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ACTA ARITHMETICA
XVIII (1971)

Enumeration of certain sequences
by
L. Carrrrz (Durham, N. O.)*

To the memory of Harold Davenporl

1. We shall be concerned with the following problems. Let & be
a fixed nonnegative integer and let f(n, ) denote the number of sequences
of imtegers (ay, @, ..., a,) that satisfy

(1.1) 0o <ae (i=1,2,...,n)
and
(1.2) [y =1 (4 =1,2,...,n—1}.

Let g{n, a) denote the number of sequences (&, @, ..., @,) that satisfy
(1.1) and

(1.3) la— o, <1 (i=1,2,...,0—1).

In evaluating f(n,e) and g(n,a) it in convenient to introduce
functions f;(n, a), g;{n, a) defined in the following way. Let fi(n, a)
denote the number of sequences (o, a,, ..., @,) that satisty {1.1) and
(1.2) and in addition @, = §j; similarly let g;(», ) denote the number of
sequences (@, @y, ..., @,) that satisty (1.1) and (1.3) and in addition
a, = j. It follows at once from the definition that

(1.4) fi(nya) =f,_;(n,8) (0<j<a)

and

(1.5) g, 8) = goy(n,8) (0 <F< a).

Algo

(1.6) i, @) =f; \(n—1,a)+f.(a—1,0) (0 <j<a),
while '
(1.7) Jeln, @) = filn—1,a), f,in,a) =F,_.(n—1,a).

* Bupported in part by NSF grant GP-7855.
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The corresponding relations for g¢;(n,a) are

(1-8) yj('np d}) :gj--l(n"—ly a)—l—gg-(w,—l, a’)"‘Q}‘-{-l(ﬂ’_lr (1)
(0 <j<a

go(m, @) = go{n—1, a)+ g {(n—1, a),
fali—1,8) = gos(n—1, 8)+ g, (n—1, @).

Thus for example, for ¢ = 2, we find that

(1.9)

Joln, a) = 2f,(n—2, 2),
which implies
fol@n4-1,2) = fi(8n+2, 2) = 2%,
For ¢ = 3 we have
faln, 3) =fi(n—1, 3} = foln—2, 3)+foln—2, 3),
which reduces to : ‘
(1.10) faln, 3} = fy(n—1, 3)+fo(n—2,3).

Since fy(1, 3) = f,(2,3) =1, it followa from (1.10) that
(1.11) foln, 3) = F,,

where ¥, is the Fibonacel number defined by
B, =F, +F, ., FH=F-=1
Bimilarly for ¢ = 4 we find that

fol@mb 1, 4) = fol2nt 3, 4) = 37,
fi(@2n, 4) = f(2n4-1,4) = 3%,

In order to evaluate f;(n, a}, g;(», a) for arbitrary a, we define two
additional functions fy(n), g;{n). We let fi(n) denote the number of
sequences of nonnegative integers (a,, ¢, ..., @,) that satisty (1.2) and
@y = j; also let g;(n) denote the number of such sequences that satisfy
(1.3) and a; = j.

The function f;(n) iz evaluated explicitly by means of (2.12) below
or alternatively by means of the following formmulas.

(1.12)

(1.13) R =2 ka0,
E—1
(L14) Fosaln1) = 27— (7) -2 3 (1)
kw1
(1.15) FalnH3) = 27—2 31 (7).
20l
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The function f,(n, @) is shown to satisfy a recurrence of order < & with
initial values

(1.16) fom+1, a) — ({n?zz) (0 < n<a).

The results for g;(n) and g;(n, @) are of a similar nature. They are
contained in formulas (5.2), (5.3), (5.4) for g;{n) and (6.6), (6.7) for
go(n, ). It should be noted that the results for #;(n) are in terms of the
coefficients ¢(%, §) defined by

(1.17) (a9 = ek, j)o.

2. Let the sequence (a;, @, ..., a,) satisfy (1.1), (1.2) and a, = j.
Put

by=a—a;, (1=1,2,...,n).

Then the sequence (b, b, ..., b,) satisfies (1.1}, (1.2) and b; = a—j.
This proves (1.4.). The proof of (L.5) is exactly the same. Formulas (1.6}
and (1.7) are evidently immediate consequences of the definition of
fi{n, a); similaxly for (1.8) and (1.9).
Turning now to fi(n), it is evident that
foln) = fuln—1)

= fo(n—2)+fy(n—2)

= 2f1(n—3)+fa{n—3)

= %y (n—4) - 3, (n— 4) +f4 (n—5)
Sfi(n—>5)+Afy(n—5b)4f5(n—86).
Generally we have, for &= 0,

(2.1) fom) = Y Ayfiy(n—F)  (n>H),

&<k

where the coefficlents Ay; are independent of ». Moreover, since
fin) =fran—L+fnh—1)  ({>0),
it follows from (2.1) that

foln) = Z Ay [.fk—?.j—l (n—k—1) +fampa{n—%—1)]

2f =k

= N (gt Ag)fiosa(n—k—1).,
&R+

VWe have thercfore

(2.2} A =dgia+ 4y (0< 2 <kH1).
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We may also express f(n) in terms of fy(n--j). Clearly

falm) = fo(n+-1),
fa(n) = fo(n+2)—fo(n),
faln} = foln—+3)—2f,(n+1),
fa(n) = fo(n+4)—3f (n+2)+ fo (1),

1) = fo(n4-5)— 4fo (n+ 3)+ 3fe(n+1).

Generally we have

(2.3) fuln) = >

2=k

(—1Y Bigfo (n-+k—2j).

Moreover the B;; satisfy the recurrence
{2.4) By = BytBy 150 (02
It is easily verified, using (2.4), that

(2.5) By = (’“Jf'f).-

< k41).

Thus (2.3) becones

2.6) B = 3 (=1 (* 7)) fulmor k-2
ajh

To find the 4;; we make use of the following lemma ([3], p. 59).

The set of equations

{2.7) o= N (—

is equivalent to

2.8) - =22:0 [(;”)—(jfl)] ey (k=0,1,2,...).
=<

It follows therefore that

{2.9) Ay = (3) (%) (0<% <),

$0 that (2.1) becomes

w0 - S

Gl

{2.10) fl)] foogi(n—E).

We now take % = k-1 in {2.10). Since () =1, (2.10) becomes

= 216)-(40)

i<k

Jolk--1)

icm
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This rediuces to

(2.11) folet-1) = gy -

Substituting from (2.11) in (2.6) we get

" RTYE Lan] n+k—2j

= 3 =1 (7))
=k

It does not seem posgible to sum the series on the right of (2.12). For
example we have

i
fulon-+1) = ¥~

J=0

(2.12) Fuln+1)

2k—~j) 204 2k—2j)
il n+k—j

%
= Y1y 1(7‘""3) (2n+2j)
!hu.' n+j

_ 5 (20 (— k) (k+1)(n--4)
(= )2 FTETRCRE TR

the F, occurring here iz not quite Saalschitzian ([1], p. 9).
On the other hand it ean be verified that (2.12) implies

(2.13) faln+1) =27,

Thig result is also evident from the definition. Indeed, we have more
generally

(2.14) frln+1) =2 k=nz.

BSince

fami(n-F1) = f s (n)4-fuln) = fr_s(0) 42777,

we get
{2.15) faa(Bm41) =271,
Similarly we find. that
(2.16) Fualn1) =2"—2
and
{2.17) Focalpt-1) = 2% —n—2,
(2.18) Jooal+1) = 2"—2n—3.

These results suggest that
(2.19) Ju-r{nt+1) = 2"—Py(n)

where P, (%) is a polynomial in # of degree [(k—1}/2)]. Indeed, it follows
from (2.19) that '
(2.20)

(0 <k <n),

Prp(n+1) = Py(n}+Py_,(n)

15 — Acta Arithmetlea XVIIX
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and therefore P.(n) is a polynomial of the stated degree. Moreover we
readily obtain the following explicit results:

(2.21) Pypa(n) = (n) +2 2 ( )
(2.22) Pyln) =2 21 (;")

Comparison of (2.12) with (2.21) and (2.22) leads to certain summation
formulas that we shall not state.

3. Turning now to f;(n, @), then exactly as in deriving (2.1) and (2.3}
we have

(3.1) folaya) = 3 Ayfy uin-tk,a) (O<k<a)
ik
and
(3.2) Felry @) = D (=1VByfo(n+5-3j,0) (0 <k < a).
<k

We again have
k—j
By =("77).

Algo, sinee the lemma on the equivalence of (2.7) and (2.8) holds when,
the parameter & iz restricted to % < a, we get

]
Thus (3.1) and {3.2) become

{3.3) filn,a) = 2 [(f)_(y]fl)] fogin—Fk,a) (0<Fk<a),

LIRSS

(34)  fln,a) = ¥ (—1)3'(";.‘7')f9(w.+ k—2,a) (0 k< a).

ik
For k& = a, (3.4) becomes -
(3.5) fatmy @) = 3 (=17 (*77) fo(n+ a—24, w),
t<a

& recurrence of order ¢ (when 4|4, the order reduces to a—2). For example,
for & = 8,

(3.6) il n, 8) = fo(n+3, 3)—2f,(n+1,3).

Tt is easily verified that (3.6) is in agreement with (1.10).
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Generally, we can obtain a recurrence of order

[le-+2)/2]. If
a = 2k 1, it follows frem (1.4) that

Je(n, a)

= ffc+l(n? a).
Thos (3.4) gives

6y Y- 1)3("s j)fo(ﬂ—[—?c—2g,2k-§-1)

"J%L

= DT et 21, 2041).
27Kl 1
If ¢ = 2k, then

Fus(n, @)

= fisa () &)
and we get

D= Y ft -2 -1, 2m)

2F< &

-y (—l)’(k_§+l) folnL2k—2-+1, 2%).

2fLh4-1

This may be written in the form

SR EE | B

I hntr—2j-41,28) = 0.
HKk+1

The initial values of fy(n, a) may be obtained by using
(3.9) foln, @) = fo(n)  (L<n<at1).
The proof of (3.9) is immediate from the definition. Therefore, by (2.11),

(3.10) folbt+1,0) = ([kj':z])

Finally, since

< k< a).

fln,a) = Zf,b(n a) = [j}a_ n—1, a)+fr(n—1, a)]

= 3f(n~1, ¢)—2fy(n—1, a),
it follows that

(8.11) fin, a) =2*"}(a+1) 22””3%(9,@)

j=1
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4, We now consider g;(»). It is evident from the definition that

go(n} = 9’0(”@"’1)‘|‘91(W‘”1)
= 2gy(n—2)+ 291 (n—2) -+ g2 (n—2)
= 49’0(”‘"‘3)‘]'591(”—3)+392{7?f—3)+9’a("‘"‘*"3)

= 9gy(n—4)+12¢; (n—4)+ 9ga(n—4) + 4ga(n—4) -+ gz (n—4).

Generally we have

k
(4.1) go(m) = X Aygyln—k) (>,
7=0

where A;, satisfies the recurrence
(4.2) Ay = Ayt dig a4y
Next, expressing g,.(n) in terms of gy(n—j), we have

g1(n) = go(m—1)—go(n}),
ga(n) = go(n+2)—2g,(n+1),
galm) = go{n+-3)— 3ge(n+2)+ go (n-+ 1)+ go(n),

ga() = go(n+4)—dgo(n-+3)+ 3o (11 2) + 2o (n+1)— go (n).

Generally we have

. .
(4.3) () = D) Biggoln-+E—j),
j=0 :
where By; satisfies
(4.4) By = Bi-yg—s Brjrt Biy-
The first few values of 4;;, By, follow.
1
11
, 12 2
A,
¥ 18 5 4
14 912 9
15 14 25 30 21
1 ‘
1 -1 -
, 120
B
71311
1 —432 —1

1 —-862 —40

The coefficients 4;; have occurred in another connection [2].
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Put
(4.5) Bu(@) = Y B 0.

7=0

Then by (4.4)
(4.6) Br(@) = (14 o+-a%) fr.y (@),
Also, i we take & = j—1 in (4.4),
B,Lg,j;ﬁ- B;r-l,j‘~1+ B;; =0 (4= 2).

Since '

Bl;l] =1, B;l = —1,
it follows that

Bol) = (1+4@--a?)™".
Thug [4.6) implieg _
(4.7) Brl@) = (1+w+a?) "

¥t i3 convenient to put

(o]

(4.8) (oo = 3e(n, K)oF,

k=0

where # i3 an arbitrary integer. Thus
(4.9) By = 6(—Fk—1, ).
‘We shall now show that
(4.10) Ay = o(k, ) —ofk,j--2)  (0<j<E),

229

with ¢(k, j) ag in (4.8). It follows at once from (4.8) that e(k, f) satisfies

the recurrence
(4.11) o(k+1,j) = o(k, j—2)4-o(k, j—1)+a(k; j}.
Thus if we assume that (4.10) holds, we get, using (4.2),
A;c—l,j = Alz,j—z‘i‘ AI’::,j'—l—l'Akf
= o{k, j~2)-- o(k, j— 1)+ e(k, j)+
+ Lok, j—4)+ ok, j—3)+o(k, j—2)]
= e(k+1,j)—o(k+1,j--2).
Thiz evidently completes the proof of (4.10).

Anajogous to the equivalence of (2.7) and (2.8), we may state the

following result. The set of eguations

k
(£12) = Dok, H—olk, j—2)o, (b=10,1,2,..)

F=0
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is equivalent to

[
(4.13) o = Y o(—ktri—1,wy (k=0,1,2,...).

=0

5. Returning to (4.1) we take » == k41, so that

k
Golk+1) = X A1)

=0

Since g;{1} =1, it follows from (4.10) that

ko
golk+1) = D'[e(k, j)—elk, j—2)],
§=0

which reduces to
(5.1) olk+1) = o(k, k)+ ok, k--1).

Then, by (4.3) and (4.9)
. o _
G(n+1) = X Bl igoln+i+1),
f=0

80 that

k .
(8:2)  gind1) = Ye(—j~—1, b—1)o(n+], n+j)+eln-+i, ntjd1)].

i=0 o .

It follows from the definition that {compare (2;14))

(5.3) Ge(n+1) = 3" (T=n>0).
Corresponding to (2.20) we have
(5.4) For(n+1) =3"—Q,(n) (0<k<n),

where ¢,(n) is a polynomial in n of degree k— 1. Indeed, it follows from

gn—h('""l' l) = gn—k—l(n) —!'gn._;;(‘ﬁ'/) -+ L/ Y (ﬂ’)
that ‘ '

(5.5) Ge(n+1) = Q)+ Qs () +Qp_s(n)
and therefore @,(n) is a polynomisul of degree k— 1. In particular

Qu(n) =0, Ql(”’) =1, QE(”’) = n+2,
We shall show that .

ESd

(5.6) CQealm =2 Y
J

a(n,j)—[—c(n, k).

i
)

icm
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The formula is evidently correct for k = 0, 1. Assuming that it holds
up to and inchding the value k—1, we have by (5.5),

Qua(n+1)— Qi () = Qp(n)-+Qp 1 (n)
k—1 ’
= o(n, k—1)-+eln, k—2)+2 Y [o{n, j— 1)+ e(n, j—2)]

i=1
k—1

= o(n+1, k)—oln, B)+2 Y [o(n+1, ) —oln, 5],
i=p

%0 thad

-3

Qera(n) =2 3 eln, j)+o(n, )+,

i=d ,
where ¢y, is independent of #. Making use of (5.4) we ean show that ¢, = 0,
thus eompleting the induction.

6. Bxactly as in § 3, we can show that
&

(6.1) gl @) = Y Aiygu_s(n—F, @) (0 <E< a)
i=0
and _
k .
(6.2) giln, a) = Y Bugy(nt+k—j,a) (0 <k a),
7=0
where
(6.3) Ay = ok, b+j)—elh, k+j+2) (0<F< k)
and
{6.1) By = e(—k+j—1,5) (0<j<h),
while o(n, j) is defined by
(L+ota9™ = Yo(n, j)a’
i=0

We have also

{6.5) gx(n; @) = g, (1, @) (0<h<a)
Thus for % = a, (6.2) hecomes
(6.6) goln, 6) = ' Blgi(n+a—j, aj;

{=0
thus gy(n, a) satisfies a recurrence of order < @. As in §3 recurrences
of lower order can usually be obtained.

As for initial values, we have
(6.7) goln, @) = go(n)

Hence g¢4(%, a) is uniquely determined by means of (6.6) and (6.7).

(Isn<a+t-1).
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We give a few special results. For a =2 we have
Go(n,2) = 2go(n—1, 2)+go(n—2, 2),
90(1,2) =1, 4(2,2) =2, g,(3,2) =5.
It follows that

i, ) = FV2 =072
2v2

For a4 =3 we have
go{n, 3}—3¢s(n—1, 3)+¢e(n—2,3) = 0,
Fo(1.3) =1, g,(2,3) =2, g4(8,38) =5.
It follows that
Go(y 8) = Fop g, ga(0y 3) = Py,

where F,, is the nth Fibonacei number.
Finally we have

g{n: a) = Zgic('”'; @)

k=0
= Mg 1(n—1, 8} +go(n—1, 6)+ gy (n—1, a)]
k=0

3¢(n—1, 6)—2g,(n—1, a).
It follows that

-1
(6.8) gm0y = 3" Na+1)—3 Y 8 g, (k, a).
k=1
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Zur Definition der Diskrepanz

von

EpvuNp Hrawxa (Wien)

Gewidmet dem Andenken H. Davenporls

Es sei I® der s-dimensionale Einheitswitrfel 0 < & <1, ..., 0 & <1
und %, ..., #, Punkte in I°. Um die Verteilung der Folge w, = (#, ..., @}
zu studieren betrachtet mamn die sogenannte Diskrepanz D(w,). Sie ist
50 definiert: Ist J ein belichiges Intervall, so sei »*(J) die Anzahl der
Punkte von e, in J, ¥ (J) das Volumen von J, dann ist

v*{J)
¥

D{m,) = sup ——V(J){.
J

Es ist stets » << D < 1. B ist D umso kleiner, je “gleichmifiger” o, in
I = F verteilt ist. Bekanntlich ist der Begritf der Diskrepanz aus der
Theorie der Gleichverteilung entstanden. Hier werden unendliche Folgen
© = (i#;);.n Dbetrachtet und eine solche Folge ist gleichverteilt, wenn
limP(m,) =0, wo w, die Folge der ersten » Glieder aus w ist. Genauer

#—>00 *(J

gesagt heiBt o gleichverteilt, wenn lim Gl = V{J) fir alle J. Man
P00 v

kann dann zeigen, daf daraus limD(w,) = 0 folgt. Die Umkehrung ist

trivial. Man kann fragen, ob man nicht die Familie der Intervalle durch

andere Familien von Teilmengen, von 7 ersetzen kann. Wir werden zuniichst
zeigen, daf die Familie % aller konvexen Kérper ¢ das Gewinschte leistet:

»*(0) — V(| 8o ist Dplow) = 723D1/3(cu).

(1) Izt Dglow,) = sup
’ Ce%

v

Trivialer Weise ist D{w) < Dg{w). Auns einem Satz von 8. K. Zaremba (1)
folgt, da.B man den Hxponenten 1/s in (1) nicht weglassen kann. Hs liegt
nahe, statt Intervalle Kugeln K zu nehmen, {die zugehdrige Diskrepanz
wollen wir D5 nennen. Dann gilt fiir Dy (w) trivialerweise (1). Schwieriger
ist jetzt die Frage einer Abschiitzung von D durch Dy wenn s > 1.
(Im Falle s =1 ist natiwlich D = Dg.) Wir werden zeigen: Hs gibt

(1) Monntshefte fiir Mathewmatik 72 (1968}, 8. 2064-209.



