STUDIA MATHEMATICA 238 (1) (2017)

The joint modulus of variation of metric space valued
functions and pointwise selection principles

by

VYACHESLAV V. CHISTYAKOV and
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Abstract. Given T' C R and a metric space M, we introduce a nondecreasing se-
quence {v,,} of pseudometrics on M7 (the set of all functions from T into M), called the
joint modulus of variation. We prove that if two sequences {f;} and {g;} of functions
from M7 are such that {f;} is pointwise precompact, {g;} is pointwise convergent, and
limsup,_, ., ¥n(fj,g9;) = o(n) as n — oo, then {f;} admits a pointwise convergent sub-
sequence whose limit is a conditionally regulated function. We illustrate the sharpness
of this result by examples (in particular, the assumption on the limsup is necessary for
uniformly convergent sequences { f;} and {g,}, and ‘almost necessary’ when they converge
pointwise) and show that most of the known Helly-type pointwise selection theorems are
its particular cases.

1. Introduction. The purpose of this paper is to present a new suf-
ficient condition (which is almost necessary) on a pointwise precompact
sequence {f;} = { fj}]o'i1 of functions f; mapping a subset 7" of the real
line R into a metric space (M,d), under which the sequence admits a
pointwise convergent subsequence. The historically first result in this di-
rection is the classical Helly Selection Principle, in which the assumptions
are as follows: T = [a,b] is a closed interval, M = R, and {f;} is uni-
formly bounded and consists of monotone functions ([29], [31}, I1.8.9-10], [40,
VIIL.4.2], and [10, Theorem 1.3] for T' C R arbitrary). Since a real function
on T of bounded (Jordan) variation is the difference of two nondecreas-
ing bounded functions, Helly’s theorem extends to uniformly bounded se-
quences of functions whose Jordan variations are uniformly bounded. Fur-
ther generalizations of the latter pointwise selection principle are concerned
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with replacement of Jordan variation by more general notions of varia-
tion |2} 3, 6410, (15, |16} |22} [25, 26, 33, 34, |39, |42} |44]. In all these papers, the
pointwise limit of the extracted subsequence of { f;} is a function of bounded
generalized variation (in the corresponding sense), and so it is a regulated
function (with finite one-sided limits at all points of the domain). Note that
pointwise selection principles (or sequential compactness in the topology of
pointwise convergence) and regulated functions are of importance in real
analysis [28, 31, 40|, stochastic analysis and generalized integration [3§],
optimization [l [37], set-valued analysis [2, (10} |19, [20} 30], and other fields.
A unified approach to the diverse selection principles mentioned above
was proposed in |11} [12]. It is based on the notion of modulus of variation
of a function introduced in |4} [5] (see also |28, 11.3.7]) and does not refer to
the uniform boundedness of variations of any kind, and so can be applied to
sequences of non-regulated functions. However, the pointwise limit of the ex-
tracted subsequence of { f;} is again a regulated function. In order to clarify
this situation and expand the amount of sequences having pointwise con-
vergent subsequences, we define the notion of the joint modulus of variation
for metric space valued functions: this is a certain sequence {v,} of pseu-
dometrics on the product set M7 (of all functions from 7" into M). Making
use of {v,,}, we obtain a powerful pointwise selection principle (Theorem
in Section . Setting g; = c for all j € N, where ¢ : T" — M is a constant
function, we get the selection principle from [11], which already contains all
selection principles alluded to above as particular cases. In contrast to results
from [11},[12], the pointwise limit f from Theorem [1] may not be regulated in
general—this depends on the limit function g, namely, since v, (f, g) = o(n),
the function f is only conditionally regulated with respect to g (for short,
g-regulated). In particular, if g = ¢, then f is regulated in the usual sense.
Finally, we point out that by following the ideas of [13], Theorem (1| may
be extended to sequences of functions with values in a uniform space M.
The paper is organized as follows. In Section [2, we present necessary def-
initions and our main result, Theorem 1] In Section [3] we establish essential
properties of the joint modulus of variation, which are needed in the proof
of Theorem [1]in Section [5] Section [4]is devoted to the study of g-regulated
(and in particular regulated) functions. In the final Section [6] we extend the
Helly-type selection theorems of [25] and [22, [33] by exploiting Theorem

2. Main result. Let () # T C R, let (M,d) be a metric space with
metric d, and let M7 denote the set of all functions f : T'— M. The letter ¢
stands for a constant function ¢ : T — M.

The joint oscillation of two functions f,g € M7 is the quantity

|(f,9)(T)] = sup{|(f,9)({s,t})| : 5,t € T} € [0, 00,
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where
21) |(f,.9){s.t})| = ngﬂg\d(f(S), 2) +d(g(t), 2) — d(f(t),2) — d(g(s), 2)]

is the joint increment of f and g on the two-point set {s,t} C T, for which
the following two inequalities hold:

(2.2) (f;9)({s, )] < d(f(s), £(2)) + d(g(s),9(t)),
(2.3) (£, 9)({s; t1)] < d(f(s),9(5)) + d(f(2), 9(t))-

Since |(f,¢)({s,t})| = d(f(s), f(t)) (=the increment of fon {s,t} C T)is
independent of ¢, the quantity | f(T")| = |(f, ¢)(T)]| is the usual oscillation of
fon T, also known as the diameter of the image f(T) = {f(t):t €T} C M.
Clealy, by (@), [(f,9)(T)| < |F(T)| + lg(T)].

We denote by B(T; M) = {f € MT : |f(T)| < oo} the family of all
bounded functions on T equipped with the uniform metric do, given by

doo(fr9) = Sup d(f(t),g(t)) for f,g € B(T; M)

(dso is an extended metric on M7, i.e., may assume the value oo). We have

doo(f, g)<d(f() 9() + |f (D) + |g(T)| forallseT
and, by ([2.3), [(f,9)(T)| < 2d(f. 9)-

If n € N, we wrlte {I;}1; < T to denote a collection of n two-point
subsets I; = {s;,t;} of T (i = 1,...,n) such that s; < t; < s9 < to <
- < Syl < tpo1 < Sy <ty (so that the intervals [sy,t1],. .., [sn, tn] with
end-points in 7" are non-overlapping). We say that a collection {I;}7 ; < T
with I; = {s;,t;} is a partition of T if (setting to = s1) s; = t;—; for all
i=1,...,n, which is written as {t;}]"; < T.
The joint modulus of variation of f,g € M7 is the sequence {v,,(f, 9)}>,
C [0, oo] defined by

(2.4) Un —sup{zn:] ALY —<T} for all n € N,
=1

where |(f, 9)(L;)| = |(f, 9)({si, ti})| is the quantity from (2.1)) if I; = {s;,¢;}
(for finite T with #(7T") > 2, we make use of (2.4]) for n < #(7T') — 1, and set

vn(f,9) = vap(r)—1(f, g) for all n > 34(T') — )
Note that, glven f,g € MT, we have v1(f,9) = |(f,9)(T)| and

(2.5) vi(f,g9) <wvn(f,g9) <nwi(f,g) forallneN.
Further properties of the joint modulus of variation are presented in Sec-
tion [Bl

For a sequence {f;} C MT and f € M7, we write: (a) f; — f on T
to denote the pointwise (or everywhere) convergence of {f;} to f (that is,
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im0 d(fj(t), f(t)) =0 for all t € T); (b) f; = f on T to denote the uni-
form convergence of { f;} to f, meaning, as usual, that lim;_, dso (f;, f) = 0.
Uniform convergence implies pointwise convergence, but not vice versa. Re-
call that a sequence {f;} C M T is said to be pointwise precompact on T if
the closure in M of the set {f;(t) : j € N} is compact for all t € T..

Making use of E. Landau’s notation, given a sequence {u,}5°; C R, we
write p, = o(n) when lim,_,o pn/n = 0.

Our main result, a pointwise selection principle for metric space valued
functions in terms of the joint modulus of variation, is as follows.

THEOREM 1. Let ) # T C R and (M,d) be a metric space. Suppose
{fi},{g;} € MT are two sequences of functions such that

(a) {fj} is pointwise precompact on T,
(b) {g;} is pointwise convergent on T to a function g € M1,

and
(2.6) pn, = limsup v, (fj, g5) = o(n).
Jj—o0
Then there is a subsequence of {f;} which converges pointwise on T to a
function f € MT such that v, (f,g) < pn for all n € N.

This theorem will be proved in Section [5| Now, a few remarks are in
order. Given f € M” and a constant function ¢ : T — M, the quantity

27) () = valf.0) = sup{ 3 d(f(s0), £(t)  ATH < T
=1

(with I; = {s;,t;}) is independent of ¢, and the sequence {v,(f)}>2, C
[0, 00] is known as the modulus of variation of f in the sense of Chanturiya
[4, 5, [11H13] 28]. It characterizes regulated (or proper) functions on 7' =
[a,b] as follows. We say that f : [a,b] — M is regulated and write f €
Reg([a,b]; M) if d(f(s), f(t)) — 0 as s,t — 7 — 0 for every a < 7 < b, and
d(f(s), f(t)) = 0 as s,t — 7' 4 0 for every a < 7/ < b (and so, by Cauchy’s
criterion, the one-sided limits f(7 — 0), f(7' + 0) € M exist provided M is
complete). We have

(2.8) Reg([a,b]; M) = {f € M : v, (f) = o(n)}

(more general characterizations for dense subsets T of [a,b] can be found
in |12} |13]). A certain relationship between characterizations of regulated
functions and pointwise selection principles is exhibited in [18§].

3. The joint modulus of variation. We begin by studying the joint
increment ([2.1)), whose properties are gathered in the following lemma.
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LEMMA 1. Given f,g,h € MT and s,t € T, we have:

) (£ P Uss t3)] = 0;
b) |(f,9){s,tH)| = [(g, ) ({s, })];
c) [(f;9) (s, tHI < [(f, B)({s, L] + |(h, 9) ({5, })];
d) d(7(). (1)) < dlg(s). 9() + | (f.9) ({5, D)}
) d(f(t),9(t)) < d(f(s),9(s)) + [(f;9){s,t})].
)

Proof. Properties (a)—(c), showing that (f,g) — |(f,g)({s,t})| is a pseu-
dometric on M7 are straightforward. To establish (d) and (e), take into
account the equality d(x,y) = max,es |d(z,2) — d(y, z)|. =

REMARK 1. (a) If |(f,9)({s,t})] = 0, then (d), (e), and (b) imply

d(f(s), f(t)) = d(g(s),g(t)) and d(f(t),g(t)) = d(f(s),9(s)). In addition
to Lemmal[1] the function (s, t) — |(f, g)({s,t})| is a pseudometric on T

(b) If F(z) denotes the absolute value under the supremum sign in (2.1)),
then F': M — [0,00) and |F(z) — F(z0)| < 4d(z, zo) for all z, 2y € M.

(c) By Lemma [[[d), [£(T)] < [9(T)| + |(f,9)(T)| = g(T)| +v1(f, 9). So,

17T = 19(DI| < 1(£,0)(T)| < 1FT)| +19(T)],  f.9 € B(T: M),

Moreover, it follows from Lemma[Ife) that

doo(f,9) < d(f(s),9(s)) + [(f,9)(T)| < 3do(f,g) forallseT.

(d) Suppose the triple (M, d, +) is a metric semigroup |10, Section 4], i.e.,
(M,d) is a metric space, (M, +) is an Abelian semigroup with addition +,
and d(z,y) = d(x + z,y + 2) for all z,y,z € M. Then the joint increment
(2.1) may be alternatively replaced by

(3.1) (£, 9){s, )] = d(f(s) + g(t), f(£) + g(s))-

The joint modulus of variation (2.4) involving (3.1) was employed in [17].
Furthermore, if (M, || -||) is a normed linear space (over R or C), we may set

(3:2) I(f,g)({s O =11f(s)+9@) = f(t)—g(s)] = ||(f—g)( )= (f=9) @)l
Quantities (3.1)) and (3.2] . ) have the same properties as : see . .,

Lemmaand Remarkl ). In the following, we make use of the more general

quantity .

If ffgc M', neNand ) # E C T, we set vn(f,q;E) = vn(f|E, 9|E),
where flp € MP is the restriction of f to E. Accordingly, v,(f,g) =
vn(f,9;T).

The following properties of the joint modulus of variation are immedi-
ate. The sequence {v,(f,g)} is nondecreasing, vp+m(f,9) < vn(f,9) +
Um(f,g) for all n,m € N, and vn(f,g; E) < yn(f g, T) provided n € N and
E C T. It follows from and Lemma |]] I(a ) that, for every n € N,
the function (f,g) — I/n(f, ) is a pseudometric on M (p0551bly assuming

(a
(
(
(
(e
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infinite values), and in particular (cf. (2.4) and (2.7]))

(3.3) Un(f,9) Svn(f) +vnlg) and vn(f) < vn(g) +vn(f,9)

for all n € N and f,g € M. Furthermore, if f,g € B(T; M), then, by (2.5),
the sequence {v,(f,g)/n}e is bounded in [0, c0).
Essential properties of the joint modulus of variation are presented in

LEMMA 2. Givenn €N, f,ge MT, and ) # E C T, we have:

(@) [(f;9)({s, t)| + vnlf, 9 E5) < vnga(f, g5 By) for all s,t € E with
s < t, where EZ = (—oo,T|NE for T € E;

(b) vny1(f, 9 E) S vnlf, 93 E) + vnya(f, 95 E)/(n+ 1);
(¢) if {f;},{g9;} € MT are such that f; — f and g; — g on E, then

vn(f, 95 E) < liminf; 0o va(f5, 955 E);
(d) if {f;},{9;} € MT are such that f; = f and gj = g on E, then
Vn(fag; E) = hm]—>oo Vn(fjagj; E)
Proof. (a) We may assume that s < t. Let {I;} | < E;. Setting Iy =
{s,t}, we find {I;}]", < E;, and so

IO|+Z|f7 ’<Vn+1(f7ga )

The inequality in (a) follows by taking the supremum over all {I;}* ; < E .
(b) We may assume that v, 11(f, g; F) is finite, and apply the idea from
5, Lemma]. Given & > 0, there is {I;}"]' < E (depending on ¢) such that

n+1 n+1

Z’fg N < vnp(fig; E Z\fg )|+ e

If we set ap = mini<ij<ny1|(f,9)(L)|, the left—hand inequality implies
(n+ 1)ap < vny1(f, g; E). The right-hand inequality gives
Un1(f, 0 E) < vnlf, 95 E) +ao + ¢,

from which our inequality follows due to the arbitrariness of € > 0.
(c) First, we note that, given j € N and s,t € T, we have

34) |I(fi9)Us, D = 10 9) {5, )] < d(fi(s), £(5)) +d(f;(2), f(2))
+d(g;(s), 9(s)) + d(g;(t), g(1))-
In fact, Lemma (c) and inequality imply
3.5)  1(f5,9) s, DI < [(f5 HUs, )+ [(F, 9) s tH] + (g, 95) ({5, £1)]
< d(f;(s), f(s)) +d(f;(2), f(£) + [(f,9)({s. t})]
+d(g(s), g;(s)) + d(g(2), g;(t))-
Exchanging f; and f as well as g; and g, we obtain .
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From the pointwise convergence of {f;} and {g;} and (3.4), we find
i [(5,00) (s, 2D1 = |(0) (s, D] for all syt € B

By definition (2.4), given {I;}* ; < E, we have
n
D (59T < valfjog5:B)  forall j €N,
i=1
Hence, by taking liminf as j — oo,
n
(3.6) D_N(F )] < liminf v (f;, 953 B).
i=1

Since {I;}}_; < E is arbitrary, it remains to take into account (2.4)).
(d) Tt follows from (3.5 that, for any s,¢t € E and j € N,

|(f5:95)({s,8})] <2 sup d(fi(7), f(7)) + 1(f; 9)({s, 1}) + 2 sup d(g;(7),9(7));

and so definition ([2.4)) implies

(3.7) V(15953 E) < 2nsup d(f;(7), £ (7)) + vn(f, 9: E)

+ 2nsup d(g;(7), g(1))
TeEE

for all j € N. Hence
limsup v (fj, 953 E) < vn(f, g; E).

Jj—o0
Now, (d) is a consequence of Lemma [2[c).
REMARK 2. If the value v1(f,g; E) = |(f,9)(E)| (see (2.5)) is finite
for an E C T (e.g., when f,g € B(E;M)), inequality in Lemma [2(b) is
equivalent to

Vn-‘rl(f?g;E) < Vn(fag; E)

n+1 - n ’
Thus, the limit lim, o vn(f, g; E)/n always exists in [0, 00). This also fol-
lows from the subadditivity property vpm (f, g; E) <vpn(f, g; E)+vm(f, g; FE)

mentioned on p.

4. Conditionally regulated functions. Since v, = v,(+,-) is an (ex-
tended) pseudometric on M7, we may introduce an equivalence relation ~
on M7 as follows: given f,g € MT, we set

f~g ifand only if wv,(f,g) = o(n).

The equivalence class R(g) = {f € MT : f ~ g} of a function g € M7 is
called the regularity class of g, and any representative f € R(g) is called
a conditionally regulated or, more precisely, a g-requlated function. This
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terminology is justified by : in the framework of the product set M@t
we have Reg([a, b]; M) = R(c) for any constant function ¢ : [a,b] — M.

Note that, in Theorem [l the condition ‘vy,(f,g) < u, for all n € N’
means that f € R(g), and so the class R(g) is worth studying in more
detail.

THEOREM 2. Given g € M, we have:

(a) g € B(T; M) if and only if R(g) C B(T; M);

(b) R(g) is closed with respect to uniform convergence, but not with respect
to pointwise convergence in general;

(c) if (M,d) is a complete metric space, then so is (R(g),dso)-

Proof. (a) The sufficiency is clear, because g € R(g). Now, suppose that

g € B(T; M), so that, by (2.7), v1(g) = [(g,¢)(T)| = |9(T")] < oo. Given
f € R(g), vn(f,g) = o(n), and so vy, (f,g) < ng for some ng € N. It follows

from and that
[F(D)] = vi(f) < vilg) +r1(f,9) < 19(T)] + vno(f59) < g(T)] + no < o0,
which implies f € B(T; M).

(b) We have to show that if {f;} C R(g) and f; = f on T with f € M7,
then f € R(g). We will prove a little more: if {f;},{g;} € M*, f; € R(g;)
for all j € N, and f; = f and g; = g on T with f,g € MT, then f € R(g)
(the previous assertion follows if g; = g for all j € N). In fact, exchanging
fj and f, and g; and g, in , we get

0D < g g+ ) g, mien
By the uniform convergence of {f;} and {g;}, given € > 0, there is jo =
Jjo(e) € N such that do(f, fj,) < € and dus(g, gj,) < €. Since fj, is in R(gj,),
we have vy, (fj,,9j,) = o(n), and so there exists ng = ng(e) € N such that
Un(fjos 9jo)/m < € for all n > ng. The estimate above with j = jo implies
vn(f,9)/n < be, n > ng, which means that v,(f,g) = o(n) and f € R(g).

As for pointwise convergence, consider a sequence of real step functions
converging pointwise to the Dirichlet function (= the characteristic function
of the rationals Q) on T' = [0, 1] (see [11, Examples 4, 5] and Example [2{a)
in Section [f)).

(¢) First, we show that dso(f, f') < oo for all f, f" € R(g). In fact, since
[~ f', we have v, (f, f') = o(n), and so vy, (f, f’) < ng for some ng € N.
Given s € T, it follows from Remark [Ic) and that

dos(f, f') < d(f(s), £'(s)) +v1(f, f1) < d(f(s), £'()) + vmo (f, ') < o0.
The metric axioms for do, on R(g) are verified in a standard way.

In order to prove that R(g) is complete, suppose {f;} C R(g) is a Cauchy
sequence, i.e., doo (fj, fr) = 0 as j, k — oo. Since d(f;(t), fu(t)) < do(f, fr)
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for all t € T and (M, d) is complete, there exists f € M7 such that f; — f
on T'. Noting that f; — f; and f — f on T as k — oo (and arguing as in

BG)), we get
doo(fj, ) < ligninfdoo(fj,fk) = klim doo(fj, fr) < oo forall j € N.
— 00 — 00
Since {f;} is deo-Cauchy, we find
limsup do(f;, f) < lim lim doo(fj, fx) = 0.
j—o0 j—00 k—o00
Thus, limj_oc do(fj, f) = 0, and so f; = f on T. Now (b) implies that
f€R(g). =
A traditionally important class of regulated functions is the space of
functions of bounded Jordan variation, BV (T; M), which is introduced by
means of the joint modulus of variation as follows.
Since the sequence {v,(f,9)}>; is nondecreasing for all f,g € MT, the
quantity (finite or not) V' (f, g) = limy, o0 n(f, 9) = sup,en Vn(f, g) is called
the joint variation of f and g on T. The value V(f) = V(f, ¢) is independent

of the constant function ¢ : T' — M and is the usual Jordan variation of f
onT:

V() =sup{ Y d(f(t:), f(ti-1)) in € Nand {t:} < T},
=1

the supremum being taken over all partitions {¢;}" , of T' (cf. Section. The

set BV(T; M) = {f € MT : V(f) < oo} is contained in B(T; M) N R(c) (in

fact, |/(T)] = n(f) < V(f) and va(f, ) /n < V(f)/nforall f € BV(T; M)).
The following notion of e-variation V.(f), due to Frankova [25, Sec-

tion 3|, provides an alternative characterization (cf. (2.8))) of regulated func-

tions: given f € MT and € > 0, set

(41)  Ve(f) =f{V(g) : g € BV(T; M) and du(f.9) < <}

(inf ) = 00). It was shown in |25, Proposition 3.4] (for T' = [a, b]) that

(4.2) Reg([a,b); M) = {f € M** : V_(f) < oo for all & > 0}

(although in [25] it is assumed that M = R¥ the proof carries over to any
metric space M, cf. |11, Lemma 3]).
The notion of e-variation will be needed in Section [6]

EXAMPLE 1. Given z,y € M with x # y, let f =D, ,: T =[0,1] = M
be the Dirichlet-type function of the form

x if t € [0, 1] is rational,
(43) Do) = {7 | oo
y if t € [0,1] is irrational.
Clearly, f ¢ Reg([0, 1]; M). Moreover (cf. (4.2)),
(44)  Vf)=oo HO0<z<dry)2 Vi(f)=0 ife>dlry)
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To see this, first note that, given g € MU the inequality duo(f,g) < € is
equivalent to the following two conditions:

(4.5)  d(z,g(s)) <e Vse[0,1]NQ, d(y,g(t) <e Vtel0,1]\Q.

Suppose 0 < ¢ < d(z, y)/2 To show that doo (f, g) < e implies V (g) = oo,
we let n € N, and let {t;}2"%, < [0,1] be a partition of [0,1] such that the
points {tQZ}?:O are ratlonal and the points {t9;_1}"; are irrational. By the
triangle inequality for d and @, we get

>Zd ti—1) >Zd (t2i), g(t2i—1))

=z Z d(z, g(t2)) — d(g(t2i-1),y)) = n(d(z,y) — 2¢).

Ife > d(x,y), we set g(t) =z (or g(t) = y) for all t € [0, 1], so that (4.5)
is satisfied and V(g) = 0. Thus, VZ(f) =0
The second assertion in (4.4]) can be refined, provided

(4.6) d(z,y)/2 = max{d(z, z0),d(y, z0)}  for some zy € M.

In fact, we may set g(t) = 2z for all ¢ € [0, 1], so that (4.5 holds whenever
d(xz,y)/2 <e, and V(g) = 0. This implies V.(f) = 0 for all ¢ > d(z,y)/2.
A few remarks concerning condition (4.6)) are in order. Since

d(z,y) <d(z,z)+d(z,y) < 2max{d(z,z),d(y,z)} forall z€ M,

condition is a certain form of ‘convexity’ of M (which is not restrictive
for our purposes). For instance, if (M, || - ||) is a normed linear space with
d(xz,y) = ||z — y||, we may set zp = (z + y)/2. More generally, by Menger’s
Theorem ([36], [27, Example 2.7]), if a metric space (M, d) is complete and
metrically convex (i.e., given x,y € M with = # y, there is z € M such that
x # z # y and d(z,y) = d(z,2) + d(z,y)), then, for any z,y € M, there
is an isometry ¢ : [0,d(z,y)] — M such that ¢(0) = z and ¢(d(z,y)) = y.
In this case, we set zp = p(d(x,y)/2). More examples of metrically convex
metric spaces can be found in [21] 24].

Finally, if M = {x,y}, then condition is not satisfied, and we have
Vo(f) = oo for all 0 < e < d(,y), which is a consequence of ({4.5).

5. Proof of the main result

Proof of Theorem [1. With no loss of generality we may assume that
T is uncountable; otherwise, by assumption (a) and the standard Cantor
diagonal procedure, we extract a pointwise convergent subsequence of {f;}
and apply Lemma [2|c). Note that s, is finite for all n € N: in fact, pu, < n
whenever n > ng for some ng € N, and since n — v, (f;, gj) is nondecreasing
for all j € N, we have p,, < pp, <ng for all 1 <n < ng.
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For clarity we divide the rest of the proof into four steps.

STEP 1. Let us show that there is a subsequence of {;j}32,, again denoted
by {j}, and a nondecreasing sequence {a,,}>°; C [0, 00) Such that

(5.1) lim v (fj,95) = an < pp,  foralln € N.
Jj—oo

We set oy = pq. The definition of 1 implies that there is an in-
creasing sequence {J1(j)}72; C N (i.e., a subsequence of {j}32,) such that
v1(f16)> 9n()) — @1 as j — oo. Setting ag = limsup;_, o v2(f1, (), 9., (j))
we find ap < pg, and there is a subsequence {J2(j)}32; of {J1(j)}32;
such that va(fy,(j), 95()) — @2 as j — oo. Inductively, if n > 3 and
a subsequence {J,—1(j)}72; of {j}32, is already chosen, we define a, =
limsup,_,o vn(f1,_1(j)» 97,_1(j))> SO that a, < p,. Now, we pick a sub-
sequence {J,(5)}52; of {Jn—1(j)}52; such that vn(fs, (), 9s.(5) — on as
j — oo. Noting ‘that {J;(4)}72,, is a subsequence of {Jn(j)};-";l (for all
n € N) and denoting the diagonal sequences {fy (;}72; and {gs,(;)}32;
again by {f;} and {g;}, respectively, we obtain ({5.1]).

In the following, the set of all nondecreasing bounded functions mapping
T into RT = [0, 00) is denoted by Mon(T; R™).

STEP 2. In this step, we prove that there are subsequences of {f;} and

{gj} from (5.1), again denoted by { f;} and {g;}, respectively, and a sequence
of functions {f,}5°; C Mon(7;R") such that

(5.2) lim v, (fj,95; T, ) = Bn(t) forallneNandteT,
]*)

where T, ={seT :s<t}forteT.

Note that, for each n € N, the function t — v,,(fj, g;; T, ) is nondecreas-
ing on T, and vy (fj,95: Ty ) < vn(fj,9;) forallt € T and n € N. By (5.1)),
there is a sequence {C,}22; C R* such that v,(fj,g;) < Cp for alln,j € N.
In what follows, we apply the diagonal procedure once again.

The sequence {t—v1(fj, g;; T; )}52; CMon(T; RT) is uniformly bounded
by C1, and so, by Helly’s Selection Principle, there are an increasing se-
quence {K1(j)}72; C N (ie., a subsequence of {j}32;) and a function
B1 € Mon(T;R*) such that vi(fx, (), 9k, () Ty ) — Bi(t) as j — oo for
all t € T. The sequence {t — va(fx,(;), 9k, (); Ty )}321 C Mon(T;R™) is
uniformly bounded on T by Cs, and so, again by Helly’s Theorem, there are
a subsequence {K>(j)}52; of {K1(j)}32, and a function B € Mon(T; RT)
such that Vg(sz(j),gK2(]), T,) — (a(t) as j — oo for all t € T. Induc-
tively, if n > 3 and a subsequence {K,_1(j)}32; of {j}72; and a func-
tion 8,1 € Mon(T;R") are already chosen, we apply the Helly Theo-
rem to the sequence of functions {t — Un(fKn—l(j)’gKn—l(j);11,7)}‘(]‘)11 C
Mon(T; R"), which is uniformly bounded on T' by C,,: there are a subse-
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quence {Kp(4)}52; of {K,—1(4)}52, and a function £, € Mon(T; R") such
that v (fx,,(j)» 9K, ); Ty ) — Ba(t) as j — oo forallt € T' Since {K;(j)}52,,
is a subsequence of {K,(j)}32; (for all n € N), the diagonal sequences
{fx;( 1521 and {gK,(j) 1521, again denoted by {f;} and {g;}, respectively,

satisfy condition (5.2]).

STEP 3. Let @ be an at most countable dense subset of T'. Note that @
contains all isolated (=nonlimit) points of 7" (i.e., points ¢ € T such that
the intervals (¢t — d,t) and (¢,¢ + ¢) lie in R\ T for some 6 > 0). The set
@, C T of discontinuity points of the nondecreasing function (5, is at most
countable. Setting S = QU|J>2 | Qn, we find that S is an at most countable
dense subset of T' and

(5.3) B is continuous at all points of 7'\ S for all n € N.

Since the set {f;(t) : j € N} is precompact in M for allt € T, and S C T is
at most countable, we may assume (applying the diagonal procedure again
and passing to a subsequence of {f;} if necessary) that, given s € S, there
is a point f(s) € M such that d(f;(s), f(s)) = 0 as j — oco. In this way, we
obtain a function f: S — M.

STEP 4. Now, we show that, for every ¢t € T'\ S, the sequence {f;(¢)}72,
converges in M. For this, we prove that this sequence is Cauchy in M, i.e.,
d(f;(t), fu(t)) = 0 as j,k — oo. Fix € > 0. By assumption (2.6)), ptn/n — 0
as n — 0o, so we choose n = n(e) € N such that

Hn+41 <e.
n+1~—

By property (5.1)), there is j; = ji(e,n) € N such that
Unt+1(fj,95) < o1+ < pipg1 +¢ - for all j > j;.

The definition of the set S and (b.3) imply that ¢ is a limit point for 7" and,
at the same time, a point of continuity of the function (,. By the density
of S'in T, there is s = s(e,n,t) € S such that

Bn(t) — Bn(s)] < e
It follows from (5.2 that there is jo = ja(e,n,t,s) € N such that
n(f5: 95T, ) = Ba(t) <€ and  [vn(fj, 95T ) — Bals)[ <€ Vi = jo.

Assuming that s < ¢ (for ¢ < s the argument is similar) and applying
Lemma (a), (b), we get, for all j > max{j1, j2},
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[(f3595){ss ] < vna (f55 95T ) — vn(f55 953 T3 )
< vns1(f5, 955 1) — vl f5, 9551, )
+vn(£5, 95317 ) = Bu(®)] + |Bu(t) — Ba(s)]
+ |Bn(s) = vn(fj, 955 T3 )]

Vnt1(f, 95517 )

< +ete+te
n—+1
< VniilFi9i) g il € g g

Being convergent (see (b)), the sequences {f;(s)}32;, {g;(s)}32; and
{gj(t)}52, are Cauchy in M, and so there is j3 = j3(e,s,t) € N such that,
for all j,k > j3, we have

d(fj(s), fr(s)) <&, d(gj(s),gk(s)) <&, and d(g;(t), gk(t)) <e.
By , we get

(95> 9e)({s, t1)] < d(g;(s), gi(s)) + d(g;(t), gx(t)) < 26 Vj, k = js.
Setting j4 = max{j1, jo, j3} and applying Lemma [lfe), (c), (b), we find

d(f5(8), fi(t)) < d(f5(5), fi(s)) + (s fo) ({5, 2})]
< d(f(s), fi(s)) + 1(f5 95) {s, L] + (g5, gr) ({5, £})]
+ gk, fe) ({3, t})]
<e+5be+2+5e=13¢c forall 5,k > j4.

Since j4 depends only on € (and ), this proves that {f;(¢)}32; is a Cauchy
sequence in M, which together with assumption (a) establishes its conver-
gence in M to an element denoted by f(t) € M.

Here and at the end of Step 3, we have shown that the function f: T =
SU(T\S) — M is a pointwise limit on 7" of a subsequence { fj, }32, of the
original sequence { f; };";1 Since g;, — g pointwise on T" as k — oo as well,
we conclude from Lemma [2fc) that

Vn(fv g) < lim inf Vn(f]kag]k) < thUan(fjagj) = Hn Vn € N:
k—o0 j—00
and so v,(f,g9) = o(n), or f € R(g). This completes the proof of Theo-
rem (I =

REMARK 3. (a) Condition (b) in Theorem [I| may be replaced by the fol-
lowing one: {g; (t)};";l is a Cauchy sequence in M for every ¢ € T. However,
if (M, d) is not complete, we may no longer infer the property v, (f, g) < tin,
n € N, of the pointwise limit f (as there may be no g).

(b) Condition is mecessary for the uniformly convergent sequences
{f;} and {g;}: in fact, if f; = f and g; = g on T', and v, (f, g) = o(n), then
it follows from Lemma (d) that lim; o0 v (fj, 95) = vn(f, 9) = o(n).
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(c) Condition is ‘almost necessary’ in the following sense. Suppose
T C R is a measurable set with Lebesgue measure £(T') < oo, {f;}, {95} C
MT are two sequences of measurable functions which converge pointwise
(or almost everywhere) on T to functions f,g € M7, respectively, such
that v,(f,g) = o(n). By Egorov’s Theorem, given ¢ > 0, there exists a
measurable set . C T such that L(T'\ E;) <e, f; = f and g; =% g on E..
So, as in the previous remark (b), we have

]11)11010 I/n(fj,gj;Eg) = Vn(fyg;Es) < Vn(fag) = 0(”)

EXAMPLE 2. (a) Condition is not necessary for pointwise conver-
gence even if g; = c for all j € N. To see this, let T'= [0, 1] and z,y € M with
x #y. Given j € N, define f; : T'— M by: f;(t) = x if j!t is an integer, and
[j(t) = y otherwise, t € [0,1]. The pointwise precompact sequence {f;} C
M7 consists of bounded regulated functions (in fact, v,(f;, ¢) = o(n), and
so fj € Reg([0,1]; M) = R(c) for all j € N). It converges pointwise on 7" to
the Dirichlet-type function D, from (4.3). Note that vy,(Dy y, ¢) = nd(z,y),
and so Dy, ¢ R(c). Since the usual Jordan variation V(f;) of f; on T' = [0, 1]
is equal to 2 - jld(z,y), we find

n ifn<2-j )
I/n(f],C):d(CC,y){2]' 1fn22i', naJGN'
Thus, im;j_o vp(fj,¢) = d(z,y) - n, i.e., condition does not hold.

(b) Under the assumptions of Theorem [l condition does not in
general imply limsup,_, ., vn(fj,9) = o(n). To see this, let g; = f; be as
in example (a) above, so that g = D, ,. Given n,j € N, choose a collec-
tion {I;}1*, < (0,1/4!) with I; = {s;,t;} such that s; is rational and t; is
irrational for all 2 = 1,...,n. Noting that, by ,

|(fjag)({5iati})’ = sup [d(y, z) = d(@, 2)| = d{y, z),

we get

vn(fi, 9) Z (f5,9) =nd(y,z) foralln,jeN.
=1

(c) The choice of an appropriate sequence {g;} is essential in Theorem
Let {z;}, {yj} € M be two sequences which converge in M to z,y € M,
respectively, with & # y. Define f; : T'=[0,1] — M by f; = Dy, 4., j €N
(cf. (4.3)). Clearly, { f;} converges uniformly on T" to Dy (so { f;} is pointwise
precompact on T'), and v, (f;j,c) = nd(z;,y;) for all n,j € N. Since

|d(xj,y;) — d(z,y)| <d(z;,z) +d(y;,y) -0 asj— oo,

we find im0 v, (fj,¢) = nd(x,y), condition (2.6) is not satisfied, and
Theorem (1| is inapplicable with g; = ¢, 7 € N.
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On the other hand, set g; = D, for all j € N. Given {s,t} C T, we

have, by ,
|(f5,9;) ({5, tH)] < d(f;(s),95(s)) + d(f;(2), 9;(t)) < 2ej,

where ¢; = max{d(z;,x),d(y;,y)} — 0 as j — oo. This implies v,(f;, g;) <
2ne;, and so is fulfilled.

(d) The following question is natural: Is condition invariant un-
der equivalent metrics on M? (Recall that two metrics d and d’ on M are
equivalent if, given {x;} C M and « € M, the assertions d(z;,2) — 0 and
d'(xzj,x) — 0 are equivalent.) We answer this question in the negative by con-
structing an appropriate example. Let d be an unbounded metric on a set M,
that is, sup, yep d(7,y) = oo (e.g., M = R and d(x,y) = |x —y|). Since this
is equivalent to sup,¢ s d(z,y) = oo for all z € M, fix xg € M and pick a se-
quence {y;} C M such that d(xo,y;) = coas j — oo (e.g., if M = R, we may
set 9 = 0 and y; = j). Given j € N, define f; : T'= [0,1] — M as follows:
fit)=y;ift =1/(j+1), and f;(t) = zo otherwise, ¢t € [0, 1]. The sequence
{f;} € MT converges pointwise on T to the constant function f(t) = z¢ for
all t € [0,1]. Clearly (cf. [2.7)), v1(f;) = d(zo,y;) and vy (f;) = 2d(z0,y;)
for all n > 2. Thus, condition does not hold even if g; = c for all j € N.

On the other hand, the function d’ given by d'(z,y) = 1i(dx(f7)y), z,y € M,

is a metric on M, which is equivalent to d. Calculating the quantity (2.7))
with respect to d’, we find

d(z0,y;) 2d(z0, ;)
)= and w(fy) = U foralln> 2.
)= T Gy YT T a2

It follows that limj . vp(fj,c) is equal to 1 if n = 1 and equal to 2 for
n > 2, and so condition (2.6|) is satisfied.

(e) Furthermore, condition may not hold for any equivalent metric
on M under which the sequence {f;} C M7 is pointwise convergent on T
(with all g; = ¢). In order to see this, we let 7' = [0, 27] and M = R, and de-
fine {f;} € RO by (see |11, Example 4]) f;(t) = sin(j%t) if 0 < t < 27/j,
and f;(t) =0if 2r/j <t < 2m, j € N. Clearly, {f;} is pointwise convergent
on [0,27] to the constant function f = 0 with respect to the usual metric
(z,y) = |z —y| on R as well as any metric d on R equivalent to it. Given
J,k € N, we set

1 3 1 T
= —=—— 4+ 27k d tir=—=|—=+27k
s (g +amk) and = (<5 o).

so that fj(s;x) =1 and f;(t;x) = —1. Moreover, we have 0 < s;1 < tj1 <
sjo <tjo<---<sjj<t;; <2m/jforall j € N. Taking into account ,
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we find, for all j > n,

vn(fj) = vn(fj,c) Z f] Sik)s fi(tjk )):nd(l,—l).
k=1
Hence lim sup;_, o vn(f;) > nd(1, —1), and so is not fulfilled.

6. Extensions of known selection theorems. In this section, we
consider extensions of two selection theorems from [25] and [22, 33]. The
other selection theorems from the references in the Introduction were shown
to be particular cases of [11H13] (see Remark [5)).

Since v (fj,95)/n < V(fj,g5)/n, instead of condition in Theorem ]]
we may assume that limsup;_,.., V(fj, g5) < oo or sup;ey V(fj,95) < o0; in
both cases the resulting pointwise limit f of a subsequence of {f;} satisfies
the regularity condition of the form V(f,g) < oo.

Making use of the notion of e-variation (Section |4)), we get the following

THEOREM 3. Given () # T C R and a metric space (M,d), let {f;} C
MT be a pointwise precompact sequence of functions such that

(6.1) limsup Vz(fj) < oo for all e > 0.

Jj—o0
Then there is a subsequence {f;.} of {f;} which converges pointwise on T
to a regulated function f € R(c).

Proof. Taking into account Theorem (1}, it suffices to verify that
implies lim sup,_, . vn(fj,c) =o(n), which is with g; =c for all jeN.
In fact, by , for every € > 0 there are jo = jo(¢) € N and C(¢) > 0
such that VZ(f;) < C(e) for all j > jo. Definition yields the existence of
gj € BV(T'; M) such that doo(fj,95) < eand V(gj) < Vo(fj)+1/5 < C(e)+1
for all j > jo. By (where we replace g; and g by ¢, and f by g;),

Vn(fjac) < 2doo(fjagj) + Vn(gjv ) V(Qj) <%+ C(E) +1
n n n

for all j > jo and n € N. Consequently,

<2+

lhmsupyn(fj, c) < 1 sup Un(fj,c) < 2e+ M Ve >0,n€eN.
N oo T j>j0 n

This implies that the left-hand side tends to zero as n — oo: given 1 > 0,

we set € = 1/4 and choose ng = no(n) € N such that (C(e) +1)/ng < n/2,

which yields 2e + (C(e) + 1)/n <n for all n > ng. =

REMARK 4. (a) If M = R" in Theorem we may infer that V.(f) does
not exceed the lim sup from : in fact, it follows from [25, Proposition 3.6]
that V2(f) < liminfy_, V2(fj,) for all € > 0.

(b) It is worth mentioning that when the sequence {f;} from Theorem [3]
belongs to the Skorokhod space D = D([a, b]; RY) of cadlag functions (i.e.,
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functions continuous from the right and having limits from the left at each
point of (a,b]), the subsequence extracted via Theorem [3| (and [25, Theo-
rem 3.8]) is convergent in some nonmetrizable topology (the so-called topol-
ogy S) on D. For more details on the topology S we refer to [32].

(¢) Theorem [3|extends Theorem 3.8 from [25], which has been established
for T = [a,b] and M = RY under the assumption that sup;cy Vz(f;) < oo for
every € > 0. The last assumption on the uniform boundedness of e-variations
is more restrictive than condition , as the following example shows.

ExXAMPLE 3. Let {z;} and {y;} be two sequences from M such that
xj # y; for all j € M and, for some x € M, x; — x and y; — x in M as
J — o00. We set f; = Dy, 4., j €N, and f(t) =z for all t € T'= [0,1]. The
sequence {f;} C M T converges uniformly on T to the constant function f:

oo (fj, [) = max{d(xj, x),d(y;,z)} =0 asj— oo.
Given € > 0, there is jo = jo(e) € N such that d(z;,y;) < € for all j > jo,
and so, by , Vz(f;) = 0 for all j > jo, which implies condition :
limsup V. (fj) < sup Vz(f;) = 0.
Jj—+00 7>jo
On the other hand, if ¥ € N is fixed and 0 < ¢ < d(zg,yx)/2, then
gives Vo(fx) = 0o, and so, sup;ey Vz(fj) = oo.

Now, we are going to present an extension of a Helly-type selection the-
orem from [33, Section 4, Theorem 1] and [22, Theorem 2].

Let  : [0,1] — [0,1] be a continuous, increasing and concave function
such that x(0) = 0, k(1) = 1, and k(7)/7 — o0 as 7 — +0 (e.g., k(7)) =
(1 —logT), k(1) =7 with 0 < @ < 1, or K(7) = 1/(1 — $log 7), see [34]).

Let T' = [a, b] be a closed interval in R, a < b. We set |T'| = b — a, and if
{t:}y < [a,b] is a partition of T' (i.e., a =tg < t1 < --- < tp_1 <t, =0),
we also set I; = {t;—1,t;} and |;| =t; —t;—1,i=1,...,n.

The joint k-variation of functions f,g € MT = M@ is defined by

Valf>9) =sup{ 3_I(£ ) I/ S wLI/IT]) - n € N and {t:}g < [a,b]},
i=1 i=1
where [(f, 9)(I0)| = |(f,g) ({ti_1,£:})] is given by (&1).

Since |(f, ¢)(L;)| = d(f(ti=1), f(ti)) is independent of a constant function
c: la,b] — M the quantity Vi(f) = Vi(f,c) is the Korenblum k-variation
of f € M*" introduced in [33, p. 191] and [34} Section 5] for M = R.

The following theorem is a generalization of [22, Theorem 2], estab-
lished for real functions of bounded k-variation under the assumption that
supjey Vi(fj) < oo and used in the proof of the decomposition of any
f € Rl with Vi(f) < oo into the difference of two real k-decreasing
functions.
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THEOREM 4. Under the assumptions of Theorem (1], suppose that con-
dition is replaced by limsup,_, . Vii(fj, ;) < co. Then there is a sub-
sequence of {f;} which converges pointwise on T = [a,b] to a function
f € R(g) such that Vi(f,g) < oc.

Proof. In order to show that (2.6)) is satisfied, let n € N, {I;}}' | < [a, ]
with I; = {s;,¢;}, and set I! = {t;,s;+1} and |I[| = sj41—ti, i =1,...,n—1.
By the definition of Vi.(f}, g;) and the concavity of x, we have

S AF5 ) T < 1(F5 95 Kas st DI+ D 1(f595) (1)
-1 i=1

n—1

ZZ |(f5, 97) D]+ 1(fj,95) {tn, b})]
<l <815|a>+2 G;;)*;(VT\) (Pt ) [yt

< (2n+ 1)’{<(2n+11)(b—a) [(81 —a)+ ;(tz

n—1
# 31 =)+ (= )] Vel )

i=1

<@n+ 1),.@(2 ! )mfj,gj)-

n+1
Thus,

Wnlli95) o (g, 1 ! - -
p 2+ T 1 Vi(fj,g5) forall j,n €N,
and so ([2.6]) is satisfied.

Let f € R(g) be the pointwise limit of a subsequence {f;, } of {f;}.
Arguing as in the proof of Lemma E 2|(c), we get
Vi(f,9) <liminf Vii(fj,,, g5,,) < limsup Vi (fj, gj) < oo m
]-)OO
REMARK 5. Since Theorem 1| is an extension of results from |11} [12],
it also contains as particular cases all pointwise selection principles based
on various notions of generalized variation. These principles may be further
generalized in the spirit of Theorem | I, by replacing the increment |f (I, )\ =

d(f(s;), f(t;)) applied in |[11+H13] by the joint increment |(f, g)(Z;)| from (2

Finally, it is worth mentioning that the joint modulus of variation ([2.4]),
defined by means of (2.1), plays an important role in the extension of a
result from [17] to metric space valued functions:
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THEOREM 5. Given () # T C R and a metric space (M,d), let {f;} C
M7 be a pointwise precompact sequence of functions such that

lim  sup v (fy, fi) = o(n).
N_“)Oj,kZN

Then there is a subsequence of { f;} which converges pointwise on T

Taking into account Lemmas |1| and [2], the proof of this theorem follows
the same lines as in |17, Theorem 1] (where (M,d,+) is a metric semi-
group and vy (fj, fi) is defined via (3.1))), and so it is omitted. Note that
the limit of a pointwise convergent subsequence of {f;} in Theorem |5/ may
be a nonregulated function. For more details, examples and relations with
previously known ‘regular’ and ‘irregular’ versions of pointwise selection
principles from [23| |41}, 43] we refer to |14, Section 5.2], [17] (18, [35].

Acknowledgements. The authors are grateful to the unknown referee
for several useful suggestions including the question in Example (d) and
reference [32].

References

[1] V. Barbu and Th. Precupanu, Convezity and Optimization in Banach Spaces, 2nd
ed., Reidel, Dordrecht, 1986.

[2] S. A. Belov and V. V. Chistyakov, A selection principle for mappings of bounded
variation, J. Math. Anal. Appl. 249 (2000), 351-366; and comments on this paper:
J. Math. Anal. Appl. 278 (2003), 250-251.

[3] P. C. Bhakta, On functions of bounded variation relative to a set, J. Austral. Math.
Soc. 13 (1972), 313-322.

[4] Z. A. Chanturiya, The modulus of variation of a function and its application in the
theory of Fourier series, Soviet Math. Dokl. 15 (1974), 67-71.

[5] Z. A. Chanturiya, Absolute convergence of Fourier series, Math. Notes 18 (1975),
695—700.

[6] V. V. Chistyakov, On mappings of bounded variation, J. Dynam. Control Systems
3 (1997), 261-289.

[7] V. V. Chistyakov, On the theory of multivalued mappings of bounded variation of
one real variable, Sb. Math. 189 (1998), 797-819.

[8] V. V. Chistyakov, Mappings of bounded variation with values in a metric space: gen-
eralizations, in: Pontryagin Conference, 2, Nonsmooth Analysis and Optimization
(Moscow, 1998), J. Math. Sci. (New York) 100 (2000), 2700-2715.

[9] V. V. Chistyakov, On multi-valued mappings of finite generalized variation, Math.
Notes 71 (2002), 556-575.

[10]] V. V. Chistyakov, Selections of bounded variation, J. Appl. Anal. 10 (2004), 1-82.

[11]] V. V. Chistyakov, The optimal form of selection principles for functions of a real
variable, J. Math. Anal. Appl. 310 (2005), 609-625.

[12] V. V. Chistyakov, A selection principle for functions of a real variable, Atti Sem.
Mat. Fis. Univ. Modena e Reggio Emilia 53 (2005), 25-43.

[13] V. V. Chistyakov, A pointwise selection principle for functions of a real variable
with values in a uniform space, Siberian Adv. Math. 16 (2006), 15-41.


http://dx.doi.org/10.1016/S0022-247X(02)00519-X
http://dx.doi.org/10.1017/S1446788700013720
http://dx.doi.org/10.1007/BF01818034
http://dx.doi.org/10.1007/BF02465896
http://dx.doi.org/10.1070/SM1998v189n05ABEH000321
http://dx.doi.org/10.1023/A:1014892001168
http://dx.doi.org/10.1515/JAA.2004.1
http://dx.doi.org/10.1016/j.jmaa.2005.02.028

56

[14]
[15]
[16]
[17]

[18]

V. V. Chistyakov and S. A. Chistyakova

V. V. Chistyakov, Metric Modular Spaces: Theory and Applications, Springer, Cham,
2015.

V. V. Chistyakov and O. E. Galkin, On maps of bounded p-variation with p > 1,
Positivity 2 (1998), 19-45.

V. V. Chistyakov and O. E. Galkin, Mappings of bounded ®-variation with arbitrary
function ®, J. Dynam. Control Systems 4 (1998), 217-247.

V. V. Chistyakov and C. Maniscalco, A pointwise selection principle for metric
semigroup valued functions, J. Math. Anal. Appl. 341 (1) (2008), 613-625.

V. V. Chistyakov, C. Maniscalco and Yu. V. Tretyachenko, Variants of a selection
principle for sequences of requlated and non-regulated functions, in: L. De Carli et al.
(eds.), Topics in Classical Analysis and Applications in Honor of Daniel Waterman,
World Sci., Hackensack, NJ, 2008, 45-72.

V. V. Chistyakov and A. Nowak, Regular Carathéodory-type selectors under no
convezity assumptions, J. Funct. Anal. 225 (2005), 247-262.

V. V. Chistyakov and D. Repovs, Selections of bounded variation under the excess
restrictions, J. Math. Anal. Appl. 331 (2007), 873-885.

V. V. Chistyakov and A. Rychlewicz, On the extension and generation of set-valued
mappings of bounded variation, Studia Math. 153 (2002), 235-247.

D. S. Cyphert and J. A. Kelingos, The decomposition of functions of bounded -
variation into differences of »-decreasing functions, Studia Math. 81 (1985), 185-195.
L. Di Piazza and C. Maniscalco, Selection theorems, based on generalized variation
and oscillation, Rend. Circ. Mat. Palermo 35 (1986), 386-396.

R. Duda, On convex metric spaces. III, Fund. Math. 51 (1962), 23-33.

D. Frankovd, Regulated functions, Math. Bohem. 116 (1991), 20-59.

S. Gnitka, On the generalized Helly’s theorem, Funct. Approx. Comment. Math. 4
(1976), 109-112.

K. Goebel and W. A. Kirk, Topics in Metric Fized Point Theory, Cambridge Stud.
Adv. Math. 28, Cambridge Univ. Press, Cambridge, 1990.

C. Goffman, T. Nishiura and D. Waterman, Homeomorphisms in Analysis, Math.
Surveys Monogr. 54, Amer. Math. Soc., Providence, RI, 1997.

E. Helly, Uber lineare Funktionaloperationen, Sitzungsber. Naturwiss. K. Kaiser-
lichen Akad. Wiss. Wien 121 (1912), 265-297.

H. Hermes, On continuous and measurable selections and the existence of solutions
of generalized differential equations, Proc. Amer. Math. Soc. 29 (1971), 535-542.
T. H. Hildebrandt, Introduction to the Theory of Integration, Academic Press, New
York, 1963.

A. Jakubowski, A non-Skorohod topology on the Skorohod space, Electron. J. Probab.
2 (1997), paper no. 4, 21 pp.

B. Korenblum, An extension of the Nevanlinna theory, Acta Math. 135 (1975),
187-219.

B. Korenblum, A generalization of two classical convergence tests for Fourier series,
and some new Banach spaces of functions, Bull. Amer. Math. Soc. (N.S.) 9 (1983),
215-218.

C. Maniscalco, A comparison of three recent selection theorems, Math. Bohem. 132
(2007), 177-183.

K. Menger, Untersuchungen tber allgemeine Metrik, Math. Ann. 100 (1928), 75-163.
B. S. Mordukhovich, Approzimation Methods in the Problems of Optimization and
Control, Nauka, Moscow, 1988 (in Russian).

P. Muldowney, A Modern Theory of Random Variation: With Applications in Stochas-
tic Calculus, Financial Mathematics, and Feynman Integration, Wiley, Hoboken, NJ,
2012.


http://dx.doi.org/10.1023/A:1009700119505
http://dx.doi.org/10.1023/A:1022889902536
http://dx.doi.org/10.1016/j.jmaa.2007.10.055
http://dx.doi.org/10.1016/j.jfa.2005.03.024
http://dx.doi.org/10.1016/j.jmaa.2006.09.004
http://dx.doi.org/10.4064/sm153-3-2
http://dx.doi.org/10.1007/BF02843906
http://dx.doi.org/10.1090/S0002-9939-1971-0277794-3
http://dx.doi.org/10.1007/BF02392019
http://dx.doi.org/10.1090/S0273-0979-1983-15160-1
http://dx.doi.org/10.1007/BF01448840

39]
[40]
(41]
(42]
(43]

(44]

Joint modulus of variation and selection principles 57

J. Musielak and W. Orlicz, On generalized variations (I), Studia Math. 18 (1959),
11-41.

1. P. Natanson, Theory of Functions of a Real Variable, 3rd ed., Nauka, Moscow,
1974 (in Russian); English transl.: Ungar, New York, 1965.

K. Schrader, A generalization of the Helly selection theorem, Bull. Amer. Math. Soc.
78 (1972), 415-419.

M. Schramm, Functions of ®-bounded variation and Riemann—Stieltjes integration,
Trans. Amer. Math. Soc. 287 (1985), 49-63.

Yu. V. Tret’yachenko and V. V. Chistyakov, The selection principle for pointwise
bounded sequences of functions, Math. Notes 84 (2008), 396-406.

D. Waterman, On A-bounded variation, Studia Math. 57 (1976), 33-45.

Vyacheslav V. Chistyakov, Svetlana A. Chistyakova
Department of Informatics, Mathematics and Computer Science
National Research University Higher School of Economics
Bol’shaya Pechérskaya St. 25/12

Nizhny Novgorod 603155, Russia

E-mail: czeslaw@mail.ru

vchistyakov@hse.ru
schistyakova@hse.ru


http://dx.doi.org/10.1090/S0002-9904-1972-12923-9
http://dx.doi.org/10.1134/S0001434608090101




	1 Introduction
	2 Main result
	3 The joint modulus of variation
	4 Conditionally regulated functions
	5 Proof of the main result
	6 Extensions of known selection theorems
	References

