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Notations

Notations

Preliminary results for PDE's by S. Malek

N=1{0,1,2,..}
C[l=]]

Formal complex power series
C*=C\ {0}

D(0,r) denotes the open disc with center 0 and radius » > 0.

Given V C C and ¢ € C, we consider g—spirals

Vi ={v¢" :veV, hel},

Vg ={vg" :veV, heN}
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Cauchy problem for

Notations

Preliminary results for PDE's by S. Malek

S. Malek studied PDE's of the form

272072 (20.) " 05 u(t, 2) = F(t, z,0:, 0. )u(t, z)
coefficients.

(1)

where S,r1,72 € N and F' is some suitable differential operator with polynomial
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Cauchy problem for some PDE's, by S. Malek

S. Malek studied PDE's of the form
272072 (20,) 05 u(t, z) = F(t, z, 0, 82 )u(t, z) (1)

where S, 71,72 € N and F' is some suitable differential operator with polynomial
coefficients.

For given initial data _
(020)(t,0) = a,(t) € C[[t]], ()

0 <j < S —1, he constructed formal power series solutions of (1)+(2) of the

form
w(t,z) = Z Um (£)2™ /ml,

m>0

with coefficients in C[[¢]].
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Assume the initial conditions are 1—Borel summable with respect to ¢ in some
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Summability for 71 = 0, Gevrey expansion for r; > 0

Assume the initial conditions are 1—Borel summable with respect to ¢ in some
direction d € R.

For 71 = 0, it was shown in [S. Malek, J. Dyn. Control Syst. 13 (2007), no. 3,
419-449] that the formal series solution u(t, z) is 1—Borel summable with
respect to t in the direction d if d is well chosen, as series with coefficients in
the Banach space of holomorphic functions near the origin (in z) with the
supremum norm.
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Back to our problem

Summability for 71 = 0, Gevrey expansion for r; > 0

Assume the initial conditions are 1—Borel summable with respect to ¢ in some
direction d € R.

For 71 = 0, it was shown in [S. Malek, J. Dyn. Control Syst. 13 (2007), no. 3,
419-449] that the formal series solution u(t, z) is 1—Borel summable with
respect to t in the direction d if d is well chosen, as series with coefficients in
the Banach space of holomorphic functions near the origin (in z) with the
supremum norm.

For 1 # 0, in [S. Malek, J. Dyn. Control Syst. 15 (2009), no. 2, 277-305] it
was shown the existence of actual holomorphic solutions u(t, z) which are
Gevrey asymptotic of order larger than 1 to (¢, z) with respect to t in sectors
with finite radius in well chosen directions d € R.
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Summability for 71 = 0, Gevrey expansion for r; > 0

Assume the initial conditions are 1—Borel summable with respect to ¢ in some
direction d € R.

For 71 = 0, it was shown in [S. Malek, J. Dyn. Control Syst. 13 (2007), no. 3,
419-449] that the formal series solution u(t, z) is 1—Borel summable with
respect to t in the direction d if d is well chosen, as series with coefficients in
the Banach space of holomorphic functions near the origin (in z) with the
supremum norm.

For 1 # 0, in [S. Malek, J. Dyn. Control Syst. 15 (2009), no. 2, 277-305] it
was shown the existence of actual holomorphic solutions u(t, z) which are
Gevrey asymptotic of order larger than 1 to (¢, z) with respect to t in sectors
with finite radius in well chosen directions d € R.

Reason: presence of small divisors introduced by the Fuchsian operator (z9.)".
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Analogue for g-difference-differential equations

As a g—analogue of (1)+(2), we consider the g—difference-differential equation
(20, + 1) (tog)™ + 1)05 X (¢, 2) Zbk (tog) ™0k (E X)) (t, zg~ ™1k )

with given initial conditions
(01X)(t,0) = X;(t) € C[[1]].
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Analogue for g-difference-differential equations

As a g—analogue of (1)+(2), we consider the g—difference-differential equation
(20, + 1) (tog)™ + 1)05 X (¢, 2) Zbk (tog) ™0k (E X)) (t, zg~ ™1k )

with given initial conditions
(@1X)(t,0) = X;(t) € C[[t])-
S and mo kx,m1,k, 0 <k < S —1, are nonnegative integers,
q € C with |g] > 1,
0, is the dilation operator defined by (0, X)(t, 2) = X (qt, 2),
br(2) = X ser, brsz” are polynomial in z, where I C N,
the map (¢, z) — (¢™*t, zg~™1*) is volume shrinking, i.e., mor < M1k,

and ro > 1, while r1 > 0.
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Analogue for g-difference-differential equations

As a g—analogue of (1)+(2), we consider the g—difference-differential equation
(20, + 1) (tog)™ + 1)05 X (¢, 2) Zbk (tog) ™0k (E X)) (t, zg~ ™1k )

with given initial conditions
(@1X)(t,0) = X;(t) € C[[t])-
S and mo kx,m1,k, 0 <k < S —1, are nonnegative integers,
q € C with |g] > 1,
0, is the dilation operator defined by (0, X)(t, 2) = X (qt, 2),
br(2) = X ser, brsz” are polynomial in z, where I C N,
the map (¢, z) — (¢™*t, zg~™1*) is volume shrinking, i.e., mor < M1k,

and ro > 1, while r1 > 0.

This problem will be called (P1).
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Formal solution

Proposition

(P1) has a unique formal power series solution of the form

X(t,2) =Y Xn(®) 7,

h>0

where X),(t) € C[[t]], h > 0.
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Formal solution

Proposition

(P1) has a unique formal power series solution of the form

X(t,2) =Y Xn(®) 7,

h>0

where X),(t) € C[[t]], h > 0.

Objective: to construct actual holomorphic solutions of this problem that are
asymptotically represented by X (¢,z2) in a precise sense.
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Formal g—Laplace and g—Borel transforms

Definition

The formal q—Borel transform of order 1 of a series f(t) = >0 fnt" € C[[t]]

is defined as F
Bof(m=3_ prIcEnT-A

n>0

Definition

The formal q—Laplace transform of order 1 of §(7) =3, 5, gn7" € C[[7]] is

defined as X
Log(t) =D q" "V 2g,t".

n>0
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Transformed

Setting of the problem
Equivalent problem

(20 + 1) (tog)™? + 1)07 X (¢, 2)

- Sone

)(tog)" 0 (O X)(t, zg~ )

(t,2) (W)(r,2) I Ly(rW)(t) = tLW (gt) = (tog) LaW (1)

S—1

= S bR P W) (1,2 ™) (3)
k=0
~ Abberto Lastra* T, Stéphane Malek T, Javier Sanz*

[m]

(20 + 1) 7" + 1)OSW (, 2)

=
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Equivalence of

Setting of the problem
Equivalent problem

h
X(t,2) = ZXh(t)%, where X, € C[[t]] for every h > 0, satisfies (P1) <
h>0 :
h
W(r, z) = ZBth(T)% satisfies (3) with initial conditions
h>0 ’

Wj(r) =B,X;, 0<j<8—1

(4)

[m]
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Equivalence of the formal problems

Sh
X(t, z) = ZXh( )h' , where X}, € C[[t]] for every h > 0, satisfies (1) <=

h
W(rz)=>_ qu(h(r)% satisfies (3) with initial conditions

Wi(r) = ByX;, 0<j<S—1. (4)
(3)+(4) will be called (P2).

In other words:

W(r,2) Z Wi(r h' , with W;, € CJ[[r]] for every h > 0, satisfies (2)
h>0

b

— X(t,2) Zﬁ Wi ( )h— satisfies (P1) with X (t) = £,W;(t) for
h>0

0<j<S—1.
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Assumptions on the initial conditions

Assumptions
Existence of the solution, and growth of its coefficients, in a g —spiral
Estimates for the derivatives of the coefficients near the origin

Under certain technical assumptions on ¢ and V/, we suppose the initial data
W;, 0 < j <S5 —1 are holomorphic in V¢” such that: there exists a constant

Ko > 0 with )

sup W (zq")| < Kolg| 1" (7) i1

and 1
Wi (zq Y| < Ko(Tp ;) ——
:ggl i(zg )| < Ko(To,;) T

forall0<j<S—1,alll>0.
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A class of g-difference-differential equations
Study of the transformed problem

Back to our problem

Assumptions on the initial conditions

Assumptions
Existence of the solution, and growth of its coefficients, in a g —spiral
Estimates for the derivatives of the coefficients near the origin

Under certain technical assumptions on ¢ and V/, we suppose the initial data
W;, 0 < j <S5 —1 are holomorphic in V¢” such that: there exists a constant

Ko > 0 with 1

To,;

1
1+12

)l

1,2
sup [W; (zq')| < Kolg| " (
zeV

and

1
Wi (zq Y| < Ko(Tp ;) ——
:ggl i(zg™")] < Kol o,a)Hl2

forall0<j<S—1,alll>0.

The first inequalities express the property of W) being of g—exponential growth
on V¢ (with order 2).
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g—growth of the coefficients in V¢

Assumptions
Existence of the solution, and growth of its coefficients, in a g—spiral
Estimates for the derivatives of the coefficients near the origin

Theorem

There exists a unique solution of (P2)

(1,2) = W(r,2) =Y _ Walr) 7+

h!
h>0

which is holomorphic on Vq% x C.

Moreover, for all p > 0, there exist C,T > 0 (depending on the data) such that

12,1
sup |W((L'ql,2)| S CK0|Q|2Z (T)lv
z€V,2€D(0,p)
and
sup [W(zq™", 2)| < CKoT'
z€V,z€D(0,p)

for all 1 > 0.
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A class of g-difference-differential equations
Study of the transformed problem

Back to our problem

Assumptions
Existence of the solution, and growth of its coefficients, in a g —spiral
Estimates for the derivatives of the coefficients near the origin

Assumptions

In the Cauchy problem (P2) we consider initial conditions W; which are
holomorphic functions respectively defined in open sets containing the closed
disc o

D;={r:|r| <1/Q2( +1)"/")}
for 0 < j < S —1 (for the sake of brevity, we say that W; is holomorphic in
D).
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Introduction

A class of g-difference-differential equations
Study of the transformed problem

Back to our problem

Assumptions
Existence of the solution, and growth of its coefficients, in a g —spiral
Estimates for the derivatives of the coefficients near the origin

Assumptions

In the Cauchy problem (P2) we consider initial conditions W; which are
holomorphic functions respectively defined in open sets containing the closed
disc o

Dy ={r: |7 <1/ + 1))}
for 0 < j < S —1 (for the sake of brevity, we say that W; is holomorphic in
D).

Cauchy'’s integral formula for the derivatives allows us to obtain constants
A; > 0 such that for every n > 0 we have

max 0" W;(1)| < A7nl.
TED;

Alberto Lastra*T. Stéphane MalekT. Javier Sanz* g —asymptotics for some g —difference-differential equations



Introduction

A class of g-difference-differential equations
Study of the transformed problem

Back to our problem

Assumptions
Existence of the solution, and growth of its coefficients, in a g —spiral
Estimates for the derivatives of the coefficients near the origin

Result

Suppose W;(t), 0 < j < S — 1, are holomorphic functions in D; such that
there exist Ty,; > 0 and a constant K > 0 such that

1 \» nl
max |0" W, (T <K(—) —\ n>0,5=0,1,...,8 - 1.
ma 7Wy(7) < K (=) i n20. 5
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A class of g-difference-differential equations
Study of the transformed problem

Back to our problem

Assumptions

Estimates for the derivatives of the coefficients near the origin

Result

Theorem

Suppose W;(t), 0 < j < S — 1, are holomorphic functions in D; such that
there exist Ty,; > 0 and a constant K > 0 such that

n pl
max |9"W; <K( ) Y n>0,j=01,.,5—1.
max [9"W,(r) < K (=) "o, m2 0.9
Then there exists a unique formal solution of (P2), W(7,2) = >} 5o Wa(r ) =

where W, is a holomorphic function in Dy, = {7 : |7| < 1/(2(h 4 1)"/"2)},
h>S.
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A class of g-difference-differential equations
Study of the transformed problem

ack to our problem

Assumptions

Estimates for the derivatives of the coefficients near the origin

Result

Existence of the solution, and growth of its coefficients, in a g —spira

Theorem

Suppose W;(t), 0 < j < S — 1, are holomorphic functions in D; such that
there exist Ty,; > 0 and a constant K > 0 such that

n pl
max |9"W; <K( ) Y n>0,j=01,.,5—1.
max 0" W ()] < K (=) T n 20,4

Then there exists a unique formal solution of (P2), W(7,2) = >} 5o Wa(r ) =

where W, is a holomorphic function in Dy, = {7 : |7| < 1/(2(h 4 1)"/"2)},
h>S.

Moreover, there exist T1, X1 > 0 such that

1\7/ 1\~ _
sup 10" Wi (7)) < C1 ()" () b+ 1)/ 721g 772,
€D, T Xi
T h
for every n,h > 0, where C is a positive constant (depending on
S,q,bk(2)mik, for 0 <k <S—1andTp;, for0<j<S—1)
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A class of q—difFerenc&dTfferentilar}t;i::itézz g—Laplace transform for functions of g —exponential growth
Study of the transformed problem g —Laplace transform for the coefficients
(B 0 G (i Main result

What we know about (P2)

Let W}, be the initial data in the Cauchy problem (P2), and suppose they are
subject to the hypotheses in the previous Theorems. Then, we have a sequence
of functions {W, } >0, holomorphic in VqZ U Dy, for each h > 0, and such that

the series

h
W (r,2) = th(T)%

h>0

defines a holomorphic function on V¢”% x C which solves the Cauchy problem.
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A class of g-difference-differential equations
Study of the transformed problem

Back to our problem

What we know about (P2)

g —Laplace transform for functions of g —exponential growth
q—Laplace transform for the coefficients
Main result

Let W}, be the initial data in the Cauchy problem (P2), and suppose they are
subject to the hypotheses in the previous Theorems. Then, we have a sequence
of functions {W, } >0, holomorphic in VqZ U Dy, for each h > 0, and such that
the series

h
W (r,2) = th(T)%

h>0

defines a holomorphic function on V¢”% x C which solves the Cauchy problem.

Moreover, we know that

2 —n? 1 1
sup [Wi(2¢")| < KoC'lg| T || & A7) ()"
eV T X

forall I,h > 0.
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A class of g-difference-differential equations
Study of the transformed problem

Back to our problem

q—Laplace transform for functions of g—exponential growth |

g —Laplace transform for functions of g —exponential growth
q—Laplace transform for the coefficients
Main result

Let ¢ € C such that |g| > 1.

Let V' be an open and bounded set in C* and D(0, po) a disc such that
VN D(0, po) # 0.

Let ¢ : Vg™ U D(0, po) — C be a holomorphic function which satisfies the
following estimates: there exist C; M > 0 such that

m m?2/2 ~m
lp(xg™)| < Mlg|™ '=C
forallm >0, all z € V.

¢ is said to have g—exponential growth of order 1 in V¢".
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Back to our problem

q—Laplace transform for functions of g—exponential growth |

g —Laplace transform for functions of g —exponential growth
q—Laplace transform for the coefficients
Main result

Let ¢ € C such that |g| > 1.

Let V' be an open and bounded set in C* and D(0, po) a disc such that
VN D(0, po) # 0.

Let ¢ : Vg™ U D(0, po) — C be a holomorphic function which satisfies the
following estimates: there exist C; M > 0 such that

m m?2/2 ~m
lp(zq™)| < Mlq|™ “C
forallm >0, all z € V.
¢ is said to have g—exponential growth of order 1 in V¢'.

Let © be the Theta Jacobi function defined in C* by
G(m) — qun(nfl)/an‘

neZ
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g —Laplace transform for functions of g —exponential growth
q—Laplace transform for the coefficients
Main result

Let 6 > 0and A € VN D(0, po). We denote by

" A
Rags ={teC"/|1+ tq_kl >0,Vk €Z}, Taqsr = Rags ND(0,71).

o F
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A class of g-difference-differential equations
Study of the transformed problem

Back to our problem

q—Laplace transform for functions of g—exponential growth |l

g —Laplace transform for functions of g —exponential growth
q—Laplace transform for the coefficients
Main result

Letd >0and A eV N D(O,po). We denote by

Rxqs = {t ecC” /|l -l— k ‘ > 6,Vk € Z} Tr,q,6,r1 = Rag,s N D(O,T1).

The g—Laplace transform of ¢ in the direction A¢Z is defined by

=Y olamn/e(t)

meZ

for all t € T, q,6,m,, if 11 < \AQI/Q\/C-
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A class of g-difference-differential equations
Study of the transformed problem

Back to our problem

g —Laplace transform for functions of g —exponential growth
q—Laplace transform for the coefficients
Main result

q—Laplace transform for functions of g—exponential growth |l

Let 6 > 0and A € VN D(0, po). We denote by

" A
R)\,q,(S:{tG(C /|1+t

7 | >0, Vk € Z}, Txgs,r = RagsND0,71).

The g—Laplace transform of ¢ in the direction A¢Z is defined by
q" A

t

L)1) =Y $(a"N)/O(7)

meZ
for all t € Th.q.6.m, if 11 < |Ag*/?|/C.
L (¢)(t) defines a bounded holomorphic function on 73,45, whenever

r1 < |Ag?/C.
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Back to our problem

q—Laplace transform for functions of g—exponential growth Ill

g —Laplace transform for functions of g —exponential growth
q—Laplace transform for the coefficients
Main result

Assume that the function ¢ has the following Taylor expansion
_ fn n
¢(1) = Z qn(nq)/zT
n>0
on D(0, po), where f,, € C, n > 0.
Then, there exist two constants D, B > 0 such that

n—1

1£3(8)(t) = D fut™| < DB"|q|" "V |e)"

m=0

foralln > 1, forall t € Tx q,5,r,-

E;‘ (¢) admits the series > °_ | fmt™ as g—Gevrey asymptotic expansion of
order 1.
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q—Laplace transform for the coefficients
Main result

Every W, verifies suitable estimates so as to admit g—Laplace transform.
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g —Laplace transform for functions of g —exponential growth
q—Laplace transform for the coefficients
Main result

Every W, verifies suitable estimates so as to admit g—Laplace transform.
Choose an integer n(h) in such a way that A\¢""®) € Dj,.

[m} = -
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Introduction

A class of g-difference-differential equations
Study of the transformed problem

Back to our problem

q—Laplace transform for functions of g —exponential growth
q—Laplace transform for the coefficients
Main result

q—Laplace transform for the coefficients of our solution

Every W), verifies suitable estimates so as to admit g—Laplace transform.
Choose an integer n(h) in such a way that A\¢g"") € Dj,.
The g—Laplace transform of W, in the direction A" ¢” = \¢” is given by

£ Wiy = 3 WA 5 WilaT)

m \gn(h)
mez O(—F—)

so that it deserves to be denoted by £ (173)(1).
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Introduction

A class of g-difference-differential equations
Study of the transformed problem

Back to our problem

q—Laplace transform for the coefficients of our solution

q—Laplace transform for functions of g —exponential growth
q—Laplace transform for the coefficients
Main result

Every W), verifies suitable estimates so as to admit g—Laplace transform.
Choose an integer n(h) in such a way that A\¢g"") € Dj,.
The g—Laplace transform of W), in the direction A\¢""¢” = A¢” is given by

£ i = Y0 WM g Whlahh)

m \gn(h)
mez O(—F—)

so that it deserves to be denoted by £ (173)(1).

This function is well defined and holomorphic in the set
Trgn () q.6.0(h) = Taq.6,0(n), Whenever r(h) < [Agm M gt/2|T.
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A class of g-difference-differential equations
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Back to our problem
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Every W), verifies suitable estimates so as to admit g—Laplace transform.
Choose an integer n(h) in such a way that A\¢g"") € Dj,.
The g—Laplace transform of W), in the direction A\¢""¢” = A¢” is given by

n(h) W, DN n(h) W, m A
£ W@ = 3 V@A) s %

o ()
meEZL @(%)

so that it deserves to be denoted by £ (173)(1).

This function is well defined and holomorphic in the set
7—)\qn(h)'q,§_’7-<h) = 7’)\,(]1(5,7‘(/1)1 whenever T(h) < |)‘qn(h)ql/2|T'

Objective: Show that these radii 7(h) can be taken independent of h, equal to
o = [X\¢"/?|T/|q| = |\g~'/2|T for every h > 0, and obtain precise estimates
for the corresponding g—asymptotic expansions.
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Wh(T) _ Z fn,h n

Let us assume that the function W}, has the following Taylor expansion at 0,
T
_1 2 )
= qr(n=1)/
where f,,, € C, n,h >0, and 7 € Dy,

(5)

[m} = -

—asymptotics for some g —difference-differential equations
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Back to our problem

Uniform g—asymptotic expansion for the coefficients

Let us assume that the function W}, has the following Taylor expansion at 0,

fn,h n
Wi(r) =) conm (5)

n>0

where f, » € C, n,h >0, and 7 € Dj.

Proposition

There exist constants B(h), D(h) > 0 such that

n—1

|Cq (W) (t) Z fmnt™ < D(R)B(R)"g|" "~V |8]" (6)

for all n > 1, for all t € Tx,q,5,r¢-
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Back to our problem

Uniform g—asymptotic expansion for the coefficients

Let us assume that the function W}, has the following Taylor expansion at 0,

fn,h n
Wi(r) =) conm (5)

n>0

where f, » € C, n,h >0, and 7 € Dj.

Proposition

There exist constants B(h), D(h) > 0 such that

n—1

|Cq (W) (t) Z fmnt™ < D(R)B(R)"g|" "~V |8]" (6)

for all n > 1, for all t € Tx,q,5,r¢-

B(h) = Ay(h+1)"/™,  D(h) = Ay(h + 1)/ R1A% g 7" /*
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Conditions for our

Suppose X;(t) = Y omso fmit™ € C[[t]], 0 < j < S — 1, are given initial
conditions for the Cauchy problem (1), and let

X(t,2) = ZXh o Z Z fm,htmz_

R>0 h>0m>0

be the only formal series solution of the problem

[m] = = =

DA
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Conditions for our main result

q—Laplace transform for functions of g —exponential growth
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Main result

Suppose X;(t) = Ym0 fmt™ € C[[t]], 0 < j < S —1, are given initial
conditions for the Cauchy problem (1), and let

=2 KO3 =2 D fmat”
h>0 ht h>0m>0
be the only formal series solution of the problem.

Suppose X;(t), 0<j < S —1, are q—Gevrey of order 1, and that their formal
g—Borel transforms of order 1, W; (1) = B4 X;(7), which are holomorphic
functions around 0, satisfy the assumptions of the Theorems for (P2).
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q—Laplace transform for the coefficients
Main result

Suppose X;(t) = Ym0 fmt™ € C[[t]], 0 < j < S —1, are given initial
conditions for the Cauchy problem (1), and let

=2 X3y =20 3 fmat™ gy

h>0 ht h>0m>0
be the only formal series solution of the problem.

Suppose X;(t), 0<j < S —1, are q—Gevrey of order 1, and that their formal
g—Borel transforms of order 1, W; (1) = B4 X;(7), which are holomorphic
functions around 0, satisfy the assumptions of the Theorems for (P2).

Let

2) =) Walr)r

h>0

be the solution of the Cauchy problem (P2), corresponding to the initial
conditions W;, 0 <5 < .5 —1.
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Main result

1) The function X (t, z) Z[, (Wh)(¢ )— is holomorphic in Tx q,5,r, % C.
h>0 !
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Main result

b
1) The function X (t, z) Z[, (Whr)(¢ )— is holomorphic in Tx q,5,r, % C.
h>0 '
2) The function X (t, z) solves the Cauchy problem (P1).
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Main result

Theorem

1) The function X (t, z) Z [, (Wa)( )h— is holomorphic in Tx,q,5,ro X C.
h>0 ’

2) The function X (t, z) solves the Cauchy problem (P1).

3) If 1 > 1, given R > 0 there exist constants C' > 0, D > 0 such that for

everyn € N, n > 1, one has

[x(t,2) - S5 fontn e R e LT

h>0 m=0

for every t € Tx q,5,r0, 2 € D(0, R).
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