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On Oy (—1—Ti to —141%)

L(s) = ()™ = 0(e™"ltly),

and so

{7) [=0w.
Oy

Colleeting from, (b), (6), (7) and multiplying by w, .we have, ag
¥y —~>0+4,

2474 or
y o £ ,
— L re) = sy =..~.Z =0 [1(g) -
P Jm (6) - ()y™*ds =1~ | 9" *I'(g)+0(1)
and making 7' — co
2400t
____;l/__ iﬂ o C’ -8 l—g ™
T | T ds=1—§:u I'()+0(1),
—00Y @,

or, by Lemma 2, as ¥ — 04

(8) y X Ame ™ =1— 3yer(g) +o(1).
(@ '

Now, 8 <1, jy""I'(g)l <I(a)l, and 3 [I'(g)| converges ubsolu-
teflly. Thus }9'"I'(p) is uniformly convergent in y:>0. Also each
[y ¢l (g)| =0 as y - 0. By the uniform convergence theorem

lim Y yi7er(g) = 0
s % Y (e s
and from (8)

limyZA (n)e™™ =1,
It now follows from (I} thab

YA (n) ~a
v
which iy equivalent to the P. N. T.
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The results. It needs some words of justification why the present
article fits in the frame of a volume dedicated to the memory of H. Da-
venport. One may expect contributions whieh are more or lesy related
to his work or which at least deal with algebraic or analytic number
theory. The nature of this note may be, on the confrary, described as
number theoretical analysis or algebra, but number theory nevertheless.

It is known since works by A. Selberg [16] and A. Weil [19] that
the transformation groups underlying automorphie functions and forms
in several variables have algebraic coefficients (or are equivalent to such).
So number theory plays an important part in the definition of these
groups. But the contribution of number theory is not exhausted by this.
T need not mention the vast connections between modular and auto-
morphic functions and class field theory; already Siegel's theory of
Risenstein series [18] and a recent generalization by Baily [1] show the
contrary. Moreover, investigations by Igusa [13], Hammond [12],
Freitag [9], and Gundlach [10], [11] derive the algebraic structure of
the rings of special modular forms from number theoretical properties,
The present note reports on some consequences following from this know-
ledge. The details of this investigation appear independently in a series
of lecture notes [8]. Here we only describe the results and possible impli-
cations. : :

For a large class of antomorphic forms Baily and Borel [2] — -see
also [7] — showed that they form finitely generated graded rings 3. The
degree is the weight of an automorphic form. Here we only deal with
Hilbert and Stegel modular forms in the most narrow sense, the underlying
groups being

I =8L(2, D),
where O i the principal order of a totally real algebraie number field
of degree n. The number of independent variables is # in the firgt case
and # == }m(m-+1) in the second. By normalization of a system of genera-

resp Sp(mw, Z)
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tors of  one obfaing w1 algebraically independent modular forms
Yoy - -5 Yy Of equal weight (which will be called %) such that every modular
form depends integrally on the subring

b = O{:y(]: Trey yﬂ,]'

The y; form a system of projective coordinates of the modular variety M
which covers the projective gpace P™ in a finite number of sheets.

In many cases (see [9], [10], {117, [12], [18]) J is a froe h-module
for a suitable system of g,, and there are veasons why the following may
be trus under rather general conditions:

Hyporuesis. There ewists a system ¥y, of modular forms such that 3
1§ o free h-module.

We give some arguments in favowr of this hypothesis although they
only concern. Hilbert modular forms.

A necessary and sufficient criterion for a free graded H-module U
is the vanishing of all functions Bxti(U,H) (¢ =1,...,n—1), together
with the reflexivity of 9. The Ext® are also graded h-modules. Of particular
interest are the submodules of homogeneous elements of degree —n 1.
They are spaces of finite dimensions over C, and Serre [17 Thag shown under
quite general conditions that, for A = &, the dimensions are equal to the
ranks of the (m—i)th cohomology groups of the underlying prejective
variety M. We may abbreviate this fact as

H{~n—1, Exti(5, b)) = H*(M).

If the variety were regular a theorem of Dolbeault [4] could be applied
by which these ranks are equal to the ranks of de Rham cohomoelogy
groups of our variefy M of degrees n —s. If this were o we could conclude
from our Hypothesis that there do not exist non-vanishing holomorphic
differential forms of degrees 1,...,n—1. Unfortunately the modular
variety has always singular points, but one may ask whether Dolbeanlt’s
theorem still holds for singular varieties.

In the case of Hilbert modular forms one can. eagily prove the vanishing
of all these differential forms by a method which iz due to Mabsughima
and Shimura, although they only develop it in a slightly eagier case [15].
One can do this even for groups which are commensurable o the Hilbert
modular group.

Under the assumption that Dolbeault’s theorem iy still true, this
would state that the ranks H(—n—1, Bxti(3, b)) vanish. Now it may

be reagonably conjectured that a system of ¥, exigbts much that
Exti(J,5) = 0.

Before we can enunciate owr chief theorem, we have to explain two.
concepts. '
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An J-ideal A is called gquasi-invertible if there exists another J-ideal
-t such that the product AU coincides with X in all homogeneous
elements of sutficiently large degree. A special quasi-invertible ideal
A =P is the ideal of multiples of a prime divisor which does not pass
through = singular point.

Furthermore we need a concept introduced simultaneonsly by
Bourbaki [3] and the author [6]. We consider all valuations of § which
are attached to homogenecous prime polynomialy peh. It iz clear how
a p-adic extension %, of a h-module A can be defined. A h-module U is
called reflevive if

A =M%,
o

(The author first used the term “arithmetiseh abgesehlossen” instead
of “reflexive”, which has been suggested by Bourbaki) A free module
is always reflexive.

In the following we will give a criterion for principal ideals. It holds
in the following situation: J is either the Siegel modular group or the Hilbert
modular group for the field Q(Vd) in two variables 2, 2,. In this case
we further assume that the Bisenstein sevies G4(2y, 2:), is not mapped
on 0 by the specialization #; = #,. It then maps the ring of Hilbert modular
forms of even weights on the full ring of elliptic modular forms of Wei'ght&
divisible by 4. This ring is the ring of polynomials in the classical El.sen-—
stein series ¢, and gi. A similar staternent can be made in the case of Siegel
modular forms, the specialization is this time Siegel’s operator @ (see [18].
No. 32}, applied m —1 times.

Under these conditions and the above hypothesis, a gquasiinvertible
S-ideal which is a reflewive h-module is a principal ideal.

Some applications. Restricting ourselves to the Hilbert modular
forms under the conditions just mentioned, we study the following curves:

Por o =2y, Byt 21 = —4

with a positive integer ¢. The curves 8 have been dizeovered by Pomoa,.ré-
in n different context and studied extensively by Shimura [20]. While
B, maps Hilbert modular forms on elliptic modula:r forms, SBQ maps them
on auntomorphic forms with respeet to the following group

= [(a, qﬁ) eSL(Z,D)]
A ]

where « — o' means the non-identical automorphism of L. .

We will calenlate the number of intersections &(%, %) fo:f' two of

these curves. The first way to do thiz applies number theoretical con-

siderations concerning the matrices and groups involved. They are simi-
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lar to those used in the theory of eomplex multiplication. It is easy to
give the following estimate:

A(Po, Bg) < D) h{4(du2 — )f %)

where u, f run over all integers (f must be positive) such that the argument
of h is the discriminant of a ring of integers in an imaginary quadratic
number field, and » means the ideal class number of this ring. One can
show that the coordinates of the intersection points lie in clags fiolds
of O(Vdu?—g). The exact number of intersections in this conneetion
is not yet known.

In a gimilar way one gels

A(Byy s Q) <5 D w(dy ¢, @i 1w, (82— g2.00) df )

with cerfain elementary factors w(...) which are either 0 or powers of 2.

On the other hand, the number of intersections can be given by
& formula which was firet proved by Zarigki [21] and which we uge in
a slightly different notation:

d{P, 8) = y(3)—v(P)—y(Q) + 7 (PR)

where » i3 the “genus coefficient”, namely the constant term in the rank
polynomial. Since our variety has always singular points, we need the
assumption that the ideals B, 8 are quasiinvertible ([8], §14). The 33;1'
are indeed gquasiinvertible if they avoid all singular points of the variety

([81, § 15). The conditions for that are cumbersome ([8], § 19, prop. 1).

B, is only quagiinvertible if © = Z(V3) and I' is the larger group of
substitutions of determinants e, units in O.
Ingerting P,, P, for P, 2 such that P = JP, Q = J@ with modular
forms P, @ of weights »,w, we obtain
FTTT,
(B, ) = P(—VEQ_--C(,_’ v v,
4t d(Vd)

where D(Vd), (s, Vd), h(Vd) mean the discriminant, the zeta funclion,
and the ideal elass number of Q(Vd). (Here we used Shimizu’s fornmla
for the number of linearly independent modular forms of given weights,)

There ig another application of the intersection number ([8], §19)
which allows to express the weight of the modular form P, generating
By = IP, by the genus of the field of automorphic functions attached
fo the group I.

Without doubt, the cooperation of number theory, function theory,
and algebraic geometry leads ocnce more to guite a few new results and
" problems which are not yet exhausted.
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Cyclic overlattices, II
(Diophantine approximation and sums of roots of unity)
by
A, J. Jo¥es (Cambridge)

In memory of Professor H. Davenport

1. Introduction. In thiy paper I shall examine some consequences
of three theorems on the Geometry of Numbers which were proved in
an earlier paper ([2]). The notation and terminology ‘of that paper will
be assumed, often without special comment.

In 1967 Davenport and Schinzel ([1]) considered the following
question. Given integers a,, ..., a;, ¢ Wwith.

(1) (@ryens Oy @) =1,

can we find an integer # with

(2) (m,q) =1

for which

(3) max ffac /gl < 8-
Lk

Here it is to be wnderstood that 8 is a fixed positive number (0 < 6 < 1/2)
and that ¢ is Iarge. If the condition (2) were replaced by = 0 {mod g)
the angwer would be affirmative, and by Dirichlet’s theorem on Dioph-
antine approximation it would suffice if ¢z 6%, Ag they observed the
answer to the above guestion eanmot, however, be unconditionally
affirmative. For suppose there is a linear relation

{4) Byt .o - hgay, = by,
in 'which A s 0 and

(8) (Bay ooy lyy ) =1,
{6} (Byy -ons ) = 1,
and

k
(N Zmi[ < 6L,



