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5. TRYBULA (Wrocltaw)

ON THE PARADOX OF n RANDOM VARIABLES

Dealing with random variables we are often interested in the pro-
bability P(X < Y¥) rather than in exact distributions of X and ¥. Some-
times these distributions are difficult to obtain while P(X < Y) can be
estimated after some frials.

Suppose, for example, that the strength of play of a player is a ran-
dom variable X and that X defines the results of matches of the player
against his opponents in the sense that player I loses against player II
if and only if X; < X;;. The number P(X; < Xy;) has its precise pro-
babilistic meaning and can be estimated by the results of matches even
if the random variables X; and X;; are not described in more detail.

Let X, Y, Z be random variables and suppose that P(X < Y) >1/2
and P(Y < Z) > 1/2. This does not imply P(X < Z) > 1/2 — the title
of the paper refers to this phenomenon. But the assumption made about
the first two probabilities limits the third probability and it would be
interesting to investigate this sort of restrictions.

Thus we have the following problem: For which systems of numbers
1y £ay ...y &, there exist independent random variables X,, X,,..., X,
such that

£ =P(X; < X;py)y, (6=1,2,...,0—1),

(1) ey
' 5» =P(-Xn<X1)'

The case n = 3 was solved in [1] and [2]. The general case was
considered by Chang Li-chien [3], who obtained the following result:
Let us denote

Ty = supmin(El, Eayerey &n)y

where the supremum is taken over the set of all random variables X =
(Xyy X4y ..., X;) with independent components sa.tisfying (1). Then

3 2nt1 <3
A Tam ~™m<7g
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In order to avoid trivial complications we shall hold throughout
the paper that P(X; = X;) =0 for 2 #j (¢,j=1,2,...,n). Let us
define the class & of random variables ¥ = (Y,, Y,, ..., ¥,,) as follows:
Y% if and only if

a) Y,, ¥,,..., ¥, are independent;
and

b) P(Y; =8 +P(Y;=4+n)=1 (¢=1,2,...,n—1),
or

P(Y,=mn)=1,
b’) assumption b) is satisfied for (¥Yr,)y Yr.9s .-y ¥7,m) Where
T, (%) = (i+r)(modn).

THEOREM 1. For any set of n independent random variables X,, X,, ...

.eey X, there exist random variables Y,, Yq,..., ¥, such that

Y = (Y Xgy.ony ¥y)eF,
.P(X¢<Xi+1)<P(Y¢< Yi+1) (i=1’2""7"_1)7
PX, < X)) <P(Y,< X,).

To prove the theorem we need the following

LEMMA 1.1. For any system of numbers i, Pgy ..., Pu_1 Satisfying
the conditions

- 0<pm<l (i=1,2,...,0—1),
P2PsoPa1 S (L—Pa)(1—ps)...(1—Pn 1)

there exists a system of numbers Py, Pgy..., P, _, such that 0 < P; <1

(¢2=2,...,n—1) and

P:(1—p,) = Py,

Ps(1—D2s5) = Py(1—Py),

Pu1(1—Dn_s) =P, (1—-P,_,),
l_pn—l = (1—1’1)(1'—Pﬂ—1)°
Proof. Suppose, to begin with, that 0 <p, <1 (¢ =2,...,2—1)
and that
P, = p,é,

(3) .
-Pi-]-l(l_ 4) =pi+l(1—Pi) (¢ = 2, seey '"""2)'

Then Py = pg(1—p,) /(1 —p, &) is a continuous and differentiable function
of £ in the closed interval <0, 1) and in this interval 0 < P; < p;, dP,/dé
# 0. By ’inductive argument P; (i = 2,...,m—1) are continuous and
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differentiable functions of & and 0 < P; < p;, dP;/d& # 0 in the interval
<0, 1>. We are going to prove that {(1—P,_,) <1—p,_,. Since for & =1,
E(1—P,_,) = 1—p,_, it is sufficient to prove that ;—5(5(1—1’ _)) =0,
We have

PyP,...P, ; < P2Ps++-Pn_1;
(1—P)(1—P5)...(1—Pp_y) = (1—Pa)(1—pa)...(1—p,_,).

Differentiating both sides of equalities (3) we obtain

(4)

P,
aP; apP;_ .
(6) 7 1Py = dzlP,- (6 =3,...,n—1).

Multiplying side by side equality (5) and the equalities (6) for z = 3,
eyt —1, we get

dP, .y _ PePs...Pn_y )
a¢ (1—Py)(1—Py)...(1 =P, _,)

Then

d : dPn—-l
(M ZplEA=Pu)]=1—Po,—E—0

_ (A—Pe)(A—Py)...(A—Py_))—PePs...P,
(1—Py)...(1—P,_,) '

A comparison of (2), (4) and (7) brings us to the conclusion that
d
-‘E(E (1—P,_,)) > 0 and this ends the proof of lemma 1.1 in the case

where 0 <p; <1 (¢ =2,...,n—1).

Suppose now that there exists an index ¢ (¢ = 2, ..., n—1) such that
p; = 0 or p; = 1. Let ¢, be the smallest index for which this supposition
holds. If pi, = 0 we put P;, = 0 and P; = p; for ¢ > ¢,. If Pi, = 1 then
from (2) we have p; Pi 41...Pn_1 = 0 and there exists an index 1,, 4, > 4,,
such that p; = 0. Then it is enough to put P;y =P; ,, = ... = Py =0
and P; = p; for ¢ > 4,, which completes the proof,

COROLLARY 1.1. For any system of numbers p,,...,Dp, satisfying
the conditions

0<p<l (1=2,3,...,n),
DePses Pn-1 2 (1—2g)(1—D3) e (1—Dp_,)
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there exists a system of numbers Q,, ..., Qn_y suchthat 0 < Q; <1(i =2,...,
n—1) and

2Pn»

Ps(1—p; 3(1—Q5),

................

>
=g
=
- M
|
3P
11
L -~ w®
Vv V
b—l§0 DD

]

-

|

=

Proof. It suffices to substitute p; for 1—p,_;., and P; for 1—@Q,_4.,
and to apply lemma 1.1 to P; and P;.

LEMMA 1.2. For any set of n independent random variables X,, Xqy ...,
Xy, for which P(X; = X;) = 0 if © # j, and for any &> 0 there ewists
a set of imdependent random variables Y, Y,, ..., X, such that for i =1,
2,041

a) the value of Y; with probability one belongs to a finite set of numbers;

b) P(Yy = Yi) = 0 if 4y # 6a; o |

e) |1P(Y; < Y, ) —PX; < Xi)i<e (¢=1,2,...,2—1),

IP(Y, < ¥,)—P(X, < Xy)| <.

The easy proof of this lemma is omitted. _

Proof of theorem 1. By virtue of lemma 1.2 it suffices to consider
only discrete random variables with finite sets of values. Let zy (j =1,
2,...,m;) be the values of the random variable X; (¢ =1,2,...,n).
If we assume some of the probabilities P(X; = ;) to be equal to 0,
then, without loss of generality, we may assume that m; = m and that
Ty < ®ipry < @i541. Let us choose the value @y such that

P(-Xio < wiofo) =0, P(Xio = :vwo) >0
and
PX; < w;ojo) >0 for ¢ #£4,.
New random variables X3, X;,..., X, may be defined as follows:

X; are independent and their distributions are identical with those of X,
respectively, in the interval (z;y,, o0). Moreover, we put

P(X; = Tg,—7) = P(Xi <awyy) (1=1,2,..,n),

where r = (i— i,)(modn).
It is evident that

P(X;<X;+1)>P(Xi<xi+1) (t=1,2,...,n—1),
P(X, < X;) > P(X, < X,). »
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Furthermore, there exists a sequence of numbers

By < Wy < oo < Ty < Ty < Ty <ooea < Xy < vvs < Ty
< Bpp < ee < Ty,
OF Ty < ¥y < ovo < By < Wiy < By < oo < By < ovs < Do
(8) < Bom < oo < T,y

-------------------------------------

such that

m
ZP(x; =ay)=1 and P(X;=ay)>0 for i=1,2,..,n.
F=1
Without loss of generality we may assume that the first case occurs
in (8). Write ‘
Py = P(X; = ay).
Then
P(X; < X;) = Pulat (P11 P12) Poat+ By,

P(X;.< X;) = PauPa+ (P21t P22) Pag+ Ry,

----------------------------

P(X,, < X,) = Pr-11Pm+ (Pa—11+Pu_12)Pns+Ru_q,y
P(X, < X;) = PppP1s+Ry,
where E,, R,, ..., B, do not change their values if p;,+ s, (1 =1, 2, ..., 1)

and py (¢ =1,2,...,n; j =3,...,m) do not change theirs,
Write

R 4

a Pi+Piy

and suppose that inequality (2) holds. Define distributions of independent

random variables ¥;, ¥;, ..., ¥, as identical with those of X}, X;, ..., X,
on the interval (z;,, co) and suppose that

P(Y; = i+0) = Py(pir+Pis),

P(Y;=n+ite) = (1—Py)(pat+pi) (1=2,8,...,n),

P(Y; =n+1+4c¢) =py+pis
where 2n41-+¢ < x,5,. Then
P(Y; < Y,)—P(X; < X,) = (P11t P12) (P21 + Pas) (Pa(l"‘Pl)—"Pa),
P(Y; < Yé+1)—'P(X; < x£+1) = (Pi1’|‘Piz)(Pi+1.l+Pi+1,z) X

X(Pes1(1—p)—Pips(1—Py) (6 =2,...,n—1),

P(Y, < Y))-P(X, < X)) = (Pn1+27n2)(.?11+p12)(Pn"Pn(1—P1))-

Pi (t=1,2,...,n)

9
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Asgsume P, = p,(1—p,). By lemma 1.1 there exist such numbers P,, ...,
P,_, that all the above differences are non-negative.
Suppose now that

PaPs Py > (1—p2)(1—25)... (1 —2py).

In this case we also define the distributions of Yi,..., ¥, as identical
with those of X,,..., X, in the interval (z;, oo) but we suppose that

P(Y; =i+6) = Py(pu+ i),
P(Y; =n+ite) = (1—P)(patpw) (=1,2,...,0—1),
P(Y, = n+¢) = Pur+Pna-
Then
P(Y; < Yi)—P(X; < Xip)
= (Pi1+Pi2)(pi+1,1+pi+1,2)(1’i+1(1_1"5)“‘ 2411 —Pi)) (t=1,...,n—2),
P(Yn 1 < Y,)—P(X, < X,)
= (Pn—l,l‘I’Pn-l,z)(Pm“l‘Pnz)(pn(l““Pn—l)“" n)y
P(Y,< Y)—P(X, < X;) = (Pn1+pnz)(1’11+1712)(Pn(l—P1)+P1'—1)-
Now pufting 1—P, = p,(1—p,) and applying corollary 1.1 we come
to the conclusion that also in this case the differences are non-negative.

The method described above permits us to reduce one value of one
random variable but orders all the values as follows:

m—1times

—

Yoy Yszy eovy Yny ?/'_1-9?/21 ceoy Yns '--7'?/_17 Y2y ecis Yn

in the first case and

m—2times

Y.sY2y s Yns Y1y Y2y o9 Yn-19 Y13 Y2y ooy Yns .”,’y—l’ Yo, -“’g’:

in the second case (y; is any value agsumed by the random variable Y;).
The second case requires further ordering, which we perform on the un-
derlined values of ¥;. We simply transfer the higher value of the ¥, to
the lower one, preserving the probability.

To the distributions thus obtained we apply again the same method
and repeat this procedure until we get the random variables belonging
to the class &#. This ends the proof of theorem 1.

COROLLARY 1.2. For any set of the independent random variables
X1y Xoy ..oy X, satisfying the condition P(X; = X;) =0 for © #j there
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exist random variables Y., ¥,, ..., X, such that
Y=(Yy..., Y, )eZF,
P(Xi<Xi+l)>1‘_P(Yi< Yi+l) (7::1727'"7'"'_1)’
P(X,<X,)21-P(Y, < X,).
Proof. Put X; =X;. Then
P(X; < Xipy) = P(X; < Xiyy) = 1-P(X; < Xiyy)

Now, it is enough to apply theorem 1 to the random variables X;.

Let us denote by D, a subset of the n-dimensional Euclidean space
E, such that & = (&, &, ..., &)eD if and only if there exist independent
random variables X,, X,, ..., X,and & = P(X; < X; ) (4 =1, ..., n—1)
é, = P(X, < X,). Obviously, if &eD,, then 0 < & <1, but it is not
the only restriction imposed on D,. For X «<# we have either

§i=1—pi+1(1"‘pi) (¢=1,...,n—2),
(10} En_1 = Pn_1»

én = 1—py,
or equations (10) hold for indices 7,.(¢) where

T,(3) = (i+7)(modn) (r=1,2,...,n—1).

The system of equations (10) defines an (n—1)-dimensional surface
in E,. Changing r we obtain » surfaces 8, 8;,...,8,_;forr =1, 2, ...,
n—1, respectively. These surfaces limit the set D, in the sense that if
£eD, then there exist such a surface S, and such a point &°¢S, that &
< & for s =1,2,...,n Taking into account corollary 1.2 we can obtain
corresponding restrictions from below. On the other hand, we have

THEOREM 2. If there exist independent random variables X, X,, ...,
Xn such that P(X; < X;,,) =& (i=1,...,n—1) and P(X, < X,) =
= &, then for any 0 < a <1 there exist independent random wvariables
Y, Y,,..., Y, such that

P(Y; < Yipy) = adi+(1—a)(1 &),
P(Y, < Y,) = abpt+(1—a)(1—&).

Proof. Without loss of generality we may suppose that X,, X,,
...y X, are bounded. Otherwise we may put, for example, X; = arctan X;
which does not change the probabilities &;. Let u,, u,, ..., u, denote,
regpectively, distributions of X,, X,,..., X, and let u,, u,,..., g, de-
note, respectively, distributions of 2M —X,, 2M —X,, ..., 2 — X, where
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M is a constant large enough to make P(|X,| < M) =P(|X, < M)
= = P(|X,| < M) = 1. Suppose that the distributions of ¥,,..., ¥,
are a,ul-l-(l—-a)ﬁl, «ery Qlig+ (1 — a)p, Tespectively. Then
P(Y; < Yiyy) =a?P(X; < X)) +a(l—a)P(X; < 2M—X,,,)+
+a(1—a)P(2M—X, < Xi+l)-|—(1—a)2P(2M——Xi < 2M—Xi+l)
=a*fita(l—a)+(1—a)?(1— &) = afi+(1—a)(1—§).
In the same way we obtain
P(Y, <Y, =adpt+(1—0a)1—4§&),

which completes the proof.

- Theorem 1 may be used to calculate the maximum of any non-de-
creasing function ¢(&;,..., &) over D,. We have

(11) 811’1'999(51, veey &) = Sgp?’(fla cony €n) = SEPSgPQ(Sly cvey En)

where 8§ = 8§, v 8; v ... v 8,_,. Formula (11) becomes simpler when ¢
is a symmetrical function of §;. In this case

BUP@(&1y oy &n)
Dﬂ
= 8sup 9’(1—1’2 1—p4),..- —Pn—l(l—Pu-z)’Pn-—u1—1’1)-

0<19 <l
= i'n—l

In this way one can obtain the inequalities

(12) §162...80 < 1[4,

(13) ik Eatee ot by <n—1

and there exist random variables such that equality holds in (12) and (13)
respectively. The last inequality may be obtained (see [2]) without the
assumption of the independence of X;. '

Using also theorem 1 we shall solve the extremal problem mentioned
at the beginning of the paper.

- TEEOREM 3. Let X,y Xgy...y Xy be independent random wvariables
and let

=PX;< X)) @=1,...,0—1), §,=P(X,<X),
7tp = supmin(&y, £a,y ...y &n),

where supremum 18 taken over the sel of all random variables X = (X,,
X,). Then x,, is the only number satisfying the conditions

(14) Pr1=0:(1—p)) = ... = Pp_1(1=DPps) =1—pp_, = 1—n,,
where
14<p;;<3/4 (1=1,2,...,0—1).
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We shall first prove two lemmas. To state the first one the defini-
tion of the p-quantile will be necessary. The number 2® will be called
a p-quantile of the random variable X if

PX<a™)>p and P(X>a®)>1—p.

LemMA 3.1. Let X and Y be independent random variables. If P(X < Y)
S>aand gl—p)>1—a, 0<p <1, 0<g <1, then 2P < 4@,

Proof. Let ¢(1—p) > 1—a and suppose that 2™ > 4@, Then
PX<Y)=PX<Y,Y>yNIP(X< Y, X>a®, ¥ <y®)+

+P(X < Y, X< a;("), Y < y(q)) gp(y > y(a))+p(x < w(fl’)’ Y _.gy(ﬂ))
=1-P(X >4", ¥ <y9) <1—q(1—p) <o,

against the supposition that P(X < Y) > a.

LEMMA 3.2. The system of equations
(15) P1=0:(1—p;) = cc. = Pp 1 (1—Pn_s) =1—p,_,
has one and only ome solution satisfying the conditions

I<pm<i, 0<p:i<1,

and in this case } < p; < 3. When 0 <p, <} there exists no solution
of (1B8) such that 0 < p; <1 (1=2,...,n—1). ,
Proof. Suppose that

y 21

(16) pi_l_l == l_pi (i=1,2,oo.).
Write
Ap; = Pip1—Di-
We obtain
2
P 5
Apy = py— 1y = —p, = =0
Py =P2— P 1—p, y 21 1_p, ’
y 4 " Pi
A = - = —— = A 1
Pi = Pi1—Di 1—p;  1—pis 1—p, Pi1

Then p, > 0if 0<p; <1 (6 =1,2,...,k).
Consider the case 0 < p, <} We have

R ! 1
P = 1—p, < 3!
7 1 . 1
= -_— lf e
Dina 1—p, < 2 P < 2
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Then p; < 4 for ¢ =1,2,... and the system of numbers p,, Pay ..., Pn
cannot be a solution of (15).

Suppose now that } < p, < 3. For n = 3 there exists only one so-
Iution of (15), p, = -}(1/5—1), Py = 1—p,. Suppose that there exists
a solution 9%, 93, ..., 3, of (15) for n = n,. Then for p; = p! formula
(16) holds and p,, = p,/(1—ps) = 1. On the other hand, for p, =},
Prny < 3. The number p, defined by (16) can be considered as a function
of p, increasing and continuous in the interval (}, p}). Since for p, = p},
Py >1—p,, in the interval (}, p}) there exists a point p, such that p,
= 1—p,. The solution of (15) is uniquely determined by this point and
it is the only solution because for 0 <p; <1 (i =1,2,...,%k) p; is
a strictly increasing function of p,.

Proof of theorem 3. By theorem 1

Top, = SUpMIN (&1, &3y .00y &)
YeF

Since min(&,, &, ..., &) i8 & symmetrical function of &,,..., &,, then
without loss of generality we may suppose that

P(Y; =i)+P(Y; =i+n) =1, P(Y,=n)=1.

Let pyy...,Pn_y be the solution of (14). Then p;, ;(1—p;) =1—pPu_,y
(¢=1,...,n—2), Suppose that & > p,_, (¢ =1,...,n). Applying lem-
ma 3.1 we obtain

(18) ¥ <P <. < yilepy

where y¥) is a p;-quantile of the random variable Y,;. Moreover, since
P(Y,_,<Y,) >p,_, and P(Y, =n) =1, we have y®n) < n. On the
other hand, P(¥Y, < Y,) > Pp_; = 1—p,; then % >n and we have
y¥) > y@nr-V, But this is impossible in view of (18) and the inequality
My < Py 18 proved.
We shall prove that =, > p,_,. Suppose that
P(Y,=n)=1,
where p; satisfy (14). Then

P(Y; < Yipy) = 1—=0ip1(1—0:) = pu_y,
P(Y a< Yn) = Pn-1,
P(Y,<Y,)=1—p, = Pn_1

and min(¢,, &,,..., &,) = p,_,, which completes the proof.

Here are the numerical values of the first 30 z,’s as calculated from
equation (15).
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n i , n | Ttn, n TTn
3 0,61803 12 0,73870 21 0,74567
4 0,66667 13 0,74011 22 0,74601
5 0,69202 14 0,74126 23 0,74631
6 0,71688 15 0,74228 24 | 0,74658
7 0,72361 16 0,74304 25 0,74683
8 0,72844 17 0,74373 26 0,74704
9 0,73205 18 0,74432 27 0,74724
10 0,73481 19 0,74483 - 28 0,74741
11 0,73698 20 0,74528 29 0,74757
30 0,74772

THEOREM 4. Let X,, X,,..., X, be independent random wvariables
and let

§1=P(Xi<Xi+l) (7;=11"°7'”'_1)7 ‘Sn:P(Xn<X1);
7y, = supmin(&,, &,y ...y &),

where supremum is taken over the set of all random variables X = (X,
X,). Then

3 3 < 3
1 nntd) S T i
Proof. The inequality § > =, follows immediately from lemma 3.2
3 3

and theorem 3. We shall prove that =, > T m

It is enough

to find » independent random variables such that §&; > E — 3

4  n(ni4)
for ¢ =1, ..., n. Suppose that
PX;=1i)=p;, PXj=n+i)=1—p; (¢=1,2,...,,0—1),
P(X,=n)=1,

i 4(i—l—2)) .

= 1+ 2T ) for < nf2

P 2(i+1)( tomry) frorsnl
Pi=1—ppy for i>nf2 (1=1,2,...,n—1).

Put g; = 4(i+2)/n(n+4) and suppose that ¢ < $n—1. We have

141 (1+ﬁi)i)'
2(s -|-2) 2(i+1)

where

Pip(A—p0) = ———(1+8:41) (

1.1 i . 1.1 B
VL ( ‘+‘_Tﬁ(1+ﬁ‘+‘))< T T2 (‘8"“_ i+2_)

1 3

T n(n+4)"
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Then
3 3 ..n
& =P(Xi<Xt+1)=1—Pi+1(1—1’i)>z—m for @Qg—l
and
‘ 3 3
£ =1—01,(1—05) = 1—Pp_s(1—DPp_t41) > 1 wmid)

for in <t <n-—1.

The case n—1 <4 < §n requires special consideration. It can
occur when #» is an odd number. Taking into account that p,_; = 1—p;,
we obtain

Enjo_1pp = 1 —Pns2iay2 (L—=papp_app) =1—(1 —"Pnlz-ll:z)2 = Pnl2-1/2 (2 — Pujz—1j2)
_ ( 1 2n+3 ) ( 3 2n-+3 ) 3 3

2 a(nt+1)(n+4) 7" nn+1)(nt+4)]~ &  4(n+4)
for =n>2.
Moreover,
3 3
bo1 =P(Xp 1 < X)) = Ppy =1—p; =1 amtd’
3 3
n=1—p, = — — ————

d Pa 4 n(nt4)
Then inequality &; > 3 8 holds for ¢+ =1,2 n, which

q Y 127 n(n+4) =dydyeeey My
completes the proof.
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8. TRYBULA (Wroclaw)
O PARADOKSIE n ZMIENNYCH LOSOWYCH

STRESZCZENIE

Praca podwiecona jest nastepujacemu problematowi: Dla jakich ukladéw liczb
(&1, &, ..., &n) istnieja niezaleine zmienne losowe X,, X,, ..., Xy takie, e
O PXi<Xip) =& (i=1,2,...,0-1),

(1)
P(Xp < X,) = én.

Zdefiniujmy klas¢ # zmiennych losowych Y = (¥,,..., ¥5) jak nastepuje:
YeF wtedy i tylko wtedy, gdy

a) zmienne losowe Y,, ¥,, ..., ¥y 83 niezalezne
i

b) P(Yi=i)+P(Ti=d+n)=1@G=1,2,...,—1),P(Fp=n) =1
Iab

b’) zalozenie b) jest spelnione dla ukladu (¥Yr,q), ¥7y2), ..., Y m)), gdzie

Ty (i) = (i4 r)(modn).

W pracy udowodniono, ze dla kazdego ukladu niezaleznyeh zmiennych losowych
X,,X,,..., Xp moina dobraé zmienne Y,, ¥,,..., ¥y takie, ze

¥ = (T, ..., Tu)eZ,
P(Xi<Xi+1)<P(Yi<Yi+1) (i= 1’21---3"’—1),
P(Xn < X;) < P(Tn < Ty).

Powyiszy rezultat pozwala obliczyé maksimum funkeji ¢(&, ..., &), dla &
okreflonych wzorem (1), niemalejacej ze wzgledu na kazda ze zmiennych &;. W ten
spos6b mozZna np. otrzymaé nieréwnosci

16 6 < ¢,
. S+ &+t <n-1,

przy czym statych wystepujacych po prawej stronie nieréwnoéei nie mozna poprawié.
Innym zastosowaniem powyzszego rezultatu jest odpowied? na zagadnienie
Postawione przez Hugona Steinhausa. Wyznaczyé wartosé

Ty = supmin(§1, -
X

gdzie supremum wzigte jest na zbiorze wszystkich zmiennych losowych X = (X,
X,,..., Xy) o niezaleznych komponentach spelniajacych warunek (1).

W pracy udowodniono, ze dla kazdego m, liczba =, jest jednoznacznie wyzna-
czona przez warunki

Pr=p(1—1) = ... =Ppg(l=Pp-3) =1—Paa1=1—m, }<p;i<i.
Tabelka na str. 158 podaje wartobei z, obliczone z powyiszego ukladu réwnah dla
" = 3,4,...,30. Ponadto pokazano, fe dla n > 2

3 3 < < 3
4 n(n+4) ™Sy
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C. TPHIBVII A (Bponxnas)

O MAPAJOKCE n CIAYYAHWHEIX BEIHYHH

PE3IOME

PaGora mocBsmeHa ciaexyomel sagade: OaA KaKuX cucreM umeed (&, &, ..., &)
CYMecTBYIOT HesaBUCUMHE caydainme BenmuuHH X, X3,..., X, Taxue, 4ToGH

PXi<Xiqp)=6& @#=1,2,...,2—1),

(1)
P(Xn < X,) = én.

Onpepgenum kxacc F cayvamsix Beamumn Y = (¥;, ¥,, ..., ¥p) caexyomum
o6pasoM: yeF TOTKA M TOJLKO TOrAd, KOIAA

a) cayuafinsie Benmunman Y, ¥,, ..., Y, ABIAIOTCA HE3aBMCHMEIMH,

6) P(Ys =3)+P(¥Yi=1i+n)=1(@E@=1,2,...,n—=1),P(Yp=mn) =1,
au6o

6') npepnonoxeHue 6) BHIOIHACTCA IJIA CHCTEMEH (Y1) YT ,2)5 -5 ¥ r("'))’ rme

Te(3) = (4 7) (modn).

B pa6ore moraszaHo, 4TO AJaA M000H CACTEMH HE3ABHCHMEIX CIYYalHHX BeIHYHH
X, X5, ..., Xn moxBEO mopmoGpats Tak mepemenHue Y, ¥,,..., ¥p, 4TOGH

Y =(Y, X5,..., ¥p)eF,
P(X; < Xiy)) <P(Yi < Tiq1) (1=1,2,...,n-1),
PX,<X)<P(¥,<1Y,).
VkasaHHWY BHME pe3ynsTaT M[AeT BO3MOMKHOCTH BHYHCIEHHA MAKCHMyMa
oyexnnu ¢(&, &, ..., &u) muA & ompenenenmmx mo Qopmyne (1), HeyOmBanomei

OTHOCHUTENIbHO Kasumoil mepemenHol §;. TawkuMm o0pasoM MOMHO HaNpHMep NOJYYUTH
HepaBeHCTBA

§16..- 60 < |,
Lt &t +in<n—1. ~
IIpu sToM MOCTOAHHEE B HPABON 4aCTH HEPABEHCTB HENLBA YIy4IunTh., JIpyrum npu-

MeHEHHMEM 2TOTO PEsyIbTATA ABJIAETCA OTBET HA Bompoc mocraBieHEw# Xyro Ilraia-
raycoM. OnpefeiuTb BEINYHHY

7 = supmin (&, &, ..., &),
X

The cympeMyM GepeTcd B MHOKeCTBe BCeX cayvailHNX Beauuun X = (X, X,, ..., Xy)
C HE3aBHCUMHMH COCTABJIAION[MMY U YHOBIETBOPAKIAME ycaoBuo (1).

B paGore nmokasano, 4To AAA Jd060T0 7 YUCAO 7p ONpefedseTcA OJHO3HAYHO
yeaosuamn

Pr=0(1—p) = ... =pp1(l—Pp—2) = 1=—Pp-1=1-m, }<pi<i}.

Ta6unma ma crp. 153 maer BeIMYMHH 7n, BHUNCIEHHHE MO YKA3aHHON BHINEG CHCTEM®
ypasHuennii npm n = 3,4,...,30. KpomMe T0ro mokasamo, 4Tro mpx % > 2
3 3 3

T nmtd ST



