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Nonlinear semi-formal systems

Throughout, let a system 2”12’ = §(2,x) be given, where the Poincaré rank r is a
positive integer, x = (x1,...,2,)% is a vector of dimension v > 1, and

g(zm) = > gp(2)a” = G2)z + Y gy(2)a”.

Ip|>1 |p|>2

As usual, p = (p1,...,py) is a multi-index, |p| := p1 + ... + p, denotes the length of
p, and xP := ¥ - ... - 2P, We emphasize that we assume (formally) g(z,0) = 0, so

x(z) = 0 is a (formal) solution.

While the power series for §(z,z) may diverge for every x # 0, we require
the coefficients g,(2) to be holomorphic functions in a fixed disc D, of
radius p > 0 about the origin.
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Normalizations

Assumptions: The corresponding linear system z"*t'z’ = G(z)x has a formal
fundamental solution X (2) = F(2) 2% e?(*), where

o F(z) is a formal matrix power series whose constant term is the identity matrix.

e (J(z) = diag [q1(2),...,q,(2)] is a diagonal matrix of, not necessarily distinct,
polynomials in the variable w := 27! without constant terms.

e L =A+ N, with a diagonal matrix A = diag [A1, ..., A,] and a nilpotent matrix N
that commutes with both A and Q(z2).

The formal series F'(z) is known to be multi-summable in every non-singular multi-
direction d = (dy,...,d;). lts corresponding sum shall be denoted as F'(z;d), and we
set

X(z;d) == F(z;d) 2L e?®) .
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Semi-formal solutions

Every system of the form considered here has a semi-formal solution of the form

i(z,c) = Z z,(2)c? = X(2)c + Z z,(2) P,

Ip|>1 |p|>2

where X (2) is a fundamental solution of the corresponding linear system, and for every
multi-index p #£ 0

7l (2) = G2)ap(z) + ) wep(2) gq(2),

2<]|q|<|p|

with z,,(2) depending upon coefficients x,(2) with |g| < |p]| only.

Every other semi-formal solution is of the form %(z,v(c)), with suitable

v(c) = vacp = Ve + vacp.

Ip|>1 |p|>2
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Semi-formal normal solutions

Set

ZPij(Z)v Alp) = r + ij (A

Theorem 1. For every non-singular multi-direction d there exists a unique semi-formal

solution
z C; d Z ajp Z; d

lp|>1

whose linear part is the normal solution X (z; d) of the corresponding linear equation. The
coefficients x,(z;d) all are logarithmic-exponential expressions of type (q(z,p), A(p))
which are recursively obtained by means of the identity

(2 d) = X(z;d)/x—l(z;d)[ Y xqp(z;d)gq(z)} %.

2<|q|<|p|
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Stokes functions

Given two non-singular multi-directions d and d, there exists a unique formal expression

o(c;d, d) = D p v,(d, d) P for which

~ ~

t(z,c;d) = #(z,0(c;d,d);d) .

This ¥(c; d,d) will be referred to as the (formal) Stokes function corresponding to d
and d.

~

to formal composition, and for any three non-singular multi-directions d, d, d we have
v(c;d,d) = ¢, i. e is the identity element of G(c), while v(c;d,d) and v(c;d,d) are
inverse to one another. Moreover,

Theorem 2. For any normalized system, all Stokes functions are invertible with respect

Altogether, this shows that the the Stokes functions form a subgroup of the group G(c).
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This talk is based on a manuscript that may be downloaded via my homepage. Also
compare the following
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