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ON A MODEL OF A QUEUE WITH DELAYED FEEDBACK

In most models considered in the queueing theory a Poisson input
is assumed (1), with constant intensity, depending on time or on the number
of customers appearing in the system at a given moment. This last situa-
tion arises in models with feedback regulating the input intensity accord-
ing to the number of customers appearing in the system. In almost all
Practical situations, however, this feedback aects with some delay. This
is so for instance in systems in which the customer decides to enter the
queue with a certain probability depending on the length of the queue
but enters the system only some time after the moment of making the
decision. As an example of such a model imagine a shop with an attractive
commodity; the customers of that shop inform their acquaintances of
the length of the queue at the moment when they were leaving the shop.
A similar situation appears in the stochastic population model (3) in whieh
the intensity of regeneration is proportional to the number of grown-up
individuals.

Let us examine a classical situation with a single unlimited gueue
and with a single service-channel. The customers are served in the order
of their arrival and the service-time is a random variable with exponential
distribution F(z) = 1—e **. If the input is a Poisson process with in-
tensity A(1) = A[n(t)], A(t) being a function of the actual state of the sys-
tem n(f), we have to do with an instantaneous feedback, and the state
of the system n(t) (number of:customers in the system) is a Markov proc-
€88. Assuming that the intensity of the Poisson input is A(f) = A[n(i—17)],
We have to do with a feedback with constant delay 7, but the state of the
System is not a Markov process. If, in a system with instantaneous feedback
the entering customers pass a quarantine whose duration-time is a random
variable with exponential distribution G(z) = 1—e~%, the instantaneous
feedback acts on the input with a certain random delay =.
A system without a quarantine is therefore a system with a random
delayed feedback. In such a system n(t) is not a Markov process,

() See [1], (3], [4].
(2) See the examples of the birth and death processes [2].
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but, adding a second coordinate m(f) (the number of customers
in quarantine at the moment ), we get a two-dimensional Markov proc-
ess (m(t), n(t)).

Our model may be represented as follows:

arrivals input
to quarantine quarantine | to the queue

waiting gervice
room room
—>| - | —

output

Let (S) denote a system consisting of quarantine, waiting room and
service room, and let (s) denote a system without quarantine.

For (S) we suppose that the gnarantine may accommeodate any number
of customers a2nd that the duration-time of the quarantine is a random
variable with exponential distribution G(z) =1—e™". We suppose
further that the waiting-room has an unlimited number of places and
that the service is in the order of arrival; there is one service-channel
with exponential service-time distribution F(z) = 1—e¢ **. We assume
also the mutual independence of quarantine, queune, and service.

Now we prove

THEOREM 1. If in system (S) the input is Poissonian with intensity
A[n(t)] depending on the actual state of sysiem (8) then the state of the system
{m(t), n(t)) 18 a two-dimensional Markov process.

Proof. The state of the system at time ¢ is fully determined by the
state of the system at time #, ({;, <?) and by three random factors:
(a) moments of arrivel for quarantine after time ¢,, (b) moments of end-
ing quarantine after time ¢,, and (¢) moments of finished services after
time #,. None of those factors depends on the past of the process (before %,).
This results from the Poisson input assumed for (a), and from the property
of the exponential distribution of quarantine and service times for (b)
and (c). This last property states that the quarantine (service) time of
a customer after time £, does not depend on the duration of the quarantine
(serviee) before #,. A stochastic process whose development after moment
t, depends only on its state at time ¢, and not on its past history is a Markov
process.

We denote by

P;y(t) = Pr{m(t) =1, n(t) = k)]
the probability of the state (m(f) = ¢, n(f) = k) at moment £, by
Pijra(t, ) = Pr[{m(t+7) = j, n(t+7) =D | {m(t) = 4, n(t) = k)]

the probability of transition from state {(m{t) = ¢, n(¢) = k) at moment ¢
to state (m(t+ 1) = j, n(t+7) = 1) at moment {4 7, and by 4, = A[n(?)]
the input intensity for n(t) = k.
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It is easy to verify the following identities for ¢ > 1,% > 1:

P vk 1k(tyT) = w1 t+0(7),

P; i, kr-1{t,7) = ur+o(r),

P yikap-(t,7) = Ayt +o0(7),
P rpltyv) =1— A+ vt plr+o(r),
Py, o,o(t9 1) = 1—A7+0o(7),
Po,o;k,k(t, 7)) =1— [P+ plr4o(7),
P o0(t, 1) = 1—[Aetiv]r+0(7)

and P;; ..(t, 7) = o(z) for all remaining cases.

As an example let us verify the first identity; similarly the remaining
ones may be proved. A transition from state {(m(t) =i, n(t) = k—1) to
state {m(t+7) = i—1, n(t+ v) = k) is possible when the customer leaves
the quarantine at the time [t,?{4 7) and when in that time interval no
customer asks for quarantine and no customer leaves the service-room.
The probability of that event equals [évr+o(z)1[1— A7+ 0(7)][1 - ur+
+o0(r)] = ivr+4o(r). Besides there are other ways of transition between
those states; the cases where at the time [¢,¢+47) k (¥ > 1) customers

ask for quarantine, k4 1 customers finish the quarantine, and ¥ customers

leave the service-room, have a probability of order o(r) and we may omit
them.

The Kolmogoroff-Chapman system of equations has in our scheme
the following form:

Poo(t+7) = (1— A7) Py o (8) 4 ptPy 5 (t) +-0(7),

Pio(t+ 1) = (1— Agr— i97) Pyg (1) + prPis s () + A0TP;_1 0(8) +0(7), 4

Pyj(t+7) = (L— A7) Py (1) + urPy g1 (1) + 7Py i1 () +0(v), i>1,

P+ 1) = (1— v — ive— pr) Py (1) + Py () + B+ 1) vePiy ;1 (1) +
+ 4tP;_y;(t)+o(7), ij=1.

>1,
>

Hence

Poo(t) = —APog(t)+ uPo, (1),
Pio(t) = — (At ) Pig(t)+ pP; 1 (1) + AoPi1o(t), 4>
(1) Pos®) = — A+ p)Pos(0)+ #Pojn O +2Pra (),  § >
Pii(t) = — 4+ v+ p) Py () 4+ pPsspa (O + G+ 1) 2Py 5, (0 +
+4P;_y;(8), 4§ =1,

1,
1

’
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If we assume that imP;;(t) = P;; exists for all states and that we

t->00

may pass to the limit in the unlimited system of equations (1), we get in
the limit a steady-state system of equations

_}'OPO,O_*_F'PO,I =0,

—(Ao+ )P+ pP; 1+ APi_1p = 0, t>1,
(2)
— A+ u)Py;+pPy iy +vPy; =0, j>1,

— (it v+ )Pyt pPija+ 1) Pija+ 4P, =0, ij =1,

which ean be solved with the norming condition ZZ P;; =1.

i=0j=0
The state n(t) of the system (s) is the second coordinate of the two-
dimensional process {m(?), n(t)>. Let us denote by p,(t) = Prin(t) = k]

the probability of the state n(t) = k at time t. We have p,(¢) = D P; (1)
1=0

and for the limit we get p, = ' P;;.
i=0
We shall not solve the system (2) in the general cese limiting our-
selves to the following remarks:
Remark 1. The probabilities p, satisfy the equation

(3) D o = p(1—py).
k=0

We denote by L;; the left side of the equation in system (2) which

has a negative coefficient at P, ;. We calculate L, = ) L;; and
i4+i=k

(4) Ly=0, ILi—Ly=0, .., L,—L,,=0,
then we add equations (4) and group the terms in such a way as to obtain

—(Appot+ 4Py +.. )+ u(p1tps+...) = 0.

Thus equality (3) is proved.

If we substitute i, = 4, 4; = 0 for 2 > 1 (i.e. customers enter quar-
antine only if the service-channel is free) then the probability of the
channel working is in the limit 1—p, = A/(A+4 u).

Remark 2. If 4, = A (4 = 0,1, ...) then, independently of the mean
quarantine time, we have

(-2
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In this case we solve system (2) with additional conditions: P, ; = p; * p;,

0

2 Pi=1, Y p; =1 and we get
=0 j=0

— }"L —Apy

s == - [
P '3}

AY A
pi - (—) (1_ »7).
I H
Identical formulas can be obtained for model (s) where the Poisso-

nian input has a constant intensity and in which customers omit the
quarantine. For the general system (2) the assumption

’

P;; = P Dy g;ﬁ' =7_Z_70P7'=1

leads to a contradiction if there exists at least one A;, 4; # A,.
In other words we observe the dependence of quarantine and service only
when the length of the queue feeds back the input.

Let us examine how the input intensity depends on time. We denote
by wv(t, v) the probability of a customer arriving in the time interval

t
(¢, 1+ 7). We define the input intensity A(t) as A(f) = lim M

-0

THEOREM 2. In system (8) the input intensity equals
t
A(t) = [ A[n(t—T)]e"aT.
0

Proof. We observe that the queue input in system (s) is the quarantine
output in gystem (S). Denote by Av(t, v) the probability of a customer
a,rnv.ing at the queue in the time interval [¢, {-+7), that customer having
Previously arrived at the quarantine in the time interval [{—T, t—T+AT).
Quarantine input and duration-length assumptions give

Av(t, 7) = {A[n(t—T)1AT+ o(AT)}{rz+o(7)+0o(AT)}e"".
Dividing both sides by AT we get '
Av(t, 1)

T = yiA[n(t—T))e"T +o(z)+0(4T)/AT;

this leads to

12
v(t, 7) = vt [A[n(t—T)]e " dT+ o(7),
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whence

t
A(t) = v [ A[n(t—T)]e~""arT,
0
which completes the proof.
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B. KOPOCINSKI (Wroclaw)

O PEWNYM MODELU TEORII KOLEJEK Z OPOZNIONYM SPRZEZENIEM
ZWROTNY M

STRESZCZENIE

Rozpatrywany w pracy model obslugi masowej charakteryzuje si¢: (a) nieogra-
niczong kolejka z kolejnoécia odpowiadajaca kolejnosci zgloszen, (b) jednokanalows
obstugy z wykladniezym czasem obslugi, (¢) poissonowskim procesem zgloszen z in-
tensywnofcig zalezng od aktualnej dlugosei kolejki, (d) kwarantanna przed wejsciem
do kolejki, ktérej czas trwania ma rozklad wykladniczy. W modelu tym sprzezenie
zwrotne intensywnosci strumienia zgloszen z dlugofcia kolejki dziala na wejécie do
kolejki z op6Znieniem o losowy czas trwania kwarantanny. W systemie tym proces
n(t) (iloé os6b w kolejce i obsludze) nie jest procesem Markowa, jednakze po doda-
niu drugiej skladowej m(t) (liczba 08éb znajdujacych sie¢ w kwarantannie) uzyskuje
sie dwuwymiarowy proces Markowa {m(t), n(f)>. Prawdopodobienstwa stanéw tego
procesu spehiaja uklad réwnah rézniczkowych

Poo(t) = —2gPo,y (8)+pPo, (),

Plio(t) = —(Ao+ i) Pig () +uPi, (0 +4Pi—10¢), 3> 1,

Ploj) = —(A3+p)Poj () +uPojr1 () +¥Prj_1(t), J>1,

Plij(t) = —(g+ivdp)Pij (1) +pPija1 (0)+ G+ 1)vPigri—1(8)+73Pi1,5¢),
ij>1,

gdzie A oznacza intensywno&é strumienia zgloszen, gdy k oséb znajduje sie w kolejce
i obsludze, 1/» — éredni ezas kwarantanny i 1/u — &redni czas obslugi. Jezeli zalo-
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zymy dla tego ukladu mozliwosé przejécia do granicy, gdy czas dazy do nieskohczo-
nofei, otrzymamy w granicy uklad réwnahn liniowych

—APootuPy, =0,

—(ho+ ) Pia+pPii+hPire = 0, t>1,
— (4 +m)Poj+pPoji1+vPrj1 = 0, ji>1
—(4+iv+p)Pij+pPiji1+ G+ DPig1j 1+ 4Piyj = 0, j>1

W pracy podano przejécia do prawdopodobienstw stanéw procesu n(f) oraz
przedyskutowano te prawdopodobiefistwa w szczegbélnych przypadkach sprzezenia.
I tak, jedli zakladamy, %e klienci wchodza do kwarantanny tylko wtedy, gdy kanat
obstugowy jest wolny, to graniczne prawdopodobiefistwo pracy kanalu nie zalezy
od éredniego czasu kwarantanny. W przypadku gdy intensywne#éé strumienia zgloszen
nie zalezy od stanu kolejki, rozwiazanie przyjmuje postaé znanego rozwigzania dla
modelu bez kwarantanny. Intensywnofé procesu zgloszeh do kolejki wyraza sig
Wzorem

t
A@) = [ Aln(t—T)le—*TdT.
?

B. KONOMKHbCKY (Bponass)

O HEROTOPOM MOJEJNH TEOPUH OYEPEJHOI'O MACCOBOIO
OBCHYKHUBAHHA C 3AIIA3]]bIBAIOMIEN OBPATHOH CBA3BIO

PE3IOME

Paccnawpnnaeuaﬂ B palore MoOze; b OUepPerHOro oGCAYMUMBAHMA XapaKTepH-
3Yerca: a) HEOrpaHWYeHHON 0Uepenpl0 ¢ YEPeNOBARHMEM, COOTBETCTBYIOINMM depefo-
BAHWIO 3aABOk, b) ONHOKAHANBHHM OGCIYRMBAHWEM € DKCHOHECENMAJIbHEM BpeMeneM
oﬁcnymnnannﬂ, €) IYyacCOHOBHM NDPOHECCOM BafBOK, MHTEHCHBHOCTD KOTOPHX 8a-
BHCHT oT awryamsHol AANHEH oOvepeRH ¥ d) KapPaHTHHOM, NpPeRUIECTBYIOMUM BCTa-
BAMKI0 B OYepess, MAMTENHLHOCTH KOTOPOTO0 MMEET SKCIHOHEHIWANLHOE PacHpeeseHune.
B CXapakrepusoBammo#t TaxmM o6pasoM Mofjeay o6paTHAm CBASH MOTOKA BaABOK
C namnoH ouepenu geicTByeT HA BXO7e B 04YepeAb €O CAYYAHHHM BamasjHBAHMeEM.
Urax, ecum npene6 peur KapaETHHOM, CHCTeMa ABJIACTCA CUCTEMOH co Ciuydaiino
3amasnmniBalomelt ofpaTHoM cBAsh0. B Tamol cmcreMe npouecc 7 (1) (koavuecTBO
OMAUTAOMUX B oucpeny M o6CIyRUBAOIAX) He ABNHETCA mpoleccoM Mapkopa, HO
Iocue BBejgeHUs BTOPO# KOMNOHEHTH m(l) (IMCHO JUI B KAPAHTHHE) MOXydaeM msyi:-
MepEHE npomece Mapxosa (m(t),n(t)}. B pabore paama cmcreMa ypapHemmit pist
OIpenenenus BepoaTHocTeit cocrosmma mpoumecca {m(f),n (1)), mepexom k BeponT-
HOCTAM COCTOSHWA nponecca n(t) n \oﬁcymnamwcﬂ BEPOATHOCTH COCTOAHUN A mpo-

uecca m(t) B wacTHHX caywasx oGparHolt cpasu. BHUMCIEHA TaKMe WHTCHCHBHOCTH
nponecca sasmBOK B odYepens.
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