ZASTOSOWANTA MATEMATYKI
VII (1964)

T. IWINSKI (Warszawa)

GENERAL SOLUTIONS OF SOME TYPES
OF RICCATI EQUATIONS

1. Paper [1] devoted to the so-called generalized Riccati equations
has proved to be of use for the solution of & number of Riccati equations
in a relatively easy manner. A collection of these solutions is given below.

For scientific workers interested in applied mathematics a readily-
obtained accurate solution has not lost its value even in the age of
a rapid development of various computers making it easy to obtain
numerical solutions with the required accuracy. It suffices to mention
the popularity of E. Kamke’s book [2], containing the most complete
of the existing collections of solutions of differential equations, or the
excellent collection of functions, integrals, series and integral transforms
by [3].

Our solutions may also prove useful, because they concern non-
linear equations whose applicability increases as a result of the tendency
to employ more accurate schemes of physical phenomena involving the

necessity of considering non-linear relations.
In our list we give equations which are not contained in E. Kamke'’s

book mentioned above. We use the same prineiple of arranging the mate-
rial, that is we first give simpler equations and then pass to more diffis
cult and more general ones, in which the coefficients depend on an arbi-
trary function.

2. List of solutions
1) ¥ =ay’+by+e

Under the term of characteristic equation of (1) we shall under-
stand the algebraic equation

r*+br+ac=0.
Let us denote its roots by r, and »,. If r, #7,, we have )

1 01716 T Cyrye 2"
¥ = (l 0 —r1w+0 c—”z" )
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if r, =7, =r, we have
1 Cir4+Cy(1—rx)
T4 0—Caz
If the characteristic equation has complex roots r, = a+i8 and
r, = a—1f, then
1 O, (acosfzr+ Bsinfx)+ C,(asin fz— fcos fx)
@ C,co8pz+ Cysin fz )
2) ¥y =9+d
This is a particular case of equation (1),

y:

a (0, sinaxr— C,cosax)
C,cosax+ Cysinax

B ¥y =y"-a.
This is also a particular case of equation (1),
a(C,shax -+ Cychax)
C,chazx+ Cyshax

4) ¥ =v—dz'—a;
OIaw—}-Cz(e-“wz—f—aa;fe—””dw)
01 + Ozfe_az’dw
(6) ¥ =y—[d*¢+a(2b+1)e"+b°];

_ Ci{(ag"+b)+ Cy[(ae"+) [ E‘zdw-{-E‘z]
C,+C, [ E *dx

y =
where E = exp(ac”+bz).

2_b2
(6) vy = y*—absin2x— ¢ c08 22— (2be — a)sinz — (2ac -+ b)cos v —
a’+b

C,A+Cy(A[E*dz+ E7?)
C,+C, [E*dw
where E = exp(asinz—beosz+cx), A = acoszr+bsinz+-c.
() ¥ =y —2tg’z—1;
C,8inz+ C,(cos’*z + zsinx+ cosx)
y=—- [C,+ Cy(sinzcosz+ x)]cosx

®) ¥ =9v—f'—f (F=f@);

_ 01f+02[ffexP(—2F)daf'+eXP(—2F)]
C,+C; [ exp(—2F)dx

b

b4
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where F = [f(z)du.
(9) ¥ =9*—ay+be+c;

ool )i 2]

where » = Va®—4¢ and Z, is a cylindrical function.

= — —1
y dwn

(10) ¢ =y*—ay—1;
~ 1+ C, [ exp(—a*[2)dw
y=- C 2+ Cylexp(—2*[2) +x [exp(—a*/2)dz]

(11) ¥ =y*—zy+n+l, n=0,1,2,..;
d

y=——5-

dx
12) ¥ =y'—ay+ia’ta.
If ¢ 4 and with 2 = V}—a, we have

. C,(A+3x) e~ — 0y (A—}w) ™
- C, 6+ Cre "

If a =} we have
_ C,z+ Cy (2 —2)
T 2(0,+Ch)

13) ¥y =y +ay+2;
_ 2C,5(a*—1)+ Co[20(2” — 1) T+ exp(a?[2)]
- (w2—1)2(01+021)

y

exp(2*/2)dx
WheI'e I =fw
(14) ¥ =y'+ay+a—1;
0+ Cy([Edz+E)
Y= " T o +0,[Bir

where F = exp(322—2x).
(13) ¥y =y’ —dwy+42*+2;

_ 201$7f— 02(2372— 1)
N 0,+C.z ’

(16) ¥ = y*+dwy+42°—2;
20,2+ 0, (14247
o C,+Cz

] o foo - 2 [ovt 0 f exo (Z) s

409
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(17) ¥ =y'+day+45°—3;

0,(22+1)e*+Cy (22 —1)e™"
C,6"+Cpe™™ )

y=—

(18) ¥ = y*—2axy-+d*a’.
If a>0 and l=l/a—, we have

_ 0, (XPwchiz—Ashiz)4 O, (L wshiz— Achiz)
- C,chiz+ C,shix )

y

If a <0 and 4 =V —a, we have

O, (A*zcos Ax— Asin Ax) 4 O, (A wsin Az 4+ A cos Ax)
C,co8iz+ Cysiniz )

(19) ¥ =9*+2(awv+b)y+ (aw+b)—a;

_ _ Gi(aa+b)+Csla+(aw+b)']
C,+ Cy(az+b)

(20) ¥ =y*+a’y+tuw;

B C.I—0,
T C,x+Cy[exp(2®[3)—al]’

y

where I = [wexp(«’/3)dx.
@) ¢ =y +’y—(z+1)
. 01(a*+1)+ C,[(4*+1) I + exp(—3a* — 22)

Ci+ 0,1

where I = [exp(—32’— 2x)da.

(22) ¥ =9+’ @+)y+a@'—2);

_ 015"+ C, [0’ I +exp(}s’—12%)]
C,+C,1 ’

where I = fexp(}a*—34’)da.
23) ¥ =y'—a'y—2a’;

. C,+C, [T+ " exp(—a°[5)]
Ciz+Chzl ?
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where I = [#~%exp(—a°/5)dw.

—1/2

x
24) ¥ =y'—aly+ tr—%

zM? . 22
% (7 —3)"3 +o, (5 +3)6‘”

y= Cleaz_'_ 026—31:
(25) ¥y = y2_{_w—1/2y_ _: — _aﬂ — 9y~
4 4 ’
_ Ci (2" + 45°)+C, (m1/2_2)
- 2(C,#*+ Cyx) )

(26) y' =y’—(ac®+b)y+ (46" +Be"+0).

In the particular case where 4 = —a(a+a), B = —(af+ba+2af+ a),
C = —B(b+p), we have

_ Cl(ae + )+ Cy[(ac® +l3)fEd-’”+E]
v= Ci+C, [ Bdw

where E = exp[—(a+2a)e”— (b+26)x].
(27) ¥’ =y*—2ythz+b.

If »—1 = o% we have

C, (asinaxchz -+ cos awshz)— Oy (acos exchr— sin axsh )
(Cycosax+ Cysinaz)chaz !

if b—1 = —a®, we have
Ol(chamshw—ashawchw)+02(shwshaw—achawchw)
(C,char+ Cyshax)chz

(28) ¥ = y’—2nycthz+n’—a’;

1 4 cw
In (Shw d ) (016 +06 ) .

y=——

(29) ¥ =y —ytgr+cos’s;
_ [Cisin(sing)— C,cos(sinz)]cosz
~  (,cos(sinz)+ Cpsin(sing)

(30) ¥ =y*—ytgr—ecos’z;
_ [C,exp(—sinz)— C:exp(sinz)]cosx
C,exp(sinz)+ C,exp(—sinzx)
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(31) 9y =y*+yctgrtsin’a;
. [C,cos(cosz)— C,sin(coszx)]sinx )
C,cos(cosx)+ C,sin(cosz)
(32) ¥ =y'+2ytgzw+b.
If 541 = o2 we have

C,(asinazrcosx — cos axsinz) — C,(acos axcosz -+ sinazrsing)
= . ’
(C,cos ax -+ Cy5inar)cosz

if b+1 = —d®, we have

C,(ashawcosz -+ charsinz)+ C;(acehaxrecos x4 sh arsinz)
(Cico8ax - Cy8inax)cosx )

33) ¥ = y'—2ayctgar+bi—a® (@ #£0, b #0);

. C,(bsinbxsinax+ acosbrcosaxr)— C,(bcosbrsinar — asinbxrcosax)
o (C,cosbz+ C,sinbz)sin ax )

(34) vy’ =y*—ayctg2x+1—a*/4;

—Owsin’ 'zcosx+ Ovcos” asine
C,8in’z 4 C,co8’x

y_'—_

?

where » = 1—a/2.
(38) 9 =9'—fy—a(a+1)f'—af (f=f(2));

o Olaf—I—Cz[affEdw-f-E]
N 0,+C, [Edx

where E = exp[—(2a+1)F], F = [f(x)dz.
36) ¥ =y'—fy+f (f=f@).
This is a particular case of equation (35), where ¢ = —1.

_ Of+C:(f [ du—e")
o 01 + Cg f GFd$

b

where F = [f(z)dw.
@7 ¥ =y'—(af+b)y+cof+d (f=flz)).
If a?d—abc+c2 = 0 and a # 0, we have

(G, +C.fEdz)a

?
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where £ = exp [(% — b) w——affdw].

(38) ¥ =y'+ (f7 +2a) :e/+af7 +a’—b'f;
Ci(a+bf) B+ O, B~ (a— bf)
- C.E+CET !

where B = oxp (b [ fdz).
(39) 4y =4y’ —dytgr—5tgiz—2;

Citgz+ O, [tgz(v+ sinzcosr) + 4 cos’x]
- 2C,+20,(z+ sinzcosz)

(40) a2yi — a2y2_a(az_2be—ax)y+b28—2az;

C,ab+4- 0y b(be™ —a?)
v = C,a*e 4+ Cyad

‘) ¥ =fr+gy (f=f(=), g=9@);
O’zeG
y - Cl—szfeadw’
where @G = fg(m)dm,
(42) oy = oy’ —y.
This is a particular case of equation (41).
C, o
y= C,z— Cyxln|z|
(43) =y = 2y*+y—ad’.
If a = 4d® we have
2az(C,8haz’+ Cychar®) |
C,char’+ Cyshaz®  ’

if a = —4q0% we have
: 2
2az (0, sin ax® — O, €08 ax?)
= . 2
C, cosax’ + C,8inax

(44) vy’ =ay*—2y—x,
0 (1—a)e"+C,(1+x)e®
o (C,€"+ 0 %)z

(45) ¥ — y”—a?y—b% (f = f(@))-



414 T. Iwinski

In the case, where a-}-b =1
GG D)

- ?

C\f+CofI

where I = [f~0+)(z)da.
(46) ¥ = y*—ayctgzt-b.
This is an example of equation (45). If, therefore, a}b = 1, we have

C,bcosz+ Cy(sin~®2+ beosxl)
C,sing -+ C,sinzl

Yy=— ’
where I = | sin~ @+ pdz.

(47 ¢ =9—(ae”T+bf+bNy+f (b #0),
f=f(«) and F = [f(«)dz,

_ Ci(ae” T+ )+ Oy [(ae " +07Y) [ Edo—E)
v= C,+C, [Bdx ’

where E = exp(afe " dz+b'v—bF).
48) ¢ =y'—(+Vy+f (f=Ff(@).

This is a particular case of equation (47), where a =0, b = 1;

_ 0,4+ 0y(fBds—E)

C,+CofEdx '
where B = exp(z— [f(z)dw).
(49) ¥ = y*—ycos?z—sin?z.
This is a particular case of equation (48), where f = —sin?x;
_ 01+ C,([Edz—E)
0+ 0,fEdx
here B — (3:1: sin 249)
where B = exp|— 7
, (44 1 1 fll fl )
— 2 J_ = e A A

where f = f(z);

_ 1 G(f—af +b)+Cl(f—af +b)I— a*f ¢ (f+ b) "]
¥=15 (C,+ CoI) (f+ ) ’
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where I = [f ¢”*(f+b) *dz.
(651) ¢ =g+ (l;— 1) L

This is a particular case of equation (50): b =0 and a = 1.

y = GIE=P+GUY—T 1]

(Ci+Co)f’ ’
where I = [f' ¢°f *du.
e[ 1), 1.,
(52) ¥ —y+(f,—a s

where f = f(x) and a # 0;
__ O GRS I+ o))

’

(C+CoI)(bf +¢)
where I = fe="*(bf + c)~*da.
53 r_ 2 (f_”_ _1) _..')i,
(63) ¥ =v+ 7 y=F

This is a particular case of equation (562): ¢ =0 and e = 1.

_ G+ G(I+e
= €+ GD)F

’

where I = [¢~°f*dx.
(54) 9 =9'—(tgw+1)y—ctga.
Example of equation (53) (f = sinz).

_ Cyeosz+ Cy(Icosz— e “sin~'z)
v=- (C,+C,1)sinz

b
where I = fe ®sin~*da.

(65) o =9'— (af— ’} +%)y+f (f = f(@);

Cyaf+C, [afl — fexp (aF— %)]
y= Ci+ G, 1

b
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where 1 =ffexp (aF— %) dz, F = [f(x)dx.

(56) ¥ =9'+fyta(f—a) (f=f(@);
y = — Cia+ Cy[al 4 exp(F —2ax)]

C,+C,1
where I = fexp(F—2ax)dz and F = [fdu.

Solution of the Rieccati equation

(B7) ¥ =fr+gy+h (f=f(), g =g(x), h = h(x))

is reduced to the solution of the following linear equation of the second
order

(a) fu'" —(fg+f)w' +hf'u = 0,

and, if the equation (a) has a general solution % = C,u;+ C;u,, the
corresponding solution of the Riccati equation (57) has the solution

1 Cyuy+Chuy

b ittt S e
() y f Ciu+GCruy
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T. IWINSKI (Warszawa)

CALKI OGOLNE PEWNYCH SZCZEGOLNYCH PRZYPADKOW
ROWNANIA RICCATI'EGO

STRESZCZENIE

Opierajac sie na wynikach wezeéniejszej swej pracy [1] autor podal nie
publikowane dotychczas rozwigzania 57 réwnan rézniczkowyech typu Riccati’ego,
w tym pewnga liczbe rozwigzan typu dosé ogélnego o wspélezynnikach zaleznych
od jednej funkeji dowolnej.
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T. ABAHLCKH (Bapmaga)

OBIMHE HHTEIPAJIBI HEROTOPbBIX YACTHHRIX CIOYYAEB
YPABHEHUA PUKKATH

PESIOME

OcHoBHBafc, Ha pesyabTaTax ORHON N3 CBOWX HpeRHAymuX pabor [1], aBTOP
OPHBOAMT He OomyGAMKOBaHHHe A0 CHX mop pemenusa 57 paddepennuanpanx ypas-
HeHuit Tuma PHKKaTH, B TOM 4YUCJIE HEKOTOPOE KOJMYECTBO pemeHHd ypapHewubt
moBoMbHOTO O0mero Tuma, KocaoifUXed KOd(PPUUUEHTOB, BABHCAINHX OT oxHOH
npousBodbHON $yHKRIHU.

Zastosowania Matematyki. Tom VII, z. 4 27
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