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Abstract

We consider barotropic motions described by the compressible
Navier-Stokes equations in a box with periodic boundary conditions.
We are looking for density ¢ in the form ¢ = a + 7, where a is a
constant and 7|—¢ is sufficiently small in H?-norm. We assume ex-
istence of potentials ¢ and ¢ such that v = Vo + roty + fvdz.
Next we assume that V|—g is sufficiently small in H?-norm too.
Finally, we assume that the second viscosity coefficient v is suffi-
ciently large. Then we prove long time existence of solutions such
that v € Leo(0,T; H2())NLa(0,T; H3(Q)), v+ € Loo(0,T5; HY(Q)) N
L2(0,T; H?(2)), where the existence time T is proportional to v.
Next for T sufficiently large we obtain that v(T") is correspondingly
small so global existence is proved using the methods appropriate for
problems with small data.
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1 Introduction

We are looking for existence of global regular periodic solutions to the fol-
lowing problem

ovy + ov - Vo — pAv —vVdivo+ Vp=of in Q XR,,
(1.1) or +div (ov) =0 in Q xRy,
V]i=0 = Vo, 0li=0 = 00 in €

where v = v(z,t) = (vi(z,1t),v2(z,t),v3(2,t)) € R is the velocity of the
fluid, o = o(z,t) € Ry is density, f = f(z,t) = (fi(z, 1), fa(x, 1), f3(x, 1)) €
R3 is the external force field, p = p(p) and p, v are constant positive viscosity
coefficients. 0 C R?® is a box and the periodic boundary conditions are
assumed on 0f2.

Looking for weakly compressible motions we assume that
(1.2) o=a-+mn,

where a is a positive constant, 79 = n|;=¢ is sufficiently small and the second
viscosity coefficient v is sufficiently large.
In view of (1.2) we write (1.1) in the form
(a+mn)(ve+v- Vo) — pAv —vVdive 4+ ayVn

(1.3) = (po(a)) — pola+n)Vn + (a +n)f,
'U’t:O = Yo,

where p, = j—’;, ap = p,(a) and

+v-Vn+adive +ndive = 0,
(1.4) Uz n n
Nle=0 = Mo

Sometimes it is convenient to consider (1.3) in the form

Ut—l—v-Vv—HAv—KVdivv—i—@Vn
a a a
S oy N | Vdivv+@ 7 Vn
(1.5) aa-+mn aa—+mn aa+n
1
T oy Pele) mpelat )V + f,
U|t:0:’l}0.

Since we are looking for solutions to (1.1) with large v it is natural to
introduce periodic potentials ¢ and v such that

(1.6) v=Vy+roty + G,
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where G = ﬁ fQ vdzx.

From (1.1); » and assumption (1.2) we obtain

d

pr (a4 n)vdx = /(a+77)fd:£.
0 0

Hence

/vdx = 2{—/nvder/(a+77)fdxdt’+/(a+770)v0dx].

Q Qt Q
Therefore, —
1 '
G = m — [ nudz + [ (a+n)fdxdt' + [ (a+ no)vedz|.
Q Ot Q

In this case equations (1.3), (1.4), (1.5) take the form

(a+n)(Ve, + 1oty + Gy + (Vo + ot 4+ G) - V(V + rot 1))
— pA(Vp +rot ) — vVAp + agVn

= (pola) — pola+n))Vn+ (a+n)f,

Vli—o = Vo, rotili—g = rot iy.

(1.7)

Moreover, we assume that

(1.8) f=h+1

where f, is divergence free and f, is the gradient part. Then div f = div f,,
rot f = rot f,. Next we have

ne+v-Vn+alp+nAp=0

(1.9)
7]|t:0 = To-

Finally, (1.5) takes the form
(1.10)
Vi +roty + G+ (Ve +rot + G) - V(V +rot )

— 'L—LA(V@%—rotw) — ZVAgo—l— @Vn = T Ay
a a a aa-+mn

n : n 1
a+anlvv+aoa+nVn+a+n(pg(a)—pg(a+n))Vn+fr+fg,

U|t:0 = Up.

— VUV
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In this paper the following barotropic motions are considered
(1.11) p=Ao”*, »>1, A — const.

We need an equation for V7. To derive it we multiply (1.7) by £, apply
operator V to (1.9) and sum up the results. Then we have

Vi + %Vn ==V(v-Vn) = V(nAy) — %(Qvt + ov- Vo)
a a a
(1.12) + 280+ 2 (py(a) = pyla+ )V + o,
Nli=0 = 1No.

The aim of this paper is to prove existence of global regular periodic so-
lutions to problem (1.7)-(1.9). To show existence of such solutions we as-
sume that the initial density is close to a constant assuming that the norms
17(0) || 2(02), [|7:(0)| a2 () are sufficiently small.

Moreover, we assume that the second viscosity coefficient v is sufficiently
large. This implies that velocity v must be considered in form (1.6) because
divergence free and potential parts have to be treated differently. Therefore
we are looking for such solutions that V¢ in some norms is small but rot ¢
in these norms not.

The natural way to derive necessary estimates is the energy method. The
method was first applied to equations of viscous compressible heat-conduc-
ting fluids by Matsumura and Nishida in [MN1, MN2, MN3]. Next by
Valli and Zajaczkowski in [V, VZ]|. The free boundary barotropic case was
considered in [Z1, Z2]. Finally, a free boundary viscous compressible heat-
conducting case was considered by Zadrzynska [Za]. The method is natural
in the problem because v is considered in form (1.6) and the second viscosity
v is very large comparing to p so the anisotropic approach to velocity is
necessary.

Since ||7(0) || g2(q) and [|1¢(0)|| g1 () are small we denote the motion a weakly
compressible. However, we consider the periodic problem the proof can be
extended to motions with different boundary conditions.

In Section 2 some preliminary results are formulated and proved. In Sec-
tion 3 the main estimates for large v and time are shown. The estimates
are of an a priori type. However, for the local solutions they are real esti-
mates. The estimates are made without smallness assumptions on norms
of rot 1. This is possible thanks to the following two estimates: |[v||z, (ot
(see Lemma 2.2, Remark 2.3 and Remark 2.4) and ||v||z, (o) (see Lemma
2.9). These estimates are crucial for proofs of Lemma 4.1, Corollary 4.2,
Theorem 4.3 and Theorem 5.7.
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In Section 4 we prove existence of long time solutions, where the existence
time T is proportional to v. The existence is proved in the following way.
Having long time esimate proved in Corollary 4.2 we have existence by time
extension of local solutions.

The proof of Theorem 4.3 is based on the time extension of a local solution
and the derived long time estimate. The proof is understandable but not
explicit. To have an explicit proof we have to use the method of successive
approximations in the time interval [0,7]. But looking for considerations
in Section 3 such proof will be very complicated.

However, the long time solutions are not global. Therefore in Section 5 we
prove existence of global regular solutions. For this we need some decay
estimates (see (5.51), (5.52))which imply smallness of data at time 7" (see
(5.53)). Then considering problem (1.7)—(1.9) with small initial data at
time 7" (see (5.53)) we use the technique from [BSZ, VZ, Z1, Z2] to prove
existence of global regular solutions (see Theorem 5.7).

Now, we formulate the main results of this paper

Theorem A (local existence). Let v > 0 be given sufficiently large. Let
v = Vy +roty, o = a+n, a-positive constant. Let 1n(0) € Ly (),
1(0), Vp(0), 1ot 1(0) € T3(Q), f € L2(0,T5T1(RQ)), IVe(0)llrze) < 5.
[rot p(0)[Ir2) < ¢ [MO0)Ir2) < §5 [folorszor < 5, f € La(0, T3 T1(Q)),
f € Lg(0,T; L3(Q)) N L1(0,T; Loo(S2)).  Assume that there exist positive
constants g, and ¢ such that cv* < @, < ¢(0), where » € (1/2,1). Then
there exists a reqular long time solution to problem (1.1) expressed in the
form (1.6)-(1.9) such that /N ¢,rot ) € Lo, (0,T;T2(Q))NLy(0,T;T3()),
vV € Ly(0,T;T3(Q)), vn € Loo(0,T;T3()), and v € M(Q), t < T < v,
where T is the time of local existence and

[ollory < d@InO) ez, v IVe(0)lIrz0),
(113) ot (0)llez), VIOl vifolossagr I1flraoari@),
1 1

[ £1] £6(0.6:L5(2))NL1 (0.6:Loo (€2)))

where t < T, ¢ is an increasing positive function of its arquments and the
space N(Q) is defined by

1/2HV<,0HLOO(0,1&;F§(Q)) + lrot ¢l o.ur3c))

+ [[rot ¥l L, 0,603 + VIVOll Ly,6r30))-

[vllnen = v

For T > v we have a global existence of such solutions that.
To prove global existence of solutions to problem (1.1) we use the step by
step in time extension.
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The existence for t < T < v is shown in Section 4 but for ¢t > T > v in
Section 5.
Therefore, we have

Theorem B (Global existence). Let the assumptions of the Theorem A
hold. Let ||f,(t)||1 < ce™®, a > 0. Let f € Lyo(kT, (k + 1)T;T3(Q)) N
Le(KT, (k + 1)T’; L3(Q)) O Ly (KT, (k + 1)T’; Lo ().

Thenv € W(Qx (KT, (k+1)T)), k € Ng and (1.13) holds with interval (0,T)
replaced by (KT, (k+1)T), k € Ny = NU {0}.

Now we describe the idea of proofs of Theorems A and B.

Our aim is to derive a global estimate for regular solutions to (1.3),
(1.4) using presentation (1.9), (1.10). By the regular velocity we mean such
velocity that v € Ly(0,T;T3(Q)). Then we have a corresponding regularity
for n € Loo(0,T;T%(2)). This kind of regularity is necessary to estimate
nonlinear terms.

First we derive the inequality for v € L (0,7T; Lg(2)). Multiplying
(1.3); by v|v|"2, integrating over Q' we get (see Lemma 2.2)

: 1/r
r/2|2 /
(1.14) o)) + (/|V\v| | dxdt) < el s pr + VAP
0

+ C|f‘%,r,ﬂt + ool & [vol

where r < 6.
The second term on the r.h.s. of (1.14) is not controlled for large v. Hence
to control it we use the interpolation in the case r = 6

(1.15) |Aplig/76.00 < C|VA80’§,/30,Qt’V90|§,/£t7

where the mean values of Ay, VAyp, Vg are zero in view of periodic bound-
ary conditions. To estimate the last factor we derive the equation obtained
from (1.3); by applying the div operator
alp; — (1 +v)A%0 + agAn = —adiv (v - Vo) + div [—nu;

— v - Vo + (poa) = pola+n))Vn + (a +n)f].
Applying operator A™! to (1.16) yields

(1.17)
ap; — (L +v)Ap = —aA’lﬁxﬁxj (viv;) + aA’l&,;i(Agovi)

+ A7div [—nuy — v - Vo + (pla) — po(a+ 1))V + af,

+77f]—(77—7[77dx)—|—a7[g0td:c5D1+D2+F—ﬁ+a7[g0td:c,
Q Q Q

(1.16)
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where f = ﬁfﬁ’ n=n—fndc.
Q Q

The aim of this paper is to show that the quantity ¥ = v|Vp|s 120t is
bounded for any ¢t € Ry. Then we see that [VAp|s o ar < c||Acp||W22,1(Qt) <

c|V|3120:. Hence we have to derive that 1/1/3|V90];/St < 22 a, 8 positive

constant numbers. This is the aim of Lemmas 2.3, 2.4 and Remark 2.2.
First we show the idea of the proof of Lemma 2.3. Multiplying (1.17) by ¢
and integrating over €2 yields

O Lo+ (u+ )Vl = / Dygde + / Dpir + [ Fods
(1.18) o

—/ﬁgoda:%—a][gotd:c/gpd:c.

Q Q Q

We need to obtain such estimate for |Vo|s o that
c

(119) |V()0|27Qt S —, a > ].,
VOC

where ¢ depends on such norms of v, Vo, n that Vi, v € Ly(0,T;T3(22)) N
Loo(0,T5 1)), 0 € Loo(0, T;TH)).

The dependence can be strongly nonlinear because small parameter 1/ (v
is assumed to be large) helps to get an estimate by a perturbation argument.
But the first and the last terms from the r.h.s. od (1.18) will not imply
estimate (1.19). They must be treated in the following different way

Dily/r-
’/Dlgpdx _/I e 4 < | 1|;/(p 2|2

’Dlyléél—%))
p/(p—2 2
<M+y)’v30|2 [(,U‘f'V)%CP*]l/(l_%) 90|27 » € (1/271>

afgpgix/cpdx =0,

Q Q

l\i)lr—A

and

because we assume that ¢ = ¢’ + L, [¢'dz = 0 and L is some arbitrary
constant, where 0 < ¢, = ming ¢. ¢ can be chosen positive because it is
determined up to an arbitrary positive constant L.

Using that f = div I’ we get

‘/F(pda: :‘/F'Vgpdx
Q Q

< e[Vly + c/e|F'];.
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Since |D;| < c|v|? we derive (2.31) in the form
2p/p 2 ),2/(1—5),Qt
(1 + vt/ )

Al + (1 + 1) Vollar < exp ( [

(1.20) u+u{|A<’0|3/2ooQtA2+ [9[6 0,00 [V ]3,
+ ’77|6,oo,9t‘7)’§7oo,9“4% + ’77|37oo,Qt‘V77’§7Qt + |77‘§,oo,ﬂt|f‘g,9t

1B+ I} + a|¢<o>|g] .

Lemma 2.4 implies the bound for ¢.
Let k = o ne Lo(0,T; H*(Q)), v € Loo(QT), f € L3(QF). Then

) ) (2/0)(1+1/)

|Plooiar < 2k |1+ ct(H”)/”Omeas(H")/pOQ(

(1.21) ptv

(7l [0]oo \f|3,m>} _—

where t < T, » € (0,4/3), 3/po+2/ro = 3/2 and ¢ is an increasing positive
function. Next Remark 2.2 gives

(1.22) = =, <o,

where ¢ is defined up to an arbitrary constant L but =, not because 7,
depends on k = max{|3(0)|, 1} which is independent of L.

Finally we have to estimate the second term on the r.h.s. of (1.14). In
view of (1.15) we have

(1.23) V| Aplig/rear < CV2/3|VAQO|§/030 Qtyl/3|Vg0|;,/£t = 1.

Recall that U(t) = v|Vpl31.20:t. Our aim is to show that there exist positive
constants oy, B, k =1,2,..., such that

Yo
(1.24) I < Zk: -
By imbedding we already have that
(1.25) I < OBVl o,

Hence, we have to use (1.20). First we have to estimate the argument of
exp function. We assume that

(1.26) a1 < (+v)%p,.
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Then the term under exp in (1.20) is bounded by
c|v|§,/£3;), »=3/2-3/pe (0,1) for pe (3,6).
Assuming that
(1.27) O] < = ol < =
we obtain (see (2.62) and (2.64))

c
(128) |77‘r,oo,Qt S ;(\Ij + C)
Then (1.20) implies

[Velaar < (|vl6ccqrs [vel20rs [VNlaar, [ fla0r)-
(1.29) 1 c
2T )+ sle(0)]z]
Assuming additionally that

C
(1.30) (O < =, x> 172

and using (1.30) in (1.29) and the result in (1.23) yields

I < ¢(Jvls.co0ts |Vel2.0t5 | VD208, | fl2ar)-
(1.31) SRR

1/3 + 173 + y=/3-1/6

Then from (1.14) for r = 6 we get (see (2.82))

¢ 1/6
[v(t)]6 + (/ ‘V|U|3|2d$dt/> < c|nlisg/m6,00
(1.32) i
+ O([v]s00.0ts [Vel20rs VN2, | flaoe) (¥ /03 + W23 /13
+ 2B J Y el fligraar + cleol i lvols = Di.

Finally, Lemma 2.9 implies
0i(t)]3 + 1l Vo300 + VIAG5 00 < exp(|n]3 200

+ (Inl300.00 + DY + DAT) - [Inef2.00 + 1017 o e (DYA]

+ IVl 100 AT+ [l 00) + [fils.0r + oo ve(0)[3]
= D%.

(1.33)
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Let us introduce the quantities

U(t) = v|Vols12.0t,

1(t) = VIVels 1 s + 10t 5 o 0.
(t) V|v90|§,1,2,9t + |1"0t¢|§,1,2,9t7
() ’/(\V@g,l,oo,ﬂt + ‘V(P‘il,zﬂt)a

(t)

t) = |rot ¢|§,1,oo,9t + [rot ¢|§,1,2,Qt-

X1
X
o]
o3

From (4.2) we have inequality

v o, v
X%(t) +X§<t) + \IJQ(t> S ¢(D17D27A17 ;7 \/_1;7 ;7(1)2’
(1.34) ;

+ 310 (140

1,1,2,0t, |n|271,oo,Qt7 |77|2,1,2,Qt>

g,l,oo,Qt)\II2 + V|90(0)|§,1 + [rot ¢(O)’§1

Hence for v sufficiently large there exists a constant A such that
(1.35) X(t) = xat) + xo(t) + ¥(t) < A

there is such restriction on time that ¢ is proportional to some positive
increasing function of v. But large time is not convenient because strong
restrictions on v, f follow from time-integrals norms. Therefore to derive
estimate (1.35) for all ¢ € R, we perform the procedure step by step in time.
In Theorem 5.7 we prove that

(1.36)  X(t)< A, tel[kT,(k+1T], keny=]|uU{o}

where A does not depend on k.

The derivation of such estimate is possible thanks to sufficiently large v, T
and sufficiently small [V (0)|2.1], [17(0)2,1-

In the proof is used natural dissipation mechanism in the compressible
Navier-Stokes equations connected with viscosity coefficients p and v.
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2 Notation and auxiliary results
We use the simplified notation

lullzy) = lulp,  [lullms@ = llulls, [[ullwg@) = llullsp,

l t 1/r
= 3 0l _ ( / |u<t’>|z,ldt') |
7=0 0

/ /g
s = ([ o)
0

lullzeems@) = lullsron l[ullz,ouws@) = llullsprar

Introduce the spaces
F(Q) = {u: |ulp; <00}, 1<k, [ k€EN,.

By ¢, ¢, ¢o, 0 € N, we denote always increasing positive functions of their
arguments.

First we obtain the energy type estimate for solutions to problem (1.1).

Lemma 2.1. Assume that (o,v) is a solution to problem (1.1). Assume
that p = p(0) = Ap*, » > 1. Assume the periodic boundary conditions and
that f € Looo(2 x (KT, (k+1)T)), k € No, a/2 < o < 3a/2, 0o € Ly(Q),

f € Lo () and p/ > 0. Let sup,ey, [, kH In(t)|adt < uT/2 and
(k+1)T
B =cswesp [ [ 0] Ul oonoram + sl
0
kT

+leoli 115 1,00 + loollvol3].
fQ ( QOUO %él Qat)dx < o0
0o € LQ(Q), Vo € LQ(Q)

Then there exist positive numbers p', u” less than u such that

t

t
1 A
[ (et + 270 Jawwst [l + [ vty
0 0

(2.1)
< ce!'T (1Bi + a(o)) = A2,
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Proof. Multiplying (1.1); by v, integrating over {2 and using the periodic
boundary conditions, we obtain

1
) /(QatUQ + ov - Vo?)dz + p|Vol; + v|divol;
(2.2) ¢
—|—/Vp(g) ~vdr = /gf-vdx
Q Q

Adding the identity

1
3 /[Qt + div (ov)]v*dr =0
Q

we derive from (2.2) the equality

1d
(2.3) 5@/Qv2d$+u|V1}‘g+I/|diVU|§—|—/Vp(Q)'de:/gf-vdx.
0 0 0

Using that p = Ap*, » > 1, the last term on the Lh.s. of (2.3) equals

(2.4) Q/V}D(g) ~vdx = Aﬂ/v -Vo*dx.

To use (2.4) in (2.3) we multiply (1.1)2 by ¢*~!. Then we get
0" Moy +v- Vo) + o*dive = 0.

Continuing, we have
1 1 .

(2.5) —010” + —v - Vo* + o*dive = 0.
V4 V1

Adding =1v - Vo~ to both sides of (2.5) yields

10 B . B _%—1
;&Q + div (vo”) = >

v-Vo™.

Integrating the equality over (2 and using boundary conditions gives

A A(e—1
Ad odx = L/U - Vo*dx.
w dt »

Q Q
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Hence

(2.6)

A
—1

Q.l&

ya

t/g”dx:A/v-Vg”dx.
Q Q

In view of (2.4) and (2.6) equality (2.3) takes the form

d 1

A
(2.7) %/ (591}2 + :g") dx + p|Vol5 + v|divo]; = /Qf -vdz.
Q Q

Using that f vde = G, where G is defined between (1.6) and (1.7), and
Q
applying the Poincaré inequality we get

d 1 A .
— —ov? + ———0" |dx + pfv|3 + 1 ||v]|? + v|dive|d < [ of - vdx

dt 2 x—1
Q Q
2>

2
—l—‘/govod:v
Q

Exploiting that a/2 < p < %a and introducing the quantity

+dGP < [ of vda+ C<|n|§|v|§ " ’/@fdxdt’
Q Ot

and using that

'Q/Qfmdx

-| [ varvae

C
<< [ oo+ SloBIfE
Q

we obtain

d / " 2 : 2 2
(2.8) Fetpatp [v]l7 + v|divel; < enlsa+¢f,
where

B = looli|f15 + leolil 1% 1.0 + leollvolz + pa™.

Looking for the energy estimate with the bound independent of time we
use the step by step in time argument. Then we consider (2.8) in the time
interval [kT, (k+ 1)T), k € N.
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From (2.8) we have

o (t)eXp(ut—C/\n )|

+exp <u’t . / |n<t'>|§dt') (" |[0]2 + pldiv of2)

t
< Bexp <u’t —cf |n<t’>|§dt').
kT

Integrating with respect to time we finally get
(2.9)

t

alt) + e (H) / (0|2 + vldiv of2)de’
kT

t t t
< exp ( e / |n<t’>\§dt') / Bexp (u’t’ e / \n<t">r§dt") at
kT kT kT
t
a(kT) exp ( — ' (t—KkT)+ c/ |77(t')|§dt’).
kT

Omitting the second integral on the Lh.s. of (2.9) and performing integra-
tion with respect to time we obtain the inequality

a(t) < exp {C/t In(t) gdt'} (cfo)
kT

a(k:T)eXp( '(t — kT) + /|n |2dt>

where By = |ool7| f 12 2.0x ez T 1@+ |eol7] 12 1,00 + 10ol3]vol3-

(2.10)
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Setting ¢t = (k + 1)T yields

(k+1)T

a(k+ 0D <eple [ ki)
KT
(k+1)T
+ a(kT) exp ( —u'T+c / \n(t)\%dt)
kT
(k+1)T
< B(T) + a(kT) exp ( —uT+ec / ]n(t)|§dt>,
R
where
(k+1)T
B = swesp e [ o)l
kENg
kT
(k+1)T 4

Assuming that supycy, (t)dt < p/T/2. We have by iteration

kT n

B(T)

1—eHT/2

a(kT) < + a(0)e T2 | e N,.

Using the estimate in (2.10) yields
2B(T)
(2.11) a(t) < Tt + a(0), te kT, (k+1)T).

From (2.9) for ¢t € (KT, (k + 1)T], k € Ny, and (2.11) we obtain

t t
1 A
/ <§Qv2+—1@%)d$+l// [+ v [ o) ar
=
Q kT kT
/ B(T /
< [ceu T/25, 4 1# + a(())] Tt e KT, (k +1)T).

- — e HT/2

The above inequality implies (2.1). This concludes the proof. O
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Lemma 2.2. Assume that r > 2, of € LQ%(Q), p(o) —pla) € L (),

r+1
2
dive € L%, vV =uy+ sy, ”71 sufficiently small. Then

1 d
g\vrm— / V[0 Pda + & / o |V

+ 2 [ div oo %de < ——|p(0) — p(a)[s. + clp(o)
2 VT/ r+1
Q
—p(a) — vodivol’s. +clof[ s+ clofy,
1 2r+1

(2.12)

where ko = ko(p, V—j), c=c(r, ko).
Proof. We express (1.1); in the form
(2.13)  ov + ov - Vv — pAv — 1 Vdive + V(p — p(a) — nedive) = of,

where v = vy 414, v; > 0,4 = 1,2. Multiplying (2.13) by v|v|" "2, integrating
over €2, using (1.1)s and boundary conditions yields

1d
dt olv|"dx + u/Vv V(v dx + 1, /div vdiv (v]v|""?)dx
Q Q
(2.14) — /(p — pla) — rdive)div (v|v]"?)dr = /va|v|r_2da:.
Q Q

First, we consider

/vu (o]0 ~2)d

= u/ |Vl lv|~2dx + ,u/kavk (r—=2)|v["*V|vldr = I, + L.
Q

Using that v, Vv, = £ V|v|* = [v|V]v| we have
(r—2) /|vr 2|V |v||Pdz = (r —2) /||v|2_1V|v||2da:

r/2| dr.
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To examine I; we use the formula

(2.15) Vul? = |[u*|V

e
i / |v
Q/ |v
/

U
Jul

2
+ |V|u|‘2

Then I; takes the form

—l— ‘V|U||2)|U|T2d$

—|— |U|T2‘V|U||2:| dx

Ju

—|— “U’glv‘ﬂﬂ dx

=pu | [o]"|V

‘ dx+—/\vy /2| da.

Hence

4(r — 1
TS = B g
Q Q

Next, we consider

Jy = yl/divvdiv (vv|""?)dx

Q
=1 / |div o] |v]""?dx + 1, /divvv Vo[ 2dr = I3 + 1,
Q
where
Iy =uv(r—2) /div vv - V| [v] " dr.
Q
Then

|1I4] < vi(r—2) / |div v] ]v]T_QIV\Ude.
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Employing the above expressions in (2.14) one gets
(2.16)

1d
syl 4L de+ /|V\v|7"/2\ dx—i—,u/|v|
Q

+V1/ydiw|2;v|r2dxg Vl(r—2)/|divvl|v|r2‘V|v\|d:€

Q Q
+ /[p(g) — pla) — rpdivol[div o] 2 + (r — 2)|v|"3v - V|v|]dx
Q
+ /Qf”U‘UlTQdCE :
Q

The first term on the r.h.s. of (2.16) is bounded by

1
—V1/|d1VU| lv|"™ 2d:13+—yl r—2) /|v|r 2}V|v|| dz,

where the second integral equals

T 4
D=2 [ ol Ve = A2 / Vlol 2

281
Q

The second term on the r.h.s. of (2.16) can be expressed in the form

/(p(g) — p(a))div v|v|r_2dx — Uy / |div U|2|U|T_2dl’
Q Q
+ /[p(g) — pla) — vadivol(r — 2)|v|" v - V|v|de = J, + Jo + Js,
Q

where

| < _/|dmy ol 2d:1:+—/|p o) 2o 2dz

and

Tyl < (r —2) / 1p(0) — pla) — vadiv o] [o] [V |v]|dz

< 2= [l VP

Q

/ Ip(0) — p(a) — vadivojo] " ?dz = K;.
0

r—2

+
283
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Hence we have

K1 = 263

r-2 / ‘V|U|T/2|2dl‘

-2
4! /|p — vodiv v |v| " 2da.
263

Employing the above estimates in (2.16) yields

(2.17)
1d Alr —Dp 4wy (r — 2)° 263 r/2
dt olv|"dx + { = R /}V| | ! dx

—I—,u/|v d$+|:l/—@——:| /|d1vv| lv|"2dx
/ ple) — pla)Plopde + >
ple 253

+/Qf-v|v|r2dx.

Q

(0) — pla) — vadiv ||| 2dz

We set

(218) &1 = —, &=

then coefficient near the second term on the L.h.s. of (2.17) equals

Ar—1)p 41/12(7’ — 2)2 2 2u(2r — 3) 4yf(7“ — 2)2

2 vr? r2 r? vr?
(2.19) | > 9
_ 4 2r—=3)u 1 o Vi
) B A i

which is positive for r > 2 and v?/v small.
Coefficients near the third and fourth terms are equal, respectively,
v
@ and —

To have ky > 0 we obtain the restriction on 14

2
vi _ w2r=3) _
_y<—2(r—2)2_d’ so v < dyv

19 ?Z123B” 28—-1-2020



Then
vy > v —d\/v.

Hence for v large vy is close to v

Then (2.17) takes the form

(2.20)
1 d
r dt

2

olv|” dx+k0/{V|v T/2‘ d:p—f—,u/|v| dx

/\dlvv| lo|"2dx < ~ /]p a)|?|v|"2dx

—2
(r /| a) — vadiv v u|™ 2dx+/|gf vl |v|""2dz.

Consider the second term on the Lh.s. of (2.20). We use the Poincaré
inequality
)

91728 = (ol - | f 101200
Q

and the estimate
IV[o]"?[3 + [v]} > clvs,.

Then the second term is bounded from below by

v coko .
kol V1025 > cloly + == \ 5 + IVIU "2~

/|U|T/2dl’ :

Finally, we use the interpolation

‘/\v[’”ﬂd:v

1 B 1 .
5 [ ()~ p@Ple e < Jlple) = pla) ol
14 1% r+1

2
<elv|. + ¢/elvls.

Next, we have
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CZ2 (o) = pla) = v ol

21
Q
_9)2
G = L () — pla) - vadiv ol fols;?
r — 2)2 sm ) 1 | r
< (2— [ 5L |v]5, + /2 Ip(0) — pla) — vedivo|"s. | = Lo,
K r—2 555 o
’/Qf.v\vlrmx §/|Qf| |U‘r71dx§ ’Qf|%|v|§;1
@ Q
r/(r—1)
o 1
= " r = L
— 74/( )|U|3T €E|Qf|2;3+l
We set
52/(T_2) L _ Foco (r—2)° 52/(T 2 koo 52/(7" 1) ~ koco
T‘/(T—Q)V_ 6 ’ 2# T/(T—Q)_ G ' T‘/(’r—l)_ 5
Then

ko c(r, k
L < ool + L0 pg) — pla)

s
3Ty
r+1

Ly < CO ‘/U‘Sr + c(r, ko) |p(0) — pla) — vodivol’s,

r4+1

L < CO ‘/U‘i%r + ¢(r, ko)‘@f’ 3

Employing the estimates in (2.20) implies

1 d /2|2 ?

olv|” dx—i— — [ [V]v]"?| dx—i—u [v|” dx
9221 s )
(221) +§/@wa WSVWW@—M@gE

Q

+clp(o) — pla) — vadivo|’s +clof| s+ [v]3.
r+1 2r+1

This inequality implies (2.12) and concludes the proof. ]
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Remark 2.1. We integrate (2.12) with respect to time. Then we get

1
/Q|v| dx+—/‘V| |r/2| dxdt’ +,u ‘ da:dt
/lleU| lv|"2dxdt’ < T/2/|p 3r dt’
(2.22)
—|—c/\p a) — vadiv v|’s, £ dt’ —l—c/|gf| s _dt!
+ = /go|vo| dx + cAj
Q
= A5, (1)

Since ¢ = a + n, we obtain from (2.22) for n so small that |n| < a/2 the
inequality

(2.23) (1)), < cAg, (L),

Since p is bounded from below and above and since v, is close to v we obtain
from (2.22) the inequality

1 k

L —°/|V|v|r/2|2dxdt' < c/|n|zr dt’+cu’“/|Ago|T3T dat

r 2 r+1 r+1
(2.24) t

1
+ C/ | f1 50 dt' + =] 00|s|vo]l + cAj.
2r+1 T

Simplifying, we get

(2.25)
1 - Ko /2|2 / v
%Ivlw o | [ VIl Fdedt < elnl s o + V]Ap| s g
Qt
el far = ool o), + cA
TSR \7‘/,,_’. 0 o0 0 r ].'

Since Ap € W' (Q) then Ay € L%J(Qt) with arbitrary r, because

3 3
i 2 r

< 2 which holds for any 7.
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To derive a global estimate for solutions to problem (1.1) we need that the
first two terms on the r.h.s. of (2.25) are estimated by quantities multiplied
by the small parameter (1), o > 0.

However, the second term on the r.h.s. of (2.25) contains the coefficient
v. This means that we need more delicate estimate to get the factor (%)a,
a > 0.

For this purpose we consider the interpolation
(2.26) Al s < e[ VAQ[| Vel ™,
where 0 is a solution to the equation

3(7’—1—1)_1:%_29‘
3r 2

Then 6 = 3 —1/2r, 1 — 60 = {1 + 5-. Therefore

T4

(2.27) |Agp|

3r_
r4+1

2—1/2r / 1/441/2 Yr
o < VAL ( / (V|41 ’“”‘dt) ,
0

where (1/4+ 1/2r)r < 2 for r < 6. For r = 6, (2.27) takes the form
2/3 1/3
(2.28) Aplis/rar < VAR 0 Vel

To estimate the last factor on the r.h.s. of (2.28) we need the following
equation derived from (1.1); by applying the div operator
(2.29)

alp, — (g + V) A% + agAn = —adiv (v - Vo) 4 div [-nv, — qu - Vv

+ (po(a) = pola+n)Vn + (a+n)f].
Applying operator A™! to (2.29) yields

ap; — (n+v)Ap = —aA_lﬁxi(?m].(vivj) + aA_lf)xi(Agavi)
+ ATV [ — v - Vo + (p(a) — pela + 1))V + (a +n) f]

(230) (- ][ndx) + a][gotdx

Q Q

=D+ Dy + F— (n—j[ndx) +a7[gotd:z:,
Q Q

Wheref:@f.
Q
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Integrating (2.30) over {2 we obtain identity in view of the periodic
boundary conditions.
To obtain an estimate of the term V\A(p[ Bt which appears on the

r.hs. of (2.24), in terms of the function \I/a/uﬁ, where o > 0, § > 0,
U = v|Vy|s120t, we need the result

Lemma 2.3. Let the assumptions of Lemma 2.1 hold. Let A, be de-
fined in Lemma 2.1. Let |n| < a/2. Let 0 < ¢, = mingp. Let v €
Lgp/(p_g)g/(l_x)(Qt), A(p c Lg/gyoo(Qt), n e L67oo(Qt>, Vn € LQ(Qt), Uy €
LQ(Q;), 1136 Lo (), fg € Leys2(Q), f € Lao(QF), p(0) € Lyo(Q), p € (2,6),

= 3 7 5
Then
2 2 clv @1/)(/119 %2) ),:2/(1=3) .2
alp(t)lz + (1 +v)[Vlyor < exp ( (1 + v)=p.] /0=
fg \fgotdﬂdt’
3+ ) |8 A+ i i

+ ‘n’g,oo,ﬂtw’g,oo,ﬂtA% + \W’g,oo,m’vn’%,m + ’fg’g/s,znt + W%,m

0 el F ) + al@(O)@] .

Proof. Multiplying (2.30) by ¢ and integrating over 2 yields

O Ll + (e + ) Vel = / Digds + / Dagds

+/F<pdx—/ﬁ<pdw+a7[<ptdx/gpdx,
Q Q

Q Q

(2.32)

where 7 = 1 — f ndzx.
0

Now we estimate the particular terms from the r.h.s. of (2.32). The first
term is bounded by

*

D
(2.33) ‘/chpdx /' e, <| ) Dl = 1,

where 2 < p < 6. Let a = wl";ﬂ. Then we use the interpolation

L2 = a'|gl, < a2V Vply + =7 gla),
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where » = 3/2 —3/p.

Settlng 81/%0[1/2 — (M+ l/)l/2 we have e = (,U«TW)%/Q
Then 1/201
/2o 1/ (=) _ al/20—)
(Iu_+_ V)%/Q(l—%)
Therefore
1 , col/1=22) )
L < i(ﬂ +v)|Veols + (1 + v)/0=) |l
(2.34) 1/(1=5)
L O L= S
5 M Pl2 (1 + )=, ) /(=) Plas

where | Dy, < CZ?,j:l |uvj, for any ¢ € (1, 00).

Consider the second term on the r.h.s. of (2.32). Integration by parts yields
/Dggpdx =— / A Y Apv) - Vdr = 1.
Q Q

Hence

|| < e1| V|3 + c/er| A7 (Apv) 5 < &1 Vl5 + c/er] Apuld 5

(2.35)
< e1|Vyls + c/e1| g3 plvfs.

dr < &3|Vp|3 + c/es| F'|3,

Consider the third term on the r.h.s. of (2.32). Using that F' = div F” we
where

get
‘/F-gpdm :’/F'~ch
Q Q

(2.36)

[F')3 = AT vy — v - Vo + (py(a) — pola +0)) Vi +afy +nfll3
< c(lnvt|§/5 + [nv - Vv|§/5 + |77V77|§/5 + |fg|§/5 + |77f|625/5)
< c(Inl3lvels + [nlglolg Vo ls + [nlgIVals +1£4l55 + Inl31£15).

We express the fourth term on the r.h.s. of (2.32) in the form

/ﬁgpdm = /ﬁ@dx = Is.

Q Q

Hence
|13] < e3|Vl3 + ¢/es]nif; < es| V|3 + ¢/es|nl3.
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Finally, the last term on the r.h.s. of (2.32) is bounded by

|f wrdz|

*

|0]3.

Using the above estimates in (2.32) and assuming that £; —e3 are sufficiently
small we derive the inequality

1/(1—%)
c| D1l -2y | | edal

d, o 2 2
— <
adt‘gob + (u+v)|Veply < (1 + )=, ] 1/0=) o ol
(237) +L A 2 2+ F12+ 2
LL—i—I/H 80‘3/2‘7}‘6 [F']3 + [nl3]
— od? 2+C Aol 2 4 FY2 4 (2]
cd”[pl5 —M+V“ ‘P|3/2|U|6 [F']5 + [nl3]
From (2.37) we have
(2.38)
p t t
aa(|g0|§exp {—c/d%t’)dt’}) + (1 + v)|Vol3 exp {—c/dQ(t’)dt’}
0 0
t
c
Apl3plvls + |F')5 + nl3le {— /d%’dt/].
_,u—I—I/H ¢’3/2‘U|6 |[F']3 + [nl3] exp c (t)

0

Integrating (2.38) with respect to time implies

t

OB + (-4 1)Vl <o o [ )ar]|

(2.39)
c
18P s A2+ 1F B+t ) + al OB
This inequality implies (2.31) and concludes the proof. ]

Now we obtain bounds of ¢ from below and from above. We follow consid-
erations from [LSU, Ch. 2, Sections 5, 6].

Lemma 2.4. Let ¢ be solution to (2.30). Let p(0) € Loo(€2). Assume that
k=2 and |p(0)|e < L. Assume that n € Lo(Q"), Vi € Le(Q'), v €

P P

L3o/(22-9. ("), v € Lagja—3.:)(2") N Leos17-9:0) ("), fgs [ € Laoj22-9. (),
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€(0,4/3),t <T. Then

|30|oo,§2t < 2]%[1 + 22/%+1/){2 (57)1+1/”t(1+")/mmeas(H”)/pO (Q)]

=7, t<T,
(240) 3,2 3 5, ¢ 3,2 9
po ro 2 (ntw)te’ p o q 2
Y= (MJF—CV)l/q(’UBO/(z;_?,K),Qt + G, 1)) = WGO(% t),
where G is defined in (2.50).
Proof. From (2.30) we have
apr — (p+v)Ap
(2.41) = —aA7'0,,0,, (vv;) + aAT 0, (Apv) + F — 1 + ajigotdx
0

Let o = max{o® (z,t) —k,0}. Multiply (2.41) by ¢®) and integrate over
2. Then we have

thlso 54+ (n+v) |V 3

= _/A_laxia%‘ (Uivj)w( )
Q
(2.42)

—I—a/A_18 NUANGOR I (k)dx—i—/Fgo(k)dx—/n(p(k)dx
Q Q

—|—a/7[got Yda' o®) (z)dzx.

k< k.

Assume that

Integrating (2.42) with respect to time and using k& > k gives
(2.43)

1™y = ale®@ @13 + (1 + ) IVeM[5 a0 < clvv]y g ar 0™ [pgsr
+ C<|A¢U|p gLAL () T C|F|p AL (¢ )|<P |p,q,ﬂt + |7_7|p’7q’,AZ(t)|90(k)|p7q79t

+Sup/|<pt(:13,t)|dx//|g0(k)(m,t)|da:dt,
‘ Q 0 O
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where %—i—%:%and %+§:1,%+%—1and‘4k( )={ze€Q:p(x,t) >k}
Then J; + 2 =7/2.
Now we have to estimate |¢*)|,, o by the norm on the Lh.s. of (2.43),

where we have to take under account the coefficient u+ v which is assumed
to be large. From [LSU, Ch. 2, Sect. 3] we have

(2.44) el < o™l 2 Ve®
Let /8 be a power function of (p + v). Then we have
BloW e VP < 87200 o + el e
Comparing this with the norm from the Lh.s. of (2.43) we have
B2 = (u+ )" so B=(u+v)0

Then, (2.43) takes the form
(2.45)
c
o™ () la,00.00 + (1 + 1)V 00 < g o e A

1 1
—|\F|y o +
(ILL + V)l/q‘ |p »q ’Az(t) (

p+ v)t/a
1 / L \VE
+m|@0t|1,oo,m(/|Ak(t/)|q/pdt,) ~
0

Now, we examine the terms from the r.h.s. of (2.45). Examine the first
term. Let h = v -v. Then we have

c 7/ 1/q
= /
(n+ y)l/q‘hb’vq’,fli(t) = (M (AL < ( |h|P d:c> dt)

+ (’A90U|p AL (¢ + |77|p 4 AL( ))

Ag(t)
. t 1/xp’ . 1/p'Nq4d 1/¢
< / / ldx / |n|P> dt’
(1 +w)H/e
0 A (t") A (t")

A
m(/lfl ()7 |nJg, /th’>
c o 1/vq 1/~'¢
< ]Ak(t’)ﬁq P dt! | N =1
+ v)l/a (/ * ’
(h+v) /
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where 1/X\ + 1//\' 1, 1/7—1— 1/ =1, |Ak(t)] = measA(t), u(k,t) =

iAo, 2+ 2 2

Let 2o = }Z,, 1/fyq = ”" , where 5 > 0. Then v¢' = 1%, \p/ = 2.
Since p’ = @ +%) 5. 4 = (1+TO) we have the following two equations for pg, o,
3 2 3 31 A 201 7
(2.46) 3,2 3 AL 2y T
Po To 2 Po T'o 2
Hence, we obtain
2 7 3
—(14+2)(y=A) == —=(14 »)A,
To 2 2
(2.47) 3 - 3
“ 1 A—q)==—-(1
po( +tr)A=7) =5 - 51+
Consider the case v = X\. Then' =X, A = 30 + 3 and N = . Therefore

t A
C 145 N 3 /g’
I o) / B2 dt 1,
0

Since 3/p’ + 2/¢' = 7/2 we have that 3/p'X + 2/¢N = ;5 = 2= Let
=p'N, q. = ¢N. Then

3 2 4-3x

De Qs 2

where 0 < s < 4/3. For p, = ¢, we have that p, = 2o—. But A ~ v? so to
have I; bounded we need that

Y

C
(248) v € Lapja-3(Q), so I < TE)Ia ik, t) o 10130/ (a-30).01

Looking for solutions such that v € L, (0,¢; H*(2)) we see that (2.48) may
hold.

Looking for the second term on the r.h.s. of (2.45) and using the above
considerations we have to find an estimate for

| F|10/(4-3.0),0t
Using the form of F' we calculate
| Fli0/(a—3:0),0t = </ |A div [—nv, — v - Vo
2.4
(249) (4-350)/10
+ (pola) — pola+n))Vn + af, + nf]|** (4_3”)dxdt’) ,
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Now, we examine the particular terms from (2.49)

|A™ div () [10/(a-350),00 < N30/ (22-95) 10/ (4—3:) 0t
< 0 oo,0t [Ve]30/(22—9:0), 10/ (4—3:),02¢»
|A™div (v - V) |i0/(a-3:),0t < |A_15xiamj (n305) |10/ (4—3:),0t
+ AT 00, (1APU;)10/(1-3.). 01
+ [AT1 0y, (0, m0:0;) 10/ (4—800) 20
< C|77’OO,Qt|/U2|10/(4—3M),Qt + C|7]|oo,Qt|A§0U|10/(4—3u),ﬂ’5
+ | VIo?[30/(22-9.0,10/ (430,00 < €l oot [V]50(4—3.0) 0
+ €|N]oo,t | AP|20/ (4—350),0t [V] 20/ (4—3) ¢

+ c‘vn’30)\1/(2279z),§2t‘1}2‘30)\2/(2279%),Qt = Ji + Jo,

where 1/A\; + 1/ = 1.

Since 30\ 229
22_;%:6 we have that \; = 3 *
_22-9s
S0 Ay = 2.
Therefore )
Jo < €| VN6 00,0t |07 |30/ (17-95),10/ (4—3:0), 02t
< ¢|Vnle .00 |U‘go/(1779%),20/(473%),9t-
Continuing,

| A~ div (Po(@) = pola—+m))Vnlio/(a-s3.).0t < c[nVn30/(22-9:),10/(4-3:0) 02
< C|77|oo,ﬂt’V77|30/(2279%),10/(473%),Qta

where 223_09;{ <6505 < 22— 95 Hence, » < 1797. Finally, we have

ATV fyl10/a-32).0t < €| fol30/(22-950),10/ (4350 02t
and

|A~tdiv () h0/a=3:,00 < €|Nloo,at| fl30/(22-95),10/(4—3:) 02t -
Using the above estimates in (2.49) yields

| Fl10/(4=35),0¢ < ¢[|0]oo.0t|V¢]30/(22—95),10/ (4=3) ¢
+ |77’00,Qt|v|§0/(4—3%),§2t
+ 000,00 | A@l20/ (4—3),0t [V |20/ (4-35) 02t
(2.50) + V600,00 |U|%0/(17—9;:),20/(473%),@
+ |77|oo,Qt|Vn|30/(22—9;4),10/(4—3%),Qt + |fg|30/(22—9%),10/(4—3%),Qt

+ 100,01 f130/(22-9:),10/ (4—3),0¢]
=Gy (%7 t)
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In view of (2.50) the second term on the r.h.s. of (2.45) is bounded by

1 c
(b +w)la (1 +v)t/a
(2.51) |AQU|10/(a—35),0t < |AQ|20/(4—3:),0t [V|20/ (435,00 = G2,

10/ (1-3:0),0t = G,
G = Gl -+ G2 -+ Gg.

145
|Fly g < p(k,t) 7 Gy (1),

Considering the last term on the r.h.s. of (2.45) we have 3/p' + 2/¢ =
7/2, ¢/ = ro/po, 1/d" = (1 + =)/rg so ¢’ = ro/(1 + =), p' = po/(1 +
»). Then equation 3/py +2/q0 = 3/2, (3/po + 2/q0)(1 + ) = 7/2 imply
that » = 4/3. Hence the last term on the r.h.s. of (2.45) is bounded by
mwthm,ﬂtﬂ(k,t)%, where s = 4/3.

Employing estimates (2.48) and (2.51) in (2.45) implies the inequality

[ a0 + (1 + 1)V ()] 0
(2.52) c Lix
= (1 + y)l/qu(k’t) v (‘U’%O/(ZL—S%),W + G0 t) + [otle00t),

where we used that u(k,t) is finite, ¢ and rq follow from the relations

2 2
S 28 3 25 L 0<x<4)3
P q 2 po ro 2
We apply Lemma 6.1 from [LSU, Ch. 2, Sect. 6]. Then for k& > k we obtain
from (2.52) the inequality

145
(2:53) I ™ vy < v o (k),
where the norm of V' (QF) is determined by the Lh.s. of (2.52) and

c

Y= ( (”U|§O/(473%),Qt + G(%a t) + |90t’1,oo,Qt)7 t<T.

p+ v)t/a

Moreover, (2.44) is used in the form
1-2 2
(254)  1eWlpgar < B+ 1) e 28 Ve < BleW v,

where 3 = ¢/(u + v)/? appears in formula (3.2) from [LSU, Ch. 2, Sect.
3]. The g appears also in Theorem 6.1 from [LSU, Ch. 2, Sect. 6]. Then
Theorem 6.1 yields the estimate for ¢ > 0

143 1435«

(2.55) esssup o < 2k[1 + 2271/ (By) 141/ %770 meas o Q).
Ot
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Next we consider (2.41) in the form
a(—) — (n+v)A(—p) = aAilamiaxj (vivy)

—aA 0, (Apv) — F 417 — ay[gptdm.
Q

Repeating the considerations leading to (2.55) we derive the estimate for
p <0

(2.56) esssup(—p) < 7,
(913
From (2.55) and (2.56) we obtain (2.40) and conclude the proof. O

Remark 2.2. Since (2.41) is invariant with respect to the translation ¢ —
¢+ L, L = const, we can consider the function

L+o=L—(—p)2L—7=¢p.
We assume that L = 22 and we have that v, = ©2. So we take such ¢y that

Co — Co Cy
QO*ZL—’}/*: - :;, ¢, > 0.

Hence ¢, is used in the proof of Lemma 2.3.

The fact that ¢ is defined up to an arbitrary constant, say L, is connected
with the considered periodic boundary conditions. Therefore, we have some
freedom with determining the magnitude of .

Remark 2.3. To estimate the second term on the r.h.s. of (2.25) we need
(2.28). Then we examine

(2.57) V| Aplig/re0r < Cl/2/3|VAQ0’§7/§)O7QJ/1/3|V(,O|;/£,§ =1

Our aim is the following estimate for

«

v
(2.58) I<e—s,

where «, 8 are positive numbers and ¥ = v|V|31 20t

Hence

(2.59) I< 0\112/3u1/3|Vg0|1/3 = 1.

2,0t
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To derive the bound (2.58) for I; in the case of large v we need to estimate
|Vplaqr. For this purpose we use (2.31). To derive bound (2.58) from (2.31)
we need to know that the coefficient with exponent is independent of v.

For this purpose we assume that there exist positive constants cy, ¢z, ¢; < ¢o
such that

(2.60) ar < (u+v) 0. < oy

where 5 =3/2—-3/p,2 < p<6.
The second term under the exponent in the r.h.s. of (2.31) equals is bounded

by
1 t
——/'%gptdx dt
©x
0 0

Vi Vv
<—/|g0t/ ()0 |12Qz<

Pu v’

Then (2.39), which is a simpler version of (2.31), takes the form
(2.61)

2 1 P
al ()3 + (1 + )| Vo < coxplelvlyit 7D o/0mmar + cVEY fp.0):

| AR e + 1P B+ 11 )

+alg(O)]
From the problem for n

m+v-Vn=—aldg—nAp,  nli—o = n(0),

we have

t

In(t)], < exp(clApleo )| [ [Ap|-dt’ + n(0)]
(2.62) (0/ )

Y s
<exp (@22) (225 4 )L ), <o

(2.63) o)l < 2

Assuming that
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we obtain that
t
(2.64) 0l < P 1 ey)

In view of the assumptions of Lemma 2.4 we have

(2.65) |F'p e < i}f)(qf +ey).

Then (2.61) implies

c(t)(1+t)1/?

2.66 \Y% t <
( ) ’ 90|2,Q = (;U/_'_V)V

(U +c3) + ¢ )1/2|90(o)\2.

(n+v
Inserting estimate (2.66) in (2.57) yields

1/3
[<cw?? [1/1/3 {(1 +1)1/? (% + 9)}

V2
1 1/3
(2.67) + e (0)] ]

v, w2/3c4/3
/3 173

< C(1+t)1/6[ } + W38 o(0) |57,

We see that (2.67) does not have from (2.58).
In view of restriction (2.60) we can assume that

(2.68) v (0)|2 < cq.

The restriction is compatible with (2.60).
In view of (2.68) the last element on the r.h.s. of (2.67) is estimated in the
following way

C\P2/3Cé/3

1/3 — P
(2:69)  WPURO)y < WO p(0)]) P =

To have estimate (2.58) we need

» 1 1
——==—(x—1/2)>0.
3 g3 1/2)
Hence
3 3 _ 1. :
(2.70) x>1/2 so 5——>§1mphesthat p> 3.
p

Therefore, we can formulate the corollary.
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Corollary 2.5. Assume that there exist positive constants ¢, — ¢4 such that

1 < (4 v)*p. < e,

(2.71) c c

where s =3/2—3/p>1/2,3 < p <6.
Assume that

v € Lop/p-2)2/1- (), F' € Ly(),

c c
[F'o00 < (¥ +c), @) < —(W + c3).
Then
] \112/3 \112/3
(2.72) V| Apl|is/7e0r < C(V1/3 + YV + V"/?’—l/ﬁ)'

Lemma 2.6. Let n be a solution to (1.4). Assume also that n(0) € L.(9),
dive € L.(2) N Lo (), 7 € [1,00]. Then

t t
1
(2.73) [n(t)], < exp {(1 - —) /|divv(t’)|mdt'] {/a|divv|rdt'+ |77(0)|r}.
r
0 0
Proof. Multiplying (1.4); by n|n|"2 and integrating over  yields

1d 1

——|nlr + - /v -V|n|"dx + / In|"div vdx + /an|n|r_2div vdzr = 0.

r r
Q Q Q

Integrating by parts we have
1d 1 ‘ . B
iUl (1 - ;) /dlvv!nlidw + a/dwvn\n!’” 2dx = 0.
Q Q

Continuing,

1d 1
sl < (1= 2 v ollal + aldiv ol ol

Simplifying,
d
g < (1= 1/r)ldivolec|n]r + aldiv vl

Integrating with respect to time yields (2.73). This concludes the proof. [
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Next, we obtain estimates for derivatives of 7.

Lemma 2.7. Let n) be a solution to (1.4). Let V,rot € Ly(0,t; H3(Q)),
n(0) € H*(Q). Then
(2.74)

(8]l

< exp { Javel+ urowu’mg)dt'] [ J 19l + 1Ol

Proof. Multiplying (1.5); by n, integrating over €2 and by parts we get

1d

1
5 dt’mz /A90ﬁ2d$ + a/Agmydx = 0.

Q Q

By the Holder inequality we have

(2.75) !77\ !A90|oo\77|2 + alAp,.

)

Differentiating (1.4); with respect to x, multiplying by 1, and integrating
over €} implies

1
Q Q

+ / Vg - Vi do + / NAP xn dz.
Q Q

By the Holder inequality we get

d
(2.76)  —Inal> < cllrot Yaloe + [V0loo)nal2 + [Apal + clnlli [ Ap .-

Finally, we differentiate (1.4); twice with respect to x, multiply by 7., and
integrate over {2. Then we have

1d
2dt
+ alASO,:I:x|2|77,ms|2 + ‘A@,z‘4’77,x|4‘77,m,2 + ‘77|00‘A90,m‘2’77,m‘2'

— N aals < Q\Asoloo!nm\z + 02l oo| a3 + [V.00 400|470

Simplifying we get

d
(2.77) g Mael2 < c(IVells + ot ¥lls)lnllz + 1V aaal-
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Adding (2.75), (2.76) and (2.77) yields

d
(2.78) S 1llz < c(lIVells + [lrot ¢lls) [nll2 + c[[Volls.

From (2.78) we have

t
e (= [l + ot vl )|
0

(2.79) t
< elVelloesp = [(IVela + frotullar ).
0

Integrating (2.79) with respect to time yields (2.74). This concludes the

proof. O
Lemma 2.8. Assume thatrotv, Vo € L1(0,t;T3(Q)), n(0) e T3(Q), t < T.
Then
t
n(t)]2,1 < exp {C/(|V90(t')|3,1 + [rot ¢(t/)|3,1)dti
(2.80) 0

- [ [V lsait + o)l + rmoml].

Proof. We consider the equation
(2.81) = —v-Vn—alp —nAy

From (2.81) we have

/ NottNetdT = — / (Vg - V) + 0,V + 0,V + v - V) npeda

Q Q
—a / A@apdr — / (M2t A + N A@r + Az + NAPL)Nredr.
Q Q
Hence
g Matle < c([vlsn +[Velsa)((nllz + llmll) + a| Apal3
and

d
g2 < clveloo + [Vls) (Inelz + llnll2) + ¢| Ao
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Using (2.78) yields

d
2 Ullz = limell) < elolsalinllz + lmell) + e[V elsallinllz + llnell) +1Velsa.

This implies (2.80) and concludes the proof. O

Remark 2.4. From (2.25) for r = 6 and from (2.72) we have

=/3-1/6

+ C|f|18/7,6,s2t + C\Qo|cl>éG|"Uo|6 + Ay = Dy,

\112/3
(2.82) [vle < c|nlis/ze0r + ¢(q;2/3 I A _)

where ¢ = &([n]6,000t, [Vt]2.0t, [V]6,00.05 | fol2.0ts [ fl2qr), > 1/2 appears in
(2.71) and ¥ is introduced in (2.58).

Differentiating (2.13) with respect to ¢ yields

ovy + 04vy + ov - Vo, + 00 - Vo + ovy - Vo — Ay,

2.83
( ) — 1 Vdivy, + V(p, — wedivyy) = ofy + oif,

where v =v; + 15, 1, > 0,1 =1, 2.
Next we derive the result

Lemma 2.9. Assume 1 € Loo(0,T;T%(Q)), v € Lo(0,T;Le(Q)) N
M LOO(O?T7 L2(Q>>7 A(p S L2(07T; LG(Q>>7 A(Pt € L2<07T; L3(Q))7 ft €
Ly(0,T; LG/S(Q)); f e Ly(0,T; L3/2(Q) .

Recall the estimates

[u(t)]2 < Ay (see (2.1)), |v(t)|e < D; (see (2.82))

Then
(2.84) v (t)]3 + H|VUt|§,2,Qt + V|A90t|§,2,§zt
< ¢(a) exp[cBy (1)][Ba(t) + [eoloo|v:(0)[3] = D3,
ve(8) 15 + plloell 2.0 + V1A o
< c(a) exp(cBy ()[Ba(t) + aoloolun(0)2] = D2,
where

t
Bu(t) = [ InBa +sup ln(®)BA? + DEA3 + 42
0

By = By + |3 o
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and
By(t) = Imil3 0.0 + 11:]17 o0t |AQIG 2,00 AT
+ ”ntH%,oo,QtD%A% + |A90t|§,2,mA% + |ft\§/5,2,ﬂt + [|7]
By = By + (1+ |77’§,oo,ﬂt)|f’§,ﬂt'

%,oo,Qt |f|§/2,2,ﬂt?

Proof. Multiplying (2.83) by v, integrating over €2, using (1.1), and bound-
ary conditions we get

1d
s | elvlPde+ plVols + widivef; = /(pt — vydiv v,)div vide
Q Q
(2.85) - / ovidr — /Qtv -V - vdx — / ovy - Vv - vpdx
Q Q 0

+/(th+9tf>‘ﬂtd$-

Q

From (2.85) we have

1d : €1
ST olve|*dx + p|Vue|3 + v|div |3 < §|dlvvt|§

Q

1
(2.86) + 2—€|77t|§ - / ovidr — / o0 - Vv - vpdx — / ovy - Vv - vydz
Q Q Q
+ /(th + o1f) - vidz.
9)

Now we estimate non-positive terms from the r.h.s. of (2.86). We estimate
the third term by

‘ /ntvfdx
Q

We intergate by parts in the fourth term on the r.h.s. of (2.86). Then we
have

< Imelslvelalvdls < €/2|vilg + c/elml3lvel3

— / 0V - Vovdr = /v - Vo - vdr + / oidivov - vpdx
Q Q Q

3
—l—/gtv‘Vvt-vd:CEZKi,
i=1

Q
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where ) . )
| Ko | < efvelg + c/elvlglmals,

| Ka| < elufs + c/elmlglAplglvl3,
K| < el Vol + c/elmlglvls.
Integrating by parts in the fifth term on the r.h.s. of (2.86) yields

— / ovy - Vv - vpdx = /Ut -Vovu - vdr + / 0Apv - vidx
Q Q Q

3
—i—/gvt-Vvt-vdeZLi,
=1

Q

where ) .
| L1| < eluls + ¢/elnelglvlglvels,

|Lo| < eluilg + c/elelsc] A3 vl3,
|Ls| < e[Vurly + ¢/elels[vil3lvls = Lz + L.

To estimate L2 we use the interpolation

ol < ¢ Vuly?[oely® + [velo.

Hence
L3 < e|Vu|5 + c/elolsvlsluel3 + c/elol ol vel3.

Finally, we estimate the last term on the r.h.s. of (2.86) by

' /(th + o0if) - vdw
Q

< eluls + c/elels| filéss + c/eledsl f 132

Employing the above estimates in (2.86) and assuming that ¢ is sufficiently

small we have

1d
2 dt
Q
(2.87) < cllml3 + mel3lvel3 + [olglneels + Inelg|Avlglol3 + |mel3lolg

v,
o|ve|*dz + g|Vvt\§ + §|le vl3

+ ol lvlglvel3 + el Aeelslvls + lelso vlslvels + el vlglvls

+ el fil6ys + iG] f15 2]
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Using Lemma 2.1 and that a/2 < ¢ < 3a/2 we obtain

d .
pr olve|*dx + 1| Vve|3 + v|div |3

0
88) < cllmlE+ a2 + fold + o) / olu|?de
Q
T ellml2 + B Il + Iml21AeRA2 + [mel2ol?
FIAGEAZ 1 [F2s + 21 ).

Introduce the quantities

Bi(t) = (&)l + Ina(O)[clo(@)[5 + [v()]5 + (B,
By(t) = [m(@®)lz + @10 @)ls + ()7 Ap(t)[gAT
+A@5 AT + | fu()[e/5 + I (I ()32

Using the quantities in (2.88) it takes the form

d
(2.89) 7 / olve|*dx + p|Vve|3 + v|div |3 < eBj / olv|*dx + cBj.
0 0

Integrating (2.89) with respect to time yields

¢ ¢
/g|vt|2dx—|—,u/|Vvt|§dt’—|—u/|divvt|2dt'
0 0

(2.90) “

t t

< exp {c / B{(t’)dt’] [c / BL(#)dt + o] (0)2]

0 0

In view of Lemma 2.1 and (2.82) we have
(2.91)

t
Bl = /Bidt/ < ’nt‘g,Q,Qt + Hn”g,oo,QtA% + D%A% + Ai

0
t

B, = / Byt < 12y + 101 o e D2A2 4 12 s | Apl2 5. A2
0

+ |A<Pt|§,2,ﬂﬂ4% + |ft|§/5,2,ﬂt

+ ||77t||ioo,9t|f|§/2,2,§2t'
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Exployting the estimates in (2.90) implies (2.84);. To obtain (2.84), we use
the continuity equation

a/vtdx—l— /(nv)td:c = /(a—l—'r])fda:.
o]

Hence

< cfmlalvle + nlalvls + (1 + nl2) | fl2]-
Then
vy — vtdx

|Ut|g,9t < |Vvt|2 Ot

A

+ ’nt|2,oo,QtA% + ’77|2,oo,szt‘”t’2,m + (1 + |77’§OOQ’)‘f’§Qf)

Considering (2.88) and (2.89) we introduce
t
Bi(1) = BL(6) + B(r) = / B(Y)ar

By(t) = By(t) + (1 + nP)If3 Bt / o)t

Therefore we derive (2.84),. This concludes the proof. [
To formulate Section 3 more explicitly we introduce the notation

Notation 2.10. We introduce the quantities

X%(t) = V|V90|g,1,oo,ﬂt + |r0t1/’|%,1,oo,9t7

X%(t) = V|V90|§,1,2,Qt + |r0t¢|§,1,2,ﬂta

\1’2@) = V2|V<P|§,1,2,Qt>

q)%@) = V(U12 + V12) = V(|V(p|§,l,oo,ﬂt + |V90|§,1,2,Qt) = (I)%l(t) + @%2@),

(I)%(t) = V(UQQ + V22) = |rot ¢|§,1,oo,§zt + |r0t¢|§,1,2,9t = (1)51(75) + @%2(75)7
Xg = V‘V(p’;l,oo,ﬂt = (I)%1<t)7

Bi(t) = v[Ve(t) |3, + [rot(t)]34,

<I>3(t) = ‘ng,l,z,ﬂt + [rot ?ﬁ‘g,l,z,ﬂt-
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From (2.71) we have

292 (o). < exp |(1- 1/ / e / Aplt + 10,
From (2.92) we have

(293) (0 < o (#25) 0722+ o)

From (2.78) we derive the estimate
(2.94)

L 1/2 ¢ 1/2
0l < exp | (([1900)R.at) 4 ([ rorviar) )]
0 0
¢ 1/2
- [tm( / \W(t’)@,ldt') n |n<o>|2,1]
0

v v
< exp {ctl/2 (— + <bg)] [tl/Q— + \77(0)\271] :
v v
From (2.82) and (2.93) we have

Y s
i = e (1425) (#0200 )
1% 1%

qy4/3 P2 q?4/3
+¢( + ))+A§+A§,

12/3 + V2/3 " 2/3-1/3

(2.95)

where Ay = |fl360t+ |Qg]<1>é6]v0]6 (see also (2.82)), and from (2.83) we obtain

gﬂ
D < Il s (14 D22 + 5542 + 1 oo
(2.96)

(DQ 2 2
+ §A1 + | felo5.2,0

where A? = e*'T(B(T)/(1 — e T/2) + 3 [ (300vd + 25 05)dx) (see (2.1)),

x—1
(k+1)T
B(T) = csup exp <c / n2(t)dt)-
k€ENp P

: HQO‘%|f|§o,2,Qx(kT,(k+1)T) + p'a” + |QO|%’f|go,1,Qt + | ool3]vol3)-
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3 Differential inequality

We recall the considered equations

(3.1) me+v-Vn+ade+nAp =0, nli—o =n(0),
and

(a +n)vy — pAv — vVAp + agVn + (a +n)v - Vo
= [po(a) = pola+n)]Vn+(a+n)f, vl =v(0),
where ay = p,(a) and

(3.3) v=Vy+roty + G,

where G is defined below (1.6).

Lemma 3.1. Assume that |v]s < Ay (see Lemma 2.1), |vl¢ < Dy (see
(2.82)), |vi| < Dy (see (2.84)). Then for sufficiently regular solutions to
(8.1)-(5.8) we have

ad
2dt
Gay < BBl + (1 2)IABAT + (1 + nf) Dol
+ 113 Valz + (1 + [nf3)| f13]
< §¢<\n|oo, Dy)[nf + o3 + 1A¢l3 + vl + Va3 + | £13]

(3.2)

1 %
(1961 + Slrot vl ) + V20l + v1AgE + 2ot ol

and integrating the above inequality with respect to time yields

a 1 o
5 (|w<t>|§ + ;|row<t>|3) + 1Vl aq + VIR o + L Vrot vl 0

< =1 a0 + 10 00 D5 + (L4 [l o )| AL 0 A7
+ (L4 19113 00,00) DYAT + 1015 0.0 + [ Vl3 2,00 + (14 113 00 00 3 2,00]
+ 5 (900 + St w0
Proof. Multiplying (3.2) by V¢ and integrating over €2 yields

ad

5 i1V + UVl + vIAl = —ao [ V- Vida

Q

(3.5) - /nvt - Vepdz — /(a +n)v - Vv Vdz

Q Q

+ /[p¢(a) — pela+n)|Vn - Vedr + /(a +n)f - Vedz.
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Integrating by parts in the first term on the r.h.s. of (3.5) we estimate it by
elApl + c/enl;.
The second term on the r.h.s. of (3.5) is bounded by
elVels + c/elnlslvelz < elVels + c/elnl3 D3,

where (2.67) is used.
The third term on the r.h.s. of (3.5) is expressed in the form

—a/v-Vv-Vgpdx—/nv'V%V(pda:E[l—i—[Q.
Q Q

We drop the factor a in [; for simplicity. Integrating by parts we express it
in the form
I = /divvv -Vdr + /v v - VVodr = I + Is.
Q Q

Then
11| < e|Vels + c/e|Apl3v]; < e|Velg + c/e|Ap|3AT.

and
[1a| < e|V20l3 + c/elvfslv]z < e|V2¢l3 + ¢/eDiul3.

Next we estimate I,. Integration by parts yields

I, = /Vn v - Vdr + /nAgov - Vdr + /nvv - Vipdr
0 0 0

=0L+1I2+ 13
where

1] < elVelg + ¢/ Vnlglvfglol; < elVelg + ¢/enll3 DI AT,
13| < elVels + c/elnls | Als|vl; < e[ Vils + c/elnls | Avl3AT,
13| < elV2l3 + c/enls Diul;.

The fourth term on the r.h.s. of (3.5) is bounded by

¢ / 0l [Vl [Volde < e[Vef2 + c/eln2|Vnl2
Q
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Finally, the last term on the r.h.s. of (3.5) equals

Igza/fg~Vg0da:+/nf-Vgodx.
Q

Q

Hence, it is bounded by

13| < el Volz + /el fylz +elVels + c/elnl3| f12.

Employing the above estimates in (3.5) and assuming that ¢ is sufficiently

small yields
d c

Q@Wsﬁli + u|V2l3 + v]Apl; < ;[Inl% + |nl3]vel3
+ (14 n2)|A@l3AT + (1 + |nl2) D3|vl3 + Inll3D3|vl3
+ nl3[Vnl3 + (L + nl3) f13].

(3.6)

Multiplying (3.2) by rot ¢) and integrating the result over €) implies

d
galrot V|3 + p|Vrot |3 = —/m}t - rot Ydx
(3.7) ¢
—/(a+n)v-Vv-rotwdx—l—/(a—irn)f-rotz/;dx.
0 0

We estimate the first term on the r.h.s. of (3.7) by
elrot v g + c/zlnlsluis.
The second term on the r.h.s. of (3.7) is expressed in the form

—a/v-Vv-rotz/de—/nU‘Vv-rotwdxzjl—l—Jg.

Q Q
Integrating by parts in J; yields
Jp = /Agpv -rot dx + /v v - Vrotdr = J} + J7,
Q Q
where

1] < elrot vfg + c/el Apl3lvlz < efrot 9[s + /el Ap[5AT,
[ Ji] < el Vrot g3 + c/elvl§|vl; < e[ Vot ¥f; + ¢/eDifvl.
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Next we examine Jo. Integration by parts gives

Jz:/Vn~vv-rotwdx—l-/nAgpv-rotwdx—l—/nv-v-Vrotwdx
Q Q Q
=J, +J3+J5,

where

5] < elrot ¥fg + c/e|Vnlglvlslvlz < efrot vg + ¢/ellnll3 D [vl3,
| 3] < elrot vg + c/elnlo | Als|vl; < efrotls + c/elnle| Avl3AT,
| 3] < elVrot ¥l3 + c/elnl[vlglvls < e|Vrot v3 + c/eln|2 D fvl;.

Finally, the last term on the r.h.s. of (3.7) has the form

a [ f.-rotdr+ [ nf-rotypdr = Js.
[,

Q

Hence
| J5| < elrot ¢f5 + /el f, |5 + elrot Ig + c/elnl3| f15.

Employing the above estimates in (3.7) and using that ¢ is sufficiently small
we derive the inequality

ad
§%hm¢@+MWMﬂw§SdM@wE+(®+M&NAﬂ@ﬁ
+ (1 + [nl2)D3lvl3 + (1 + [n3)|f13].

(3.8)

Multiplying (3.8) by 1/v and adding to (3.6) yields

5t (1798 + S ot uil) + IV + 1A+ £ vrot
B <l + 1ol + (1 + 1P| AG3AL + (1 -+ lnfZ) Dol
+[ml3IValz + L+ nl)If13)-
Using that

(1+ Inlo) Difols < e[ Vofs + c/e(1+ [nl3)* Dy Af

we obtain (3.4).
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Integrating (3.9) with respect to time and using (2.1), (2.67) gives
a 1
3 (17608 + Lot OB ) + IVl + AV

o] c
+ ;|Vrot ¢|3,2,Qt < ;H?ﬂ%g,m + ‘n|§,oo,Qth

(3.10) (14 0% o) |AQR oo A2+ (14 [[9]]3 .00 ) D2 A2
+ |7]|§,oo,ﬂt|vn|§,2,ﬂt + (1 + ’n‘g,oo,ﬂt”f‘g,lﬂt]

1
+5 (7008 + ot v(O)R ).

The above inequalities imply (3.4) and conclude the proof. O

Remark 3.1. To simplify considerations we introduce the quantity
(3.11) $1 = (1 + [11ll3,00,00) (1 + AT + DY)
Then (3.10) and (3.4), take the form

1 1
(19608 + Lot w(01) + (190 e + L {Trot )
2 ¢ 2 2 . W 2
(3.12) + V]Aply o < ;9251 171|520t + AT + D5 + ) + [ fl2.00
2 1 2
+a( 1Vo(0) + Lrot ()} )

To obtain estimates for time derivatives we express (3.2) in the form

Vi + rot b, + Gy — gAU - gvm + -2 gy,

a+n
Hon v
=—-= Av — — VAp —v-V
(3.13) aatn v aa+7 Y—v-Vu
o 77[pg(a) —pola+n)|Vn+ f.
Lemma 3.2. Let the assumptions of Lemma 3.1 hold. Let ¢o be defined by
(3.21). Then
(3.14)

Sl
A/~

1 7 7 v
[Veorls + —[rot wtlg) + = [IVerlf + —lrot ¢} + —[Awil3
v a va a

< —@o[[nl31 + 0131 Vrot ¥]3 + [V20l3 + n]3.1 | Vrot w3 + [ Ve |?

+ | A@3(IVrot ¢ |3 + |VllT + D3) + |V, l|3(|Vo]3 + D?)
+ v l3DF + | fl3)
+ cv[nl31 (14 nl5)18¢15 + Inl31 Vel

RIo
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(3.15)
1 7
\th(t)\%;!rowt(t)l%EHV%Hiz,er \Awt\zszr Hrothlmt

&
< ol oeee) 11 sses + e (V100

\112 2
+ ‘VI‘OJE wt’%,lﬂt) + ﬁ + % (’ert wt‘%ylﬂt + D% + A% + D%

2 \112
+S08D2) 1l | + (14 1) g + VO

1
+ ;|r0t wt(O)lg.

Proof. Differentiate (3.13) with respect to ¢, multiply by Vi, and integrate
over 2. Then we have
(3. 16)

14 Qo
v Vi + —|A 2:—/ - Veud
th‘ i3 + a‘ @t‘z‘i‘a‘ @il P t Pprax
Q

K / ( il Av) Ve — L / ( VA(,D) Vds
a a+mn ¢ aQ a+ t
Q b

_ / (v-Vv), - Vrda + / [L(pg(@ _ pg(am))vn] Vuda

a—+mn t
Q

Now, we estimate the terms from the r.h.s. of (3.16). The first term on the
r.hus. of (3.16) is bounded by

C/(\Vm! Vol + el [Vl [Vl )da < e[ Vipfs + ¢/<[Vl3
Q

+elVerls + c/elmls Vil
The second term on the r.h.s. of (3.16) equals

—H/ ( Arot 1/1) - Vpdr — —/ ( AVgo) Vode = I + I,
a a+mn a+mn ‘
Q b

Q
where
[1_—3/( U ) ntArotl/J'Vgotdx—H/LArOMﬂt-Vg@tdw
a a-+n . a a-+n
’ Q
EIll+Il2-
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Integrating by parts in Iy, yields

Illzﬁ/( " ) Vi Vrot ) - Vydx
1M

a a+mn
Q
+H/( ! ) Vi, - Vot - Voyda

f 1 _
+ 5/ (a - n)ﬂntVrotw -VVdr = I, + 17 + I3,

Continuing, we have
11| < el Vel + /e[ Vil Inefe| Vrot 1[5,
|I51| < el Vel + /e[ V 3| Vot o3,
|I71| < el V23 + c/elmelg| Vot v 5.
Next we examine [15. Integration by parts yields

Inzﬁ/( 7 ) Vi - Vot - Viouda
a a+n "
Q

H Ui 2 — 7l 2
— Vrot ), - Vipude = 1 I3,.
+a/a/+77 Iro ¢t prax 12+ 12
Q

Continuing, we have

11| < e[Viulg + /e[ Vnl3| Viot v,

|15 < el V23 + ¢/elnl3 | Vrot ¢
Summarizing the estimates yields

L] < el Vel + c/elnlag [Vrot vf3 + c/elnl3, [Vrot 3
+c/elnllzI Vrot vl3.

Next, we estimate I,. Performing differentiation with respect to time implies

]2:_H/( " ) ntAngVgotdx—g/LAV%V%dwEIQ1+I22-
a—+n n aQ a+mn

Consider ;. Integration by parts gives

Ly =" / T ) VinAg- Veds + 2 / ) VA Vids
a at+n/) . a at+nj,
3 Q ’

( d ) mAp - Apydr = Iy, + 13, + 13,
a—+mn n
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Continuing, we have
|11 < elVeprls + ¢/eIVnlgInels| Al
|1 < el Vs + /eI Vmll A,
|1 < elAgil + c/elnefg| Apls.
Integration by parts in I implies

Iyzﬁ/( ?7 ) VWQ%-Vsotd»"”*E/LW%W%EI%QJF@’
a at+n/, a) a-+mn
’ Q

where I3, is qabsorbed by the second term on the Lh.s. of (3.16) in such

way that
H/|V2g0t|2dx—ﬂ/—n |V2p, |*da
a a) a+n
Q Q

a 2
= H/ V2, |2 dx > —H/|V2gpt|2dx,
a) a+n 3a

Q Q

where we used that || < a/2. Finally,
|Io] < el VPul3 + /e[ Vnlg|Veors.
Summarizing the above estimates implies
|12 = Ip| < el ViulF + ¢/e(Inlon| Vil + 1511V 0l5 + ]2 Veorl5).

Next, we examine the third term on the r.h.s. of (3.16). First, we write it
in the form

132—5/( il ) ntVAgo-Vgptdx—z/LVAgot~V<,0tdxE]31+132.
a a+n " a) a+n

Integration by parts in [3; yields

Iy =2 / 7 Vi Ag - Vda + = / 1 Vi ApVpdz
a at+n/) . a at+n/,
Q ’ Q ’

v n 1 2 3
+ - ApApdr = I3, + 15, + 13,
a/ (a 77) n77t AN 31 31 31
Q bl

where e
|1l < velVearls + — [ Valglndsl A¢ls,

vc
15| < velVelg + ?\Vm!%mw!%,

vc
1] < velAguls + —Imilgl Al
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Finally, we examine I35. Integration by parts yields

v n v Ui 27 _ 71 2

I3 = — VnAoy, - Voud — | —|A dr=1 I

32 a/(a+n)n NAP: Sotx+a/a+77| @] "dx 32 T 139,
Q ’ Q

where I3, is absorbed by the third term on the Lh.s. of (3.16) in the following

way
v v
—/\Agpfdx——/—n | A, |*da
a a a—+mn
Q Q

v a 2v
= Ao 2de > 22 | |Ap,|2d
e R AT

Q Q
which holds for |n| < a/2 and

ve
|Ia] < velAguls + —[Vnlg Vs
Summarizing, we have

|13 — Isp| < ve| Vet +

rvc
;(In\é‘,ﬂAwlg + 013118013 + [Inll51Veel3).

We write the fourth term on the r.h.s. of (3.16) in the form

[4:/vt-Vv-Vgotdx+/v-Vvt-Vaptd:v:—/Agptv-Vgptd:ﬂ

Q Q Q
— /vtv - V3pudr — /Agovt - Vdr — /vvt -V2p,dx.
Q Q Q

Hence, we have

L] < e|Vulg + c/e(|Apl3|olz + [Aplsv3)
+ el V205 + c/elul3lvlg < e|Vels + ¢/e(|Ap3DT + |Apl3D3)
+ e[V, +c/€|vt]§Df.

We estimate the fifth term on the r.h.s. of (3.16) by

15| < C/(In [Vl + [l [Vl + [0l V)V e da
Q

< el Vs +c/el(Inlsn +mlz)-

Finally, we estimate the last term on the r.h.s. of (3.16) by

elVeuls + /el farls-
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Employing the above estimates in (3.16) and assuming that ¢ is sufficiently
small we have

d 1 v
E|V%0t|g + EHV%H% + 5|A80t|§
C
< ;[|n|§,1 + nl31 + Inl5.1 + Inl3. ([ Vrotw]3 + [VZel3)

+ 031 (|Vrot v[5 + [V2el3) + [[nll3(|Vrot vy]3 + [Vr]3)
+ |Api|5DT + |Ap|3D5 + v [3D7 + | foel3)]
+ cv[nlz |Aels + 0311803 + Inl31 Ve 3)-

(3.17)

Differentiate (3.13) with respect to ¢, multiply by rot ), and integrate over
). Then we have

1d
éa\rot%\g—kg\Vrotwtg:—g/ (aj_nAv>t-rotwtdx
Q b
V/(”Av) thd /(V) ted
3.18 - @) -rotyuar — [ (v- Vo), rotyax
1 aQ et . Q

+ /fm - rot Yy dx.
Q

Now we examine the particular terms from the r.h.s. of (3.18). The first
term is written in the form

_ﬁ/< il Ar0t¢) -rotiﬂtdx—ﬁ/( 1 AVSO) ot rdr = I+ 1.
n t a
9 Q ’

a a—+ a+n ¢

Performing differentiation in I; yields

]1:—H/( ' ) ntArotw-rotwtdx—H/LArotwt-rotz/)tdx
a+n/ , aQ a+n

= Iy + L.

Integration by parts in I, implies

m=" / ( 7 ) Vi Vot ¥ - rot tydx
1M

a a+mn
B / < ! ) Vi Vrot 4 - rot dyd
a at+mnj.,

—i—ﬁ/( 7 ) n.Vrot 1 - Vrot pdw = I}, + 11 + I},
a at+nj .,
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Continuing, we have the estimates

[114] < efrotvelg + c/e|Vnlglne[g|Vrot 1[5,
|[T1] < efrot vefg + c/e| Vil Vot o5,
|11 < el Vrot vel; + c/e|n[g| Vrot ;.

Integrating by parts in 15 gives

[12:H/( n ) VnVrot@mothx—i—H/L|Vr0t¢t|2d$
a a+n/, GQ a-+n

= 1112 + 11227
where
|135] < e[ Vrot 4|3 + ¢/e|Vnlg|rot ¢y

and I7, is absorbed by the second term on the Lh.s. of (3.18) in such way
that

/i/\Vrotwt|2da:—E/L|Vrot¢t|2dx
a a) a+n

Q Q

2
- g/ain‘Vrotthdx > gglvmwtlé for |n| < a/2.
0

Next, we examine I5. Performing differentiation with respect to time gives

[QZ—H/( il ) AV - rot Yydx
a at+n/,

_ﬁ/ 1 AV, - 1ot Yydx = Iy + Iso.
a) a+n
Q

Integrating by parts in I5; implies

]21:E/< n ) Vi Ap - rot i dx
a a-+n o

M n _ 71 2

— Vn.Ap - rot,de = 1 I

a/(a—i—ﬁ)n AP 1Ot = Iy + Loy
Q b

e}

+

where ) ) - )
[15] < 5‘r0“/ft‘6 + C/5|V77‘6|77t’6|A€0’27

|I31] < elrotapylg + ¢/e| V3| Agl3.
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Integration by parts in I5 gives

IQQ:H/( il ) VnAyp; - rot ¥yde.
]

a a+n
Hence,

| T2| < C/ [Vl [Agi] [rot veldz < efrot il + /e[ Vls| Apelz.
Q

Collecting the above estimates yields

11| < ellrot vl + ¢/e(nly [ Vrot ¢I3 + Inl3, [Vrot o[5 + [[nll2lrot vel3),
| 12| < efrotdhefs + c/e(Inlza [Ael + [VnlslAedl; + [nl2.1Apl3)-

The second term on the r.h.s. of (3.18) equals

a

I3 = _Z/ n AV - rot ydx — - / LAV% ‘1ot Yyd.
a_|_77 " a CL+T]
’ Q

Integrating by parts in the above integrals yields

v
3 = — + - TO +t AT
1 7 Vi Ap - rot d
a a+n/ .
Q )
v
+—/ il VnAp - rot ydx
a a+mn "
Q k)

+ Y / ( il ) VnAyp; - rot ¥yde.
a at+n/,
Q b

Hence, we have
2
cv
| 13| < eroty|§ + ?(Ivnlﬁlmlﬁﬁwlg + [ Vilsl Apls + V0[5l Ae3s)-

The third term on the r.h.s. of (3.18) equals

I, =— /(U -V + vy - VU) -r0t¢tdx = Iy + Ly
Q

First we examine I4;. We write it in the form

Iy = — /v - Vrot ¢y - rot Yydr — /U - VVy; - rot Yyde = Lh + Ifl,
Q Q
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where

1
‘[41__

N —

/U - V|rot ¢ |*dz = /Ag0|rot Uy|*dx

Q Q

N —

S0
| Zi1| < elrot vl + /e[ Apl3[rot d5.
Integrating by parts in 2, yields

I, = /VU -V, - rot Yydx.
Q

Hence,we have
|I31| < elrotufs + /e[ Vo3| Veorf5.

Next, we examine 4. Integration by parts implies

Ly = /Aaptv -rot Yydx + /vt -v - Vrot ¢rdx.
Q Q

Hence, we obtain
[Lia| < ellrot u[§ + /e (|Apef3[vf3 + [vel3]0]5).
Finally, the last term on the r.h.s. of (3.18) is bounded by
elrot gl + c/el frel3-

Employing the above estimates in (3.18) and using that e is sufficiently
small we derive the inequality
(3.19)

d 0
ot Uil + —|Vrot Uil < ellnlz  (Inl3, + 1)|Vrot ¥[3

+ ([Inll3 + [Agl3) ot a3 + (Inl21 + [032) 18015 + [Vl Agdls
+ VO3 Vel3 + (1A@i3 + [0:]3) DT + | fral3] + cv?[Inf3 1 (1031 + 1) A3
+ 21 Agef3)-

Multiplying (3.19) by 1/v and adding to (3.17) gives the inequality

1 W W v
V2 + Llrot wtré) 92+ ot vl + Llag
1% a ra a

S

C

< [Inlsa + lo + [ly + 32 (1 + Il ) (IVrot $[5 +[V0[3)
+ (113 + 1A@5)([Vrot vuls + [Vell¥) + Vol Vi3
+ 1@ 5 D7 + [AQlsD3 + [vil3 Dt + | fuels + | forl2]
+evlinlz2 (14 Il )A¢ls + 51Vl

(3.20)
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Introduce the quantity

(3.21) ¢2 = ¢a(|nl21),  @2(0) # 0.
Then (3.20) takes the form

d 1 I I v
(190 + Shrotudl) + E19al + Liror il + 2o

c
—llnlz + Il 1 (Vrot 15 + [V2els + [Vrot vnls + [[VipulD)

+[Ap[5(IVrotvels + Vel + D3) + Vel 1(IVol; + DY)
+ [ulsDY + |fil3] + evllnlz (1 + Il )1 Awls + Inl31 V7]

(3.22) <

Hence (3.22) implies (3.14). Integrating (3.22) with respect to time and
using Notation 2.10 and the fact that |v|g < Dy, |vi]a < Do, |v|2at < A1,
[vtla.qt < Do, [Vulggr < Ay implies (3.15). This concludes the proof of
Lemma 3.2. O]

Lemma 3.3. Let the assumptions of Lemma 3.1 hold. Then

d 1 I
5y (I + horu) + uiTa i+ vidgult + £ ot
3.23 c
B3 < Sl o + (1 + Inl)IVoDE + 19013 + ol Va3
+ (14 [n3)[ I3,
9, 1 2, Mio2 12 v 2
Voo ()5 + ;|rot Y (t)]5 + E|v 90x|2,2,9t + 5|A90x|2,2,9t
H 2 Cri 12 2 2 2 4
—|Vrot ¢, < = D 1 AiD
(3.24) +1/a| 10t Yz ly0. 00 < VHTILX),Qt 5+ (1 + |nf5a) AT DY

+ |V7I|§,Qt + |77|go,9t|V77|g,Qt +(1+ |77|§O,Qt)|f|§,2,9t]
1
+ Va0 + Slrot (O

Proof. Differentiate (3.2) with respect to z, multiply by V¢, and integrate
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over 2. Then we get

ad
5@%%\3 + ul V2|3 + pulAp,|; = — /(nvt),xvsozd:z:
Q
— ag / Vn,Vo.dr — /[(a +n)v - Vo], - Vode
(3.25) “ “
T / [(po(a) — Pl + 1) Vil - Vipydi
Q
+ /[(a + 1) flx- Voud.
Q

After integration by parts in the first term on the r.h.s. of (3.25) we bound
it by
e[V paals + c/elnlio vl
The second term on the r.h.s. of (3.25) is bounded by
€|Vpaals + ¢/e[Vl5.

After integration by parts the third term on the r.h.s. of (3.25) is estimated
by

elVipuals + ¢/e(1+ 3]G VoI5 < €l Vipusls + ¢/e[ VoD (1 + [n]3,)
and the fourth term by
elVipusls + c/elnle| Vnlz-
Finally, the last term on the r.h.s. of (3.25) equals

I = —a/fg'V%xdw—/nf'Vsomd%
Q

Q

so it is estimated by

11| < el Veuols + c/e(1folz + ol F12)-

Employing the above estimates in (3.25) and assuming that e is sufficiently
small we obtain the inequality

d
a2 (Va3 + 1l V20als + VA3
2 c
B26) <l puf2 + [Vl + [VEDIC + i) + Inl Vi

+ 150+ InlZ)]-
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Differentiate (3.2) with respect to z, multiply by rot, and integrate over
2. Then we derive

ad
B ot il + Vot il = — [ (o) ot s
(3.27) ¢
— /[(a +n)v - Vo], - rot ¢ de + /[(a + 1) f].z - rot Yde.
0 Q

Integrating by parts in the terms from the r.h.s. of the above equality we
obtain

d
a%‘r()thlg +M|vr0th‘g
< cllnlZlvels + 1+ )WV + 1+ ) f 3]

(3.28)

Multiplying (3.28) by 1/v and adding to (3.26) yields
d

1 1%
o5y (10 + Thorua) + T+ vIdgult + £ 1ot

c
—lnlclvels + (U4 ) VU DE + [Vnls + Inle [ Vals
+ (L + nl2)If13):
Using the interpolation
[Vels < e V2l Vol
We obtain from (3.29) the inequality
d 2 1 2 2 12 2 M 2

a% Veals + ;|r0t Vola ) + 0l Vieuls + v[Apl; + ;|Vr0t Vul5
3.30 c
B30 Ll uf3 + (1 + i) [VoBD} + 9013 + ol |Vl
+ (L + IS

Integrating (3.30) with respect to time yields
1
(IVaOf + ot a0} ) + 19u s+ 1180 e
1 c
+ ;|Vr0t wx‘gz,ﬂt < ;[|77|<2>o,2,QtD§ + (1 + |77|§o,2,ﬂt)‘4%Dil
+ |V77’§,2,Qf + |?7’c2>o,oo,ﬂt‘vn‘§,2,ﬂt +(1+ ‘n’go,oo,Qt)‘fg,Q,Qt]

+a( 1960 + ot 0)f ).

(3.31)
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Since |n(t)|21 is bounded by a constant dependent of time the r.h.s. of
(3.31) is an increasing function of time. To obtain such estimate that the
r.h.s. of (3.31) does not depend on time needs another approach. However,
we shall show such result that v — oo implies that ¢ — oo. This concludes
the proof. ]

Remark 3.2. We simplify (3.29). Introduce the quantities

(3.32) ¢35 = ¢3(|nlos, D).

Then (3.29) takes the form

d 1 I
a—ov%@+ﬂmww®+MV%£+VM%@+ﬁVWW£
(333) dt 1% 1%

c
< —@slluils + [Vofs + [ f1a)
Using the interpolation
c
(334) o] Vol5 < e3(|VP0,l3 + | Vrot ¢, [3) + 0 (IVels + [rot v3)

we obtain from (3.33) the inequality
1 %
5y (I + S hotoa) + T+ gl + £ ot
(3.35) v v
< —dslluils + [0l + [ /13-

Adding (3.4); and (3.35) we have

d 1 14
oy (V613 + Lot w1 ) + Vil + w9l + ot vl
(3.36) v v

C
< —u([nloe, DO + [0el3 + [vl; + | Als + [ £13].

Using interpolation (3.34) in the r.h.s. of (3.22) to terms |Vrot¥|%, [V2p|3,
|Ap|3 we obtain from (3.36) and (3.22) the inequality
(3.37)

d 1 0
gy (196 + Srotutly ) + Vil + VIl + Aot vl

c
< ;¢(|77|2,17 A1, Dy, Do)[Inl31 + [vel3 + [Vuels + [Agy3

+ |A@3(IVrot ¢ 3 + [[Veell3) + [Vol3lI Vel + IVel: D
+ |wl3DT + 1115 + |£i13) + evlnla1 (1 + [nl3.0) 18003 + 011311V edl3)-
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Lemma 3.4. Let the assumptions of Lemma 3.1 hold. Let Notation 2.10
be applied. Then

(3.38)

1
oy (Il + S0t vt ) + IVl + w18l + £ Vot vl

€
S ;‘U:m‘z‘g + V‘C:l’v(p,u’mﬂ?'%

Cc
V—S%HU@ +[0el3 + [Veparls + [Voualalrot a2 + V0I5 Vi uil3

cv
+ Vo3[ Vuul3 + [ fif3) + 5—1|77|§,1(|V90,m|% +|Veul),

where ¢g is introduced below (3.47). Next (3.49) implies
(3.39)

1
(10 O] + S0t 6.a(8B) + 01T B+ V1A

€
+ §|Vr0t w,xt|g,2,§2t < ;|U,xm|g,2,m + V51|V§0,xm|g,2,ﬂf + €2|UI$|g,oo,Qt
2 c 2 2 v?
+ €3|Vea 3.0t + ;Cbs + cv[nly ) s (1+ |77|2,1,oo,9t)ﬁ
1
+ Ve2u(0); + ~ [0t .04(0) 3,

where ¢g is describes the last but one term on the r.h.s. of (3.50).

Proof. Differentiate (3.13) with respect to x and ¢, multiply by V., and
integrate over (2. Then we have

1d W v
§E|W“|§ + E|V2%t|§ + EIA%IE

= —/ ( il Vn) -V pdr — /i/( " Av) - Vdr
a+ n ,xt a 0 ,rt
Q

a—+n
v n
v VA
(3.40) a Q/ (a+n g0)

+/ [ain(pgm) —pg(a—l—n))V??}  Vpnda

,xt

- Vgdr — /(v V) 2t - Voudx

,xt

+ /f,wt ' v@,:}ctdx-
Q

Now, we examine the particular terms from the r.h.s. of (3.40). Integrating
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by parts in the first term we get

Q, a
L = / . eV + ——Vn | - V@ pord.
at+n/ . a-+mn
Q I

Hence, we have

11| < e[V auls + c/e(ImliIVnli + [Vml3).

We express the second term on the r.h.s. of (3.40) in the form

I, = —E/ {( 1 ) mAv} Vo pdz
a a—+n " ’x
Q

— H/ |: n AU7{| . V@@tdl‘ = 121 + 122.
a a—+n .

xT

Integrating by parts in I5; yields

I = E/( 1 > ntAv - Vo prrdr
a at+nj,
Q K

| I21] < €|V auls + c/elnifg| AvS.

and

Performing differentiation in o gives

122 = —/i/ ( il ) nxAv,tV(p,ztdx
a at+n/ .,
Q K

- H/ 7 Avyg - Vo pdr = Ioo1 + Iog.
a) a+n
Q

Integrating by parts in Iy, implies

I991 = H/ < 1 ) Vi, - Vo - Vo dx
a a—+mn o

+ K / ( il ) ViV, - Vg da
a a+mn "
Q

* H/ ( : ) MV - VQSD,wtdiC = Ipyy + I3y + Iy,
a—+mn "
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where . ) A )
| I | < 5|V90,xt’6 + c/e|nels U,xt|2’

|12221| < 5|V90,xt|§ + C/glnm|§|v,xt|§7
Loy | < €[ V20 .atl3 + ¢/elnaliv a3

Next we examine I555. We express it in the form

T30 = —H/ 7 Arot ¢,zt : VSO,ztdx
a+mn

a
Q

_H / T AV Vo ude = Jy + Jo,
a,) a+n
Q

where
1

J =k / ( n ) Vot vy - Voo ds
a a+n "
Q

+ H / LVrot w,xtvch,xtdx
a—+mn

a
Q

= Ji + Jio.

and

1

n
Ji2 = a / a + nvj (10t 9)i 2tV Vip zedx

Q

I U
I / (a + 77) nvmvj(mt V)itV ardr.
J ,

Hence,
[ Jia] < e1|Vrot w3 + ¢/ VlEI Ve uli
< e1|Vrot ¥uel3 + ¢/e1| Vgl wat|2|¢ atlo
< &1|Vrot a3 + €|@ aaatls + ¢/€1e]Vnl§lo.atl3

and
|J12| < €1 Vrot o3 + ¢/e1| V5| Vo uls

S 51|Vrot 'lvb,:ctg + C/gl|V77‘§|V90,x:ct’2|vw,xt|2
< a1 Vot Yl + e[V uuls + ¢/ete|Vils| Vip,uls.

Summarizing,

[ T1| < e1|Viot v uls + e[ Vipaals + ¢/etellnlla Vo uls-
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Finally, we examine J,. Integrating by parts yields

J2=E/< 1 ) VnVV .t - Vpgdr
a a-+n n

+ K / L|V2<,0,gct|20l$ = Jo1 + Jaa,
a) a+n
Q

where ) ) ) )
| Jar| < €|VZp atly + ¢/elVnlgI Ve il

S 8|v2()0,96t|§ + C/Eyvm%'vgp,m:tb’VSO,xtlQ
< e[V ul3 + ¢/ Vn[§I Vo3

Summarizing the estimates we have

12| < er(|Vrot vl + el Veoully) + c/ellnedi|Avls
+nllalval + Inl3lv.als] + (1/ete + 1/e)Inll5] Vool

2 n 2 2
+ = _— 0| dr.
/ n|V ,t| X

Q

The term .Jy is absorbed by the second term on the Lh.s. of (3.40) in the
following way

a
# / V2 Pda — & / 1192, 2 = P / V2. Pde
a a) a+n a) a+n

Q Q Q

20, oo 2
> ==V rt|2
_3a| So,t|2

where || < a/2. Now we estimate the third term on the r.h.s. of (3.40).
Performing differentiation with respect to time yields

[3:—5/{( d ) mVAsO} -V dx
a a—+mn " =
Q

1%
— _/ |: " VAQOJ:| Vgo,ztdx = [31 + [32.
a a—+n .

Q b

Integrating by parts in I3; yields

v
I3 = —/ ( 7 > mAV - V(P,xmtdx
a at+nj .,
Q b
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SO
clV
31| < ve|V 3 + ;\M%IAW)I%
clV
< Ve|V g3 + ;|m|%IAVsOszIAVs0|2
2

cv
< V€|V¢,mxt|g + V€2|v‘p,mx:€|g + %mt%'Avwb

Performing differentiation with respect to x in I3 we have

v
I3y = ——/ ( d ) %VASO,t : V@,xtdx
a at+mnj .,
Q b

_z / T N AGy - Vpudr = Ly + Lo,
a) a+n
Q

where v
|La] < vel AVl + — [0V .uls

cv

< V€|V90,xxt’g + ?’U,x%w%mt\ﬂv%xt’?
cv

< V5|V90,xa:t|g + ;|n,x|é|v‘p,xt|g'

Integrating by parts in Lo yields

L2 = Z / ( 7 ) VnAw,xt ' v@,xtdl‘
a a+n .
0 )

v n 27 _ 711 2

— A |*de = L L3,

+a/@+77| SO,t| x 9 T L5
Q

where Ve
Lol < vel Ve aarls + — V0l Vel

ve
< ve|Vauls + VNIV aarlo| Vo il
ve
< velVeauls + ZVnlsl Vel
and L3 is absorbed by the third term on the r.h.s. of (3.40) in the following

way
v v v
—/|A<p,xt|2d:1:— _/_77 |Ap | Pd = —/‘A(p’xt‘zdx
a a) a+n a
Q Q Q

2v
2 gam%xt\g for |n|e < a/2.
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Summarizing, the third term on the r.h.s. of (3.40) is estimated in the
following way

cv cv
|5 < Vel Ve aails + vea| Vo aaals + %Hmlﬁllv%m\% + 8_3|’77H3’v901t’§

v n 2
- A o |“dx.
+CL/CL+T]| gp,t| *

Q

Consider the fourth term on the r.h.s. of (3.40). Performing differentiations
it takes the form

I4 = /U7$t -Vou - ngxtdm + /’U7t . VU@ : V‘P,xtdx + /U,x : VU,t : V@,xtdw
Q Q Q

4
+ /U VU 4 - Vo ppdr = Z Ly;.
0 =1

First we consider
Iy = /v Vg -Vudr = /v -VVou -Voudr + /v -Vrot ¢, -V dr

Q ) )
1 2
= Iy + 1y,

where
1 _
Iy, =

N | —

1
[ o ViVeuPds = =5 [ aplVifas
Q Q

SO
Ll < elViparls + c/el Apl5| Vo 3.

We integrate by parts in I3,. Then we have

I, = /vivi(rot V)tV jpadr = —/Vjvivi(rotw)jxtgpxtda:
Q Q

= /V]Ago(rot w)jzﬁ%tdx + /Vjvi<r0t w)jxtvz‘@mdfli
Q Q
= K| + Ky,

where
| K| < elpatlZ, + c/e| AV @[3 |rot g

and ) ) )
|Ka| < e|Vipuils + c/e|Vulz[rot thu;

< el Vigarl + c/el Voli(Jvaels + [Vioul3).
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Next, we examine

1y =— / Appv - Vi pdr — /vxtv . Vzgoxtdx = Iil + Lfl,
Q Q

where

Tn] < elApatlz + c/el Vo ulslvlg < elVouuls + /0[5 Ve al,
[I5] < eIV20ul3 + c/elvalslofs.

The second term in I is bounded by

|Liz| < €|V ulg + c/elvf3lvasl3.
Finally, we have the estimate

| L3] < e[ Vepulg + c/elval3 V3.
Summarizing, we have the estimate

L] < ellVepelz + c/ell AplsI Ve als + 0I5V atlz + [v]Gvals
[0l vaals + VU (vatlz + 1VOail3) + [V aalzlrot val3].

The fifth term on the r.h.s. of (3.40) is expressed in the form

1
= [ () pirelo) = nua £ )90 Vs

1
—_— Vn -V pnd
+/a+77pggnt n @zt AT

Q

1

+ / ot n(pg(a) - pg(a +n))Vn - V@ gardr =I5y + I5o + I53.
Q

Hence, we have

| I51] < e[V aatlz + c/elneleInls| Vnl,
| Is2| < e|Vpeals + c/elnile|Vl3,
[ I53| < elV@uals + c/elnlo | Vinl3-

Finally, the last term on the r.h.s. of (3.40) is bounded by

€|V aatlz + /el fel3.
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Employing the above estimates in (3.40) yields
(3.41)

d 1 v €1
E|V90,xt|g + E|V2@,xt|§ + 5|A90,xt|g < ;|Vrot ¢,xt|g

C
+ 83|V P aaals + ;[Iln,tllanH% + a3 nla + el + ImellilAel3
+ Inll3lvaels + (1A@]5 + [v]§ + 11713 + [vel3) | Vel

+[0lglvarls + [0 31ve0ls + [V@aal3rot v el

+val3| Voels + [£al3] + ve(l+ 1/ nll2 Vol

vc
€2

Nt |

Differentiate (3.13) with respect to « and ¢, multiply by rot ¢ ,; and integrate
over ). Then we have
1d
2dt

]rotmxt\%—l—/—i\Vrotw,m@:—H/( 7 Av) - 1Ot Yypdx
a aQ a+n ot

v Ui
2 A - rot ¢ypdz — V) 4y - TOb yd
(3.42) a/(a+n V‘P)m rot tyedz /(v V) gt - vt Yypdx
Q Q
+ / f ot - 10t Y fyd.
Q

Now we estimate the terms from the r.h.s. of (3.42). We express the first
term in the form

I, = —H/ [( il ) ntAv} rot ¢ dx
a a-+n " ’x
Q

— E/ |: n A'U’t:| - rot w’ztdx = 111 + 112.
n @

a a —+
Q

Integrating by parts in Iy, yields

I = E/ ( 1 ) neAv - rot Y perdx
a a—+n "
O ;

and

11| < e[rot ¥ aar |2 + /2]l 2| Av[2 < e[rot a2 + c/e|nel2vueels 0]y

< glrot w,mt’g +é& U,mx’g +c/(ee1)|m flszA%'
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Performing differentiation with respect to x in Iy, implies

Ly = —H/ ( 1 ) N Av; - 10t Yy d
a a+n "
Q

1% n _ 7l 2
a/a—l—n Ut » TOL Y pedx 12 T 112
Q

where ) ) ) )
[135] < 5|U,zwt|2 + C/5|77,ac|6|1“0t Z/’,xzt|3

< 5|U,mt‘§ + C/5H77H§|r0t w,mblrot w,xt‘z

< e(Vaatl + 10t Yaarl3) + c/el|nl2Irot 3.

To examine 7, we write it in the form

H U
]122 = —E / at /r’AI'Ot ¢,zt - rot w,axtdl‘
Q

a
Q

a—+n

Integrating by parts in J; yields

J = L / ( 1 ) VnVrot 4 - rot ¢ pdx
a a—+mn n
Q

+ H / L|Vr0t Q/J,mt|2de’ = J11 + J12,
a+n

a
Q

where ) ) )
|J11] < e|Vrot ¢ 4|5 + ¢/e|Vnlglrot ¢ 4|5

< &|Vrot ez + ¢/ellnll2|rot ¥ zal|rot a
< e|Vrot vl + c/elnllalrot a3

— H/ " AV 4 - 1ot Y ydr = Jy + .

|2

and Jyo is absorbed by the second term on the Lh.s. of (3.42) in the following

way
H/|Vrot@/}7xt|2da€—H/L|Vrot¢,zt|2da:
a a) a+n
0 0

pof_a 21
— E/m‘Vrot w7wt|2dilf > gg‘ert w,xt‘%a
Q

where the last inequality holds for 9], < a/2.
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Integrating by parts in J, yields

Jy = H/( n > Vn - rot ¢ i Ap pde.
a a-+n n

Hence,
| J2| < el Apals + ¢/l Vnlglrot ¥l

< e(|Apatly + [VI0t Yael3) + c/elInllzfrot vl

Next, we examine the second term on the r.h.s. of (3.42). We express it in

the form

= _5/ {( 1 ) ntVAgo] 10t Y ped
a a—+n n »
Q

— Z/ |: U VAQO¢:| rot @Z)ﬂ;tdl' = ]21 + ]22.
a a+mn

T
Integrating by parts in I5; implies the estimate
|T21] < efrot ¥ zarl3 + cv?/elmelgl AVpl3

cv? cv?
§5|r0t¢,mt|g+ - 51|V907mm|g+€€ ||77t||111|v90m|g'
1

Performing differentiation in Iy yields

Iy = —Z/ ( U ) NeAV @y - 10t Y ppdx
a at+n/,
A ,

- Z/ 1 Av@,tx - 1Ot w,xtdx = Ll + L27
a) a+n
Q

where
C
|L1| < vPei|AV |3 + €—|777as|§|1"0t Vel
1

< V2€1|AV90¢|§ + 0/51H77H%‘r0t ¢,mt|2|f0t ¢,xt‘2

< v%er| AV + elrot Y uuls + ¢/ (e21) [nll2Irot ¥ul3.

Integrating by parts in Lo gives

Lo = Z/ il V- rot ¢ A de.
atn/, ’ ’
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Hence,

|La| < V21| Ap s + c/e1[Vnlglrot o3
< V21| Ap atls + elrot ¥ aals + ¢/ (ce1)[nll3Irot ¥ a3

Now we consider the third term on the r.h.s. of (3.42). Performing differ-
entiations we write it in the form

= /v@t -V - rot ¢ pdz + /v@ -V, - rot Y i dz
Q Q

+ /U,t -V, - 10t Y gpdx + /v -V 4t - TOt Y ppd
Q Q

= 131 + 132 + 133 + 134.

Consider the sum

I31 4+ I35 = — /U’t Vv, - rot ¢ udx — /v’t Vv 10t Y pppda

Q Q
+ /v,t Vv, 1ot ude = — / vy V-0t Y pde = I,
Q Q

where

[lo| < e[rot @D,mt’% + C/S!U,xliow,t\% < elrot w,mt‘% + C/g‘v,x‘gng
< Efrot Y a3 + /€0 a3 0]y D3
< 6|I‘Ot ¢,x:ct|g + 51|U,xmf|§ + C/(551)|U|§D%2

< 10t ¥ put|3 + €11V anals + ¢/ (e21) AT D52

Next, we consider

Lo+ 134 = — /v -V 31 - 10t Y ppdx — /v Vv, 10t Y ppda

Q Q
+ /U VU g - 10t Y pydr = — / v Vo, - rot ) ppude = 1.
Q Q

Hence, we have

|| < elrot w,mt@ +c/e v,zt|§\v|§ < glrot d&mt@ + c/a]v,mtlng
< [0t ¥ aur]? + ¢/l Vet |y 2 ve]3 2 D? < £|rot ¥ gur + €1|0 zat|3

+ c/(ele)Dng.
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Summarizing, we have
|| < efrot ¥ aarls + 1(|Vazals + [0at]3) + ¢/ (e61) (A1 Dy* + DYD3).
Finally, the last term on the r.h.s. of (3.42) is bounded by

glrot w,mt@ + C/5|ft|§-

Employing the above estimates in (3.42) and assuming that ¢ is sufficiently
small implies

(3.43)
d
IR0t aeld 4+ £ |Vrotvunl} < e(|vamal} + [0,00rl3)
+ 51V2(|v90,93xt‘§ + ’v¢,xxx’§)
+ c/ellmls? ol + Inll3irot o1l

C
+ Dy vl + Diluels + [ fil3] + a(v2llntlli‘lvs0,m|§ + [Inll3lrot thael3).

Multiplying (3.43) by 1/v and adding to (3.41) we obtain
(3.44)

d 1 I v 1
(190l + S0t wa) + £19% 0wl + 10l + 2 [Trot v

< S0l AT anal + Um0 + Il + 1) + (il
+ V@l rot ey + (Inllz + 1A¢[5 + Vo)V uls + DV a3
+ (Imell + D3)vaals + (Wls + Inllz + 10ll3 + DY) v 3 + Vo5 Vo3
+ Dy?[vfy + Difuels + | fil3] + %[Hmllﬂvw,w@ + [z Va3l
Let
b5 = ¢5(|nl2,1, D1, D2, A1) |ula < Ay, ugla < Ds.

Simplifying, we write (3.44) in the form

d 1 1
5y (gl Lot + (|9l + ot et

g g C
+ V|A<p,:vt|% S ;|U,33:v:c|§ + 71|V90,:v:c$|% + V_8¢5(|Ir] 2,1 Dla D27 Al)

(3.45)  [Inl31 + 1AQI3 +1A[3IVuls + [Inll2]vatl3
+ ([rot ¢,rt‘§ + |V90,xt’g + |U,xt‘§ + |U,x:v|§
+ Va3 + 013+ [al3 + [VOEIVEatls + Vi aal3lr0t 0 41 ]3)

cv
+[Vol3|Vuly + [ fil2] + glnlé,l(lvw,mlg + Ve al3).
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Using the interpolations

alrot w,xt@ < calrot wymt|§/3|r0t 1/Jt|;1/3 < glrot Q/Jmt@
+ c(l/e)a3/2]r0t w,t\g,
|V al3 < cal Vo patl2| Veoilo < €|V auls + c(1/€)a? Ve,

a|v,m|§ < O"”,mxlg/3|v|;/3 < 5|U,m’x|§ + 0(1/5)a6|v|§a

(3.46)

2
29

where « is a parameter, in (3.45) yields

0 (1 all 110t al3) (Va3 + 00 )
F VAP l} < [Vinnel} + Ll Vpoaasl
(3.47) + —o([nla., Dy, Doy AD[[0f; + orl3 + [ Vipurl3
+ [ Vira Blrot tul? + [Vl Vip a3
FIVOBIVel IR+ 1 (Vomeli + [Viomld),

Integrating (3.47) with respect to time yields

1 1
o1V + S0t () + (9ol + ot vl

£
+ V’A%tg,m < ;|Um‘x‘g§2t + V51|V90m:c|g,(2f

c R
(3.48) + V_€¢6(|77|2,1,oo,ﬂt7 Dy, Dy, Ay) {A1 +D; + 2

Xo X0 12 2 2
+ 7]1"0‘5 ¢xt|§,m + 7’”x|3,2,m + ‘Ur’&oo,QtDQ
2
9 v, g
+ [ filz0e | + 5—1|77|2,1,oo,m§-
Using the interpolations and estimates

2 2 2
X X X
70|1"0t Yatly o < f!vxtlg,m < 701757

D3 va5 000 < €210zl 00 00 + €(1/€2) D3|0]5 o0

< €2|U$$‘g,oo,ﬂt + 0(1/52)D:2))A%=
(3.49) o
o < eulvslbar + o/ea(2) o

2
@m
v
2\
S 83|’U$x|%79t + 6/83 (—) A%

0
14

73 ?Z123B” 28—-1-2020



in (3.48) implies

1 1
oIVt + Slrot b)) + (9l + Lot v

£
+ V|A¢xt|§,9f < ;‘Umwg,ﬂt + V51|v90ma:|§,9t

(3.50) + €2|U$$‘§,00,Qt + €3|UM|§,W
c
+ ;¢7<|77 21,0000, D1, Da, Ay, %7 1/e,1/es, 1/53>'
_, w2 cv W2
[+ D T D3 ] + s
The inequality implies (3.47). This concludes the proof. ]

Remark 3.3. Integration of (3.37) with respect to time implies

1 1
(1968 + Lot ) + (I90Baagr + Lot vl 0

C
+ V‘v@g,l,lﬁt < ;¢(’n‘271,00,9t7 A17 D17 DZ)
: “77\3,1,2,975 + |Ut‘g,ﬂt + |Vvtlg,m + ’A‘Pt’%z,m
(351) ] Ap o (IVrot ¢ 2o + [[Veil2 0ae) + V02 el [ Veor |12 o
Vil 5.0 D3 + [vef2 5.0 D + | f 2. + | fil 2]

4 [0 s (1% 1) APE s + 113 e 1011 ]
1
+a( Vo0 + 3 hot w08, )

In view of Lemmas 2.1 and 2.9 we have

[Ut]o.gr < Doy, |Vuilogr < Do, |vilz0.0c < cllvg|lia.0r < eDs,

3.52
B9 Dol < Ar, Vot o < Vol < D3

Using the definition of ¥ and x( in Notation 2.9 we have

Y
|Apils2.0t < c|[Vrla2,0t < Czy

Xo

(3.53) |AQ|3.00,0t < | Vo200 < o

v X0
\V4 < — Vv ot < ==,
R
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In virtue of (3.52) and (3.53) inequality (3.51) takes the form

1 1
(1608 + 2ot bR, ) + (1B + S0t v e

C
+v|[Vel3y 00 < —925(\77|21<>om Ay, Dy, Dy)-
P2 P2
{|77’212Qt +D2+D2+—+ X°D2+—@+A2>i‘)
\IJ 2 m2 712 2 2
+ §D1 + Dy D7 + | flo o + | fil20r
2 2 2 \112
(3.54) +ev[[nl31 000 (L + 1151 000t) + ||77H2,oo,9t]ﬁ
1
+a( V00 + S ot w017,

C = v xo
E_ 00,021 t A7D7D7Da ) 9
. (|77|21 At |77|2129 1, Y1, V2, s y \/;

\112
| fl2.0t |ft|2,ﬂt) + CV|77|2 Looqt(1+ |77|2 1,00, Qt)

+e(IVROR, + o8, )

For sufficiently small €3 we obtain from (3.39) and (3.54) the inequality
(3.55)

1 1

(IO + [T + ot o)+ 3 ot )

2 1 2 2 1 2
+ ||V90||2,2,Qt + _||r0t¢||2,2,9t +u ||V90t||2,2,9t + _||1"0t ¢t||2,279t
+ V(”VSO”QQW + ||V‘Pt||22m) |Uoc:ca:|2 ot T V51|V90mx|2 Qt

2 c 2 2 v

+ 52|Uwz|2,oo,§zt + ;Cbm + CV|77|2,1,oo,Qt(1 + |n|2,1,oo,Qt)§

2 o, 1 9, 1 2
a| Vo0l + Ve (0l + ~llrot (0)[f + —[frot v (0)[]7 ).

where we introduced the new function ¢19 = ¢g + ¢9 and
(3.56)

N
¢1o —¢10<|77|21oos2t |77|2129t A1,D1,D2,D2, \/— |f|2Qt |ft|29t)

Now we recall the form of some arguments of ¢19. From (2.93), (2.95) and
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(2.96) we have
(0 < exp (VIS ) [VES o)) |, e (1,00),
(Oles < explevitn)|VES -+ 00k,

Y Y (D4/3 P2
2 2/3 1/6 2
51 D =elew (Vi ) (0L 4 0] + T+
\114/3 )
+ ,/2(%/3—1/6)] + A,

D3 = c(a) expleBy (O] [Ba(t) + aoloc 1 (O3]
D3 = c(a) expleBy (O] Ba(t) + ol tu(0) B

where

Ay = |flsear + |00lX8vols,

Bi(t) < |nl3z.00 + (050000 + DY + 1AL,
\1/2
Balt) < o + il (A7 + 42D + 1B )

\112
+ Al—5 + | filsar,

Bi(t) < Bi(t) + Inls o
Balt) < Balt) + (1 + il B

3 1 A
A= B/ - e 1 5 [ (ot + 2o )da,

2 2 x—1

Q
(k+1)T

Br) = eswesp (¢ [ 0 ) 101 s

kENg
kT
+ pa” + ol f1% 1,00 + lool3lvol3],
a/2 < p<3a/2, a, T are given. This ends Remark 3.3.

Lemma 3.5. Let the assumptions of Lemma 3.1. Let Notation 2.10 be
applied. Then

(3.58)

d

2 (MV 0l 1100 0e) + 11Tl + (100D + 2180

< co(InlD vl + Il + (vl + Ve IV aals
+ Voaals + Vealli + [vald) + IVealllvallF + 1+ I3,
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and
V|V, (t)lg + |rot (. (t)@ + M(V|v290,m|g,2,ﬂt + |rot ?/),mx@g,m)
U2 @2
+P0¢nb er < cf oxp (Vi) (157 + B ) el
L U
(359)  + ng(Al, Aq, exp (\/Ecp*(t)) (\/E— + C—°> -, ﬁ)
v o v) v\ v
vz 2 )
(1 exp (ViR.) (t—5 + 5 ) )I71B o0

+ (VI V@22 (0)]3 + [rot .40 (0)[3).

Proof. Differentiating (3.2) twice with respect to x, multiplying by Ve .,
and integrating over € yields

ad

2dt

== /(nv,t),a:a: : V@xxdx — Qo / Vna:x : v@,xxdx
Q

‘V(P,m‘% + N‘VQSD,ME + V’A¢,zx’%

+ 1) - V] 40 - Vo gd
560, (@410 Vol - Vip e

+ [ [(po(a) = pola+n)Vn] o - Vo zadi

+ [(a+n)flae - Viprada.

The first term on the r.h.s. is estimated by

elV@,aaals + c/elnllzluelli,

the second by
eIV Paaals + /e[ V3.

Next we examine the third term on the r.h.s. of (3.60). We write it in the
form

K= a/(v V) 2z - Vipgedr + /(nv V) 22 - Vipgedr = H + L.
Q )
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First we consider H. We drop a for simplicity. Then we have

Q

+ [ (v-Vrot ) 4q - Vogdr = I + L.

D\

Consider I;. We express it in the form

I, = /v,m -VVo -V adr + 2/1}7,3 -VVo, - Vo,dx
Q Q

+ /U -V(VQ) 22 - Vo godr = Iy + Lo + 13,
Q

where

Iis =

N | —

1
/v . V|Vgo’m|2dx = —§/Ag0' |V e |*da.
Q Q

Hence
|]13| < 5|V‘P,m|§ + C/5|A90|§|VQO,M|§‘

Consider I15. Integrating by parts yields

[12 = -2 / v - VVSO,m : vw,xxdﬂj -2 / v - vv@,x : v@,zxxdx = [112 + [122?
Q Q

where I}, is estimated by the same bound as I3 and
1] < €[V@aaals + ¢/elVipaalslvls < elV@uwals + ¢/ Vipaal3 DY

Finally, we examine

I =~ / Agp,xa:vw ’ V‘P,mzdx o /U:xz *VVu, - Vodr = Illl + 1121
Q Q

and 1 2 2 2
11| < €IV arals + ¢/e| Va3 Vels,

11| < eIV auels + ¢/elva 3 Vels.
Summarizing, we have
11| < el Ve aallt + c/ell Apl5IV 00l

(3.61)
+ Ve ual3D} + Va3V elg + val3 Velg].
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Now we estimate Io,

I, = /vﬂ -Vroty - Vo ppdx + 2/1}796 -Vrot Y, - Vo zodx
Q 0

—+ /U - Vrot ¢,:m: . VQO@xd% = 121 + 122 + 123.
Q

Consider 5. Integrating by parts yields

I, = — /Ago,m(rotw + @) - Ve de

Q
— /v,m(row +G) - VV@ de = Ly + 13,
Q

where
1121| < elAp el + /6| Vpaalilrot o + G
< | A aals + /el Vo zals - (I + [VIF)
< e|Ap zoly + /el VP al3(DF + [Vel5)
and

‘1221| < €|v90mw|§ + C/5|vxw|§’r0tw + G|€23 < 5|v90mz|§ =+ C/d”,ﬂ’%(‘”%
+1V@lE) < elVPaaals + ¢/elvaal3(Di + [Vels).

Integrating by parts in the sum Iss + I3 we get

Ioo+ 193 = — /U-Vrot w,m-Vapwd:B—Q/v-Vrot Y 2V geadr = J1 4 Jo,
Q Q

where integrating by parts in J; yields

Jl = /AQOIOt ¢,mz ' VQO,wzdx + /UI‘Ot ¢,xw ' VQSO,acde = Jll + J127
Q Q

where

|J1] < eV aals + ¢/elApl3lrot ¢ 43,
|J12| < 5|v290,m|3 + C/€|1"0t @Z)m|§|v|§ < 5|v290,m|§ + C/8|1"0t %xlng

Finally,

12| < e[V anals + ¢/elrot ¥ uuls]v]s < €]V auals + c/e[r0t ¢ aals DY
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Collecting estimates for I yields

|I2| < €l Voualli + ¢/l Ve aal3(DY + [V ol5)

(3.62)
+ V22 5(DF + [Vol) + |Apl3[rot ¢ a3 + [rot ¢ 4. 3D7].

Next, we consider the expression

(3.63) ¢ “
+ /[771) - V1ot ¢] 4z - Vpgadx = Ly + Lo.
Q

Performing differentiation in L; we have

L, = /[Umv -VVo+nv., - VVp+nv-VVe,., + 210, - VV@
Q

6
+2n,v - VV @, + 2nv,VV .| - Vi p.de = Z Ly;.
i=1
Next, we have

|Lu| < e[Vaals + c/elnesl2vl5 Ve als,
|Lnz| < elVpaals + ¢/l vasls| Viol3,

1 1
Ly = 2 /777) VIV go|dr = 2 /U VNIV o *da
Q Q

2
Q

1
— = /T}AQD|V<p7$$|2dI‘ = L%g + L§3.

Continuing, we have

L1z < elVeuels + ¢/el[E VNGV s,
|Lis| < elVoualg + c/elnlzl Apl3 Vo3,
| L] < €|Voaals + ¢/elnelloa 51 Vi3,
|Lis| < €|V uls + c/elnallvls| Vo,

| Lis| < €|V uls +c/elnlzlval3 Ve wls.

Summarizing the above estimates we get

(3.64)  |Ln] < elVepaals + c/clnlsIVealli [Vl + [vaals + 1A0l5 + [vals)-
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Next we consider Ly from (3.63). Performing differentiations we obtain

Ly = / [1.220 - VIOt ) 4+ Vg, - Vrot i + nu - Vrot ¢y,
Q
+ 21,0, - Vot ¥ + 21,0 - Vrot 1, + 2nv, - Vrot 1,] - Vo peda

6
Z Lo;.
=1

Now we estimate the terms from L.

|Lan| < €lVaals + c/elnes 3vfe Viot 5.
Integrating by parts in Loy implies

Loy = — / V1 - Vg (rot ) + G) - Vipgadr — /nAgom(rotl/) + G) - Vi pdx
Q

N 22 (t0t Y + G) - VV @ podx = Lyy + Lay + L,

D\@

where 1 2 2 2 2
|Los| < €|V eals + ¢/eIV5lvaala]rot ¢ + G5,

|L3s| < el Apuels + ¢/elnfs Vw3 lrot v + G,
|L3s] < €lVpawals + c/elnlzc|vasl3lrot ¥ + GIE.

Next we examine Loz. Integration by parts yields

L23 = - / VU - vrot w,azz : v@,mﬁdm - /UASOTOt w,x:c : V@,x:cdx
Q Q

- /771) 106 ) 40 V2P podw = Ly + L3 + L.
Q

Continuing,
|Las| < €lVaals + /el Vnlglvlgirot a2,

|L3sl < elVpaals + c/elnloc] Aplzlrot ¥ u03,
|L3s| < elVpaaals + c/elnlolvlgirot oo ls.
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Next we examine Los. Integration by parts implies

Loy = —2/V771vx(rotz/1 +G) -V de
Q

—2 / UmAQO,x(rOt ¢ + G) ' V(p,mmdx
Q

- 2/nxvx(r0t¢ + G) : V@,mmxdm = L%4 + Lg4 + L§4
Q

Estimating, we get

| Lol < eIV @aals + ¢/elaslz|valslrot v + G5,
|L34] < elVaals + c/elnlslApsfalrot v + GG,
|L34] < eV aaalz + c/elnalglvaliirot v + GIE.

Next, we have
| Las| < e[V aals + ¢/elnalglvfgirot ual3.

Finally, we integrate by parts in Lyg. Then we have

Log = —2 / NV - Vroty , - Vo pde — 2/m) -Vrot Y 4, - Vi godr

Q Q
-2 / nv - Vrot ¢ , - Vi ppade = L;G + LgG + L%G.
Q

Consider L3s. Integration by parts yields

L§6 =2 / Vn - vrot 40 - Vo ppdr + 2 / NAQrot ¥ 4y - Vi podx
Q Q

+ 2/7}1} . V2gpm -rot Yudr = F) + Fy + F3.
Q

Continuing, we have
|[F1| < e[ Veulg + c/elVnlglofgrot a3,

|Fao| < elVpaals + e/l Avlsrot 03,
5] < el V20aals + c/elnlo vlgrot 1z ls.

82 ”Z123B” 28—-1-2020



Finally, we have
|Las| < €lVpaals + c/enalglvlsirot ¥ aals,
L3l < el Ve aalli + c/elnllz(v]s + [Apl5) rot 005,
Lzl < elVpaaals + c/elnlo|vlslrot 1z ls.
Collecting all estimates for Ly we have
(3.65)
c
Lol < e Vepaalli + Zlmllzllvfslrot ol + (10,225 + [Vipuals)rot & + Gl
+ (Jvfs + [Al3)[rot 1 aals + ([vals + [Agal3) [rot ¥ + GIg].

Now we collect all estimates for the third term on the r.h.s. of (3.60). Using
(3.61), (3.62), (3.63) and (3.64) we have

|H| < ellVeulli +c/el|Veuwl3(1A¢l; + [Velg + D)
+ Va5 (DF + [Vip[§) + [r0t 1 aal5(DF + [Ap5)]
and
L] < ellVeaalli + c/elnlBlIVe i + [velg + [vel3 + [A0]3)
+ [rot Pua 5 (|0l + [A@I3) + [rot YIE([vels + [vael3 + Vi eal3)]-
Using that v = Vi + rot ¢ we derive
K| < [H| + L] € eVl + c/ellVowls(1A0f + [ Vels + DY)

+ (L [Inl3)[rot e 5(DF + |Apl)
+ 03IV 2T (DT + [valg + [vaals + [Apl3)
+ [nllz ot Y15 ([velg + [veal3 + Ve uel3)]-

The fourth term on the r.h.s. of (3.60) is estimated by

elV@azals + c/elnlla-
Finally, the last term on the r.h.s. of (3.60) is bounded by

€lVQ aaalz + /el foalz + Inalsl 15 + 3] fol2].

Using the above estimates in (3.60) and assuming that ¢ < v/2 we obtain
the inequality
(3.66)

d c
aalw,mli + V20 aal3 + VAP 2al3 < ;[HnH%Hthf
+ 1913 + 19113 + [V 5(1A0[5 + [Velg + D)
+ (14 Inl3)[rot ¥ 40|3(DF + [A0l3) + 0I5 Ve IF (D] + |0l
+ [02al3 + [AQ) + [03(DF + VIR (valg + [0als + VO ael3)

+ (L+ [
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Simplifying, we write (3.66) in the form

I3 lv.13

Di +[[Vell)

d
a%|v¢,m|§ + N|V¢,mmx’§ + V|A90,m’§ <
(367 + Inll5(nllz + 1) + Ve w31+ lIn]3)
' + [rot ¥ 40 [5(1 + [I13)(DF + IVel[3)
+ 10131Vl F(DF + velg + [Ael) + Inl3(DF + [Veld)|vals
+ (1 + [InlI5) L F1F]-

Differentiating (3.2) twice with respect to x, multiplying by rot ., and
integrating over {2 implies

Rl

—~

ad
§%|r0t z/;m@ + p|Vrot @Z)m@ = — /[nv,t]vm - 1Ot 9 4 dx
(3.68) @
— /[(a +1)v - V] 4y - TOL Y pdx + /[(a + 1) f] 2z - TOt Y pde.
Q Q

The first term on the r.h.s. of (3.68) is bounded by
(3.69) e[r0t v aaal5 + /e[l llvely-
The second term on the r.h.s. of (3.68) is expressed in the form

a/(v - V) g - TOE Y ppdx + /(nv V) 2z - 100U ppde = J + K.
Q Q

First we consider J. We drop a for simplicity. Then we have

J = /(v - VV @) 4z - TOL Y pdx + /(v - V10t 9) 4 - 10t Yypdax = Jy + Jo.
Q

Q

Consider Ji,

Jl = /[U,zx . VV(,O +uv- VVgom + 2v,xVVg0,m] -rot w@xdl' = JH + J12 + J13.
Q

Integrating by parts in Jp; yields

Jig = — /Agongp 10t Y gpdr — /v,ngo -Vrot Y ,.de = Jlll + J121,
Q Q
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where ) ) ) )
| /11| < glrot w,xr‘G + C/g‘vw,xm|2|v¢|3’

| T1| < elrot Yaaaly + ¢/elvaal3| Vel

Integrating by parts in Jy3 yields

Jiot+Ji3 = —/v-VVgom-rot ¢7wxdx—2/v-VVw7x-rot Y prpdr = K1+ Ko,

Q Q
where ) o1 1o
|K1| < elrot g + ¢/l Ve aal3|v]3,
|[I5| < elrot w,zm’g + C/€!V90,a:x|§|v\§-
Summarizing,

1] < ellrot Yool + /el Ve aasla (IVel5 + v]5) + e/e(|vaals Viels
+ Ve ael3[0]5)-

Consider .J5. We express it in the form

Jo = /[Qm-Vrot Y420 ,-Vrot ¢ ,4+v-Vrot ¢ g, |- 1ot ¢ podr = Jo1+Joo+Jos.
Q

Integration by parts in Jy; gives

Jop = — / Ap i (rot ) + G) - rot P 4 do
Q

- /U@m(rot@/) + G) - Vrot ¥ . dx = Jyy + Jap,
Q

where
| Jo1| < efrot ¥ a0lg + ¢/e| A zal3|rot ¥ + G5,

|J3,| < e[tot ¥ pua s + ¢/€|V 2nl3]TOt ¥ + G2,
Integrating by parts in Joo implies

Jog + Jog = — / v - Vrot ) g4 - 10t Y ppdr — 2 / v - Vrot 1, - rot ¢ 4. de
Q Q
= M, + My,

where

2

1 1
M, = —= /'U . V]rot w,m|2dx - §/A90|r0t w’m|2d$
Q Q
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and
| M| < elrot ¢ aals + ¢/e|Apl3rot ¢ 4o 3.

Finally,
|My| < e|rot ¥ unl3 + ¢/e|rot ¥ 40 |3]0]5.

Summarizing,
[ J2| < ellrot ¥l + ¢/e[|Apual3lrot ¥[5 + [val3[rot ¥ + GIg
+[rot ¥ [3(1A¢[5 + [v]G)].
Collecting all estimates for J we get

| J| < ellrot ¢ualT + ¢/[|Veaaa 51V I3 + [0]5 + [rot ¢ + GI3)

(3.70)
+ (V@ uals + rot ¥ a[3) (J0fs + [Vels + [Ap]3)]

Finally, we consider K. We write it in the form

K= /[nv - VV Q] 4z - TOL Y ppd + /[nv - V1ot ¢] 4 - 1Ot Y gpdx
Q Q
= K1 —+ Kg.

Performing differentiations we have

K, = /[nxmv “VVO+ 1040 - VVO+10 - VV@Q 10 + 20,0, - VV@
Q

6
+ 20,0 - VV, +2nv,VV |- rot i .de = Z Ki;.
i=1

Now we estimate the terms Ky;, ¢ =1,...,6. We have

|K11| < Eert w,zx% + C/5|77,$I|%|U|623|V90,m|%’
| Ka| < efrot ¥ zolg + c/eln|3]vms 3 Vi o3,
| Kas| < efrot ¢ a0lg + ¢/elnf2|0l3 Vi aals.

Integrating by parts in K4 yields

Ky = -2 / NeaV - VV @ - 10t 9 ppdr — 2 / NV - VV, - rot ¢ goda

Q Q
— 2/77@1) -VV@ 1ot ypde = K114 + K124 + Kip
Q
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where . ) ol 1o )
|Ky| < efrot v aals + ¢/e[neal3|v[s| Vs,

K| < elrot ¥ aag + c/elnalglvfs Ve aals,
K3y < erot Y aaalz + ¢/elnalelvle| Vo.ols.

Next, we have
| Kis| < efrot v ualg + ¢/elnalglv]s Vol

Integrating by parts in K4 gives

K = —2/7]@1) -VV, -0ty zpde
Q

-2 / nv - VV@ 10 - 108 Y 10da
Q

- 2/771} VUV 10t Y pupdr = Kig + Kig + K,
Q

where ) ) o i )
[ K] < eglrot ¢,m|6 + C/5|77,x|6|v|6|v¢,:cm|2a

K| < elrot Yaals + ¢/enlSc oI5| Ve aaals,
K| < elrot ¥aaalz + c/eln|2 [VIE] Vo zals.

Summarizing, the above estimates yields

(3.71)
+ 2|05 Ve wlI2].

Finally, we estimate K,. Performing differentiations we have

K| < ellrot I + c/elInl30fsI Ve alll + 15 vaa 2l Veoos

Ky, = /[nymv - Vrot ¢ + nu 4y - Vrot ¢ + nu - Vrot ¢ 4, + 21,0, - Vrot

Q

6
+ 21,0 - Vrot ¢, + 2nv, - Vrot ¢ ,] - rot ¢ p.dr = Z K.
=1

Now, we estimate Ko;, 2 =1,--- ,6.

| K| < elrot §aals + ¢/2ln.aa 3|05 VTot Y.
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To estimate K99 we integrate by parts. Then we have

Koy =— [ V- v (roty) + G) - rot ¢ ,.dx

NAQ o (rot Y + G) - rot Y . dx

nv,:m: ' (I‘Ot ¢ + G) ’ VI‘Ot ¢7:va:dx = K212 + K222 + KSQ?

P O B

where 1 2 2 2 2
| K| < elrot w,m’cs + 0/5|V77’6|U,amc|2|r0t Y+ G|6>

‘K222’ < glrot w,m’% + C/€|U\§O\V90,mx\§!f0t Y+ G‘gv
| Koo| < elrot v aaels + c/elnlZ]vesl3lrot ¥ + GI5.
Consider Ky3. Integration by parts yields

1 1
Ko = 3 /m; - Vot ¥ 4, |2da = —5/11 - Vrot ¢ g, [P da
o Q
1
2 /’mwlrot Vanl*dr = Koy + K35,

Q

where . ) o1 1o )
| K33] < elrot w,mlﬁ + ¢/e|Vnls|v|s|rot ¢,m|27

K35 < elrot ¥l + c/elnlS | Avl3lrot ¥z
Integrating by parts in Koy gives

Koy = -2 / Nz - VIOt - T0t ¢ f0d — 2 / N0 - VIot 4 - rot ¢ zodx

Q Q
- 2/77,IU - Vrot w - ot w,xazxdx = K214 + K224 + K:2347
Q

where ) ) o1 1 )
| Koyl < efrotasls + c/e|naalzlvfslrot v u[s,

[ Ko1| < efrot i auls + ¢/elnzllvlglrot ¢ aals,
|ECoul < lrot Yagals + ¢/2lnalglvlgirot vals:

Next, we have

|[Kos| < elrot aalg + ¢/elnalgv]gIrot 1 ual3-
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Integrating by parts in Ksg implies

Ko = =2 / NV - VIot ;- rot ¢ yodar — 2 / nv - Vrot ¥ 4, - rot ¢dx

Q Q
- 2/7711 V1ot ), - 10t Y gpedr = Kyg + K + K,
Q

where
| Kool < elrot ¢hea|g + c/elnalg|vfglrot ve.ls,

K226 = _/77” ’ V|I”Ot 77/},5696|2dx
Q

= /V?]-"U‘I”Otw,xx’QdiE—i-/UAQO‘I"OtT,D,xde.CE
Q Q
= D1 + DQ.

Continuing, we have
| D1 < elrot taalg + ¢/ Vnlglvfglrot a3,
|Ds| < efrot v aalg + ¢/ lnlie| Apl[rot al3.

Finally, we estimate
| K36] < efrot ¥ aaal3 + c/elnl3[v[rot ¥ a3
Summarizing the estimates we get

K| < ellrot va1 + c/elmls[(v]s + [Awls)[rot v a3

(3.72)
+ (D} + [Volg) ([1ot §aals + [V zal3 + [V 2aal3)]-

The last term on the r.h.s. of (3.68) is bounded by

(3.73) elrot Yaasls + c/e(ILf 1T + InlIFIIT)-

Using estimates (3.69)—(3.73) in (3.68) and assuming that ¢ is sufficiently
small we get

d
a~ |rot Vaalz + HIVIOt Y003 < cllmll3]lv.lly

+ Vo aaalz(1+ Inll2) (I Vels + [vle)

+ (IV@aals + rot Yaa[5) (1 + [I0l13) ([0]s + IV ]17)

+ IV alilinlz(vls + [vaalz) + ot alilInllz(vls + [IVel3)
+ (L+ [l

(3.74)
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Multiplying (3.74) by 1/v and adding to (3.67) yields
(3.75)

d 1 1
a% (|V‘P,m|g + ;|1"0t @Z)m@) + U(|V¢,mmx|§ + ;ert ¢mx|g>

C
+ V1A a3 < SllInllzllv.lT + InllsClnlls + 1)

+ VP aaal2(1+ 112 (I Velg + []6)

+ (L4 [l (I Vep.aals + [rot v aal3) ([0]s + [IVeo3)

+ Il Ve li(vls + 1IVellz + lvali) + lInlzlrot v 1 (1] + IVell3)
+InlZ(0IE + IVelo) vals + (1+ [l 1 FI1]-

First we simplify inequality (3.67)

d
a%|v¢m’|g + ﬂ|v90mmx|g + V|A‘Pm’|§

C

@3.76) < onllmll) vl + lInllz + [Veul3 (DT + [ Vels)
+ 10t Yo [5(DY + [ Vell3) + [IVepalF(DF + [vals + | Aeel3)
+(Df +[Velg)lvsls + I FIIF]-

Similarly, simplification of (3.74) gives
(3.77)

d
a— |10t Y5 + | Vrot s < Gra(llnlla) [leell:

+ | Veuaala(IVol§ + [0[5) + (IV@als + [rot ¢usl3)(J0fs + 1 Vell?)
HIVeallf(I0l5 + [vaal3) + ot vl (10ls + [Veoll3)
+II13].

From (3.76) and (3.77) we have the clear version of (3.75)
(3.78)

d 1 1

C
+Y|A¢ul; < —dus(lnlla) o + [Inls

+[Veaaala(IVels + 10[6) + (Va3 + [rot vhusls) (J0]s + IV ll2)
+IVeullF(Jofg + 1Vells + [[oz1]) + llrot ¢ lIF(|vfs + [ Vell3)
+(Jvls + [Veld)lvals + 1 11]-

This inequality implies (3.58).
Integrate (3.78) with respect to time and use Notation 2.9 and the estimates
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lv|g < Dy, ||vi]l1.2.0t < Do. Then (3.78) implies
(3.79)

1 1
o(IVpua® + S0t s O ) + (19 use B + 4 ot vl
Is _
#7180 < S0l | D3+ I01Bsc

+ ﬁ( + D1) + (|V90xx|3727gt + \rot wII‘S,Q,Qt) <D1 + 7)

v
X Xt
# X+ ot e ( D1 + 22

2
X
S (D% . ) ; Hfuim}

v
1
(9ol + St (0.

Examining (3.79) we see that there exists a nonlinear increasing positive
function ¢4 depending on ||9]]2,00 0t \’;—%, D such that

(190l + Lot v, 08

1
+p (|v90mm|§,ﬂt + > |rot @Z)mz@,m) + VlA(pa:z@,Qt

(3.80) c X0 _, ) W2
< ;¢514 171|200, W’Dl D3 + [Inll32.0t + oz

+ |v90m:|§,2,m + [rot ¢m|§,2,ﬂt + ||Uac||%,2,m + [[rot 7;%”%,2,9’5
1
] + (1900 + Lot a0 ).

We have that [vg,]5 = [rot ¥u.]3 + [Ve |3, because [, 10t ¥y, - Vipgdr =0
in view of integrating by parts and the periodic boundary conditions. Then

+ |valg o + IS

||Uac||i2,Qt + ||rot ¢z||i2,9t + |U:v|§,2,9t < CHU:cHiz,Qt

(3.81)
< C(|Umg,ﬂt + ‘Ux@,m) < C’“M’%,Qt + CA%'

Next we use the interpolation

‘Ua:xlgﬂt < 5|Umx|g,m + c(l/s)]vx‘gﬂt

3.82
(382) < clvmmalE gy + (/) A2

Next we use

v
(3-83) ’V¢xx|3,2,ﬂf < C||V90m||1,2,9t < C;-
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Finally, we use the interpolation

(3.84)
[rot ¢m’§,2,§zt < glrot ¢wxx|§,9f +¢(1/¢)|rot ¢x|§,9t
< 0t DB + 1/ 00l < elr0t Yl + (1)) 42

Exploiting (3.81)—(3.84) in (3.80) and assuming that ¢ is sufficiently small
we see that there exists function ¢q5 such that

(3.85)
1 1
o(IVua® + S0t s O] ) + (9 use B + 4 ot bl
C X0 N
Apeals o < — X0 =
18 Bor < SousIillmar Iilhaar 5. .

_ 1
4101 D flzar ) + a9 O)B + S ot a0 ).

The above inequality implies (3.59). This concludes the proof. ]

Remark 3.4. From (3.55) and (3.85) we have
(3.86)
a(v|V(t)f51 + rot ¥(t)[51) + u(v|Vels 1 a0 + 10t Y155 5.00)

_ \
+ 1V2|Vl3 1000 < d16(D1, Do, Doy Ay, — X0 1l2,1.2.005 [Ml2,1,00,00)

v v’
+e(1+ 13100011200 + cWIVR(0)[31 + [rot (0)[3,)-

4 Estimate and Existence

Lemma 4.1. Let Notation 2.10 hold. Let v > 0 be given. Assume that
0(0) € Loo(©), 1(0), Vip(0), 10t 1:(0) € TX(Q), f € Lo(0,T; HY(Q)), f; €
Ly(QT), f € Lg(0,T; L3(R2)), f € L1(0,T; Loo()), v|V(0)]3, < const.
Then for sufficiently large v there exists a constant A depending on all above
assumptions such that

(4.1) X1(t) +x2(t) +¥(t) <A, t<T,
where T' 1s proportional to v.

Proof. Using (2.92)-(2.96), (3.79) and Notation 2.10 in (3.86) we have
v
Xi 4 x5 + W2 < gog(exp(t'/?d,) (t1/2; + co/y>,
4.2 v v
42 () M A A e

vl Rl
T eV V(0)3, + [rot v(0)[3, ).
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where ¢(0) = 0.
To show (4.1) we take constant A so large that

c
(43) qbg()(eXp(tl/Zq)*);O, 0, 0, O, Al, Ag, |f|171727Qt) + 6@3(0) < A.
Then for v sufficiently large there exists a constant A such that (see [T, Ch.
1, Sect. 1.3))
A ¢ A\ A A

120 ) (122 0 o) 2

(4.4) D20(exp( )( )\ )
Ar, A, [ fli2.00) + c®5(0) < A,

Hence (4.1) holds. This concludes the proof. O

Corollary 4.2. Let the assumptions of Lemma 4.1 hold. Then (4.4) implies
(4.5)

1 I
|V<p(t)|§’1 + ;|rot¢(t)|§’1 + H|V<P|§,1,2,Qt + V|VS0|§,1,2,Qt + ;|1"0t ¢|§,1,2,Qt

1 1
< —0(A) +[V(0)f3 1+~ [rot (0) 3.

From (4.5) and estimates for n (see Lemmas 2.9, 2.10) we have

1
(4.6) 72,100,060 < ;Cb(A)

where
1(0)|2,1 < co/v

and
1 1
A7) IVe)|3,+vIVelzia0 < ;cb(A) +[Ve(0)[3, + ;Irot (0)]34,

so quantities n and ¢ can be made in these norms as small as we want for
sufficiently large v.

Theorem 4.3. Let the assumptions of Lemma 4.1 hold. Then there ex-
ists a solution to problem (1.7)-(1.9) such that ¥, € Lo(0,£T3(Q)) N
Ly(0,8;T3(Q)), t < T as long as estimate (4.1) holds.

Proof. For T sufficiently small there exists a solution to problem (1.7)—(1.9)
in the above spaces. Having estimate (4.1) for ¢ < T the local solution can
be extended in time up to time ¢ = T". This ends the proof. ]
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5 Global estimate and existence

In Section 4 we proved long time estimate for solutions to problem (1.7)-
(1.9), where the estimate time is proportional to v. Since v is finite we have
only finite time estimate. Hence there exist finite time solutions. Therefore,
to prove global existence we need additional differential inequality. This is
derived in this Section.

Lemma 5.1. Assume that o, 1, n are solutions to problem (3.1)-(3.3). Let
the assumptions of Corollary 4.2 hold. Then

d 1 I v 1
— | [Vl + =rot 93 | + =[V?0l3 + =] Apl; + —|Vrot ¢[3
(5.1) dt v a a av
c
< ;[In!g + [nlilvels + [Aplilols + (03 Vol3 + | FI3]-

Proof. Multiplying (3.2) by V¢ and integrating over € yields

(5.2)
ad
IVl + Vol + 1Al = a0 [ 90 Vigdo — [ o, Vioda
Q Q
- / (a+n)o- V- Vodz + / Po(@) — pola + MV - Vioda
Q Q
+/(a+77)f-Vg0dx.
Q

Integrating by parts the first term on the r.h.s. is bounded by
elAplz + c/elnlz,

the second by
e[Vils + c/elnlslval

the third term on the r.h.s. of (5.2) is expressed in the form

—a/v-Vv-chd:v—/nv-Vv-V@dxEIl—i—[Q.
Q Q

integrating by parts in I; yields

Il:a/Agpv-Vgpda:—{—/v-v-VVgoda:5111—1—112,
Q Q
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where ) .
|| < e[Vl + c/e|Aplsvl3,

|L2| < el V20l + c/elvfglvfs.
Next we examine I,. Then we have
|| < el Vpls + e/l o Vol
The fourth term on the r.h.s. of (5.2) is estimated by
e[Veels + c/elmls [Vl

Finally, the last term on the r.h.s. of (5.2) equals

Igza/fg-Vgpd:L'+/nf-V<,0da:.
Q

Q

Hence
|Is| < e|Vol5 + c/elfylz + el Volg + c/elnl3l f15.

Employing the above estimates in (5.2) and assuming that ¢ is sufficiently
small yields
d c
a— |Vl + nIV2ols + vIApls < —[lnls + nfslvds + [A¢ ol
+ 0§l + Il w3V ol3 + 3 Vals + |13 + 31 £13]-

(5.3)

Multiplying (3.2) by rot ¢ and integrating the result over €2 implies

(5.4)
ad

5 dt!rot V|5 + p|Vrot |3 = _/UU,t -rot Ydr — /(a +n)v - Vo - rot dx

Q Q

+/(a+n)f-rot¢dm.

Q

We estimate the first term on the r.h.s. of (5.4) by
efrot Yl + c/zlnlslv.l3.

The second term on the r.h.s. of (5.4) is expressed in the form

—a/v-Vv-rotwdx—/nv-Vv-rotzbdxzJ1+J2,
Q Q
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where
1] < elrot ¢[§ + ¢/elof3| Vol3,

[Jol < efrot o[g + c/elnl |of5 Vols.
Finally, the last term on the r.h.s. of (5.4) takes the form

a/fr-roti/zdit—l—/nf-rotwdx = Js.
Q Q
Hence,

| Ja| < efrot ¢f3 + c/el fo]5 + elrot ¥[§ + c/e[nl3] f15-

Employing the above estimates in (5.4) and using that ¢ is sufficiently small
we derive the inequality

ad
(5.5) 5 77 lrot G5+ plVrot |3 < ellnfzlvels + 03 Vol3 + 2 Jof3 Vol

+ 1515+ 31 £13)-

Multiplying (5.5) by 1/v, adding to (5.3) and using that |n| < a/2 we obtain
(5.1). This concludes the proof. O

Lemma 5.2. Assume that ¢, 1, n are solutions to problem (3.1)-(5.3).
Use (3.2) in the form (3.11). Let the assumptions of Corollary 4.2 hold.
Then

QU
~

1
ww@+wmw£)+ﬂv%£+ﬁmm@+ﬁwmwﬁ
1% a a avr

5.6 C
OO < Ll + 1l (Trov vl + 1ag )

+1A¢5[v.ls + [valslvfs + 1filo] + evinls 1| Aels.

Proof. Differentiate (3.13) with respect to ¢, multiply by V¢, and integrate
over (). Then we have

(5.7)
1d o Mo 9 VU 9 / ao
—— — —|A = — . d
2dt|v§0’t|2 + a|v ‘P,t|2 + a| 90,t|2 a+nvn ) Vi dx
Q b

— H/ ( il AU) -V dr — z/ ( 7 VAgo) -V dx
a a—+n " a a+mn .
Q ’ Q ’

- /(v -Vv) - Vo dr + / {ﬁ(pg(a) — pola+ n))Vn] -V do

,t

Q
-+ /vfg,t . V@tdl'
Q

96 ”Z123B” 28—-1-2020



The first term on the r.h.s. is bounded by

C

—

(Ve Vol + [0l V0V, |)dx

IN o

e| V20,13 + c/elng3 + el Veuls + c/eln5Vnls-

The second term on the r.h.s. of (5.7) equals

l/( il Arotzp) .w,tdx—H/( il Aw) Veode =1, + I,
a a—+n ‘ a a+mn ‘
Q ’ Q ’

Using estimates of I; and I, in the proof of Lemma 3.2 we have

1| < el Vi + ¢/e(Inla [ Vrot ]3 + [n]5 [ Vrot [5 + ]3] Vrot ¢,[3)
and

L] < ellVoully + c/e(nlza Vil + Il [ V2els + 12 Vo.l2)

2 Ui 2 2
- [ —\V d
+a/a+77| QO’t| £,

Q
where the last term is absorbed by the second term on the Lh.s. of (5.7).
Consider the third term on the r.h.s. of (5.7). Repeating the proof of
estimate of I3 in the proof of Lemma 3.2 we obtain

vc
[Is| < vel Vel + —

(Inl2.11 813 + 13 1 12015 + 112 Vieels)

v n 2
Z Ao, |2d
+a/a+n| @ | dx,

Q

where the last term is absorbed by the last term on the Lh.s. of (5.7).
We write the fourth term on the r.h.s. of (5.7) in the form

1, = /vyt Vv -V, dr + /v Vv, - Vo dr = — / Ap -V dr
Q Q Q

— /vﬂ) . V2g07tdx — /Agout -V dr — /vv,t . VQQO’tdx.
Q

Q Q

Hence, we have

L] < e[Vl + c/e(|Dpal3[vl5 + [Aelslvels) + V.3

+c/elvglslvl.
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We estimate the fifth term on the r.h.s. of (5.7) by

L) < e / (Unal 1901 + 10l [Vn) [Vl < eV + c/elnld.
Q

Finally, we estimate the last term on the r.h.s. of (5.7) by

elVuls + c/el foul-

Employing the above estimates in (5.7) and assuming that ¢ is sufficiently
small we have

10+ LIVl + L1agu3 < Slimel3 + Il
+ Il (1900003 + 1A + ol (Vrot i + Al
+ (Vo w3 +19%,03) + 1A 3lof
1Al 3ol + ) + vl |l + nfZ | Al
+ IV

(5.8)

Differentiate (3.13) with respect to ¢, multiply by rot v, and integrate over
Q). Then we have

1d P Iz n
§E|r0t¢,t|g + EWTOt a5 = _E/ (G+UAU t -rot ¢ dx
A :

v Ui
_v A rotdhdr — | (0- V), - Totd
(5.9) a/<a+77 Vgp)i rot ¢ ,dx /(U Vv) - rot v dx
Q Q
+/fr7t-rot Y dx.
Q

Now we examine the particular terms from the r.h.s. of (5.9). Looking for
the estimate of the first term on the r.h.s. of (3.18) we see that the first
term on the r.h.s. of (5.9) is estimated by

elfrot vl + ¢/ellnlz  (IVrot v + [Apf) + Inl2, (IVrot v[3 + |Apl3)

2 2 2 % n 2
t Ay 4| — [ ——|Vrot dx,
+ [Inll5(rot ¥ l5 + [Apyl3)] + a/aJrnl rot ¢ |*dx
Q

where we used Corollary 4.2 and the last term is absorbed by the second
term on the Lh.s. of (5.9).
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Looking for the estimate of the second term on the r.h.s. of (3.18) (term
I3) we see that the second term on the r.h.s. of (5.9) is bounded by

2
cV
8‘1‘0'6 ¢,t|(25 + ?

The third term on the r.h.s. of (5.9) equals

J:—/(U‘Vvt+vt'vv>‘I‘OtwﬂgdiﬂzJ1+J2.
Q

First we examine J;. We write it in the form

(12212015 + VN3l Agls + [nll3|Aed3).

J = - /v -Vrot - rot Y ydo — /v -VVp,-rot Y de = Jiy + Jig,

Q Q

where 1
Ji = — /v - Vrot ¢, |*dx = i/Agplrot V| da

Q Q

N | —

SO
[ Tu| < elrot g + ¢/l Aplslrot 3.

Integrating by parts in Jio yields
Jig = /Vv -V, -rot,dx
Q

SO
| J12| < elrot ¥|g + ¢/e| V|3 V3.

Next, we examine J. Integration by parts implies

Jy = /Agp,tv -rot ¢ dr + /v’tv - Vrot ¢ dx.
Q Q

Hence, we have
| T2| < ellrot | + c/e(|Apyl3lvl3 + v l5lvfE)-
Finally, the last term on the r.h.s. of (5.9) is bounded by

elrot wﬂg’g + c/s]fmg\g.
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Employing the above estimates in (5.9) and using that ¢ is sufficiently small
we derive the inequality
(5.10)

d Iz
rotsef3 + £ 9rot v B < el (Il + 1)IVrotv
+ (I3 + [Ap)rot l3 + 31 1Al + Va3 Ap.ls + [Vol3 V3
+vl3lvls + |fel2] + cv’[Inf1 (Inf2,y + DIAGIS + [Inll3]Ap 2],
Multiplying (5.10) by 1/v, adding to (5.8) and using that c(||n]|2+|A¢|3) <
£ in view of Corollary 4.2 we obtain the inequality
(19083 + Slrotiel? ) + E1920.02 + 1apal2 + £ [Vrot s,
dt ’ v ’ a ’ a ’ av ’

5.11 c
O < el + 1911808 + [9x0t 0 +1A¢ )

+[Ap[slvels + Jvel3[vle + | £el2) + evinls [ Apls,

where we used that c||n||3 < 1, ¢||v(t)||? < ¢®. Then (5.11) implies inequality
(5.6). This concludes the proof. O

Remark 5.1. From (5.1) and (5.6) under the restrictions

L
clo@llf < e ellinlls + 1A¢l) < = elnll; <1

which holds in view of Corollary 4.2 we obtain the inequality

d 1 1 1
(190 (V0. + S ot + S lrot vl + ot )
L v
+ (V20 + [VP0u2) + — (180l + [A¢,l5)

Z ) ,
(5.12) + (| Vrot gl + [Vrot ;)

Cc

< = | mlloal3 + Inf3 + Indl3 + nl3, Vot w13 + [Agf3)
+ 18303 + IVl + v 3ol + 113 + 11
+ev[nlza | Al.

Lemma 5.3. Assume that o, 1, n are solutions to problem (3.1)-(5.3). Let
the assumptions of Corollary 4.2 hold. Then

(5.13)
d 1 1 v !
S (17pal+ Jlrotvult) + £1920, + LIl + L Trotu
C
< Sl o3 + 1V0l3 + I + 1713
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Proof. Differentiate (3.2) with respect to z, multiply by Vi, and integrate
over 2. Then we get

(5.14)
ad
55V eal 4 WV A == [(01)a - Vipads
Q
—ap / V.-V dr+ /[(a +n)v - Vo], -V, de
Q Q

+ [ [(poa) = pola+n))Vn] - Vedz+ [[(a+n)f].- Veadr.
/ /

After integration by parts in the first term on the r.h.s. of (5.14) we bound
it by

€|V aals + c/elnliclvelz,
the second term is bounded by

€|V .aal3 + ¢/e| V3.

After integration by parts the third term on the r.h.s. of (5.14) is estimated
by
€lV@.aalz + c/e(1 + Inl2)Ilg| Vol

and the fourth term by
elVipaals + c/elnl3 [ Val3.
Finally, the last term on the r.h.s. of (5.14) equals

[1 = —(I/fg . VSO’xxdx - /nfv@@mdl.
Q

Q

which is estimated by

L] < elVeouals + ¢/l ol + Il f12).

Employing the above estimates in (5.14) and assuming that ¢ is sufficiently
small we obtain the inequality

d o v c

+[0fg| VoI5 + Il Valz + (1 + Inf2) 1 12]
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Differentiate (3.2) with respect to z, multiply by rot+ , and integrate over
2. Then we derive

d
ot valt 4wl rot v == [(0,) rot vads
(5.16) ¢
+ /[(a +n)v - V], - rot ¢ pdx + /[(a +n)f]z - rot i da.
Q Q

Integrating by parts in the terms from the r.h.s. of the above inequality we
obtain

d It
5ot bals + ~[rot bals < clnfilvels + (1+ Inf3)[vlE Vo3
+ (L nl2)If]-

Multiplying (5.17) by 1/v and adding to (5.16) yields
(5.18)

d 1 1 v 1
E (|v90,z|g + ;ert ¢,x|§) + E|V290,;U|g + E|A90,;U|g + E|VIOt ¢,z|§

(5.17)

C
< ;Hnliolvtli + (1 + n2) wIEIVol3 + (1 + nl2) [Vl
+ (1 + [n]2)|f13)-

Using that |n|. < a/2 the above inequality implies (5.13). This concludes
the proof. O

Remark 5.2. We use the restriction introduced in Remark 5.1. Then (5.12)
and (5.13) imply the inequality

(1961 +190B+ ot I} + ~lrot

dt ! 2y Ly 2

1 v
+ (IVells + 1Veull) + —(1AR]T + [Apl)
5.19 7
(5-19) + L (ot + rot 3
c

< Slnlilvels + Il + 0BVl + olslols + [olsVols

+ [ £15 + [ fel3].

Lemma 5.4. Assume that o, 1,  are solutions to problem (3.1)-(3.3) and
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Corollary 4.2 holds. Then
(5.20)

d 1 1 v I
7 (|V907a:t|§ + ;|r0t %I%) + E|V290,xt|§ + E|A<P,a:t|§ + u_aert U a5

CclV C
< VeV gl + ;(Iln,tllflw,mli + 131V uel3) + ;[In,xtli + |nl3.4
+ el [T A0 + vli3lvellT + 1£13) + cvline I Ve o3

Proof. Differentiate (3.11) with respect to « and ¢, multiply by Ve ., and
integrate over {2. Then we have

(5.21)

1d v
a1V + LAl = - / (%

— —/ ( 1 AU) -V pdr — —/ < VAQO> -V pdz
a a + 77 xt a + 77 xt
, A ,

(pola) — pala +n>>w} Vs

,xt

\Y% -V d
CL"— n),xt gp’tm

=

+ [ (v-VU) - Vgpxtdx+/[

a—+mn

b\

+/fgmt V@mtdx
Q

Now, we examine the particular terms from the r.h.s. of (5.21). We repeat
the proof of Lemma 3.4. Let [; be the first term on the r.h.s. of (5.21).
Integrating by parts we estimate it by

11| < elVpaatls + c/e(IndilVnli + [Vael2)-

Let I be the second term on the r.h.s. of (5.21). In view of Corollary 4.2
we can assume that ||7]l2 < 1. Then from the proof of Lemma 3.4 we have

o] < Vvt a3+ [Vl2) e/l BI04+ I3l
2 2 H n 2 2
T V T - —v T d )
+loal + 1Vpul) + 2 [ Lo
Q

where the last term is absorbed by the second term on the Lh.s. of (5.21).
Let I3 be the third term on the r.h.s. of (5.21). Then, from the proof of
Lemma 3.4, we have

(6%
3] < ve(|V@ natls + VP aaal3) + ?(Ilntllflvw,mlg + 71131V e, ]3)

14
- JANV I8
+2 [ Ajagale

Q
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where the last term is absorbed by the third term on the Lh.s. of (5.21) and
Corollary 4.2 is used.

Consider the fourth term on the r.h.s. of (5.21). We can express it in the
form

Iy = — /’U,t -Vu - VSD,xtC@ - /U : Vv,t ’ V@,mxtdx = Ii + L%?

Q Q

where . ) ) )
13| < elVoals +c/elvslvels

|13] < el Vaals + ¢/l vl
The fifth term on the Lh.s. of (5.21) is estimated by
|15 < elVpaals + c/elnlay (1+ [0]3,)-
Finally, the last term on the r.h.s. of (5.21) is bounded by
Ts| < eV uarls +c/el fol5.

Employing the above estimates in (5.21), assuming that ¢ is sufficiently
small and that |n]s; < 1 in view of Corollary 4.2, we obtain

d I v c
£|V@,xt‘% + E\VQSO,xt’g + E’A%m@ < ;Hn,xt’g + [nl3.
+ Imell3 1 Av]3 + 713 (veel3 + @ eell?)
cV
+ wli3llvell; + [fel3] + el Ve aaals + ?(||77,t||%|V90,m|§
+ [0l31Ve.al3).

Differentiate (3.13) with respect to x and ¢, multiply the result by rot ¢ .
and integrate over {2. Then we have

1d 0 Iz n
§£|I'Ot w,xtlg -+ Elert w,mtlg = —5/ (a T T}A'U y - Tot w,xtdx
Q b

(5.22)

1%
(523) - E / (a Z UAVSO) . - Tot ¢,xtdx + /(U ) vv),xt - 1Ot w,:z:tdfl:
Q v Q

+/f,xt'rotw,xtd:c.
Q

Let I; be the first term on the r.h.s. of (5.23). Repeating the proof of
estimate of I; from the proof of Lemma 3.4 we have
1] < e(Jrot auls + [Vipwarls) + c/e(nelg| Av[3 + [[nll2]rot dul3)
+H/L]Vrotw,mt]2dx,
a+n

a
Q
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where the last term is absorbed by the last term on the Lh.s. of (5.23).
Let I be the second term on the r.h.s. of (5.23). Then from the proof of
Lemma 3.4 we have

2
(6%
o] < 20t e + AV + 00V

+c/en|Inllzfrot v a3

Next, we examine the third term on the r.h.s. ov (5.23). We express it in
the form

Iy = — /U,t - Vv 1ot Y ppdx — /v Vv, 10t Y ppdr = 131 + 132,
Q Q

where ) ) ) )
[I3] < elrot ) uuls + c/efvls|Vul3,

|13] < efrot daaels + c/elvf3[val3-
Finally, the last term on the r.h.s. of (5.23) is bounded by
elrot v aals + c/el fils.

Employing the above estimates in (5.23) and assuming that ¢ is sufficiently

small we derive the inequality
(5.24)

d Iz
prilid Datl3 + ~|Vrot Vatls < eIV aumls + c/e(IndslAvfy

+Inllzlrot ¥ael3) + €102V aals + c/erlnllalrot vy + cv?nefg| AVl
+ cllvellEloll + el fil3-

Multiplying (5.24) by 1/v, adding to (5.22) and choosing € and £; small we
obtain

d 1 1 v
o (’VSD,mt@ + ;\mt 1/},m|§> + E’V2S@,xt|§ + E|A<P,xt|§

+ %Wrot boatl2 < VeIV ual?

5.2 cv
52) + LRIV el + IlEIV i)

C
|l + Il + Ina 1AL + Inli3lo.el + 123
+ |0} Ve wala,

where terms ||9]|3]|V..i|l?, ||n]l3lrot ¢ |3 are absorbed by the Lh.s. terms
in view of Corollary 4.2. Hence we derive (5.20) from (5.25). This concludes
the proof. ]
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Lemma 5.5. Assume that o, 1, n are solutions to problem (3.1)-(3.3). Let
the assumptions of Corollary 4.2 hold. Then
(5.26)

1 W v W
|V90,oc:c|g + —|rot @Zj,m"%) + _|V290,M‘|g + _|A‘P,M|g + —|Vrot ¢,wx|g
1% a a ra

c
< {mllzllvellt + 0+ nli)Hllz + 113

Proof. Differentiating (3.2) twice with respect to x, multiplying by Vo .,
and integrating over € yields

(5.27)
ad
§%|V‘P,m’|g + N|V2¢,xw|% + VlAQD,m@ = - /[m}ﬂf],m -V zedr
Q
— Qg / Vn,xx : V%:xdi’f - /[((I + 77)” ' V/U],CCI : V‘P,mdiﬂ
Q Q

+ / ((0o(@) — pola + 1) V] zo - Vo ot + / (@t 1) flae - Vipusd.

The first term on the r.h.s. of (5.27) is bounded by

€|V aaalz +c/ellnlzllveli,

the second by
eV p.uaals + c/e|Vals.

We write the third term in the form

a/(v V) 4 - Vo gaadr + /(771} -V) 4 - Ve guedr = 1) + I,
Q Q

where
11| < eIV arals + c/e(|val3lvalf + 02|00z l3)

and
L] < elV@anals + c/e(nalilvilvals + 0203003

+ ’n‘go’U’Zow,mg)

The fourth term is estimated by

eV aaals + c/ellnlls.

Finally, the last term is bounded by

€lVQ aaalz + /el foalz + Inalgl 15 + [115] fal2)-
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Utilizing the estimates in (5.27) yields
(5.28)
d 1 v
E|V90,xcc|g + E|V290,m|g + ElAQDxxl% < [||77||§||U,t||f
+nllz + iz + allolclvals + 1+ ME) (valslvels + [ol%]vl3)
+[1f113)-

Differentiating (3.2) twice with respect to z, multiplying by rot ,, and
integrating over () implies

R

1d L
§£|rot @Dm@ + E|th zpm@ = — /[771)7,5]7“ - 10t Yy d
(5.29) @
— /[(a +n)v - V] 4y - TOL Y pdx + /[(a + 1) f] 2z - TOV Y ppda
Q Q

The first term on the r.h.s. is bounded by
1ot Y aaalz + c/ellnllzlvel]
We express the second term on the r.h.s. of (5.29) in the form

a /(v - V) 4 - 10t Y yppdr + /(nv V) 4 - 10t Y gpdax = Jy + o,
Q Q

where

|J1| < elrot w,mg + 0/5(|U,z|§|v,w’§ + \U|<2>o!v,m!§)>
| S| < €[rot ¥ arals + c/e(Inellolilvls + 102 v 3lv .0l

+ |77|ZO|U go|v,m|§>
Finally, the last term on the r.h.s. of (5.29) is estimated by
elrot ¥ uuals + ¢/e( frals + Inalglf15 + Inl%] fol3).

Utilizing the estimates in (5.29) and choosing that ¢ is sufficiently small we
have

d [
(5.30) —rot 1/1,m|§+5|Vr0t Vaaly < clllnllllv T+ loll2(1+1nl3) + AT

Multiply (5.30) by 1/v and add to (5.28). Then we obtain (5.26). This
concludes the proof. O
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Theorem 5.6. Let ¢, ¢, n be solutions to problem (3.1)-(3.3). Let the
assumptions of Corollary 4.2 hold. Assume that there exists such time T
that

T

(5.31) —%T+c/|lv(t)]|§dt <0,
0

Assume that there exists such relation between T, fOT lv(®)||3dt, n(t), f(t),
IV@(0) 2,1 + = [rot ¢(0) |21 that

T T
C
e (e [ 1ol ) < [, + 11
0 0

(5.32) !
+exp<——T+c/| |]2)X2 (0) < X2(0),

where X?(t) = v|V(t)[3, + [rot ¥ (t)[3, + |n(t)||3. Then for any k € Ny we
have

(5.33) X2(kT) < X*(0).

at

Moreover, assuming that [n(0)l21 < cofv, [fo(IF < fie™", co, fo, o
constants there exists a global solution (p,1,n) to problem (3.1)-(5.3) such
that in any time interval [kT, (k+1)T] it is a solution described by Corollary

4.2,
Proof. Adding (5.20) and (5.26) we have

1
QV¢|fHV¢mb ot + oot v

14
|V290,xt|g + |v2¢7xz‘|g) + _(|A90,xt|g + |A90,x:c|g)
L
—(|

@I"&:

Vl"Ot@/thb + |Vr0thx| )

< CV(IlntHlIV@,mIg +Inll31Veal3)
C
+ e[t AVl + —[Inlsy + lmlilAvls + [nlslledly

+ (L4 [l ol vy + lloll2) + 115+ 1fl3)-

(5.34)
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In view of Corollary 4.2 we obtain from (5.34) the inequality

d 1 1
2 (1900l + 9l S0t vl + ot )

1 v
+ E(‘VQSD,H’% + |V290,wz‘g) + E(’Aw,mt’g + ‘A‘P,mg)
5.35
(5.35) - I%(]Vrot Vel + |Vt 1 40|3)

c
< [l + Il R1AVE + Inli3loallt + 1+ I3 (ol e
+vllz) + 11T+ 1fel2)-

From (5.19), (5.35) and Corollary 4.2 we have

1 7 v 1
Vol? = |rot 1|2 ZIivoel? ~|Vl? —|rot 1|?
Vela, + V]ro ¢’2,1> + a’ ©l31 + a‘ ¢l3q + CW|1“0 Y3,

Sl

(5.36) \
< Sl + llollz + ollslods + 5]

Introduce the quantity
(5.37) Xl2 = V|V90‘3,1 + [rot ?/1‘31

We also need a similar differential inequality for n. From (3.1) and (3.2) we
have

Ve +aoVn = =V (v-Vn) —aVAp —V(nAp) — (a+n)v

(5.38) + pAv +vVAp — (a+n)v- Vo + (p,(a) — p,(a+n))Vn
+(a+n)f.
Multiplying (5.38) by V7 and integrating over (2 yields
(5.39)
1

d
355Vl + al Vil = = [ V(v V) Vs
Q

+e[Vls + ¢/elIVAQL; + [Vl + [uilslnls + 1AVel; + 12 VA[;
+ gAY + [lsIVolslnls + [fol3 + [F2nl%] + el [Vl

In view of Corollary 4.2 || is bounded and small. Then (5.39) takes the
form

d
IV + aolVnft <~ [ V(- V) Vndo -+ VA + Vo
Q

(5.40)
+ 2V ARl + [ fla] + cllulz + [ofgIVols + L f131Inl3

+c\v[§X12.
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Consider the first term on the r.h.s. of (5.40). Performing differentiation it
takes the form

]:—/v-VVnVndm—/Vv-VnVndszl—l—I2,
Q Q

where

1 1
I = —5 /v V| Vn|Pde = B /A<p|V77]2d1:.
Q Q

Hence
11| < elVnl5 + ¢/e|Apl2,|Vnl3.

Similarly, we have
|I2| < el Vnl3 + /e[ Vol% [ Vnl.

Employing the estimates in (5.40) and using that |v|s < ¢ in view of the
energy estimate (see Lemma 2.1)we have
(5.41)

d
2 IVnls + a0 Vnly < | Vols + 1Al + [z + [vlg Vol
+ RIS + el VAL + Vel + v VAQL + [ fyl2] + clvfeXT.

Differentiate (5.38) with respect to x, multiply by V7, and integrate over
Q). Then we have

1d
5@!%%\3 + ao|Vn, |5 = —/(V(U V1)) - Vpda
Q
+c[[VA@L 5+ [[Veelld + vellilnllz + v VAe .l
(5-42) Ll + ) Vol + / [(po(@) = pola+m)Vn) . - Vigpde
Q
4 / (a+ 1) fla - Viade.

Q

Carrying out differentiations in the first term on the r.h.s. of (5.42) yields

I, = —/(v -VVn, +Vv-Vn, + v, - VVn+ Vo, - Vn) - Vn,dzx.
Q
Hence
11| < elVnal3 + ¢/e[|Vol2 [ Vnal3 + [va 21V ?015 + [ Voo 3 Vil
+ [AQ2 IVel3] < el Vi3 + ¢/e(IVulZ, + [Vl + [AgZ)II V3.

110 7Z123B” 28—-1-2020



Consider the fifth term under the square bracket on the r.h.s. of (5.42).
Then we obtain

]3:/[(a+77)v Vo)? dx<a/(v Vo)? dx+/(nv-vv)?xdx

Q Q Q

<a/|Vv|4dx+a/|v| |va|2d$—|—/|17x| [v|?|Vv|*dx

/ n2IVol*de + / In2lof2I Vo, dw_zfgz

Continuing, we have

I3 < | VO[g|Vols < cl|vll; < cllvll3XT

Iy < clulo| Vual3 < elulLllvll3 < elolZ X7

I3 < clna[g|vls | Volz < [Vl oS lvll3,

Iy + Is < In|2(lvllz + [v5l10]13) < ellvlizlinl3

Hence
I3 < c||v]l3X7 + cllvllslnll3-

The last but one term on the r.h.s. of (5.42) is bounded by
L [l +c [ 1Vl (9nlds
Q Q
< el Vnals + /2l Vel + e[ Vil
Finally, the last term on the r.h.s. of (5.42) is estimated by

Is < | Vnalz + ¢/e(|foal2 + Inal2l F13 + 151 £l3).

Employing the above estimates in (5.42) and assuming that ¢ is sufficiently
small implies

dt\V%!z + a0 Vial3 < el| VoIS, + [Vuals + [Als + urllf + [lvllz

543
GA3) L F121InIE + eIVl + |AV, 2 + AV + | fyal?)
+ c|Joll2X?,

where the terms |n|% |Vn.|3 4 |Vn|; are absorbed by the second term on the
Lh.s. in view of Corollary 4.2.
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From (5.41) and (5.43) we obtain (where we used that [, ndxz = 0)

75||77||2 +aollnll3 < el VoIS + [vals + 1201 + vl + [lvll2

AR + eIV + 1Veali + VI Veali + 1f]7)
+ clfv]l3X7

(5.44) a

Using definition of X (see (5.37)) we write (5.36) in the form

d 7
(545) X7+ S XT 2 Vels, < cloll3XT + ellnls + [ f130)-

Introduce the notation
2 _ y2 2 o H
X5 = X7+ |nll5; a.=min {%7 E}
Then (5.44) and (5.45) imply the inequality after appropriate summing

d
(5.46) X5+ a Xy + Vel < e(vls, + 1A + ol + 1£1D)X3
+c(|nlz.s + 1fll7)-

Let
G2(t) = ()51 + [Ap®) 3% + lv@)lz + 1 F DI,

K*(t) = nly + 1@

Then (5.46) takes the following form because the integral |[V|s ; is absorbed
by the last term on the Lh.s. of (5.46)

d
(5.47) %)ﬂ +a, X3 < cG*X3 + K2

Integrating (5.47) from 0 to ¢ we have

t
X3(t) < exp {c / G2(t dt’} szt’
(5.48)
+exp{—a*t+c/G2 dt}X2 0).

0

Setting ¢ = T" and assuming that

(5.49) —%Tjtc/GQ(t)dt <0
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we obtain from (5.48) the inequality

(5.50)  X3(T) < exp {c /T Gz(t)dt] /T K2dt + exp (— a*f)xg(()).

Consider (5.50). In view of Corollary 4.2 we have that
(5.51)

v ax
XHT) < explad + 3+ 9) (3 + TIO), + e / A0 ar)

+ exp ( - %T) X2(0).
Assuming that
c
(5.52) 7(0)]21 < ;0 T<v, |lf®I7<fee™, t<T

we obtain
T

e / 7, (0) e e < 73 / e < effe .

Therefore, for v sufficiently large we obtain from (5.51) that
(5.53) X3(T) < c/v

Since X3(T') > |v(T)|3,+|n(T)[3, we can consider problem (3.1)—(3.3) with

small initial data at ¢t = T. Let X = X,.

Hence, in view of [BSZ, Z1, Z2, VZ] we have existence of global regular

solutions to (3.1)—(3.3) with small initial data at t = T" described by (5.53).
O

The existence of solutions to problem (3.1)—(3.3) in the time interval [T, 00)
can be made by the step by step in time approach presented in [Z3].
Therefore, we have

Theorem 5.7. Let the assumptions of Lemma 4.1 hold. Let T be so large
and estimate in Lemma 4.1 so appropriate that (5.49) hold. Assume re-
strictions (5.52). Assume that v is sufficiently large. Then there exists a
global solution to problem (3.1)-(3.3) such that

N € Loo(Ty, To; THSY),  Vip,rot ¢ € Loo(Th, To; TH()) N Ly(Th, To; T(2)),

where for (Ty,Ty) C (0,T), the solution is described by Lemma 4.1 and for
T, > T, we have that there exists Ty > 0 that (T1,T) = (T + kTo, T + (k +
1)To) for any k € No.
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Remark 5.3. In view of Lemma 4.1 the constant A (see (4.1)) may depend
on time with a growth less than 7. Then (5.49) may always hold.
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