyy — 1 as t — cc.

Proof of Claim 4. From the reasoning above, one can assume that

min > 1 for all n > nyg.

Dh,,
1— Dh,
Let t € [0;1) and n > ng. From (), we can then deduce the following:

o If Dhyp(x) < 1, then D(Y¢nhipn)(x) > Dhyyn(z) + (1 — Dhy ), and
80 Dhypni1(f(x)) > (1 = nepn)(Dhipn(z) + E(1 — Dhyy)):

o If Dhtm(l‘) > 1, then D(?/Jt,nht’n)(l‘ < Dht7n($) + 5t(1 — Dht,n)> and

SO Dht7n+1(f(ﬂf)) < (]. + 77t,n)(Dht,n($) + ét(]- — Dht,n))

Denoting by dy, the maximal distance from Dh;, to 1 and using (iv), one
deduces

dpt1 < rﬁc(m,n + (1 =) dn(1 = &); N + (14 0en)den(1 — &)

=Ntn+ (L 4+ 0en)den(l — &) < dep(l—E/2) + .
Notice that gf/g is an attracting fixed point of the affine map = — z(1 —
€t/2) + Ny, and ;’tt/'é converges to 0 as n — oo, when ¢ € [0;1) is given.
Consequently, the same holds for the maximal distance d; ,, from Dh;, to 1,
and thus Claim 4 is proved.
One can easily check that Dy, (0) = 1 = Dy, (1) for all (t,n) €

[0; 1) x N, which follows from D f; ,(0) = D f; ,(0) and D f; (1) = Df; ,(1). m

Now, since F(z) — oo as  — 1, Claim 4 implies that min[o;m%{
— 00 as n — 00, and thus Claim 1 is proved. =

This ends the proof of Theorem
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6. Isotopy by conjugacy to the identity. In this section, we prove
Theorem [L.8

It is clear that if D f(x)# 1 for some fixed point = of £, then D(hyfh; ') ()
= Df(x) # 1 for all t € [0;1), and consequently f cannot converge to id in
the C!'-topology.

Thus, we will show now that the condition is sufficient.

For that, we will first consider the case where f has no other fixed point
than 0 and 1.

LEMMA 6.1. Let f be an increasing diffeomorphism of [0;1] such that
Df(0) =1 = Df(1) and Fix(f) = {0,1}. Let g be an increasing C!-diffeo-
morphism of [0; 1] without hyperbolic fized points and with (f—id)(g—id) >0
on the whole [0;1]. Then there exists an isotopy by conjugacy (fi)iecpo;1) from
f to g such that || fy — gll1 < 2||f — gl|1 for allt € [0;1).

Proof. Let ( ft)te[o;l) be the continuous path of increasing C!-diffeomor-
phisms of [0;1] defined by f; = (1 —t)f 4 tg. Then || f; — gll1 < If — gl
Furthermore, if ¢ € [0;1), then ﬁ has no fixed point, fo = f and ft — g
as t — 1. One can thus apply Theorem for a path (e¢);e(o;1) in (0; 00)
bounded by ||f — g||1, converging to 0 as ¢ — 1, and in this way obtain the
existence of an isotopy by conjugacy from f to g, denoted by (ft)tE[O;l)a such

that || f; — fi|[1 < & for t < 1. By the triangle inequality, one has the desired
control for ||f; — gl/1. =

Proof of Theorem[1.8 First notice that the set of connected components
of [0;1] \ Fix(f) is countable, and fix a numbering C1, Cs, ... of the closures
of these components.

For all n > 1, denoting by &,, the affine map from C,, into [0; 1], we define
fn = ®nflc,®; . Then || f, —id|1 — 0 as n — co. Indeed, by uniform con-
tinuity of Df|c,, and since diam(C;,) — 0, one finds that D f|c, converges
to Df|c, (0C,) =1 on C,, and consequently f|c, converges to id.

Let tg =0<t1 <ty <--- witht, - 1asn — oco.

For all n > 1, let ((fn)s)se[0;1) be an isotopy by conjugacy from f, to id
satisfying the conclusions of Lemma . One defines, for all ¢ € [0;1], the
diffeomorphism f; by setting for all n > 1,

fle, if t <typ_1,
ft|c” - dsgl(fn) t=tpn_1 gﬁn if tn—1 <t < 1)
1-tp_1

and fi(1) = 1. The path (fi)ic[;1) is then continuous: this follows in each
component Cy, from the continuity of the isotopies ((fn)s)se[o;1], and in the
neighbourhood of fixed points, from the fact that these isotopies coincide
with f|c, at these points.
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The continuity at ¢ = 1 can be proved as follows: If € > 0, there exists
no € N such that ||f|c, —id|1 < €/2 for all n > ng. Then, for all ¢t >
tng—1, ft coincides either with f, or with id, or with (f,)s where s € [0;1),
depending on the component C,, in which we work. In each of these cases,
from Lemmaone has [|fi|c, —id|[[1 <2-§ =¢. =

7. Generalization: proof of Theorem [1.3

7.1. Signature of a diffeomorphism of [0;1]. For instance, we saw
that two C!-diffeomorphisms f and g of [0; 1] with no other fixed point than
0 and 1, with the same derivatives at 0 and at 1 and such that (f —id)(g—id)
> 0 are isotopic by conjugacy. We also saw that each C'-diffeomorphism of
[0; 1] with derivative 1 at each of its fixed points is isotopic by conjugacy to
the identity.

We would now like to group together these two results in a more general
statement, as well as distinguish the cases in which there exists an isotopy
by conjugacy from f to g from the cases in which such an isotopy does not
exist, but in which it is yet possible to obtain a sequence of conjugates of f
converging to g.

DEFINITION 7.1. Let f € Diﬁi([o; 1]) without hyperbolic fixed points,
except possibly 0 and/or 1. A countable and well-ordered set ({C;}icr, <)
endowed with a map o : {C;}ier — {+,—} will be called a signature of f
if there exists an increasing, one-to-one map ¥ : {C;}ie;r — [0;1] \ Fix(f),
C; — x;, such that:

e For all i € I, f(x;) — x; has the same sign as o(C}).

o If 4,5 € I are such that z; < x;, then there exists k € I such that
z; <z < xj and (f(zx) — xk) (f (@) — x;) < 0.

e For all z € [0; 1]\ Fix(f), there exists ¢ € I such that, for all y € [z; z;]
(an unoriented interval), (f(y) — y)(f(zi) — z;) > 0.

PROPOSITION 7.2. For every orientation-preserving C'-diffeomorphism
f of [0; 1], without hyperbolic fized points other than possibly 0 and 1, a sig-
nature of f exists and is unique up to an orientation-preserving isomorphism.

Proof. Ezistence. Given a C!-diffeomorphism f of [0; 1], we will first spec-
ify the meaning of the expression “maximal interval on which the sign of f
does not change”; used in the Introduction.

For all x € [0;1] such that f(x) # =, one considers the set Z, of all
intervals (a;b) C [0, 1] such that

o x € (a,b),
o (f(z) —z)(f(y) —y) =0 forall y € (a;b),
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e a does not belong to the interior of Fix(f) with respect to the induced
topology on [a; 1]. In other words, a is neither in the interior of Fix(f)
nor the lower extremity of a connected component of this interior.

e b does not belong to the interior of Fix(f) with respect to the induced
topology on [b; 1].

One can then check that, for all z € [0; 1]\ Fix(f), the interval I, = J;cz, 1
belongs to Z,: it is thus the maximal element of this set with respect to
inclusion.

Consider now the set {I, : € [0; 1]\ Fix(f)}. If z and 2’ are in the same
connected component of [0; 1]\ Fix(f), then I, = . It follows in particular
that this set is countable. We therefore denote from now on

{Iaz HEUNS [03 1] \le(f)} = {Ci}iel = {Im}zel’a
where I is a countable set, and I’ is a countable subset of [0;1]. Now define
a map @ by
& {Citicr > {+; -}, I,=C;— signof f(x)— =,
and a map ¥ by
v {Ci}iel — [O, 1], I, = CZ = Z.
If 2,2 € I' and x < 2/, then I, NIy = 0. So {I,},cr is well-ordered, in the
same order as the real numbers x € I’ which implies that ¥ is increasing
and injective.

By construction, the sign of @(I,) where x € I’ is the one of f(¥(I,)) —
(I,).

Let z,2’ € I' with o < 2’ and (f(z) — z)(f(2') — 2’) > 0. Assume that
(f(x) —2)(f(y) —y) > 0 for all y € [z;2]. Then I, U I,y would belong
to Z,, which contradicts the maximality of I, in Z,. Therefore there exists
y € [z;2'] such that (f(y) — y)(f(x) —x) < 0. In particular y is not a fixed
point, so there exists z” € I’ such that I, = I,». Since ¥ is increasing and
injective, from = < y < 2’ one deduces I, < I, < Is, and then = < 2" < 2/,
and, since 2 € I, one also has (f(z") —2”)(f(z) —z) < 0.

If z € [0;1] \ Fix(f), then there exists & € I’ such that z € I, = I;. For
all y € [x;Z], one has y € I, so (f(y) —y)(f(z) — &) > 0.

Uniqueness. Assume that ((C' = {Ci}icr,<),0) and ((C" = {C/}icr,
<), 0’) are two signatures of a C!-diffeomorphism f of [0;1]. Let i € I and
x; € [0;1] \ Fix(f) be the image of i by the map ¥ defined in Definition
Then, since ((C" = {C!}icr,<'),0') is a signature of f, there exists a
unique z; in the image of ¥’ such that the sign of f does not change on
the whole unoriented interval [z;;2}]. We will denote this real number by
¢(x;). We then define ¢(i) = ¥'~1(x%). In other words, ¢ is the map from
I to I' defined by ¢ = '~ 1o¥. Now we will show that ¢ is isomorphic and
order-preserving.
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e ¢ is injective and order-preserving: This follows directly from the same
properties of ¥, ¥, and ¢.

e ¢ is onto: Let us consider C! in C'. Set 2, = ¥/(C!), and let x; in
the image of ¥ be such that the sign of f does not change on the
unoriented interval [z;;«}]. Then ) has the same property as ¢(x;),
and thus z} = ¢(z;). Consequently, C! is in the image of ¢. m

DEFINITION 7.3. From now on, the signature of f in the sense A will
refer to the signature of f as constructed in the proof of the existence of a
signature above.

7.2. Proof of Theorem m. First, let us state some properties con-
cerning isotopies by conjugacy:

NoTATION If f, g are two orientation-preserving C'-diffeomorphisms of
[0;1], we will write f ~~ g if there exists an isotopy by conjugacy from f
to g.

PROPOSITION 7.4. The relation ~ is reflexive and transitive.

Proof. One immediately checks that ~ is reflexive.

Concerning the transitivity, assume that (Ht)te[o; 1) is an isotopy by conju-
gacy from an orientation-preserving C!-diffeomorphism fj of [0; 1] to another,
which we will denote by f. Assume also that (htfhgl)te[o;l) is an isotopy
by conjugacy from f to a diffeomorphism g € Diff’ ([0;1]), and consider a
continuous path (&¢);c(o;1) in (0;00).

Denote by n; > 0 the greatest constant such that if || — 1[|; < 1, then
|heohy ™t — hgbh b |1 < ;. The continuity of the path (ht)iefo;1) ensures that
the collection (Ut)te[o;l) is locally bounded; more precisely, for each ¢ € [0;1),
there exists a neighbourhood V of ¢ and 7))y > 0 such that 7y < ny for all
teV.

On the other hand, with each given to € [0;1), by convergence of Hy
to f, one can associate the smallest real number 74, of [0;1) such that
| f = Hi, ll1 < - Since the collection (7t)se[o;1 is locally bounded, one has
a similar property for (7;),c[;1): for each ¢ € [0;1), there exists a neighbour-
hood V of ¢t and ry € [0;1) such that 7, < 7y for all ¢ € V. Lemma
now yields a continuous path (7(t))¢cpo.1) in [0; 1) satisfying, for all ¢ € [0;1),
[ Hyy — flli < m¢, and hence HhtHr(t)h;l — hefh Y1 < e By choosing
gt — 0 as t — 1, one obtains the convergence of htHT(t)h;l togast— 1in
the C!-topology, and consequently an isotopy by conjugacy from fy to g. m

PROPOSITION 7.5. Let f,g be increasing Cl-diffeomorphisms of [0;1]
without hyperbolic fized points, and B = {B;}icr be the set of connected
components of [0;1] \ Fix(f). Assume that (g|p, —id)(f|p, —id) > 0 for all
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i € I, and g = id outside | J;c; B;. Then there exists an isotopy by conjugacy
from f to g.

Proof. The proof is similar to the one of Theorem [I.8] by using Lemma
.

Proof of Theorem [1.3 CASE 1. First, we assume that there exists an
isotopy from f to g, denoted by (htfht_l)te[o;l), where (h¢)ejo;1) is con-
tinuous. One defines ¥ (resp. ¥’) to be the increasing and injective map
{Ci}ier = [0; 1) \ Fix(f) (resp. {C/}icrr — [0;1] \ Fix(g)) satisfying the con-
ditions listed in the definition of the signature, and if i € I (resp. i € I'),
one defines z; = ¥(C;) (resp. =, = ¥'(CY)).

Notice that if «; € ¥'(C"), then, by convergence of hyfh; ' to g, there
exists T > 0 such that (hyfh; *(2}) — 2:)(g(x;) — 2;) > 0 for all t > T So,
f —id has at h; *(2}) the same sign as g at z}, for all t > T By definition of
the signature of f, there exists a unique ;) € ¥(C) such that f —id has
constant sign on the whole unoriented interval [hy.! (z/); T, (;)]- The continuity
of t + h;'(x}) ensures that f — id has constant sign on each unoriented
interval of the kind [ht_l(x;);x@(i)], where ¢ > T (in particular, ¢ is well-
defined: it does not depend on the choice of t, provided that it satisfies
the above mentioned conditions). Then &(C}) = ¥~ (x,;)) defines a map
@ : C" — C, and one shows that:

e & preserves the signs: The explanation above shows that o(@(CY)) =
o' (Cl) foralli e I'.

e O is non-decreasing: Let C!,C; € C" with C] < Cj; then z < ).
If g —id had the same sign at 2 and at ), then, by definition of the
signature of g, there would exist z; € ¥/(C’) with z} < x] < )} such that
(g(z}) — ) (g(x]) — x;) < 0. Thus it is sufficient to consider the case where
(g(z}) —x;)(g(z)) —x},) < 0. For each t € [0;1) sufficiently close to 1 we have
hy H(wf) < hy ' (a,), and (f(hy ' (2]) — By (&) (F (hy () = by (27,)) <O,
Assume now that z,) < z,;). Three cases can occur:

If 2,0 < h; (%), then f—id must have constant sign on [T (k); hy H )]
yet h; H(x}) belongs to this interval. That leads to a contradiction.

If vy > h; t(x}), then f—id must have constant sign on [R; *(;); Ty(i);
which contradicts the fact that h; 1(3:2) belongs to this interval.

If hyt(z) < Tok) < Ty) < hy'(2}), then since f — id has to have
(5] and on [z (k)3 h; t(x})], it follows that it has

constant sign on [h; ' (2}); 2, )
Phi ' (

constant sign on [h; *(x}) z}.)]. This time again, this contradicts the fact
that f — id does not have the same sign at h; (%) and at h; ' (z},).

(2
Thus x,;) < Tyk), and we get the assertion since v~ is increasing.

e @ is one-to-one: This follows directly from monotonicity.
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CasE 2. Let now {C}}icpi;n be a finite subset of {C;}ic. Assume that
there exists a sequence of conjugates of f, denoted by (h,fh,!)nen, con-
verging to g as n — oco. Let m be a sufficiently large integer so that, for all
i € [1;N], hnfh,(z}) — o} has the same sign as g(z}) — #f. Then f —id
has the same sign at h,,!(2}) as g — id has at z}. By definition of the signa-
ture of f, for all i € [1; N], there exists z,; € ¥(C) such that f —id has
constant sign on the unoriented interval [z,(;; by, (25)]. One then defines
®(C)) = ¥ (x,(;) and one shows, similarly to Case 1, that @ is an increas-
ing and sign-preserving one-to-one map. Here, unlike the case where we had
an isotopy by conjugacy from f to g, ¢ depends on the chosen integer m,
so the proof would not work if we had not restricted it to a finite subset
of C'.

PROPOSITION 7.6. Let f and g be increasing C*-diffeomorphisms of [0;1]
without hyperbolic fized points. Denote by ((C = {C;}icr, <),0) and ((C' =
{Cl}icr, <), 0") their respective signatures. Then:

1. There exists an isotopy by conjugacy from f to g if and only if there
exists a one-to-one and order-preserving map ¢ : C' — C such that
o(Cl) =o' (P(CY)) forallieI'.

2. There exists a sequence of conjugates of f converging to g if and only
if, for every finite subset J' of I', there exists a one-to-one and order-
preserving map ¢ : {Cl}icjr — C such that o(C}) = o' (P(CY)) for all
ielJ.

End of the proof of Theorem assuming Proposition (7.4 Consider the
signature in the sense A of f, ((C = {Ci}ier, <), 7). In each C;, choose a
point x; which is not a fixed point of f, and associate to it the connected
component C; of [0;1] \ Fix(f) to which it belongs. Define < by: if i,5 € I,
then C; < Cj if and only if €] <" C7, and the map o by: if i € I, then o(C;) =
5(C;). Then choose (({Ci}ier, <), o) to be the description of the signature
of f, and call such a description of the signature of a diffeomorphism of
Diff! ([0;1]) the signature in the sense B. We will denote by ((C’,<’),d")
the signature in the sense B of g.

Assume that there exists a one-to-one and increasing map @ : ¢/ — C
such that o(C}) = o/(P(C))) for all i € I'. If Df(0) = Dg(0) # 1, then one
can consider the smallest element of the ordered set C’, denoted by (0;ay);
then @((0;ay)) is the smallest element of C, denoted by (0;af). Otherwise,
Df(0) = Dg(0) =1 and we define ay = a4 = 0.

Similarly, if Df(1) = Dg(1) # 1, then we can consider the greatest
element of C’, denoted by (bg;1); then ®((bg;1)) is the smallest element
of C, denoted by (bs;1). Here again, if Df(1) = Dg(1) = 1, then define
by = by = 1. Then f|,, and gl[q,;p,) are increasing C!-diffeomorphisms
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without hyperbolic fixed points. Moreover, @ is a one-to-one and increasing
map from C"\ ((0;a4) U (bg;1)) to C'\ ((0;ar) U (by; 1)), compatible with
the signs ¢’ and o on these sets. Normalizing the diffeomorphisms f[j, 1ibs]
and g[[4,,) SO as to obtain diffeomorphisms defined on [0; 1], one can use
Proposition to obtain an isotopy by conjugacy from one to the other.
Let now h be an increasing C!-diffeomorphism of [0; 1] such that h(ay) = ay,
h(bs) = by and h is an affine map on [as;bs]. We define g = hgh™!. Then
there exists an isotopy by conjugacy from flia;.s] t0 g1l(a,n,)-

On (0;af), g1 —id has sign ¢’([0; ag]) = o([0;af]), and on (bs; 1), g1 —id
has sign ¢’([bg; 1]) = o([bs; 1]). Moreover g; — id has no fixed point on these
intervals. From Theorem|1.2|there exists an isotopy by conjugacy from f| [0:a]
to g1l[o;a,], as well as from (1) to g1[p,;1)- From these three isotopies by
conjugacy, by following the same method as in the proof of Theorem
one can construct an isotopy by conjugacy from f to g1, and the transitivity
of the relation ~» enables us to conclude.

The proof in the case of a sequence of conjugates follows exactly the same
scheme. =

PROPOSITION 7.7. Let f,g be increasing C!-diffeomorphisms of [0;1]
such that:

(f —id)(g —1id) = 0;

DJ(0) = Dg(0) = Df(1) = Dyg(1) = 1;

g has no fized point in (0;1);

if x,y ¢ Fix(f), then z ¢ Fix(f) for all z < z < y.

Then there exists an isotopy by conjugacy from f to g, denoted by
(htfht_l)te[g;l), and a constant C > 0 such that, for allt € [0;1),

lhefhit = gl < CIIf = glh-

Proof. We prove the result in the case where f has an interval of fixed
points [0; a] and has no fixed point in (a;1). The other cases can be handled
similarly.

Let (at)iep;1) be a continuous path with ap=a and a; — 0 as t — 1,
and (ht).ejo;1) be a continuous path in Diff} ([0;1]) such that hy(a) = a
and {||h¢|1 : t € [0;1)} is bounded (for example one can choose § <
min((1 —a)/2,a/2) and choose h; coinciding on [0;a — 0] with the affine
map from [0;a] into [0;a¢], and on [a + J;1] with the affine map from [a; 1]
into [as; 1], and then smooth the map on [a — d;a + 4]).

Then h¢fh; ! converges to fi, where f; has no fixed points in (0;1) and
(f —id)(f1 —id) > 0 on [0;1]. Then, by using Theorem [1.2] to obtain an
isotopy by conjugacy from f; to g, and then Proposition to combine the
two isotopies, we obtain an isotopy by conjugacy from f to g. m
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By a similar method to the one presented in the proof of Theorem [I.§]
one can deduce the following corollary:

COROLLARY 7.8. Let f, g be increasing C'-diffeomorphisms of [0; 1] with-
out hyperbolic fixed points, and B = {B;};c1 be the set of connected compo-
nents of [0;1] \ Fix(g). Assume that (g|p, —id)(f|B, —id) > 0 for alli € I,
and f = id outside | J,c; B;. Then there exists an isotopy by conjugacy from
ftog.

Proof of Proposition[7.6. Let ({Cj}ier, <), 0") be the signature of g in
the sense A. The set (({Ci}ier, <), o) will be considered as the signature of
f in the sense B.

Let ¢ > 0, and denote by J. the finite subset of I’ defined by: i € J.
if there exists z € C] such that max(|g(x) — z|,|Dg(xz) — 1|) > ¢, so that
lgley,.,, cr —idley,., el <e

Let &. be a one-to-one map from {C!};c;. to {C;}ics, and define an
increasing C!-diffeomorphism fj of [0;1] as follows:

e on each &.(C)) = (a;;b;), fo = id on (aZ7 sai + 1b] [3% %bi;bi);
fo has no fixed point on (gal 1b27 30— 1+ b ); and on this latter
interval, fy —id has the same sign as f — i

e fo =1id elsewhere.

Proposition again yields an isotopy by conjugacy from f to fj.
Define now f; € Diﬁi_([(); 1]) by:
e foralli e J,, f1|cz{ is conjugate to f0|¢5(q{) (by an increasing and affine
C'-diffeomorphism, denoted by h;);
e f1 =id outside ;. C7.
Note that the signature of f; in the sense B is ({C/}ic.,0’).
CLAIM. There exists an isotopy by conjugacy from fo to f1.
Proof of the Claim. Define hg = id, and, if ¢ > 1, define:
e (i) < i to be the integer satisfying a,;) = max{a; : j < i and
a; < a;}; if this set is empty, then ¢(i) = 0;
e (i) < i to be the integer satisfying aw(i) = min{a; : j < 7 and
a; > a;}; if this set is empty, then (i) =

e a conjugacy h; € Diff} ([0;1]) in such a Way that hi| 2 2004 10; L alt-200)

coincides with h;; on (b (i)} O al], h; coincides with the afﬁne map from

1 2 2 1 2 1

[3a Ay + 30,0030 + 3 30i] to [3ap() + 3bug); 3ai + gbi; on [b; @ W)
h; commdes with the affine map from [zl,)a’ + 2b;,§ Zp() + éb;p(z)]
to [%a’z bi; 3az¢( ) + Ebzp(i)]a hi = h;—1 on [Oa 3 90(@) 21):0(1)]

[%%(i) %bip(i)’ 1.
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For all ¢ € N* and t € [0;1), define hy; = th; + (1 — t)hj—1. Choose a
non-decreasing sequence (t,)nen C [0;1) with tg = 0 and ¢, — 1 as n — oo,
and, given t; <t < t;11,define hy =h -y, One can check that the path

tiy1—t;’
of C!-diffeomorphisms constructed in this way is continuous. Furthermore,
htfoht_1 — f1 as t — 1 in the C!-topology.

Indeed, let € > 0. From the regularity of fy and f1, and since their fixed
points, except 0 and 1, are not hyperbolic, there exists n € N such that
| fole, —id||1 < €/2 and | fi|c, —id|1 < &/2 for all ¢ > n. In particular, if
t > 0, since hy is an affine map on the intervals where fy # id, one also has
e fohy ey — idl1 < /2.

On the other hand, if ¢ > ¢,_1, then htf[]h;l = f1 on Uk<n C’,’C. On
the complement of this set, h¢ foh;, Land f either coincide with the identity
(the former outside Jj,, ht(Ck) and the latter outside |, C}), or, as
we just saw, are ¢/2-close to the identity in the C!'-norm. Consequently,
||htf0h;1 — fill1 < e for all t > t,,_1, and the proof is complete. =

41"

Let g. be the increasing C*-diffeomorphism coinciding with g on Uie J. C!

and with id elsewhere, and define a C!-diffeomorphism §. by: §. has no fixed
point and has the same sign as ¢/(C}) on C/, and coincides with id outside
Uses, i

By Corollary[7.8] there exists an isotopy by conjugacy from f; to g., and
then Theorem ensures the existence of an isotopy by conjugacy from g.
to g..

Hence, by Proposition [7.4] there exists an isotopy by conjugacy from f
to g-. As a consequence, there exists a conjugate of f e-close to ge, thus also
2e-close to g, and that is true for all € > 0; the second item of the theorem
is thus proved.

The first item can be proved by following the same reasoning; the only
difference is that one does not “cancel the waves” of g which are smaller
than e before applying the described method. Consequently, one uses the
one-to-one map which maps C’ to C, which in this case does exist without
the hypothesis of finiteness of the signature of g, and, by using the interme-
diate diffeomorphisms as in Case 2 (except ge), one obtains the existence of
isotopies that one combines by using Proposition [7.4] to obtain an isotopy
by conjugacy from f to g.

8. Annex

8.1. Statement and structure of the proof. Here we prove Lem-
ma [5.5] The method of proof has been kindly suggested by C. Bonatti.

For convenience, we first transpose the problem to the following equiva-
lent proposition, whose proof is the subject of this Annex:
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PROPOSITION 8.1. Let f be a C'-diffeomorphism of [0;00) without fized
points except 0, such that f is a contraction (i.e. f—id < 0 on (0;00)). Then
there exist Ct-contractions fi and f— of [0;00) such that:

e Df(0)=Df(0) = Df-(0);
o f(x) < f(z) < fr(x) for all z > 0;
e for each x > 0, there exists n € N* such that f*(z) < f*H(z) <

fr(@) < fr7Ha) < fi(2).

REMARK. If f, and f_ are C'-contractions of [0;00) with f_ < f < fy
and satisfying the conclusions of the proposition only on a neighbourhood
of 0, then f. and f_ satisfy the conclusions on the whole half-line. Thus,
it will be sufficient to construct these two contractions on a neighbourhood
of 0, and then to extend them to contractions remaining respectively greater
and smaller than f.

The first step consists in proving that, if f is embeddable in a C'-flow,
then f satisfies the conclusions of Proposition [8.1

LEMMA 8.2. Let f be a C'-contraction of [0;00) such that f is the time-
one map of a Ct-vector field X on [0;00). Then there exist C*-contractions
f+ and f— of [0;00) satisfying the conclusions of Proposition .

We will hence reduce the initial problem to the following result:

LEMMA 8.3. If f is a C'-contraction of [0;00), then there exist C'-con-
tractions g, g of [0;00) and Cl-vector fields Xy, X _ of [0;00) such that:

e g < f<gt onl0;00);
® g.,g_ are the respective time-one maps of X4, X _;

e Dg-(0) = Df(0) = Dg(0).

Indeed, by applying Lemma to the contractions g4 and g_, one can
easily find the desired contractions fi and f_ for f.

8.2. Proof of Lemma Let ¢(t,x) be the relevant flow. By consid-
ering 1 as origin, one can write each = € (0;1] in the form =z = ¢(t(z),1).
Then z — t(x) is a positive, strictly decreasing map, and tends to oo as
x — 0. Moreover, it is differentiable with derivative 1/X (x) for all x € (0;1].

Define fi and f_ on (0; f(1)) by
fr(w) = (1 =1/t(z),2) and [ (z)=o(1+1/t(z), )

(
Omne can check that f- < f < fi < id on (0; f(1)). Let us now show
that these two formulas define C!'-contractions of (0; f(1)) with the same
derivative at 0 as f.
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Indeed, for f_ one has
(o 2
=x(e(i05%)) 5 X (04 i) 5w

the first term coming from the derivative of ¢ with respect to the second
variable, and the second term from the derivative of ¢ with respect to time.

Notice that the right hand side above is strictly positive, as ¢(z) > 1 on
(0; f(1)). Hence f_ is a diffeomorphism from (0; f(1)) on its image.

It remains to show that f_ is C' at 0 and that Df_(0) = Df(0). For
that, just notice that the first term above has the same limit when x — 0 as
X (f(x))/z, and this expression tends to D f(0). The second term tends to 0
by the same reasoning. The case of f. is analogous.

It remains to prove the third conclusion of Proposition . Write f*(z) =
@o(n,z) for all x € (0;1] and n € N. Set f"(z) = x,,. Then

Tp = @(tn,x), where t,=n+ 1 + ! + -+ ! —i—i.
t(rp—1) t(zp—2) t(x1)  t(z)
It suffices to show that
1 1 1 1
o) UWona) i) T 7

We argue by contradiction: if this sum were bounded by some constant C,
then each t(x,) would be smaller than n + C, hence

1 1 1 1 -
on)  Hon)  te) | ta) ;

which can be arbitrarily large, a contradiction.

Finally, we extend the constructed diffeomorphisms fy and f_ restricted
to a small neighbourhood of 0 to C!-contractions of [0; 00) in such a way that
the inequality f- < f < fy is preserved. m

8.3. Proof of Lemma In the case where D f(0) = 1, the proof is
as follows. We define the following C!-vector fields on [0;1]:

X (1) = 5@ 1) X(@) = 2f(@) — o)
One can check that they have the desired properties, by using the fact that
f is C'-close to the identity on a neighbourhood of 0.
The case where D f(0) # 1 is more difficult, and is handled in two steps.
First, we notice that if the derivative of f is monotonic, then f satisfies
the conclusions of Lemma [8.3}
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LEMMA 8.4. Let f be a Ct-contraction of [0;00) such that its derivative
is a monotonic continuous map which is not equal to 1 at 0. Then there
exist Ct-contractions g1, g— of [0;00) and Cl-vector fields X, X_ on [0;00)
satisfying the conclusions of Lemma|8.3

Finally, the following lemma will enable us to complete the proof:

LEMMA 8.5. Let f be a Cl-contraction of [0;00) such that Df(0) # 1.
Then there exist C*-contractions ho,h_ of [0;00) such that:

e h_ < f < hy on some interval (0;¢], where € > 0;
e Dh_(0) = Df(0) = Dh+ (0);

e h_ and hy have monotonic derivatives.

Indeed, given hy,h_, one can apply Lemmato each of them to obtain
Cl-contractions which will be the time-one maps of C!-vector fields on [0; 00)
and be respectively greater and smaller than f.

Proof of Lemma [8.4) Assume that Df is increasing. Since f is greater
than the homothety = — Df(0) - x, one can define g_(z) = Df(0) - x,
which is the time-one map of the linear vector field X_(z) = log(Df(0)) -
x% and satisfies the desired conditions. As regards g, consider the vector
field X (z) = log(f%(x)) -x% on (0; f(1)), and define g4 as its time-one
map. Since Df is increasing, so is f(x)/z, and hence [log(y/f *(y))| <
llog(f(2)/2)] for all y € [f(x):]. Given zo € (0; f(1)), for all y € £ (zo); o),
the norm of X *(y) is smaller than the one of log(f(20)/20) 2, whose time-
one map maps zg to f(xg). It follows that z( takes a time longer than 1 to
reach f(zg) along the orbit of X . Hence gy(xo) € [f(xo); o], and thus
9+ (x0) > f(xo): the map g4 is greater than f.

One has now to check that g is C! also at 0, and that its derivative at
this point is the same as that of f; this follows from the expression of the
derivative of X by letting x — 0.

In the case where D f is decreasing, we follow the same reasoning with
g+(z) = Df(0)-x and g_ being the time-one map of the vector field X_(z) =

loa(/ {1 (x)) = L. =
Proof of Lemma[8.5 On a neighbourhood of 0 define

x x

hy(z) = S inf Df(y)dz and h_(z)= S sup Df(y)dz.
o vel0i2] 0 YE[0;2]

These are C'-maps whose derivatives are strictly smaller than 1, so they
define C'-contractions on a neighbourhood of 0. Their derivative at 0 is

Df(0). It remains to extend hy and h_ as C!-diffeomorphisms of the half-
line.
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9. Appendix. We present here the proof, due to A. Navas, of Theo-
rem [[.T1} The proof is based on ergodic theory and reduces the problem to
the approximate solving of a cohomological equation. The starting point is
the following remark:

Let f be a C'-diffeomorphism of [0; 1] without hyperbolic fixed points. We
want to find a C!-diffeomorphism ¢ which conjugates f to a C'-diffeomor-
phism close to the identity. This amounts to finding ¢ such that log D(¢ fp~1)
is close to 0, in other words such that log(Dy) — log(Dy) o f is close to
log Df. Thus we want to find approximate and continuous solutions to the
cohomological equation

p—pof=logDf.
After adding to p a constant if necessary, the map ¢(z) = {j exp(p(u)) du
becomes a C!-diffeomorphism of [0; 1] satisfying the desired conditions. More
precisely, that argument shows:

LEMMA 9.1. Let f be a diffeomorphism of [0;1] or of the circle S* = R/Z.
Let (pt)iejo;1) be a continuous path of continuous maps such that p; — pt o f

converges uniformly to log Df ast — 1 and such that S(l) exp p(u) du = 1.
Define

x
hu(x) = { exp(pe(u)) du.

0
Then (h)ejo;1y @8 a continuous path of C'-diffeomorphisms of the interval
(or of the circle) and is an isotopy by conjugacy from f to the identity (in
the case of the interval) or to the rotation of the same rotation number as f
(in the case of the circle).

Then we have to prove the existence of the path p;. The following propo-
sition ensures the existence of approximate solutions to the cohomological
equation.

PROPOSITION 9.2. Let f be a Cl-diffeomorphism of [0; 1] without hyper-
bolic fixed points (resp. a diffeomorphism of the circle with irrational rotation
number), and € > 0. Then there exists a continuous map p of [0;1] (resp.

of SY) such that ||p — po f —1og(Df)|leo < €.

Proof. Given an integer k > 1 and a map ¢ from [0; 1] to R, consider the
kth Birkhoff sum Si(p) = Z;:Ol ©(f1), and, given n € N, consider the map
pn defined by

_ Si(log(Df)) + Sa(log(Df)) + - - - + Sn(log(Df))

n = .
n

One can then calculate that
Sp(log(Df)) o f

n

pn = pny1o f=log(Df) —

One concludes by using the following claim:
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CraM. Sy(log(Df))/n converges uniformly to 0 as n — oo.

Proof of the Claim: This is a consequence of the fact that the hypotheses
“no hyperbolic fixed points” and “irrational rotation number” imply that,
for every probability measure y which is invariant under f and ergodic, the
Lyapunov exponent of f with respect to p, given by A(u) = {log(Df)dp, is
equal to 0. See [PS] or [H] for more details. =

Now we are able to construct a sequence (hy, = §;exp(p(u)) du)nen of
conjugacies such that h, fh;! converges to the identity in the C'-topology.
We still have to obtain not only a sequence of conjugates, but an isotopy by
conjugacy from f to the identity.

Given n € Nand A € (0;1), if t = % + }L;h\, we denote by p; the map (of
the interval or of the circle) defined by

pt = Apn + (1 = A)pp1.
One can now conclude the proof by applying the following lemma, whose
proof is immediate:

LEMMA 9.3. (Pt)te[0;1) is a continuous path of continuous maps such that

S(l) exp pt(u)du =1 for all t, and py — pro f converges uniformly to log Df as
t— 1.
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