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hence, using the fact that B > By,

B(g, 4 _ BL [ m(l _x_) }_}< BL 1,_1)»«—1—1(1,}‘ :/:_i-i)
log"H & logz l(y A Sy g logﬁ( v/

-1

»

and singe (v—1)**! (1+ )fgv““ (as may easily be verified), we

obtain,

B(, ) _ BL
log“*t¢  loge

and thereby confirm the truth of (6.11) with »--1 in place of »

This completes the proof of (6.11) and hence also of (6.9).

To complete the proof of Theorem 2, we substitute (6.9) in (G.7),
and use this composite relation, with £ =2 and & = a/¢ in twmn, to
evaluate G (x, 2) from (6.5) (with ¢ = 2): we oblain

= A
G, ) = (x+1) Go%ﬂlog"z‘—wo ol 3)

it o< £,

log*s-- O (L™ *og™ )

— (y0,(27)log"s 4 O (Lr*1og*12)

by (5.0). Theorem 2 follows at once from thin and {(2.12).
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A theorem on chains of finite sets, II
by

R. Rapo (Reading)

Dedicated lo the memory of Harold Davenport

1. Introduction. E. Harzheim [1] proved the following theorem:

THEOREM A. Given a positive integer n, there is a positive integer n*
such that the following statement holds, If § is a set of n* elements, and if
f(X), for every non-empty subset X of 8, is an element of X, then there
always are subsets X,, X,,..., X, of § sueh that{') Xyce X, = ... X,
and

F&) = (X)) = ... =[(X,).

The following theorem iz a generalization of Theorem A ([4],
Theorem. 3):

TumoREM B. Gdven a positive integer n, there is o positive integer n*
such that the following statement holds. If 8 i3 a set of n* élements, and if
F(X), for every subset X of 8, is a subset of X, then there alivays are subsets
Xyyoooy X, of 8 such that Xy < ... c X, and f(X,) = ... < J(&X,).

In the present note Theorem B will be further generalized. No
knowledge of the earlier papers [1], [4] will be assumed. In fact, the
proof of the still more general Theorem ( given below iz simpler than
that of Theovem B as given in [4], thanks to an application of an idea
nsed by 1, J. White [6] which makes it wonecessary to appeal to a theorem
of G. Higmamn, 3] which was needed in [4].

2. Notation and terminology. We put N ={0,1,2,...}. Lower
case letters other tham f, ¢, hy ¢, v, 1, = (lenote elements of ¥, and capital
letters denote subsets of N. If nothing is said to the contrary these sets
are finite. The cardinal of A is denoted by [4|, and for every §, finite
or infinite, we put _

8 ={X: X = 8; | X| =}

Algo, [0, m) ={0,1,...,m—1}.

Yy A = B denotos sat inclusion in ithe strict sonse.
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A kernel function iz a function f gueh that X 2 f(X) for every X.
The letters f, ¢, &, ¢, ¢, ¥ denote kernel functions; the functional symbols
are always placed to the right of the argument. The funection ¢ i8 divergent
if | Xyl - oc as | X| — oo, Le. if given a, thereis b sueh that | X| = b implies
{ Xg| > a. Thus the identity function @, for which Xp, = X, is divergent.
The extension of Theorem B will take place in two directions. We
shall congider several kernel functions simultaneounsly, and we shall
impose lower hounds on the rate of growth along the sequence of sefs X, .
In [2] Harzheim has extended [1] fo infinite increasing chaing of sets.
Tt is convenient to state and prove our result in terms of decreasing rather
than increasing sequences.

3. The main theorem.

ToeoREM C. Let &, nelN, and let ¢ be a divergent kernel funetion.
Then there is n* such that the following statement holds. If |8| = »n* and if
fos -eesfr 06 any hernel functions then there arve sets A, ..., 4, such that
either :

M 8= dy=2 A, f, 2 Afupo A2 A f, 2 A .02 ...0 A4, for some <k,

or

) S8S>ody>..24,24f =...=A4,f, for every x< k.

Theorems A and B are weaker than, the simplest case & = 0; Yo = X
of Theorem C. If » > 1 then there are cases when only (i) is possible (all
Xf, = X) and cases when only (ii) is possible (all Xf, = @).

4. Lemmas.

TievmA 1 (Ramsey’s Theorer). If 8 is infinile and [8] =K, v ... UK,
then there is an infinite 8’ = 8 such that [8'] = K, for some u < m.

See [b].

Lesmid 2. If fo, f1y ... 8 an infindile sequence of funcitions then there
are o function ¢ end an infinite sequence vy < v, << vy, <<... such that, for
every X, Xf, = Xg whenever 1 is sufficiently large.

Thiy is 2 well-known compactness proposition.

Lemya 3. If @, @y, ...eN then there is a sequence vy < 7, <
that @, < @, < ...

Proof. There is a least v, such that », = min{w,: » 2 0}, and then
there is a least » > ¥, sueh that mvl = min{z,: v >}, and a leasgt

vy >y such that @, = min{z,: v >}, and so on. Then the assertion
Tolds (2. :

v SUuCh

{*) The triviai Lemma 3 replaces Higman’s theorem in [3] which was necded
in [4].
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5. Proof of Theorem (. Denote by

Glivy 85y foy ooy fi)

the statement that there are A,,..., 4, such that either (i) or (i) of
Theoreny ¢ is true. The precise meaning of € will not be required for
a large part of the proof.

Lt By n, ¢ be fixed, and let ¢ De divepgent. We agsume that given
any «, there ave &, fo, ..., fi sueh that |8z a and €(n, 8, ¢, fos -+ )
ig falze. We have to deduce a contradiction.

Let meN. Then there ave 8, fuar oo frp With 18,,] = m and such
that € (#y Sy P fongs -+ o1 frg) 18 falge. By applying a snitable permutation
= to N. which takes § into [0, m), and by transferring the functions
¢ and f,,, accordingly we find functions ¢,, and g,,, sueh that Xo = Xngp,
and X[, == Xng,, snd the statement '

cg(’”’? [0: m’): P Q’muy vy gmk)

is false. Then, for every X, there in ¥ such that |X| = [¥| and |Xgp,,]
= |¥p|. Hence ¢, i divergent. By Lemma 2 we find ¢, g, ..., g5, such
that the statement #(n, N, v, o, ..., g 18 false. Then ¢ is divergent.
Tor let aeN. Then there iz b such that |X] = b implies [ X¢| > a. Now
let | X3 b, Thon Xy = X¢, for gome m. There is ¥ such that |X] = ||
and |Xp,| = |¥e|. Then [¥| = |X|>= b and hence |X¢| = | Xg,| = Y|
= & which ghown that yp is divergent.

Cage 1. Given e there is b such that whenever |B|=b then there
are A and » such that 4 < B; » < &; |4g,] = @, Let v = (k-+1)(n4-1)4-1.
Then, by repeated application of this condition, we find sets §; X, ..., X,
and nunbers g, ..., #. < b such that :

82 X2 Xoge 2 Loy = Xy 2 Xngy 2 L= -0 2 X, ¥

By the pigeon lole prineiple there iz » < % and there are numbers
Uy < & < Kty e P HUCh thil ) == ... = K, = %, BAY. Then

.X““ =2 3’:,,0(]” =2 angw D= —X%Q -Xanga =2 Xa,,}]n'/":

80 that G (0, N, 4, foy vy ) 15 true, which is a contradiction.

Cuse 2. Thore is a, such that, for every b, there is a get B satisfying
|B 2 b a1 Ag, < o for all A < B and all x < k. Let melN. Then there
is B, such that |B,| = m aod |4dg,| <a, for all 4 < B, and all =< k.
Transfer, just ag near the beginning of the proof, B, to [0,m) and change
v and g, accordingly. We find vy, Byey -roy by Such that | ARy, | <<
for all A4 « [0, m) and all = = %, and #(n, N,y Yoy Popos -y Bz} 18 falBe.
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By Lemma 2 we find y, hy, ..., I, such that
L |Xh,| <a, for all X and all <k,

and #(n, N, g, koy .-, Bby) I8 false(®).
We introduce the equivalence relation

(Xoy-es X)) ~ (Yﬂz vy Y
to denote the fact that there is an order preserving bijection
Xyuw...uX,-Y¥,u...vX,

such that X, » ¥, for all u << m. For A = B we define a veetor »(4, B)
which describes the position of B within 4. If A = {a,,..., 6,}. and
B ={a,,..., 0} then we put

24, B) = (pr—1, Pa— D1~ L, Dy—DPa— 1, .., By— Dy~ 1, 8- 1y).

Here the right-hand side ig interpreted in the obvious way when s =0
or ¢ = 0. The components of the vector v(4, B) are, in a sense, the sizes
of the 741 connected components of ANB in 4. By Lemma 1 there are
infinite sets Ny, ¥y, ... such that ¥ =¥, 2 N, 2 ¥, = ... and, for reN
and 4, Bel N[, we have '

2 (A, Ahy, ..., Aby) ~ (B, Bhy, ..., Bhy).

By (1) there is an infinite R such that, if , seR and 4 <[N,T and Be[¥,]%
then :

(3) (Ao, ..., ARy) ~ (Bh, ..., Bly).

This follows from the fact that by (2) the equivalence class of (Ah,, ..., Aky)
depends on 7 only and not on A when A ranges over [N,]". Put 4k
= Ahy U ... U Ahy. Then the number ¢ = |4h| iz independent of » and .4
when reR and Ae<[N,])", and we have #(d, Ah) = (., ..., &, where,
by (2), the wx,, are independent of A. By Lemma 3 there is amn infinite
set B’ < B such that, whenever {r, s}. = B, then z,, < #,, for all =1

Now we are ready for the final step of the argument. Let {r, s}. = R,
and choose Be[N,]°. Then »(B, Bh) = (@, ..., #y). Since o, > v, for
all 7<% there is A = B such that

0(4, BR) = (0, ---, By).

Let A’e[N,]". Then v(4’, A'R) = (@, ..., %) Hence |4|—|Bh| = By~
+...+m, = |A|—14"R}. By (3) we have

_ (Bhoy ouoy Bly) ~ (AR, ooy ARy
Therefore |Bh} = [A'h| and 8o |4l = |[A'] =1

(*) In fact, y is divergent but wo do not need this fact.
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We have o{4, Ah) = (., ..., @y). Hence v(4, Bh) = v(d, Ah) and
therefore Bh = Ah We also have, by (3),

(Blryy «oy Bly) ~ (Ahgy ..oy Ay}

This implies that Bh, = Ak, for all x<k.

To sum np: if ¢eR’ and B[N, then, for every reR' with r < s there
is Ae[B] = [N,]' = [N,) such that Bh, = Ak, for all <<k (Propo-
gition (#}).

We now 6hoose gy .. Pl & B Let 4,¢[N,, ]°. Then, by repeated
application, of (x), we find 4,> ... > A, such that 4.k, = ... = A.h,
for all = 2 k, and thus the statement & (n, N, x, ko) .- hy) is true which
is the desired contradiction.

6. Tn conclusion I mention the following two problems.

(2) To decide whether (ii) of Theorem C can be gharpened by ingerting
the divergent function ¢ in the same Wway as it ig inserted in (i).

(8) The proof of Theorem C iz highly non-constructive. Harzheim
proved hig theorem in {1] by a constructive argument W]l-iG]l actually
yields the best possible value n* = 27, One should, try to modlf.y the p'roof
of Theorem O in such a way that an upper estimate for =* is obtained
in terms of & and n.
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The average of the least primitive root modulo 2
by
D. A. Buraess (Nottingham)

1. In 1968 Dr. Elliott and I [37] obtained the estimate

(1) a(X)™ 3 g(p) < (log X)*(loglog X)*

P X

for the average over all primes p < X of the least primitive root g(p)
to the modulus p. Professor Heilbronn proposed to me the problem of the
similar estimation of the least primitive root k(p) to the modulus p=
The argument of [3] remainy applicable with slight medifications but
vields only the weaker estimate

(2) m(X)™ Y Ip) < (log X} (loglog X)°.
. X

The argument of [3] was baged on the Large Sieve ineqmality which
may be stated as

m N N
(3) 33 Y elanjg)a, (X))l
msX =1 =1 n=1
(a,'m.)ml

where ag usual elo) = 6™ In the estimation of g(p) m in (3) ranged
over the primes. In the estimation of k{p) however m ranges Over the
p? < X (together with the p < X*) and it is this decrease in the mizo
of the set of m that gives rise to the loss in effectiveness seen on comparing
(2) with (1). The purpose of this paper iy to regain in part this effectiveness
by producing a moditied form of the Large Sieve which will reflect such
restrictions on the set of sieving moduli m. The regultant estimation for the
average of h(p) is contained in the following theorem: '

TurormM. For large X
(X)) hp) < (log X)? (loglog X)°
peX

the swmmation being  ewtended over prime numbers p.



