ZASTOSOWANIA MATEMATYKI
APPLICATIONES MATHEMATICAE
VIII (1965)

B. KOPOCINSKI (Wroclaw)

ON THE LOCAL OPTIMALITY OF SOME REGULAR SAMPLING‘
PATTERNS IN THE PLANE

Introduction. This note is an extension of the discussion of optimality
Properties of regular sampling patterns in the plane, as presented by
Dalenius, H4éjek and Zubrzyeki in [1]. The problem considered is the
estimation of the expected value of an isotropic stationary stochastic
Process in the plane. Since in practice the correlation function is not
exactly known, it seems intferesting to find a sampling pattern which
would prove the optimum one for a possibly large vclass of correlation
functions. Unfortunately the promising conjecture that among all re-
gular nets with a given density the net of regular triangles is the optimum
one in the sense of yielding the least limiting variance of the mean of
observations for all isotropic stationary processes with a convex correla-
tion function has been disproved in [1]. It has been shown there for a fairly
special correlation function with discontinuities of its second deriva-
tive that the optimum regular net may depend strongly on the density
of the net. The problem whether the net of regular triangles is still the
optimum one for isotropic stationary processes with the correlation
function as regular as the exponential correlation function has been
left open. In this note we prove that for the class of isotropic stationary
Processes with an exponential correlation function the net of regular
triangles is locally the optimum one with respect to infinitesimal affine
deformations preserving the density of the net if the density of the net
is small enough. To be more specific, we consider two such affine defor-
Mations, called extending and shearing, and also their compositions,
We represent the limiting variance as a function of the parameters of the
deformation, and we investigate the minimum property of the resulting
function of the parameters in the sense of the differential calculus.

" Besides the net of regular triangles, we investigate in this manner
also the net of squares. We show that the net of squares may usually
be improved by shearing though it is sometimes the optimum one with
respect to extending, which transforms squares into rectangles. This

completes Wse the examples given by Matérn ([2], p. 83), who
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2 B. Kopocinski

compared numerically the limiting variances for some nets of regular
triangles, of squares and of rectangles in the case of an isotropic station-
ary stochastic process with an exponential correlation funection to the
effect that triangles turned out to be better than squares, and squares
better than rectangles. There is some empirical evidence that the nets
used in geological investigations are to be qualified as nets of small den-
sity. E.g. Zubrzycki ([3], p.130), has shown that the exponential cor-
relation function e~** with relatively large values of the parameter A
is the best description of some zinc deposits. Therefore the nets of regu-
lar triangles may be preferable to other nets.

Definitions and results. The family of random variables 5(p) assigned
to the points p of a plane will be called a plane stationary isotropic sto-
chastic process if the random variables 5 (p) have a common expected value
w# and a common variance o% and if the correlation coefficient between

the random variable #(p) and #(q) depends only upon the distances |p — q|
of the points p and ¢. In symbols:

(1) Bln(p), 9(@)] = f(lp—al).

The function f(d), 0 < d < oo, will be called the correlation function
of the process 7n(p). The process 7(p) is called continuous if

) - limf(d) = 1.
d—0

In the sequel we shall consider only the plane stationary isotropie
and continuous stochastic process n(p). Every countable set N of points
in the plane which has no concentration points will be called a nef. A net
will be called regular if for every two of its points p’ and p’’ there exists
an isometric transformation of the plane which transforms p’ into p”’
and N onto N. H the limit

(3) g(N) = lim

I — Card{N n K(0, R)},

exists, we call g(N) the density of the net; here K (0, R) denotes a circle
with centre 0 and radius E. As is easily seen, the limit, if it exists, does
not depend on the choice of the centre 0. The applicability of the given
regular net N to the estimation of the expected value u of the process
7(p) may be characterized by means of the limiting variance s, = s> (N)
defined by the relation

(4) 85 (N) = limngDg,
Roo
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where ny is the number of the points of the net contained in the
circle K (0, R) with eentre 0 and radius R, and

— 1
(5) Nr = P [9(P1,R)+. -+ 7 (Pagp,r)]s

where p, g, ..., Pap,r are all the pomts of the nets N contained in the
circle K (0, R). Obvmusly the value s>, does not depend on the choice
of centre 0.

Consgider now three affine transformations of the plane which pre-
serve the area and thus do not change the density of a regular net of
points. The first of them is the extension of 7, transforming the point
(®,y) into (dx,y/d); in symbols:

(6) rs: (@, y) > (dz, y/0).

Further two transformations are: shearing s, which transforms the point
(#,y) into (x, y+ ex); in symbols:

(7) .8.,9: (2, y) —> (®, y+ ex),

and transformation s’ which transforms the point (z, y) into

(w—}-ay Y-+ ex )

Vi—e V1—eg
in gymbols:
® PPN ST 1)
V1—e? V1—g?

This transformation is a composition of extension shearing and rota-
tion of the plane. This composition has a simple geometrical interpreta-
tion: it transforms squares into rhombes composed of two regular triangles.

It is clear that if we suitably select the values of the parameters ¢

and 6 in the composition of the deformations r, and s, defined by the
formuls

(9) rss: (@, y) — (62, (y+2)/9),

We can obtain any affine transformation which preserves the area, does
not change the orientation of the axes and transforms the y axis into
itgelf.

Denote by N,, the image of the net N by the transformatmn 758,.
For a given process 5(p) and a given net N the limiting variance 8% (N.s)
of the net N, , becomes a function of two variables ¢ and d:

(10) 82 (N.5) = nle, 0).
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The net is called the optimum one locally if the funetion n (e, J) has
a local minimum at the point (e, ) = (0,1). The net N is called the
optimum one locally with respect to extension if the function n(e, 4) with
e = 0 has a local minimum with respect to é at the point d = 1. The
net N is called the optimum one locally with respect to shearing if the
function n(e, §) with 6 = 1 has a local minimum with respect to & at
the point ¢ = 0.
' We shall consider two regular nets with density g = 1, namely the
net of squares composed of all points with integer coordinates:

(11) 8 = {(¢,7): ,j integer},

and the net of regular triangles defined by

(12) T == {(Tft,ji/é—/Z): i,j integer, i4j = 0(mod2)},
V12 -

(see fig. 1).

These are our results:
TarOREM 1. If 5(p) is an isotropic stationary stochastic process with
an exponential correlation function

(13)
fld) =e, 0<d< oo, i>0,
then i/ -
3V12
() if 2=
of regular triangles is the optimum one
locally
(b) if the A is large enough, then
the met (11) of squares is not the
optimum one, though,
(e) if A = 2, then the net (11) of squares is the oplimum one locally
with respect to extension.

Case (a) is a partial answer to the problem 4.2 presented in [1].
Cases (b) and (c¢) supplement the numerical examples given by Matérn

([2], p. 83).
We will base our proof on some lemmas.
LEMMA 1. If the net N 1is regular, then

(14) $5(N) = o D f(Ipo—p),

’ PeN

, then the nmet (12)

Fig. 1

where p, is a fizved point of the net N, provided the series on the right-hand
side of (14) is absolutely convergent.
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Proof. We may assume without loss of generality that p, = (0, 0)eN.
It is easily seen that

— 1
nrDng :n_az Z Flp—aql).

B peNAE(OR)
2N ~AK(O,R)

Therefore in order to prove (14) it is sufficient to show that

1
(15) lim— M f(lp—g) = > f(ip—pd)-

Rsoo
© "R 5 N E(O.R) PeN
aeN ~K(O,R)

Since of the assumed absolute convergence of the series on the
right-hand side of (14), for every s > 0 there is an R, > 0 such that

(16) D Iflp—poh)l < e.

DeN-E(O,Ry)
Let us write

Ne=N~K(@O,R), w=Dflp—pd), u= 3 |fllp—pd)

PeN DeN
If B> R,, we can write
522mm
PNR aeNp
' %
[ 3 Si-a+ Y Srw-a]
DeNp_ R,4NR peNRnNR_RB ¢eNp
D) zfi e > Do
= (lp—q P—q
"R nR R, PeNR-ps 2<Ng PENR—NR_RB ¢Np
’n;R___ ‘
= . “U+V.

Now it is easily seen that for any regular net N

RR_R Nr—MNRr_R
lim > =1, lim — =0,
Ry nR R-so0 nR

and also

Ml Y Nie-al -,

PeNR—-NpR_ R, qeN
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Hence, by (16), we have
Uu—e < U <ute,
which proves Lemma 1.
LeEMMA 2. For each function h(xz), if the series

(17) D) (i2—3j)h(i2435),
(2,9)eW
where
(18) W = {(s,5): ©,) integer, i+j = 0(mod2)},

is absolutely convergent, then its sum equals 0.

Proof. Since the function (42— 3j*)h(4*+ 3j2) is even with regard
to ¢ and j, and for ¢ = j = 0 we have (42— 3j2)h (424 3j2) = 0, it is suf-
ficient to prove that

(19) D) ay(i2—32)h(i*43j2) =0,
(2,5)W g

where

) 2 if 4.j=0,

(20) "=l @ i 2o,

and

Wo = {(¢,7): 4,j integer, i+j = 0(mod2), ¢ >0, j >0, t+j > 0}.
Let us consider the division of the set W, into seven disjoint subsets
Ay ={(i,]): (@ j)eW,y, j =0, ¢ >0},
By = {(ty5): (4, §)eW,, 0 <j < }i},
Ay ={(4,]): (4,))eW,, 0 <i=3j},
By = {(1,7): (2,§)eW,, 0 < i <j<i},
As = {(2,4): (4,))eW,, 0 < i =j},
B, = {(,7): (¢,§)eW,, 0 < i < j},
Ay = {(1,])): (4,5)eW,, 0 =1 <j},
(see fig.2) and the one-to-one transformations
i+3; 1—)
2 ' 2
Now it is easy to prove that
a,(4,) = 43, 0;(B;) = By;
0y(4s) = 4,4, ay(B,) = Bj.

i—3j «:+j)
o I

(21) Oy ("f;.?)“*( )9 Og: (""«7)4( 2 ' o
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Let us consider the ellipses
(22) 12+ 3j2 = const.

For p = (i,5) we write ay;(i*—3j2)h(i*+342) = h(p).
It is easy to prove that

(i) if ellipse (22) has a point p = (¢,7)ed, on it, it has also the
point a,(p)<4, on it and we have h(p)+ k(e (p)) = 0,

(ii) if ellipse (22) has a point peB, on it, then it has also the points
% (p)eB, and a,(p)eB, on it and we
haive h(p)+h(ay(p))+ h(as(p)) = 0,

(iii) if ellipse (22) has a point
Ped, on it, then it has also the
Point a,(p)ed, on it and we have
h(p)+h(ay(p)) = o.

From (i), (ii), and (iii) follows
(19), whence also Lemma 2.

Proof of Theorem 1. In
view of Lemma 1 for the exponen- | Fig. 2
tial correlation function (13) and

the net of regular triangles given in (12) the function t(e, 8) is given by

Hey 0) = o* D' exp(—1V8% 1 (y+ eo)?] %)

(£ ,ﬂ)eT

= g2 2 eXp(_Al/a%z/]/E"l_(Ji/ﬂ_l—gi;/m)z/az).

AW

Differentiating under the sum sign we find

0
(23) a—t(s, (5)

o= —V30% D ij/Vi{ 32 exp(AVi2+3j2),
=1

E.5)eV

0
24 =
(24) 55 1es )

o= —0®A’ ' (i~ 3j%)[Vit+ 352 exp (A'Vi* 3%),
1 (&,7)eW

p
where 3’ — 3 /;/1_2—

A necessary condition of the existence of an extremum at point
(e, 8) = (0,1) is fulfilled because these derivatives vanish for any A.
In the case of (23) this follows from the fact that the sum terms calculated
for (4, §) and for (—1, j) reduce, and in the case of (24) this follows from
Lemma 2 if we assume h{z) = eozl’/l/.;cexp(l’l/w).
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Let us calculated the second partial derivatives:

(25) o e, 8) 'o=62/1' . (SA’jz_izll/iz—Fﬂ
0t T Tl (i it 3 exp (V- 3%

(26) . t(gy 8) oo = V302’ ij[l'(iz_3j2)+3(i2+__j2)/ﬁ2—+3j2]

e=0 —

dedd 501 Sy (3% + 3j2) exp (l'l/i2_}_ 35%)

(27) > t(ey 8)|omo = 02 E' L' (32— 3j%)" — 18 (i + )V i" 4 3j°]
s = R .
T ER P by (42 + 3j2) exp (A'Vi2 + 3j2)

The mixed partial derivative (26) vanishes for any A for the same
reason a8 does the derivative (23). Let us write, for p = (¢, j),

(28) (3Aj2— 42Vt 3§* ) (i + 3j?) exp X'V 24 3j2) = g(p).

Since the terms of series (25) are even, the sum equals

(29) | ot X a(p)g(p),
P=(1,5)eW,i=0,5=0
where
(2 i i-j=0,
“(p):‘“"”’:‘zx i ij>0.

If we make use of the transformations e; and a, given by (21), then we
can give to series (29) the form

30) o[ N ap)g@)+a(e(p)g(n )+

p=(,/)W,j=0,i>0

+ D a@ge)+a(ay(p)g(es(p)+ a{aa(p)) gy (p) +

D= (1,7} ,>0,1>0

+ Z‘ a(p)g(p)+ a(az(p))g(az(p))]-

P=(1,7)eW,1=37>0

By expanding this series according to (28) and reducing similar
terms we get

2

(31) —0—-t(8, 8)

N I U L [ )
ds? =1 il

o=t (1.9)7, 0<3i<i exp(AV i+ 35%)

where
if j=0or:=3j,
if 0<3j<i.
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If we transform (27) similarly, we get

02 b (A — 3/Vir 4+ 352) (52 4 35?)
(32) ‘—;t( 0) oo = 4024’ ! ‘P( / ' _]—)(—2 ’
aé =1 9y i< exp (X'Vi2 4 3j2)
0*
= 4Tt(£ 6) 1
For A’ > the series (31) is positive since all its terms are non-nega-

tive and some are positive. Therefore for a fixed 4 > 3!/12 2 the func-
tion & (N) = t(e, 8) has a local minimum for ¢ = 0 and ¢ = 1, which
proves (a).

Let us now consider the net of sequares (11) and the composition
758, of transformations defined by (7) and (8). In view of Lemma 1, for
an exponential correlation function we can express §5,(s.,) = 8(¢, 4) by

2(q 1)2 1 vo [ 82\ 1/
(33) s, 8) = o Z-e"p[_l( 82(i+ &j)*+ (j + £1)?/8 )l 2].

— 2
(£,1)eS 1 €

To prove (b) we shall show that the function s(e, §) has a local
maximum with respect to ¢ at the point (¢, ) = (0, 1). Differentiating
under the sum sign, we obtain

(e 1)

= —20% > ij[Vi+ 2 exp(Wit+ )
e= 10 » (i,f)es -
The sum of this series vanishes for any i, because the terms correspon-

ding to (i, 4) and (—i,j) reduce. In order to establish the extremum we
compute the derivative

L b —oe Y 248°f" — (i*+5Y) Vi + 5
d? =0 (.S (42 +j%)exp( 11/7'24’.72)
Hence
(34 d? 2 3 — 1/2;—1 ;
) 7 3(3,1)‘_0=2Ao' e '[—4+e 8, (1)1,
where
51 (1) — 2283 — (i*+5* WELG
() =

(i2+j2)exp[1(l/z’+32— 3241

(#,9)eS, 12 4722

V21
It 2>12, > 0, then s,(1) is bounded. Smce hmexp( A 2 )=01

00
we see from (34) that this derivative is negatlve for A large enough. This

Proves that the function s(e,1) has then a local maximum for ¢ = 0.
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Therefore the nets of large squares may be improved by shearing. This
proves (b).

We are going to prove (c). Let us fix ¢ = 0 in formula (33) and cal-
culate the derivatives

@ 2 — j?
(38) —5(0,06)| = —o2i —
da ' =1 (’i:’)tlg l/ +J exp Al/z2+]2)
22
(36) o _ oy NI @ 6 Y
@ - & (@+jhexp(AVirtj2)

Derivative (35) vanishes for any A, because the terms of the series cal-
culated for (¢, j) and (j, ¢) reduce. If we make use of the fact that the
terms of series (36) are even and if we reduce the terms calculated for
(7,j) and (j,?) we easily get

(37) @ —8(0, ) ' =y ey [A (P — %) — (' + 6i%° +‘74)/Wl
v (6380 (2% exp (Wit 1. j?) ’

where
' l4 if j=0orj=rt,
Cy = . .
8 if O0<j<i,
and
8, = {(%,7): ©,j integer, 0 < j < 14}.
Write
oy [A(# — ) — (i* + 6% + ) W&+ 7]
(6% + ) exp (WP + j7) !

wi:" =

then it is easily seen that for 1 > 2 we have the inequality
Wyo+ Wy + Wao+ w21+w22 >0,
and if 1>2, i>3, wupse <0, then for |k < i/2 we have

sgn [wi,(i/z)— x+ wi,(i/z)+k]

a(z-z_(%¢;+ak)2)2_(i4+6iﬂ(y+ak)2+(%i+ak)‘)/1/i“’+(-éi+ak)"2}

- senf

a=—1,1

1?4 (3i+ ak)?

This proves that the derivative (36) is positive for A > 2, and thus (c)
follows. This completes the proof of Theorem 1.
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B. XOPOCINSKI (Wroclaw)

O LOKALNEJ OPTYMALNOSCI REGULARNYCH SIECI PROB
NA PERASZOZYZNIE

STRESZCZENIE

Praca ta jest kontynuacjy badah wlasnoSei regularnych sieci préb na plasz-
czyznie przedstawionych przez Daleniusa, Héjka i Zubrzyckiego ([1]).

Rozwazanym problemem jest estymacja wartodci oczekiwanej izotropowego
Procesu stochastycznego na plaszezyinie. Poniewaz w praktyce funkeja korelacyjna
nie jest znana, interesujace jest okreflenie optymalnej sieci dla mozliwie duzej klasy
fu{lkcji korelacyjnych. Niestety okazalo sie, ze w klasie sieci regularnych nie jest praw-
dziwe dogé intuicyjne przypuszczenie, ze sieci trojkatéw réwnobocznych sg optymalne
W Sensie minimizowania granicznej wariancji sredniej obserwacji dla wypuktych
funkeji korelacyjnych. W pracy [1] postawiono zagadnienie, czy sieé tréjkatéow réwno-
bocznych jest optymalna dla izotropowych i stacjonarnych proceséw z tak regularng
ft}nkch kOrelacyjna jak wykladnicza. W tej pracy pokazaliémy, ze dla klasy wyktad-
niczych funkeji korelacyjnych sieé tréjkatow réwnobocznych jest optymalna lokalnie
26 wzgledu na infinitezymalne deformacje afiniczne zachowujace gestosé sieci, jesli
8e8tos¢ sieci jest dostatecznie mata. Scislej méwiac wprowadzamy afiniczne deformacje
na'z‘.wa'n? Tozcigganiem i skrecaniem oraz ich kompozycje, przedstawiamy graniczng
XE:'}E;CJQ jako funkeje parametréw tej deformacji i badamy minima tak okreélonej

i.
Qprécz sieci tréjkgtéw badamy réwnies sieci kwadratéw. W pracy pokazaliémy,
¢l kwadratéw mozna polepszyé przez skrecanie, choé czasem sg one lokalnie
Ymalne ze wagledu na rozciaganie, ktére przeksztateca kwadraty w trojkaty. Uzu-
ma to wynik Matérna ([2]), ktéry numerycznie wykazal, Ze w przypadku izotro-
PO.Wych i stacjonarnych proceséw stochastyeznych z wykladnicza funkeja korela-
CYIna pewne sieci trojkatéw sa efektywniejsze od sieci kwadratow i sieci kwadratéw
82 efektywniejsze od sieci prostokatéw.

w Praktyce, np. przy szacowaniu zl6z geologicznyeh (por. [3]), sieci nie sg geste

a nasz wynik stanowi pewna choé ograniczong wskazéwke przemawiajaca za siecia
tréjkatow.,

Ze gie
opt
pel



12 B. Kopocinski

B. HKOIOIMHHbCKH (Bpouaas)

O JOKAJTBHOW ONTHMAJBHOCTH PEI'YJIAPHBIX CETEN HPOE
HA HJAOCKOCTH

PE3IOME

Jdra pabora ABASETCHA NPOJIOJAKEHHEM HCCIe0BAHUN CBOMCTB PEryIApHEX ceTeil
npod Ha IJIOCKOCTH, mpoBeAeHHHX [lanenuycom, I'aiikom n 3yOmunrum ([1]). 3mecs
paccMaTpUMBAETCA pacOpefieaelue OMUAAeMOll BeJMYMHH UB0TPOMHOTO CTOXACTH-
YeCKOr'0 MpoLecca Ha NAOCKOCTH. TaKk KaK HA NPAKTHKe KOPPeNAUHOHHAA QYHHUHA
He M3BECTHA, TO MHTEPECHO OMPENeNUTh ONTHUMAJBHYIO CeTh JJIA BOBMOMKHO LIMPOKOTrO
Kjacca KOppenAuMOoHHHX ¢yHkuuit. K comaliennio oKasaIocs, YTO B KA4CCe peryns-
PHHX ceTelt He BepPHO UHTYHTHUBHOE NMPeIONOKECHIE O TOM, YTO CETH PABHOCTOPOHHBIX
TPeyrolbHUKOB ABJIAKTCA ONTHMAJILHBIMH B CMbICIe MUHMMA3HPOBAHUA NpefeibHOH
Aucmepcuy cpefHero HalAl0EeHNA AJA BHOYKIHX KOPPeNAUNOHHHX QyHxguit. B [1]
NOCTaBJieH BOMPOC, ABJIAETCA JU CEThb PABHOCTOPOHHHX TPEeYrodLHMKOB ONTHMAJNbHOM
AAA H30TPONHBIX CTAINOHAPHBIX MPONECCOB ¢ TAKOHN peryjApHON HKOPPEeIALHMOHHOMN
pynxuuel kax sxcmomeAmHanbHaA. B Hacroame# paGoTe MH NIOKAa3aJW, YTO MNIA
KJacca 3KCHOHEHRUANLHEX KOPPEIAUMOHHNX QYHKUEE CeTh PABHOCTOPOHHHX Tpey-
TOIBHHMKOB HABJAECTCA JIOKAIBHO ONTHMAJLHOW OTHOCHTEIHbHO NHPUHHTE3MMANbHBIX
aprBHHX AedopManuii He MeHAIIUX IMJIOTHOCTH CETH, €CIM 5Ta TNOTHOCTH LOCTA-
TOYHO Mana. Toumee, BBOAHM aduHHHE AefopMaLMM, HABHBAEMble paCTAMCHHEM
M KpydeHueM, a TaKMe HX KOMIOSULMH, NPEACTABIAEM NpeJelbHYI0 UCHEPCHIO
B BUJe QYHKUMM [apaMeTPOE 3aTOH JedopMauMM ¥ MCCIEAYeM MUHUMYMH ONpeje-
JMeHHOU TakmM 06pasoM PyHKUUU.

Hpome ceTn rpeyromnHMKOB McciefyeM TakiKe ceTH KBanparos. B paGore mo-
K333HO, YTO CeTH KBAJPATOB MOMKHO YJAYUYIINTH KPYYeHHEM, XOTH WHOTHAA OHM SABIAIOT-
CAl JIOKAJNBHO ONTHMAJBHEIMA OTHOCHTENHLHO PACTAMEHNA, NPEBPAMAINEro KBafpaTu
B Tpeyroabnuku. CrasaHHoe nonoJjHAer pesyasTar MarepHa ([2]), KoTopmit mokasan
YHCJICHHEIM IyTeM, YTO B CJy4ae WBOTPONHHX M CTALUHOHAPHHX CTOXACTUYECKHX IPO-
IeCCOB C OKCIMOHEHIHAJBHON KOPPeNAUNOHHON PyHKUUeH HEKOTOpHE CeTH TPEeyTroin-
HUKOB ABIAKLTCA Gomnee 3POeKTHBHHIMU, YeM CeTH KBAaJ[paTOB, a CETH Hnanparon -
Gomee dPHEKTUBHE, YeM CETH NPAMOYTOJbHKKOB.

Ha unpakrure, HAIPHMED NpPH OLEHKE reoJOrHYECKHX MeCTOpoHJeHui (cpas.
¢ [3]), npuMeHAWTCA ceTH He GONBLIOH MIOTHOCTH, 4 HANI Pe3yJbTAT ABIACTCA HOKO-
TOPHM XOTA H OTpAHMMYEHHEIM YHKa3aHHEeM 3a CeThl0 TPEYTroJbHHKOB. -



