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ON AN EULER-LIKE METHOD
WITH EXPONENTIAL CORRECTION FOR INITIAL-VALUE PROBLEMS

There exist a few one-step methods for solving the initial-value
problem

dx

(1) Ty

=f(t,2), x(l) = @,
using partial derivatives of f(¢, #). The most popular one is the power
series method. In 1952 Zurmiihl [3] has proposed to formulate a class of
methods similar to the well-known Runge-Kutta processes. Several
formulas of this type have been obtained by Hobot [1].

The simplest method is expressed by the second order formula

2

h
(2) Tpin =.’I}n—}-hf(tn,$n)+—2—g(tn,$n), » =O71727-°'?

where

df (¢, x) i} 0
= —dt = a_tf(t’ z) +f(, w)%f(t’ z).

g(t, x)
If z, = z(t,), then z,,, = @(t,,,)+O0(h%), t,,, = t,+ k. This formula,
obtained as the first threc terms of the Taylor series for z(t), is analogous
to the well-known Euler algorithm for the problem (1). The present
baper deals with a modification of this formula, obtained by taking into
account some terms of the infinite remainder of the Taylor series; namely,
the terms depending upon f, df/dt, df /0x, only.
Let us denote

diz(t)
dat’

%) (t) =

For a solution z(t) of equation (1), we have evidently
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z'(t) =f(t, 2),
"t’—a t L o)
z" (t) _Ef(ym)’{'f(’w)a_mf( y ),

0* 0
010 = gt 0+ | 5 9) 11, 9) 51 0)| 10 00+
a 2
H(t,9)| 250 1, 9) 11, 9) 5o £t 0]

= &) [ty @)+l ),
where
0 0* 0*
ra(ty @) = 35 116 0) 4104 0) | 25510, 0010, ) 3 1, 9)]|

contains terms with at least one factor being the derivative of the function
f of order greater than 1.
We may infer from this by induection for j = 4,5, 6, ... that

W0 =o' [ 116, ] " +re,0),

z(t+h) = z(t)+ jm(f)(t)h"/j!

j=1

(8) L hf (¢, )+ (2) Z[—f(t w] Wi+

j=2

+ Nyt o)W !
i=3
— () +Hf (¢, @)+ (2) [%f(t, ac)]_2 x

X {exp [h:—wf(t, a:)] —1—h%f(t, w)} +O0(h%).
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That is, we obtain a new second order formula
(B)  Bpp1 = BT hf (b @) + 9 by 0,) [k (8 2,) 17" {exp [RE(2,, 2,)] -1} —
—hg(ty, ,) [k(t,, 2,)]7,

where

0 0
k(, ) = ng(% z), g,2) =2"(Q) = Wf(t’ x)+f(¢, ) k(t, x).

If z, = 2(t,), then @, ., = x(t, ;) +O[R%, t,,, =t,+h.

It is remarkable that this formula is exact for all linear differential
equations with constant coefficients, because all the r;(¢, #) = 0 identically
for j =3,4,... in this case. For many other equations (namely, those
for which solutions are not comparable with a second degree polynomial)
it is to be hoped that the remainder of formula (3) will be less than that
for (2).

If we solve the initial problem with the aid of an automatic computer,
the evaluation of the exponential function introduces no significant com-
plication, otherwise we exploit only the same elements as in (2), that is,
f,0f/ot and Of/0r in the point (i,,x,).

One of the present authors [2] has used the above-mentioned idea
of the “exponential correction” to obtain formulae analogous to the Runge-
Kutta fourth order method.

Because for a very small %, exp(hk,) may be too close to 1, to avoid
the increase of the propagated relative error it is recommended (') to use
fomula (3) as the following algorithm:

a = hf(t,, @,),
b = [k(t, )17
¢ = bg(ty, @),
d = exp[hk(t,, x,)],
Tpyy = Tpta-+bed—(b+h)e.
This algorithm was tested on the Odra 1013 computer with 31 bit
floating-point mantissa, in the FALA-69 autocode. The obtained results

(1) If it is possible to calculate the function p(u) = (exp(u)—1)/u—1 instead
of the Algol-60 standard function exp (u), it is of advantage to use formula (3) in the
form

Tpy1 = T+ h[f(tn’ Zp)+ g (tn, wn)p(hk (tns @) /K (tn, wn)]
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are compared below with analogous results for the Runge-Kutta method
of second order,

(4) Tpyy = &+ B (L, + 30, @, +FRf (L, @,)].

All these calculations were executed without subdivision of the step .
Examples.

I dzx/dt = z+t+1, (0) = 1. Exact solution: # = 3¢’ —t—2. k(t, ) = 1,
git,x) =a+t+2, h = 0.1.

t A z(t) from (3) error i z(t) from (4) erTor

0.1 1.215512751 —2;0—9 1.214999998 —5.1;,—4
0.2 1.464208270 —2,0—9 1.463074997 —1.1,—3
0.5 2.446163782 —-3.2,,—8 2.442340290 —3.8;—3
0.8 | 3.876622712 —7.310—8 3.868366757 —~8.2,p—3
Lo | 5.154845375 —1.2,0—7 5.142242509 —1.3,0—2

II. dz/dt = t*—2tz, (1) = 1. Exact solution: & = e +'4 (12—1)/2.
k(t,z) = —2t,9(t, ©) = 38> —220—2t(*—2tx), h = 0.1.

|
t z(t) from (3) error ' x(t) from (4) error
1.1 0.914048065 : —1.5,,—3 0.916688887 +1.1;—3
1.2 0.861400501 —2.6,—3 0.866222679 +2.2,0—3
1.5 0.907682460 —3.8,—3 | 0.916036444 +4.5,0—3
1.8 1.223153646 ~3.3,-3 ‘ 1.231418826 +4.9,—3
2.0 1.547011221 ~27,~3 | 1554272520 44y —3

II1. dz/dt = (x—1*)[t, (1) = 1. Exact solution: ¢ = 2¢t—#%. k(t,x) = t7,
g(t, z) =2, h = 0.05.

t z(t) from (3) 1 error z(t) from (4) error
' |
1.05 0.997457806 = —4.2,0—5 | 0.997540323 +4.0,0—5
1.10 0.989915635 , —84,-5 ' 0.990080705 +8.0,—5
1.15 0.977373488 =134 0.977621138 +1.2,—4
1.20 0.959831361 ! —1.70—4 0.660161616 +1.6,p—4
1.25 0.937289249 —2.1,,—4 | 0.937702134 +2.0,—4

IV. dz/dt = t+ (x-+2?%)/t, (1) = 1. Exact solution: x = ttan({ —1+=/4).
k(t,z) = (1+22)/t, g(t,x) = 2+ 22+ (202 +22%)/t2, h = 0.1.
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t | a0fom @ | emor 2@) from (4) | error
1.1 1.344318942 { —1.0,0—3 1.340624996 ’ —4.7,0—3
L2 1.806397567 | —3.7,-3 1.795486788 | —1.9,—2
1.3 | 2.453476613 L —11,—2 2.427419336 I ~3.7,—2
1.4 i 3.419628856 —3.1—2 3.358380557 —9.2,,—2
L5 5.013549204 —9.8;0—2 4.857059981 |- 2.5,p—1

For (3) the computation time was always shorter than (or, in the
case of example I, equal to) that for (4), because in (4) we must calculate
f(t, x) twice, whereas in (3) we may use some common elements during
the calculation of the functions f,g¢g and k.

In examples II (especially for ¢ close to 1) and 111, the exact solution
is comparable with a second degree polynomial, and formula (3) is not
distinetly better than (4); both they are even worse than (2).
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0 ANALOGONIE METODY EULERA
Z POPRAWKA WYKLADNICZA DLA ZADAN POCZATKOWYCH

STRESZCZENIE

W pracy podana jest metoda krokowa (3) rozwiazywania zadan poczatkowych
typu (1) przy zalozeniu mozliwodci obliczania pierwszych pochodnych czastkowych
Prawej strony réwnania rézniczkowego. Metoda ta jest dokladna dla réwnan linio-
wych o stalych wspoélezynnikach. Zalaczono przykladowe wyniki obliczed, poréwnane
Z wynikami otrzymanymi metoda Rungego-Kutty rzedu II, okreflong wzorem (4).



