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Abstract. Let H be a separable Hilbert space, and let D(B(H)*") be the anti-
Hermitian bounded diagonal operators in some fixed orthonormal basis and IC(#H) the
compact operators. We study the group of unitary operators

Up.a = {u € U(H) : 3D € DIB(H)™), u — e € K(H)}

in order to obtain a concrete description of short curves in unitary Fredholm orbits
Op = {efbe ™™ : K € K(H)*"} of a compact self-adjoint operator b with spectral
multiplicity one. We consider the rectifiable distance on O, defined as the infimum of
curve lengths measured with the Finsler metric defined by means of the quotient space
KC(H)*" /D(K(H)*"). Then for every ¢ € Op and = € T.(O,) there exists a minimal lifting
Zo € B(H)*" (in the quotient norm, not necessarily compact) such that (t) = e*#0ce™*%0
is a short curve on O, in a certain interval.

1. Introduction. Let B(#) be the algebra of bounded operators on
a separable Hilbert space H, and KC(H) and U(H) the compact and uni-
tary operators respectively. If an orthonormal basis is fixed we can consider
matricial representations of each A € B(H) and the set of diagonal opera-
tors, which we denote by D(B(H)). The subset of anti-Hermitian diagonal
operators is denoted by D(B(H)").

Consider the following subset of the unitary group U(H):

(1.1) Upg={u€UHM):3D € DBH)™), u—eP € K(H)}.

We will prove that Uy, 4 is a subgroup of U(#H). Moreover, Uj, 4 is closed and
pathwise connected in the topology of U(H) given by the operator norm.
Therefore Uy, 4 is a Lie subgroup in the sense of [9] and [10].
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We have not found any reference to the subgroup U}, 4 in the literature,
and so we include a detailed study of it. In Theorem [3.18 we prove that
Uy.q is a Lie subgroup of U(#H). The Lie algebra of Uy 4 turns out to be
IC(H)*" + D(B(H)™), which is not complemented in B(H)*, and therefore
a stronger notion of Lie subgroup cannot be used (see Proposition .

This subgroup admits a generalization to Uy 4 for certain ideals J and
subalgebras A of B(H)" (see Remark .

Our particular interest in Uy, 4 relies on the geometric study of the orbits

O) = {ubu* :u € V}

where b a self-adjoint operator and V C B(H). If the spectrum of b is finite,
Oy is a complemented submanifold of b + IC(H) (see [I]). If we consider a
compact diagonal self-adjoint operator b with spectral multiplicity one then
the orbit Oy can be given a smooth structure (see [0, Lemma 1]).

The subgroup U}, ¢ has the following properties.

o If Uy ={ucU(H):u—1¢e K(H)}, then the following orbits coincide:
Op = C’)g’“ = {ubu® :u € Uy} = (’)gjk‘d = {ubu” 1 u € Uy 4}.

e The natural Finsler metrics defined in Tl((’)zl:[k‘d) and Tl((’)g’“) by means of
the quotient norm coincide if b is a compact self-adjoint diagonal operator
and we consider the identifications of the tangent spaces with the quotients

TV (OF") = T(Op) = Ty (Uy) /Ti(Ty) = K(H)™ /DIK(H)™),
U ~
T1(O,™") = Th(Uy,a)/T1(To)
= (K(H)™" + D(B(H)™"))/D(B(H)™")
= IC(H)*"/D(B(H)™")
with ¢ € O (see Remark for details).

These properties allow the construction of minimum length curves of O,
considering the rectifiable distance defined in the Preliminaries (see (2.6)).

Next we describe minimal vectors of the tangent space and their relation
to short curves in these homogeneous spaces. We say that a self-adjoint
operator Z € B(H) is minimal for a subalgebra A C B(H) if

(1.2) 1Z] = jnf |2+ D],
cA
for || - || the usual operator norm in B(H). Given a fixed Z we say that

Do € A'is minimal for Z if ||Z + Dol| = infpea||Z + D||, that is, Z + Dy is
minimal for A. These minimal operators Z allow the concrete description of
short curves v(t) = e? Ae~"% in the unitary orbit 04 of a fixed self-adjoint
operator A € B(H)", when considered with a certain natural Finsler metric
(see (2.4), [8], [1] and [6] for details and different examples).
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If we fix an orthonormal basis in H we can consider matricial represen-
tations and diagonal operators in B(#). In [6] we studied the orbit O4 of
a diagonal compact self-adjoint operator b € B(H) under the action of the
Fredholm unitary subgroup U = {eX : K € K(H)*} where K(H)*" de-
notes the compact anti-Hermitian operators. We used a particular element
Z, € K(H)® with the property that there does not exist a compact diagonal
Dy such that the quotient norm ||Z, + Dol| = inf pepcny) 12 + D|| is at-
tained. This example prompted an interesting geometric question, since the
existence of such a minimal compact diagonal Dy would allow the explicit
description of a short path with initial velocity [Z,, ] (see [8, [H]).

Using the fact that lim(Z,),;; converges to a non-zero constant as j — oo,
we showed in [6] that the curve parametrized by

B(t) = eZrbe~t7r

with |t| < 7/(2]|Z,]) is still a geodesic, even though Z, is not a minimal
operator. Moreover, 5 can be approximated uniformly by minimal length
curves of finite matrices (3, (with minimal initial velocity vectors) satisfying
Ba(0) = B(0) = b and 3,(0) = 3(0).

Nevertheless, in the same paper, we showed examples of compact op-
erators Z, whose unique minimal diagonals had several limits. In these
cases the techniques used with Z, were not enough to prove either that
v(t) = et%obe %o was a short curve or that + could be approximated by
curves of matrices.

In the present work we describe short curves that include those cases.
In order to do so we consider the unitary subgroup U}, 4. The action of this
group on a diagonal self-adjoint operator b produces the same orbit as Uy
but permits a concrete description of geodesics using minimal operators of
its Lie algebra KC(H)* 4+ D(B(H)*") (see Theorem |4.2] and Corollary |4.6).

2. Preliminaries. Let (#,(,)) be a separable Hilbert space. As usual,
B(H), U(H) and I(H) denote the sets of bounded, unitary and compact
operators on H. We denote by || - || the usual operator norm in B(H). It
should be clear from the context whether || - || refers to the operator norm
or the norm on the Hilbert space, ||h|| = (h, h)Y/? for h € H.

Given A C B(H), we use the superscript ** (respectively ") to denote
the subset of anti-Hermitian (respectively Hermitian) elements of \A.

Consider the Fredholm subgroup of U(H) defined as
Upy={ucUUH):u—1eKH)}={uecl(H): 3K € K(H)™, u= e}

(see [1] and Proposition [3.1]).
U(H) is a Banach-Lie group and its Lie algebra Ty (U(H)) equals B(H)*".
We consider the usual analytical exponential map exp : B(H)*" — U(H),
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given for any X € B(H) by exp(X) = 32 ,(1/n!) X" = X. Then B(H)*"

can be made into a contractive Lie algebra (i.e., ||[X,Y]|lc < || X||/|Y || for

all X, Y € B(H)) by defining || - || := 2||-||. Then, by [4, Proposition 1.29],
log(e* e < ~log(2 — X+

if | X||c +[|Y]le < log2. Consequently, it can be proved that if

(2.1) X1+ Y] < (log 2) /2

then the Baker—-Campbell-Hausdorff (B-C-H) series expansion converges ab-
solutely for all X,Y € B(H)®". This B-C-H series can be defined as

log(c¥e¥) = 3 en(T),
n=1

where each ¢, is a polynomial map of B(H) x B(H)*" into B(H)¥" of
degree n. For instance, the first terms are:

a(X,Y)=X+Y,

(X,Y) = 3[X,Y],

c3(X,Y) = X, [X, Y]] + 5 [¥, [, X]).

Also, each ¢, with n > 1 is a sum of commutators. Therefore, the above
series can be rewritten as follows

oo
(2.2) log(eXeY) :X+Y+ch(T).

n=2
For the complete general expression and other properties of the B-C-H series
for Lie algebras see [4] or [12].

DEFINITION 2.1. Given X € B(H)* we will say that X is sufficiently
close to 0 if || X|| < (log2)/4.

We see that the B-C-H series (2.2)) converges for every X,Y € B(H)"
sufficiently close to 0, since this condition implies ([2.1)).
We define the unitary Fredholm orbit of a fixed self-adjoint A € B(H) as

(2.3) Os={uAu™ :uel} CA+K(H).

With the action 7, : Uy, — O 4, mp(u) = Ly - b = ubu*, the orbit O 4 becomes
a homogeneous space in some cases. If A has finite spectrum then Oy is
a submanifold of A 4+ IC(H) (see [I, Theorem 4.4]), and if A is a compact
operator with spectral multiplicity one then O 4 has a smooth structure (see
[6, Lemma 1]).

Let [+, ] be the commutator operator in B(H), that is, [T, S] =TS — ST
for any TS € B(H).
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For each b € Oy, the isotropy group Z is
Ty = {u € Uy : ubu* = b} = {ef c Uy, : K € K(H)™", [K,b] = 0}
= {b} nK(H)™,

where {b}’ is the set of all operators T in B(H) that commute with b (i.e.,
[T,b] = 0).

For each b € Oy, the tangent space Tp(O4) equals {Yb —bY : Y €
KC(H)?} and can be identified as follows:

Ty(O.) = T1(Un) /T1(Ty) = (M) /({b} NE(H)™).

In this context we consider the following Finsler metric defined for z €
Tb(OA):
(2.4) |zl = inf{|Y]| : ¥ € K(H)™, [Y,b] = «}

= inf Yo+ C.
Ce({bYNKC(H)ah)

where Yy + C is any element of the class [Yy] = {V € KC(H)® : [V, b] = z}.
Note that this norm is invariant under the action of .

An element Z € B(H)" such that [Z,b] = x and ||Z]|| = ||z|)s is called a
minimal lifting for x. This operator Z may not be compact and/or unique
(see [5]). Consider piecewise smooth curves (3 : [r,s] — Q4. We define

(2.5) L(B) =\ 118" (1) g t,

-
(2.6) dist(e1, c2) = inf{L(p) : B is smooth, B(r) = c1, 5(s) = c2},
called the rectifiable length of B and the distance between ci,co € Oa,
respectively. In this context, we define short curves to be those piecewise
smooth curves v : [r,s] = O such that L(v[j, 4,)) < dist(y(t1),7(t2)) for
every subinterval [¢1, 2] C [r, s].

If Ais any C*-subalgebra of B(#) and {e;}72, is a fixed orthonormal
basis of H, we denote by D(.A) the set of diagonal operators with respect to
this basis, that is,

D(A)={T € A: (Te;,e;) =0 for all i # j}.
Given Z € A, if there exists D1 € D(A) such that
1Z +Dil| < [|Z + D

for all D € D(A), we say that Dy is a best approximant of Z in D(A). The
operator Z + D satisfies

and Z + Dy is a minimal operator in the class [Z] of the quotient space
A/D(A); we also say that D; is minimal for Z.
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These minimal operators play an important role in the concrete descrip-
tion of minimal length curves on Q4 (see [8] and [I]).
If Z is anti-Hermitian then
dist(Z, D(A)) = dist(Z, D(A™)),

since |[Im(X)|| < || X|| for every X € A.

Let T' € B(#) and consider for the fixed basis of H the coefficients T;; =
(Tei, ej) for each i,j € N. This defines an infinite matrix (7j;); jen whose
jth column and ith row are the vectors in ¢2 given by ¢;(T) = (T1;, T%j, - - -)
and f;(T) = (Ti, Ti2, . . .), respectively.

We use o(T) and R(T) to denote the spectrum and range of T € B(H)",
respectively.

We define @ : B(H) — D(B(H)), ¢(X) = Diag(X), as the map that
builds a diagonal operator with the same diagonal as X (i.e., ®(X);; =
Diag(X);; = Xj; and 0 elsewhere). For a given bounded sequence {d, } n,en C
C we denote by Diag({dy }nen) the diagonal (infinite) matrix with {d,, }nen
on its diagonal and 0 elsewhere.

3. The unitary subgroup U, 4. Recall the unitary Fredholm group
U ={uelUd(H) u—1eK(H)}
(see [1] and [6]) and define the following subsets of U(H):
Upq={ucU(HM):3D e DB(H)™), u—eP € K(H)},
(3.1) Uy={ucU(H):3D e DB(H)™), u=eP} =U(H) N D(B(H)),
Uprg = {uc UM) : 3K € K(H)" 3D € D(B(H)*"), u = 5P,

Also denote
Of = {ubu* :u € F},

where F is any of the sets of unitary operators defined in . The main
purpose of this section is to study these unitary sets and their relations.

The following proposition has been proved in [6] using arguments of [I]
Lemma 2.1].

PROPOSITION 3.1. Uy, = {e& : K € K(H)™, | K|| < 7}.

REMARK 3.2. Let So € K(H)*" and Dy € D(B(H)™). Then the expo-
nential series >/ 1(Sy + Do) converges absolutely and

Zi' So + Do)"

n=0
— n n n—1 . L n—1 n
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oo
. 1 1 n ) n n—1 1 n
_sto(sg +<1>Sg D0+-~+<n1>DO + D

n=0
- 1 n—1 n n—2 n n—1 G 1 n
Il
¥(So, Do)

= So¥(So, Do) + €°
with So®(So, Do) € K(H).
PROPOSITION 3.3. Uy, q is a unitary subgroup of U(H) and
Uplhy = {ucl(H) : IK e K(H)", | K|| < 7, ID e D(B(H)™), u = efeP}.
Moreover
Uy,q = Uy = Ugly,.

Proof. Let u € Uy, 4. Then there exists D € D(B(H)) such that u—e? €
K(H). Hence ue™? —1 € K(H), so there is K € K(H)*" with ||K|| < m such
that ue™? = e, and therefore u € UlUy.

Conversely, if there exist K’ € K(H)* and D’ € D(B(H)*") such that
u=e'e? cUH), then ue P = X € Uy, so ue ™ —1 € K(H), and thus

(ue P —1)eP =u—e" e K(H).

These calculations prove that Uy, g = Uply.
Similar computations (with left multiplication by e~?) lead to Uy 4 =
Ul
Now we will prove that U}, 4 is a group. Let u, v € Uy, 4.
e There exists D € D(B(H)*") such that u — e? € K(H). Then u* —e™P €
IC(H), so u* € Uy 4.
e Since Uy, g = Uplg we can write u = ef1eP1 and v = ef2eP2 with K1, K» €
K(H)®" and Dy, Dy € D(B(H)*"). Then by Remark [3.2]
uwv = P12 4 K\W(Ky, D)) + P2 Kyd(Ky, Do)
+ K1W(K1, Dl)KQQS(KQ, Dg)
Therefore uv — eP17P2 € IC(H), which implies that uv € Uy 4.
Thus, Uy, 4 is a unitary subgroup of U(#H). =

PROPOSITION 3.4. Let Uy 4, Ug and Uy4q be as defined in (3.1). Then:

Ug+da € Uk a-

)

Ifu eiuhd then u = K' + D" with some K' € K(H) and D € D(U(H)).
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(5) For every K € K(H)™ and D € D(B(H)™) there exists K' € K(H)¥"
such that efeP = ePek’.

(6) U S Upyq.

(7) Uy, = {u € U(H) : 3D € DIK(H)), u — P € K(H)}.

Proof. (1) This is apparent.
Queld,cu—1€KH) e u——e e K(H).
(3) Let ef+P € Uy, g with K € K(H)* and D € D(B(H)*"). Then

1

so XD — P e C(H), and hence eX+P € Uy 4.

(4) u € Upg = u—eP € K(H) with D € D(B(H)™) = 3K’ € K(H),
u=K'+¢eP.

(5) If K € K(H)™ and D € D(B(H)™) then Proposition [3.1] implies
that e® — 1 € IC(H), which gives (ef — 1)e? = efel — el € K(H) and
e Pefel —1 € K(H). Then e Pefel € Uy and there exists K’ € K(H)™"
such that e Pefel = X', The result follows easily.

—~~

(6) This is apparent.

(7) If u € Uy then u — 1 = u — € € K(H) with 0 € D(K(H)*"), and
sou € {u € UH) : 3D € D(K(H)"), u — eP € K(H)}. Conversely, let
u € U(H) and D € D(K(H)™) be such that u — e” € IC(H). Then

u—1=u—el +eP —1eKH),
since e? € Uy, which completes the proof. =

PROPOSITION 3.5. Let K1, Ky € K(H)* and D1,Ds € D(B(H)™).
Then the following statements are equivalent:

(a) eff1eP1 = efzel2,
(b) There exists d € D(K(H)") such that

€K2 — eK1€—d d, D1 _ ed+D1_

and eP? = ee

Proof. (b)=>(a) is apparent after computing e2e”2.

Let us consider (a)=-(b).

If ef1ePr = eK2eD2 then eP17P2 = ¢~ K1eK2 Since e 51,52 are in
Uy, which is a group, there exists K19 € K(H)% such that |[Kis| < 7
and e K1ef2 = K2 (see Proposition . Moreover, there exists D19 €
D(B(H)™) with || D1 2| < 7 such that eP’1=P2 = ¢P12, Therefore

K2 — oK1 K2 _ D1i=D2 _ D12

with K12 € K(H)™ and D12 € D(B(H)™). Using [7, Theorem 3.1] we
conclude that |Kj 2| = |D 2|, which implies that K;2 and D;g2 are both
diagonal and compact operators. If we choose —d = Dy € D(K(H)™),
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then

Ko _ KipgD1i=D2 _ Ki,D12 Kip—d

e =e ,

eP2 — D2=D1,D1 _ =Di2,D1 ed€D1’

which proves the proposition. =

PROPOSITION 3.6. Let uw € U(H). Then the following statements are
equivalent:

(a) u e U.a-
(b) u — Diag(u) € K(H) and |uj;| = 1 as j — oo.

Proof. (a)=(b). If u € Uy 4 then there exists D € D(B(H)") such that
u —eP € K(H). Then Diag(u — eP);; = uj; — ej%- — 0 as j — oo, and
therefore Diag(u) — e? € K(H) and |uj;| — 1 as j — oo. Then since

u — eP = u — Diag(u) + Diag(u) — eP € K(H),
—_——
EX(H)
we deduce that u — Diag(u) € K(H).

(b)<=(a) If uj; — 1 as j — oo then there exists D € D(B(H)*) such
that uj; — eﬁ- — 0 as j — oo (for example take e?j = (1/]ujj|)u;; when j is
sufficiently large). Then Diag(u) — e? € IC(H). Hence

u — Diag(u) + Diag(u) — e = u — P € K(H),
EXL(H) EX(H)

and therefore v € Uy, 4. =

REMARK 3.7. The previous proposition allows us to prove easily that
Uy.q C U(H) since the block diagonal symmetry

s 0 0 ...
y— 0 s 0 ... with 8:<O 1)
10

0 0 s

clearly does not satisfy condition (b) of Proposition but u € U(H).
The following proposition is a consequence of the results of [7].
PROPOSITION 3.8. Let K, K' € K(H)¥ satisfy |K||,||K'|| < 7 and let

D € D(B(H)™) be such that ePeX = eX'eP. Then | K| = |K’| and

(a) of K|l =|K'| =, then
(1) K| =eP|K[e”,

(2) v € H is an eigenvector of K with eigenvalue A € iR, [N\ <71 <

ePv is an eigenvector of K' with eigenvalue \ € iR, |\| < m,
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(3) if Ex is the spectral measure of the operator X, then
K —e PK'e? =2mi(Ex(R+in) — E,-pgron (R + 7)),
() if |K| =|K'| <7 then K = e PK'el.
Proof. Observe first that since ePeX = X" eP | we have

_ / —D gt D
(3.2) el = e Pellel = o T He

and therefore |K| = |e"PK'eP| = e P|K'|eP (see [T, Theorem 3.1(i)]),
which implies ||K|| = [|K|.

(a)(1) This is a direct consequence of (3.2)), the fact that o(K) and
o(e P K’eP) are contained in S = {z € C : —7 < Im(z) < 7}, and [7,
Theorem 3.1(i)].

(a)(2) Consider A € o(K) C iR, |A\| < m and v € H such that Kv = Av.
Then efv = v and (3.2) imply that e* is an eigenvalue of e VE'e” with
eigenvector v. Then \ € o(e"P K’e”) (because |\| < 1) with eigenvector v.
Therefore A € o(K') with eigenvector ePv. The other implication follows
similarly.

(a)(3) This statement follows from o(K),o(e P K’e”) ¢ S and [T, Re-
mark 2.4 and Theorem 4.1].

(b) If || K|| = || K'|| < 7 then (3.2) and [7, Corollary 4.2(iii)] imply directly
that K = e PK'eP. u

COROLLARY 3.9. Let K, K' € K(H)™ with |K|,||K'|| < 7, and let
D € D(B(H)"). Then
@) i K] = 1K) = . then
P =el'el o K—e PK'eP = 21 (Eg (R +im) — Ey-pgrep (R + im)),
() i K] IE') < . then

Pl =l o K=ePK'eP.
Proof. (a) If ePeX = eK'eP then
K — e PK'e? = 2mi(Eg (R + in) — E,—pgren (R + i)
follows from Proposition [3.8(a)(3).
The converse is proved using the fact that

K —2miEx (R +in) =e PK'e? — E._pyrop(R +in)
implies that
K —2miEx (Rtim) _ je”PK'eP—2miE _p s p (Rtim)
Y

and since K commutes with Ex, and e P K'e? with E,—p j/.p, we obtain

eKe—Qﬂ'iEK(R-l—iw) _ ee’DK’eDe—QTriEe,DK,eD (R+Z.TF).
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—2miEg (R+im) _ ,—2miE, _p ./ D (R+im)

Since e e =1, we have

—D gt D _ /
GKZGe K'e :€D€K€D,

which ends the proof.

(b) This is apparent by using Proposition(b) and the fact that e¢” e
=e Pel'eD o

Thompson [I1] proved that for any X,Y € M, (C)%" there exist unitaries
U,V such that
(33) €X€Y — eU*XU+V*YV.

D

Subsequently, Antezana et al. [3] proved a generalization of for compact
operators: given K1, Ky € KC(H)™, there exist unitaries Uy, V,, for n € N,
such that
€K1€K2 — lim 6U2K1Un+V;K2Vn
n—oo
with convergence in the usual operator norm. The following proposition adds

a new simple case where this equality holds.

PROPOSITION 3.10. Let K € K(H)™ and D € D(B(H)™") and suppose
that there exists A € iR such that lim,,_,oc Dpn = A. Then there exist uni-
taries Uy, Vi, for n € N, such that

K oD — Qi oUnKUn+ViDVy
n—oo

Proof. Observe that D — I € D(K(H)*"). Then by [3, Theorem 3.1 and
Remark 3.3] there exist unitaries Uy, V,,, for n € N, such that

KDoA _ (K DM _ Jip JUiKUnt Vi (D-ADV,
n—oo
_ i QUi KUV DV —AT
n—oo
Therefore, efeP = lim eUnKUntViDVn o
) n— 00

PROPOSITION 3.11. Let K1, K3 € K(H)™ and Dy, Dy € D(B(H)") be
such that K1 + Dy and Ko 4+ Dy are sufficiently close to 0 (see Definition
. Then there exists K € KC(H)™ such that

6K1+D1 €K2+D2 _ €K+D1+D2.

Proof. Using the B-C-H formula (2.2)), we have
X =log(ef 1 HP1ef2tP2) = Ky + Dy + Ko+ Do+ Y cn(K1 + Dy, Ko+ D).
n>2

Also, observe that ¢, (K + Dy, Ko + Dy) € K(H)™ for every n, since
K(H) is a two-sided closed ideal and [D;, Do| = 0. Therefore, X = K + D
with K € KC(H)® and D € D(B(H)*™) and

(3.4) efitDrphetDy — oKAD g 0
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In particular D = D; + Ds, since each ¢, is a sum of commutators and
Diag([A, B]) = 0 for every A, B € B(H)*. u

COROLLARY 3.12. Let K1, Ko € K(H)" and D1, Dy € D(B(H)").

(1) If K1+ Dy and Ko+ Do are sufficiently close to 0 (see Definition ,

then
6K1+D1 6K2+D2 _ €K+D1+D2

with
]’? =Ki+ Ky + ch(Kl + D1, Ko + Dg) S K(H)ah
n>2

and Diag(K) = Diag(K; + K3).
(2) If K1 and Dy are sufficiently close to 0, there exist K', K" € KC(H)*"
such that

! "
(3.5) ef1ePr = D1oK" — K74 D1

Proof. These equalities are due to Proposition [3.4(3), Proposition
and equalities used in its proof. =

THEOREM 3.13. Uy, 4 is pathwise connected and closed in U(H).

Proof. Every u = eXeP € Uy 4 (with K € K(H)™ and D € D(B(H)h))
is connected to 1 by the curve y(t) = e/fet? for t € [0, 1].

To prove the closedness of Uy g, let {up}tnen C Uk g, un = efneln for
n € N, with K,, € K(H)™ and D,, € D(B(H)) be a sequence such that
lim,, o0 un = g in the operator norm. We will prove that ug € Uy 4.

Since ug —u, = ug—e’" +ePr —u, — 0asn — oo, and e’ —u,, € K(H)
for all n € N, we see that dist({ug — e’} en, K(H)) = 0.

Observe that

(3.6)  dist({Diag(uo) — e”" }nen, K(H))
= dist ({Diag(uo) — Diag(uy) + Diag(un) — ePr ) nen, K(H))

< inf Di — Di D+ || Di n) —ePn — K
_KGHI%(’H)(H iag(uo) — Diag(un)|| + || Diag(u,) — e )

for any n € N.

Note that wu, — eP» € K(H), which implies that Diag(u, — eP») =
Diag(u,) — ePr € D(K(H)). Since u,, — ug, we have Diag(u,) — Diag(ug).
Then the first summand in can be arbitrarily small for large n and the
infimum of the second term is zero because Diag(u,) — e’ € K(#H). Thus

(3.7)  dist({Diag(uo) — ePr Y e, K(H)) =0
= dist ({Diag(uo) — e’ }nen, D(K(H))).
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Moreover, since u, — ePn € K(H), for every K € K(H) we have
3.8) dist(ug — Di ,JK(H)) = inf — Di - K
(3.8)  dist(uo — Diag(uo), K(H)) ol [[uo — Diag(uo) — K|
< |lug — Diag(ug) — un + €’ — K|
< [lug — unl| + [le”" — Diag(up) — K|l.

Here both summands can be arbitrarily small, since u,, — ug and the dis-
tance from {Diag(uo) —eP" }en to K(H) is null as seen above in ([3.7). Thus
dist(up — Diag(up), K(H)) = 0, and therefore

(3.9) ug — Diag(ug) € K(H).

If there exists 6 > 0 such that for a subsequence {e”"t}.cy we have
|(Diag(ug) — ePx);;] > 6 for all k € N and infinitely many j € N, then we
obtain a contradiction to (3.7). Therefore, given 6 > 0, only finitely many
n € N satisfy |(Diag(ug) — e”);;| > 4 for infinitely many j € N. Thus, if
k € N and we choose 6 = 1/k, there exists ny € N such that if n > ny then
|(Diag(ug) — eP);;| > 1/k only for finitely many j € N. Observe that the
subsequence ny could be chosen to be strictly increasing. For each k € N,
let ji. € N be such that |(Diag(ug) — e );;| < 1/k for all j > j;.. We can
choose ji to be strictly increasing in k and j; > 1. Therefore, for each k € N,
there exist ng, jr € N such that

(3.10) |(Diag(ug) — ePr)j;| < 1/k  for all j > jp..
Then define the following unitary diagonal matrix e®:
1 if1<j<j,
(3.11) (€P);; = 4 € <<
. .

(ePm2);; if jo < j < js,

D can be chosen as the anti-Hermitian diagonal matrix formed with the
corresponding parts of 0, Dy,,, Dy,, .. ..

If we define jo = 1 and take any j € N, then (3.10)) and (3.11]) imply that
|(Diag(uo) — ¢”);;| = |(Diag(uo) — ") 5| < 1/k i ji < j < jrr1-
Then (Diag(ug) —eP);; — 0 as j — oo, and therefore Diag(ug) —eP € K(H)

since it is a diagonal matrix.

Using up—Diag(ug) € K(H) (see (3.9)) we conclude that (ug—Diag(ug))+
(Diag(ugp) —e?) = ug —eP € K(H), which implies that ug € Uy, 4, and there-
fore Uy, 4 is closed. m

LEMMA 3.14. There exists g > 0 such that if u € Uy q and ||lu—1|| < &g

then u € Uy q. Moreover, there exist K € K(H)™ and D € D(B(H)™) such
that
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(a) u=ef+P with K, D € exp~'(B(1,30)),
(b) K, D are sufficiently close to 0,
(¢) K+ D € exp H(B(1,20)) N B(H)"

Proof. Fix §9 > 0 that fulfills two conditions: first, if V' € B(0,d0) N
B(H)® then V is sufficiently close to 0, and secondly, exp : B(0,d) N
B(H)™ — exp(B(0,d0)) N U(H) is a diffeomorphism under the usual oper-
ator norm. The last requirement can be fulfilled after applying the inverse
map theorem for Banach spaces.

Choose g = € > 0 such that

(3.12) B(1,¢) C B(1,3¢) C exp(B(0, 5)).

Ifu € Uy 4N B(1,¢), then there exist K1 € K(H) and D; € D(B(H)") such
that u = ef1eP1. Observe that the j,j entry of the diagonal of u = ef1eP1

. K1 _Dq
is ejte;it
Now |u — 1|| < € implies that |e]j 5 — 1] <efor all j € N. Suppose
that \ej — 1| > 2¢ for infinitely many j € N. Then, using |e =1 we
. — D —D
obtain |ejj 1] = |e (e” =1 =[1—ej'| > 2, and |e - =

(15— )P

POy 1= |e” il <efor 1nﬁn1tely many j € N Therefore

there must ex1st infinitely many 5 € N such that

K —-D -D
(3.13) lejif —ej; t<e and et —1[>¢
(see Figure [1f).

D
ACLI
Fig. 1
Hence
K Ky _ D -D K -D —D
]ejj1—1|:|e-~1— iy l—i-e»j -1 > Hejjl—ejj H—le 1—1|‘
= le, D1—1| left — e Pt >2e —e =

for infinitely many j € N, where we have used in the last equality and
inequality. This is a contradiction because 1 € U, and so 1 — 1 € K(H),
which implies that the diagonal of e/! tends to 1. Thus |eﬁ1 — 1| > 2¢ only
for finitely many j € N. Choosing appropriately a compact anti-Hermitian
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diagonal d we can construct Dy = Dy +d € D(B(H)™) and Ky € K(H)*"
such that u = ef1ePt = efK2eP2 and |efj2 — 1| < 2 for all j € N (see
Proposition . Then [eP? — 1|| < 2¢ and ||eP? — 1| = |[e7P2(eP2 - 1)| =
|1 — e P21| = |[e=P2 — 1| < 2e. Moreover, since e”? is unitary,

(3.14) le"2 — 1] < [le®2 — e P2 4 fle=P2 — 1
= [[(e"2 —e7P2)eP2|| 4 [le™P2 — 1]
= s — 1] + P2 — 1
= lu—1|| + leP? = 1|| < e + 2 = 3e.

We have shown that ||e?? — 1|| < 2¢ and |[ef2 — 1|| < 3¢, which implies
that eP2,e52 € exp(B(0,dy)) (see the definition of ¢ in (3.12). Therefore,
since exp : B(0,d9) N B(H)™ — exp(B(0,8)) NU(H) is a diffeomorphism,
there exist unique D, K € exp~}(B(0,3¢)) N B(H)™ < B(0,5) N B(H)™
such that e? = eP? and e = e/2. Standard calculations show that D must
be diagonal and K compact. Hence D € exp~'(B(0,3¢)) N D(B(H)*") and
K € exp~1(B(0,3¢)) N K(H)". Moreover, since D, K € B(0,6), they are
sufficiently close to 0. Then using we get

K. D _ JK+D

u=-c e € U4

with K € K(H)%" and D € D(B(H)*"), K,D € exp~}(B(0,3¢)) and K, D
sufficiently close to 0 as required in (a) and (b).

Since &P =y € U4, and K and D are sufficiently close to 0, we have
| K+ DJ| < 7. Hence, as exp : exp_}(B(1,¢)) — B(1,¢) is a diffeomorphism,
there exists V € exp~(B(1,¢)) such that ¢V = u = e, Then [7, Corol-
lary 4.2] implies that V' = K + D, and therefore K + D € exp ' (B(1,¢)) as
required in (c). =

PROPOSITION 3.15. There exists an open neighborhood V C B(H)*" of 0
such that
exp(V N (K(H)™ + D(B(H)“h))) =exp(V) NUp 4.

Proof. Take V = exp~(B(1,20))NB(H), where g is as in Lemmal|3.14
Then, as seen in that lemma, for every u € Uy 4 such that u = efiehr ¢
B(1,e0) with K1 € K(H)* and D; € D(B(H)™), there exist K € K(H)*" N
exp 1(B(1,3e0)) and D € D(B(H)*") Nexp~!(B(1,320)) such that
(3.15) u=eftP with K+ D €exp }(B(1,e0)) N B(H)™.
Suppose first that V € V and ¢¥ € exp(V) N Uy, q. Then, as in (3.15)),
there exist K € K(H)™ and D € D(B(H)") such that eV = ef+P. Since

the exponential is a diffeomorphism when restricted to V), it follows that
V = K + D. Therefore

exp(V) NUj,q C exp(V N (K(H)* + D(B(H)“h))).
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Now suppose that V' €V and
e ="t e exp(V N (K(H)™ + D(B(H)™")))

with K € K(H)*" and D € D(B(H)*). Then clearly eV € exp(V), and using
Proposition 3) we find that also eV = eX+P ¢ Uy,q. This proves that
exp(VN(K(H)™ +D(B(H)™))) C exp(V)NUj, 4, which concludes the proof.

PROPOSITION 3.16. {X € B(H)™ : !X € Uy 4, Yt € R} = K(H)™ +
D(B(H)™").

Proof. Proposition (3) directly implies that e!(K+D) = tK+tD ¢ Upa
for all t € R, and therefore KC(H)%" + D(B(H)™) C L(Uy.q)-

Suppose now that X # 0 (0 is a trivial case) and let X € L(Uy q). Then
etX e Uy, q for all t € R. In particular etX ¢ Uy, q for small |t|, for example for
to = d0/(2[| X)) < do/||X|| where & > 0 is as in the proof of Lemma [3.14]
Then [|toX|| = [to| | X]| < do and u = e'0X € U 4. Therefore by Lemma
there exist K € K(H)* and D € D(B(H)*") such that

ofoX — JK+D

The constant &g of the proof of Lemma [3.14] is chosen such that exp :
B(0,60) NB(H)¥" — exp(B(0,80)) NU(H) is a diffeomorphism. Then toX =
K + D and therefore X = (1/to)(K + D) = (1/to)K + (1/t0)D € K(H)*" +
D(B(H)™) as required.

REMARK 3.17. Following [9, V.2.3] and [10, p. 428] we call H a Lie
subgroup of a Banach—Lie group G if H is a closed subgroup of G which is
itself a Lie group relative to the induced topology.

The previous results allow us to state the following.

THEOREM 3.18. Uy 4 is a Lie subgroup of U(H) and its Lie algebra is
L(Ug.a) = K(H)™" + D(B(H)™").

Proof. According to the definition of Lie subgroup in Remark The-
orem and Proposition imply that Uy, 4 is a Lie subgroup of U(H).

The equality L(Uy.q) = K(H)* + D(B(H)*") follows from [J, Corollary
V.2.2] and Proposition [3.16] =

Although there exist stronger notions of Lie subgroup, they cannot be
used for Uy, 4 since its Lie algebra K(H)™ +D(B(H)") is not complemented
in B(H)*" (the Lie algebra of U(H)).

REMARK 3.19 (Generalization of the U}, 4 group). The proofs of some of
the basic properties we use in the study of U}, 4 require that the exponential
exp : K(H)®™ — U, be surjective. This is why the following generalization
involves ideals J with this property.

If 7 € B(H) is either of the two-sided closed ideals of p-Schatten oper-
ators (for p € [0,00)) or K(H), and A is any C*-subalgebra of B(H), then
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the following subsets of U () can be defined, by analogy with (3.1)):

Ur={uclUH):u—1€ T},
Uss={ucU(H):3Ac A% u—et e T},
Uy ={uclU(H):FA € A" y = e},
(

Ursa={ucUH):3J e T A € A%, u = T4},

The groups U7, where J is any p-Schatten ideal of B(H ), were studied in [2].
It can be proved that the above sets have the following properties:

(1) Uy ={e! eUH):J € T, |J|| <7}
(2) U, 4 is a group, equals

Usa={ucUH):3T € TN ||J| <, 34 € A u = el

and Uy 4 =UsUL = UU7.
(3) Ua S Uz A
(4) Uy S Ug 4.
(5) Ugsa CUg7 A
(6) If u e Uy 4 then u=J + A" with some J' € J and A’ € Uy.
(7) For every J € J% and A € A there exists J' € J% such that
eled = ede .
(8) Uy S Ugta.
(9) If A% N J # 0, then
Ur={ucUM):FAc A" NT, u—ec' € J}.

(10) For every J € J and A € A% sufficiently close to 0, there exist
J" € J% and A" € A" such that
elet = ",

(11) For every Ji,Jo € J% and A, Ay € A% the following statements are
equivalent:

o cliet = elzed2,

e There exists a € A" N J such that e/2 = ¢/1e¢7% and e?2 = el =
eatAL

Property (1) has been proved for p-Schatten ideals in [2] Remark 3.1], and
for IC(H) see Proposition Properties (2)—-(9) and (11) may be proved
in much the same way as Propositions Property (10) involves the
B-C-H series expansion log(e’e?) for the Lie algebra B(H)*" (see the Pre-
liminaries).

4. Minimal length curves in the orbit of a compact self-adjoint
operator. Consider the unitary Fredholm orbit of a compact operator

b = Diag({\i }ien) € D(K(H)")
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with A\; # A; for each 7 # j, and the orbit
Op = {ubu™ : u € Uy}.
The isotropy subgroup of ¢ = efobe™50 ¢ O, with Ky € K(H)" for the
action Ly - ¢ = ucu®, with u € Uy, is T, = {efoede K0 . d € D(K(H)™)} =
{ec™0de™™0 g ¢ D(K(H)™)}. To(Op) can be identified with the quotient
space K(H)™ /D(KC(H)™) for every ¢ € Op. The projection to the quotient
K(H) /D(K(H)™) defines a Finsler metric as
i =I[Y]l= inf Y + efopeFo
lellsneae o = IV = i Y+ eFoDeo]

for each class [Y] = {Y + efoDe 50 : D € D(K(H)™)} and 2 = Yec— Y €
T.(Oy). This metric is invariant under the action of L x for e’ € Uy (see [6]).
Assuming that 0 € [r, s], this invariance implies that the curve v : [r, s] = Oy
such that 7(0) =b and §(0) =2 has the same length as § = L.k : [r,5] = Oy
and satisfies 3(0) = L.k - b, (0) = L.x - 4(0) = L.k - z, for e € U,

PROPOSITION 4.1. Let b = Diag({\i}ien) € D(K(H)) with A; # A; for
each i # j and Zo = So+ Do with Sy € KK(H)* and Dy € D(B(H)*"). Then
eZobe=%0 € O,

Proof. Observe that Dy is not necessarily compact. Using Remark
we can rewrite the exponential e20 = ¢%0+D0 a5

eZ0 = Do + S()W(So, Do)

Then (eP0 4 So¥(Sy, Do))e~ L0 is unitary and SoW (Sg, Do)e D0 = ePo=Po
1+ So¥(So, Do)e Po € K(H) since Sy € K(H). Moreover

("0 + So® (S0, Do))e ™° — 1 € K(H),

which implies that e®0+Poe=Do 1 € IC(H). Therefore, by [6, Proposition 3]
there exists K € IC(H)*" such that
650+D0€—D0 — e}(7

eSo+D0 — eK Do.

and therefore e

Then
eZope=%0 = SotDope=50—Do — KDope=Do=K — Kpe=K c 0, o

THEOREM 4.2. Let Zyg=Sy+ Dy with So € K(H)* and Dy € D(B(H)™")
and let b = Diag({\i}ien) € D(K(H)) with N\; # X\j for each i # j, and
y(t) = et%be %0 for all t € R. Then
(a) v(t) € Oy for allt € R, and
(b) if Zo is minimal for D(B(H)™) (see (1.2) and the Preliminaries) then

v =7/ (2| Zol), 7/ (2]| Zol|)] — Op is a minimal length curve on O

relative to the distance (2.6)).

Proof. (a) follows directly from Proposition[4.1} Note that (a) holds even
though Zy may not be compact.
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In order to prove (b) consider P, = {ubu* : v € U(H)}; then by [8,
Theorem II], since Z; is minimal, the curve v has minimal length over all
the smooth curves in Py that join v(0) = b and ~(¢) with [t| < 7/(2]Zo])).
Since clearly O, C Py, for each tg € [—7/(2||Zo||), 7/(2||Zo||)] the curve 7 is
minimal in O, that is,

where dist is the rectifiable distance defined in (2.6)). =

REMARK 4.3. Recall that for every Sy there always exists a minimal
Zo € B(H)™ as in Theorem [4.2| although it may not be compact (see [§], [5]).

PRrROPOSITION 4.4. If b = Diag({Ai}ien) € D(K(H)) with A\; # A for

each i # j, then Oy = (’)Z;k’d and (’)i’“d C Oy.

Proof. Since b is diagonal and efePbe Pe™ = eKpe=K | it follows that

O = (’)?’“‘d. The inclusion (’)i{’“’d C Oy is trivial because b is diagonal and

Uy.a O Uptq (see Proposition (3)) "
REMARK 4.5. Under the assumptions of Proposition [£.4] if ¢ € Oy, the
following identifications can be made:
Te(Op) = Ty (Uy) /T1(Ty) = K(H)™ /D(K(H)™")
and
U,d\ ~
T.(0, ™) = Th(Uy,a) /T1(Zs)
= (K(H)*" + D(B(H)™)) /D(B(H)*™).
Moreover the norm on each quotient coincides on every class since for K &
K(H)*" we have |[K]|| = infyepic(zg)ony 1K + dl| = inf pepgaan) | K + D]
(see for example [5, Proposition 5|). Therefore the Finsler metrics defined
by the subgroups Uy and U}, 4 coincide on O,

Let ¢ = Lk, - b = ef0be=50 € Oy (for Ky € K(H)) and x € T.(Op).
Then there always exists a vector z. = L _x, - Zg with z.c—cz, = x minimal for
{F € B(H)™ : Fc—cF =0} = {F € B(H)% : F = effo De=%0 for some D €
D(B(H)*")} such that Zy is minimal for D(B(H)*") as in Theorem (b)
and Remark That is,

x = Z = lnf z _'_ F
[#]le = ll[ze]lle FGB(H)ahm{C},II e+ F
= lnf ||6K0 Zoe—K() + eKODe_KO ||
DeD(B(H)ah)
- inf Zo + DI = [[Z]]l.
DeD(B(H)ah) ” 0 H H[ 0]”

This equality and the left invariance of the action L. x imply that the curve

B(t) = eFece =
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for t € [—m/(2]|ze||), 7/(2|zc|])] satisfies B(0) = ¢, B(0) = & = zec — cz, and
L(Blir,s)) = L(7p,s) for the curve v mentioned in Theorem and every
[r,s] C [—=7/(2]|zc)|l, 7/(2]|z¢||)]- The previous comments and results allow
us to prove the following.

COROLLARY 4.6. Let b = Diag({\i}ien) € D(K(H)") for each i # j,
c = elobe=Ko € Oy, with Ky € K(H)", and x € T.(Oy). Then there exists
Zy € B(H)™ minimal for D(B(H)¥") such that B(t) = e*ce ™t € O,
for allt € R, 2. = eX0Zpe K0 and v = Lk, - (Zob — bZy). Moreover,
B [=m/(2]|zc||), 7/ (2]|zc|])] = Op is a minimal length curve in Oy such that
B(0) = ¢, B(0) = x relative to the distance (2-6).

Proof. Given x € T.(Op) we can choose Zy € K(H)™ such that Zob —
bZo = L.-xo - € Tp(Op) and [|Zo]| = infpepgyan) |20 + Dl as in
Theorem and Remark Zy is minimal for D(B(H)) and there-
fore Theorem (b) applies and (t) = e'%0be™t%0 is a short curve for
te[-m/2||Zol]),7/(2|| Zo||)]. Direct calculations show that

Tr = LeKO . (Zob — bZ())
= (Lyxo - Z0)(Lyro - b) — (Lyio - b)(Lyxo - Zo)-

If 2. = L.k, Zo = eX0 Zpe Ko it is apparent that if 5(t) = etPece "t fort € R
and ¢ = L -b, then B(0) = cand B(0) = zec —cze = Loxy - (Zob—bZy) = x.
Similar considerations to those in Proposition [4.1| using the fact that
B(t) = efoetoe=KoghKop Koo =Ko =tZo =Ko — [, o (e!Z0pet%0)

= Lo (7(1))
imply that 3(t) € Oy for all t € R.
Standard arguments for homogeneous spaces (invariance of the Finsler

metric) imply that § is a curve of minimal length when defined on the
interval [—/(2[|z[|), 7/ (2l|zl])] = [=7/ 2l Zol)), 7/ (2] Zo|)] as v is. m

REMARK 4.7. Theorem Remark and Corollary allow us to
describe short curves 3 in Oy with initial condition 5(0) = ¢ even for velocity
vectors & € T.(Op) that do not have a minimal compact lifting Zy. Thus
Uy is an example of a group whose action on Oy has short curves that need
not be described with minimal vectors F in {F € B(H) : Fc — cF = 0}.
Nevertheless there exists another group Uy 4 acting on O such that its
b-orbit coincides with that of U, defines the same Finsler metric on it and
where every short curve can be described by means of a minimal lifting.

The previous geometric properties yield the following results relating
the quotient norm |[[K]|| = inf pepppyer) | K + D|| of two anti-Hermitian
compact operators.
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PROPOSITION 4.8. Let K1, Ky € K(H)™ and Dy, Dy € D(B(H)") be
such that etf1eP1 = et8zeD2 for qll t € [0,1]. Then

[ = ([
Proof. Let b = Diag({\; }ien) € D(K(H)") with \; # A; for each i # j.
The equality etf1eP1 = etK2eD2 implies that
etKlbeftKl — etKgbeftKg

for all ¢ € [0, 1]. If we consider a, (3 : [0,1] — O} defined by
ﬁ(t) — etKlbe—tKl and Oz(t) —_ etKgbe—tKg’

then L(B) = L(c), so §; |18 (1)l ) dt = §g llo’ (1) lage) dt, and therefore K]
= [[[£]]. =

PROPOSITION 4.9. Let K € K(H)*" and D € D(B(H)™) be such that
K + D is minimal and |K + D|| < 7/2. If K' € K(H)™ is such that
eFKHD = eK'eD then
AT < [I[K]]]-

Proof. Let b = Diag({\i}ien) € D(B(H)") with \; # \; for each i # j,
and consider «a, 8 : [0, 1] — Oy defined by

B(t) = KD pe tEAD)  and o) = e be K",

Observe that since eX+P = ¢X'eP| we have 5(0) = a(0) and B(1) = a(1).

But £ has minimal length between all rectifiable unitary curves that join
bto (1) = eFtPpe=(K+D) = eK'pe=K' — (1) (see Corollary and [g]).
Therefore L(S) < L(«a), so

1 1
VIS @) lla dt = 1D = bK [l = K] < {llo(8)lag dt
0 0

=K' = bK'[ly = [I[K"]]. =
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