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Quivers and SIE Representations

Heisenberg—Weyl Algebra
h—deformed Heisenberg-Weyl Algebra

q—deformed Heisenberg—Weyl Algebra

Dimension 1: Ladders (General Theory — Examples)
Dimension 2: Grids (General Theory — Examples)
Dimension 3: The Jacobi Cube
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Quivers
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Directed Connected Graph with Vertices o; / Arrows a;
Multiple Arrows allowed
Loops allowed

Finite or Infinite
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Quiver Representations

Functor from Category of Directed Graphs to Category of Vector
spaces

Vertex — Vector space
Arrow — Linear Operator

i.e. Diagram of vector spaces and operators
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Homomorphism of two Quiver Representations

—

~ @

All rectangles connecting the two quivers commute

= Natural transformation of two Functors
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Quiver Representations
...form an Abelian Category
Subrepresentation
Quotient Representation
Direct Sum of Representations
Kernel, Image
Irreducibility

Decomposition
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Two examples from finite Quiver Theory

{0} — R
Jordan blocks R é R
R — {0}
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More Specialized Situation

([ J P — [ J P — ([ ]
Only double arrows
Periodic infinite structure
“Dimension” 1: Ladders

® = ® < * “Dimension” 2: Grids
“Dimension” 3: Cube
Narrow Loops
Wide Loops

[ ) > — [ ) o — [ )
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SIE Subrepresentations

O P — O P — O

All loops act as
O P — O P — O

Scalar Intrinsic Endomorphisms
@) > — @) o — (@)
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The Heisenberg—Weyl Algebra I

C algebra with unit Two Generators D, X
Relation [D, X| = DX — XD = 1.

Standard Representation on C*(R) (or P, S, D, D',. ..
D ~ 0 X ~ .

Representation on C*°(R) after Transformation

f(z) = o(x) flo(z))
D ~~ i(a — g/)

~ : X ~ o(z).
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The Heisenberg—Weyl Algebra II — Some algebraic observations

Group of Algebra automorphisms
D o o D °
X ~ °o o X + °
———
det=1

Involution (= Star operator)

(?) o (_)?) (AB)* = B*A"

Algebraic Differentiation

D, X" = DX'"—-X'D = k. Xx"!
D' X] = D'X—-XD' = ¢.D"!
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The h—deformed Heisenberg—Weyl Algebra I

C algebra with unit / Three Generators D, M, X

Relations ID,M] = 0
D, X] = M M? —h?D? = 1
[M, X] — h2D Pythagroas Relation

Two Standard Representations

on F(hZ) on C*(S;n)
complex sequences 2Tﬁfperiodcic functions
D ~s f(CU) s f(x—i—h)z—hf(ﬁ—h) f(CU) g Singlhx) . f(.ﬁl:)

M~ | f(z)— f(ﬁh);f(x_h) f(z) = cos(hz) - f(x)

X~ f(@) =z f(z) f@) =i fi(x)
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The h—HW Algebra II — Algebraic Observations

Group of Algebra automorphisms

M +1 0 0 M 0
D — 0 =1 0 D |1+120
X 0 0 =1 X

de‘;:r+1

[nvolution (= Star operator)

M M
D = -D (AB)* = B*A*
X X
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The h—HW Algebra III — Algebraic Observations

Automorphism (Z4 Action)

M 0 ih 0 M
D — L0 0 D
X 001 X

An h N\ 0 degeneration is not possible.
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The h—HW Algebra IV — Self-Similarity

The h-HW algebra contains a 2h-HW subalgebra.

Define
M = 2M*—1
D" .= DM
X =X
Relations  [D’, M| = 0
D' X'] = M
(M’ X'] = 4h*D’

(M/>2_4h2(D/>2 = 1
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The h—HW Algebra V — Shift Generators

S = M+hD (represented by forward shift)
S* = M —hD (represented by backward shift)

h—HW Algebra generated by S, S*, X.

Relations S,5% = 0
S, X] = hS SS* =1
[S*, X] = —hS*

An h \, 0 degeneration is not possible.
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The h—HW Algebra VI — Diff Op Generators

1
A = E(S —1) (represented by forward Diff Op)
1
A* = E(S f—1) (represented by backward Diff Op)

h—HW Algebra generated by A, A* X.

Relations [A,A*] = 0
A X] = 1+1RA A+ A"+ hAA* = 0
A* X] = —(1+ hA¥)

h ™\ 0 degeneration:
A — D A" — —D
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The —HW Algebra VII — Deformization Polynomials

Within the binomial identity we define two sequences of polyno-

mials (k € Ny)

(X +h)F =

Alternatively

poEl
q1=0

k 2 ) k 2
iy k—i i—1 vy k—i
Z(i)h){ +h-i20:(i)h X

=0
1 even 1 odd

A\ v A

Vv Vv

=p(X) =q—1(X)

(b)) = (0% (5)

7
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All polynomials p;. and g ...

e only depend on h?
e have degree k (in X)

e parity k£ (in X)

e homogeneous in (X, h).

k Pk qr
0 1 1
1 X 2X
2 X2 4+ h? 3X2 + h?
3 X3 432X 4X3 +4h%X
4 X*+6h2X2 + At 5X* 4+ 10h°X2% + bt
5 || X7+ 10h2X3 +5h*X | 6X° + 20h? X3 + 6R* X
h 0 Monomials Derivatives
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Observation

H.O Pythagoras

H.O Algebraic Differencing

MX*M — h’DXFD =

DX*M — MX*D =

pr(X)
C]k:—l(X)

k € Ny
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The ¢—deformed HW Algebra I

C algebra with unit
Two Generators D, X
Relation DX —q¢XD = 1, q # 1 fixed

Standard Representation on F(qZ)
flgr) — f(z)

qr — X

Xflx) = z-f(z)

Df(x) =
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Ladders

+ +
AL Af A
° = o —— o — e
ALy An ALt
An—1 o QXp41

AT Creation (Ascending / Raising) Linear Operators
A Annihilation (Descending / Lowering) Linear Operators

Given the above ladder and a number sequence «,, define

Al = ALAL Right loop
AL = AT AL Left loop

AR = % Commutator ab = fn=fa-l
Ag = % Anticommutator ag = O‘"+§‘n—1
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Ladders
Given a ladder with representation V' of the underlying algebra

Af Af AI-H
Vie/— V =/ V =/ V

define sequence of subspaces

— mio( AT . AT

En = eig(A) ay) Neig(A,, ap-1)

i AN AN A i A0 0

= ecig(A7, ar) Neig(AY, o))
Is this sequence (&,) a subladder?
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Observation

IF

(A2 — a2) is a ladder endomorphism
AND

(A9 — a®) is a ladder endomorphism,
THEN

(&,) is an SIE subladder.
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Ladder Theorem

IF

(A2 — a2) is a ladder endomorphism
OR

(A9 — a®) is a ladder endomorphism,
THEN

(&,) is an SIE subladder.

Stefan Hilger — Katholische Universitédt Eichstatt—Ingolstadt FASDE II

Bedlewo — 12. August 2011

25



Corollary

n—1 n :—%—1
° —'A__l o =— o - °
ap_1 a QAn41
A _ A
It A> = a;, then
Az71 Af Az+1
En1 5 & == & 5 &

with &, = ker(A% — a®) is an SIE subladder.

[ Put ab = A8
Solve f
A2 scalar N POt Oéno
Compute a7
\ Compute &, (depending on rep)
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Additional Observation

AT Ajr AT

(c/. n—1 g Y n+1 g
n—1 ~,- n A n+l “,- n+2
n—1 n n+1
QAp—1 Qan QAn41

If a, 20, then &, =&,

If , =0, then “ladder broken” between &, and &,41
ker A generates SIE subladder in left direction
ker A generates SIE subladder in right direction
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Heisenberg Ladder

AY = (DX - XD) =1 = &, is SIE subladder.
(
( é ? ) < i ) ~  Monomials
( D ) _ LQ ( _11 1 ) (i) . Hermite functions
A (Dirac Harmonic Oscillator)

1 0 0
1 ' '
v ( 19 ) ( . ) ~  Hermite polynomials
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Legendre Ladder

nX + ZD (n+1)X + ZD
o P—— [ )
nX — ZD (n+1)X — ZD
Z = X’—1
1
A
1
AY = ZL—ZD2—2XD+n2+nl —i—n2+n—l—§
Legendre DifT;rential Operator
a, = (n+1)?
E, = ( Legendre Polynomial, degree n )
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Legendre Ladder — Three Term Recurrence Relation

nX +ZD (n+1)X +2D
® “x2z2o ® uwiox—zp °®
(n+1)X+ZD)p, = (n+1)pp1
N——
nX —ZD)p, = "n pa
2n+1D)Xp, = (n+ 1)pps1+ npn—
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Laguerre Ladder

n+XD-X (n+1)+XD—-X
[ ]
n—XD (n+1)— XD
1
AS = 4=
2
O 2 2) 1
Ay = =X XD*°+(1-X)D+n] +n s
Laguerre Diffe?erntial Operator
2
a, = (n+1)
E, = ( Laguerre Polynomial, degree n )
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Bessel Ladder

(n—1)X"'-D nX1—D

o
nX1+D n+1)Xt+D
Adjoin X!
AS = 0
o, = 1

Ay = —X°[X°D’+ XD+ X* —n’]

7

~
Bessel Differential Operator

E, = ( n-th order Bessel Function )
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Heat Ladder

M _ M
® “w-ox ® rominx ®
a1
1
AC = (n+§)2M2+§D(XM+MX)
a, = n+1
1
E, = eig(Ag,n—ki)

= ( Centralized Binomial distributions, # supp =n + 1)
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Discrete Harmonic Oscillator Ladder

XM —[1+nh?D XM —[1+ (n+1)h?D
MX + [1+ nh?|D * MX +[1+ (n+1)h?|D ¢
AS = 14 nh?
A = MX?M — (1+nh*)D?
E, = ( Centralized Binomial distributions x

Kravchuk polynomials )
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Discrete Analog of Heisenberg Ladder

-D -D
MX +nh?D * MX + (n+1)h*D
4 -t
n 2
1
A = —[M(DX+XD)+ (n+ 5)h?D?]
a, = n+1

gn — elg(Agan)
= ( Centralized Binomial distributions,

alternating sign , #supp =n + 1)
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g—Heisenberg Ladder

qf(nfl)X qan
* =5 * —»5 °
Ao Lo —(n—1) g _q"
A0 = %(DXJquD)
—(n+1) _ 1
q
n pu— pu— 1
“ gl —1 (n+ >$
E, = ( monomial, degree n )
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g—Harmonic Oscillator Ladder

¢ -DX _ D ¢ "X - D
[ ] [ ]
¢"X +D ¢ X + D
" 2
-n __.n
A0 = ¢gxX%4 %(DX +¢XD)— D
N _ qn+1 _ q—n
£, = { n'™ ¢-Hermite function )
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Ladder complexes

A AY
. o ° ° e
AL Ay
ATAT | =0 A A =10 for all n.

~ (A is a Ladder Endomorphism

~ E,(\) = eig(A% \) is a subladder /
splits into two SIE subladders £/ (X) and &(\)

At

57?—1()‘)71% 530‘) ‘7:_57?+1<)‘)‘7:_:—5$+2()\) =
N == &) ==& ., (N)==E.,0\) - -
na(N) == EI(\) ==&\ ==E,(\) -
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Example: De Rham complex of a compact Riemann manifold

d d
[ ) - [ ) P —— [ )

) é
od + do
AV = il Laplace—Beltrami operator

" 2

En(N) = eig(AY \)  subladder

A # 0 the above splitting shows: &,(\) is exact
. Cohomology yields the zero complex

A=0 En(0) all operators zero

~ Cohomology reproduces &,(0)

Altogether:  H™Q) = &,(0) = eig(A%,0) (Th f Hod
ogether (22) (0) = eig(Ay,0) (Theorem of Hodge)

harmonic forms
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Theorem:

Assume that . ..
All horizontal ladders are SIE
All vertical ladders are SIE

Each square contain at least one
“Scalar Commutative Loop”

Then all loops are SIE.
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The Laguerre grid — local

k+2+XC k+1+XC
([ J b — ([ J &
-D -D
DC n+k+1+XC
+1)Dy 1 - n+1-XD
C D—1
k+1+XC k+X(C
<lb—> o QD
_ _ 0 "
Dy Zk;zo D
n+k+XC DC
n—XD (k—1)Dp—
k+X(C kE—1+XC
(] > — o o —
-D -D
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The Laguerre grid — SIE

subrepresentation

24+ XC 1+ XC 04 XC 3 2 -1+ XC 4 3 -2+ XC 5 4
<1> - <CC—2> - < 274x+2> T, (z®—6z Ty (z"-8z 7T (z°—10z
D D ) +6z) T _p +1222) D +2023)
k=2
1+ XC 0+ XC -1+ XC —24 XC -3+ XC
(1) PR (z—1) —— (2?—2) _——— (23-32%) _—— (z*—4a3) _—— (z®—5z?)
-D -D -D -D -D
k=1,
0+ XC —14+ XC —24+ XC —34+ XC —44+ XC
—— e— e—— ——— e—
(1 — (z) — (x?) — (z®) — (z*) — (z°)
—D —D —D —D —D
k=0 n=0 n=1 n=2 n=3 n=4 n=>
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The Legendre—Gegenbauer grid — local

(n+€+1)X +2ZD (n+€+2)X +2ZD
——— —_—
° b — ° o — °
mWX — ZD (n¥1)X — 2D
D
XD+n+£0—1||2Z(XD—(n— XD+n+2 || Z2(XD—n) XD+n+£0+1]|| Z(XD - (n+1))
+04+1 +04+1 +04+1

(L +1)X + 2ZD

(n+e—1)X+2D (n+0)X+ 2D
—_— —_—
[ ] > — ® P — [ ]
nX — ZD (n+1)X —ZD
D
XD+4+n+€—-3 Z(XD—(n—1)XD+n+4£¢—2 Z(XD —n) D4+n+¢-1 Z(XD — (n+1))
+0—1 +0—1 +0—1

(6—1)X + 2ZD

(n+¢—-3)X+2ZD (n+¢—-2)X+2ZD
R R
L P — L =——— L
nX — ZD (n+1)X —2ZD
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The Legendre—Gegenbauer grid — SIE subrepresentation

Z(XD—-4) XD+8||2Z(XD-5)

XD +3| | z(xD) XD+4||2z(xp-1) xD+5||z(xD-2 XxD+6||zZ(XD-3) XD+7
+4 +4 +4 +4 +4 +4
3X 4+ ZD 4X + 2D 5X 4+ ZD ) 6X +2ZD (915 TX 2D (93155
=) T @) el e (mhes) —— O B
1X - zZD 2X — ZD 3X — ZD ix —zp l42°+1) §x _zp 2102°+35z)
XD +1| | z(xD) XD+2||2z(xD-1) XxD+3||2(XD-2) XxD+4||2(XD-3) XxD+5||2(xD-4 XxD+6||z(xD-5)
42 12 42 42 42 42
1X + ZD 2X 4+ ZD 3X 4+ ZD AX+ 2D (35,4 X+ 2D (5345
=1 (1) PE— (z) — — (-1 —— (5at-3z) 2 — 3
1X — ZD 2X — ZD 3X — ZD ix—zp 302°+3) x _zp T70x°+15z)
XD —1| | z(xD) xp||z(xp-1) xD+1||z(xD—-2) xD+2||z(xD—-3 xD+3||z(xD—-4 XxD+4l||z(XD-5)
~1X + 2D 0X + ZD 1X + ZD 2X 42D (5aa_ 8X 42D (7p5_
(=—1 (1) PE— (z) ——  (a®-1) /= (3*-3z) —— 2 — 3
1X — ZD 2X — ZD 3X — ZD 4X — ZD 62°+1) sx_zp 102°43z)
n=0 n=1 n=2 n=3 n=4 n=>5
FASDE II  Bedlewo — 12. August 2011 44

Stefan Hilger — Katholische Universitdt Eichstatt—Ingolstadt



Binomial grid — local

M M
° > — ° > — °
LNtntm+1 LNt ntm+2

—h2D || GN4ntm —h2D || GN4ntm+t1 —h2D || GNtntmi2

L = (1+jh)M +h2XD

[ ] ———-——éﬁ [ ] O —
N+n+m LN+n+m+1

G; = (1+jh*)D+ XM

—h2D || GNyntm—1 —h2D || GN4ntm —h2D || GN4ntm+t1

M M
[ J %B [ J ﬁ; [ ]
LN+n+m71 N+n+m
FASDE II  Bedlewo — 12. August 2011 45
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Binomial grid — SIE subrepresentation

(5_3-36_ M (5_4—25_ M (6_5—6_3 M (5_g—36_ M (6_7—-6_5-35_3
3 1 4 2 6 2
— — —25_,-28, T > —36_1+38;
+361-33) LN+ta +262—84) Ln+s +63—085) Lnye +362—3) Ln+e +383—65—57)
—n?D| |GnN+s —h2D| |GN+a —n2D| |GN+5 —n?D| |GN+6 —n2D| |GnN+6
(6_o9-25 M (6_3-6_ M (6_4—28 M (6_5+6_3 M (0_gt20_4
2—-26g _ M | 3 1 M 4—260 _ M M .
s 5 s s —20_1—2671 —6_9—4560—09
+92) TLyys —91+93) LNya 04 Ty s +83+65) Ln+e +204+d6)
—n?D| |GnN+2 —n?D| |GN+3 —n?D| |GN+4a —n?D| |GnN+s —n?D| | GnN+6
M M (6_3+6_1 M (6_4+26_o M (6_5+35_3
(6_1=61) ——— (6—2—082) __— = P T +261-26
1O e 2T o 58y T —20p-6y) T
Ln42 LN+3 179 LN+a 27 Lnys  —36_3—6_5)
—n?D| |GN+1 —h2D| |GN+2 —n2D| |GN+3 —n?D| |GN+a —hm2D| |GN+s
(60) M (6_1461) M (6_2+25g M (6_3+36_1 M (6_4+45_o
A — - Af— —
T Tnis +33) “Tnrs +361483)  “pro. +8d0+4da+5s)
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The Jacobi cube

Aitlly,Jer+2
(]
Agff,l 2
o 7 = X?-1
Ai:; = D+ (n + é)(X + ﬁs“_l)
CI,[‘FQ 67 . 6

Aoy = ZD — (n+ )X = 5207)

A4t 5+

St
By, == ZD+({+1)X +6
Crt,e42 n, 042
nhe o C(—)tg = ]_
C:,é n+1,¢ + . +
Cn,l = Cn—l,Z+2 [n(n + 6) + D]
8,4+
. +[ZD + (£ 4+ 1)X,C 10D
Ai':1,e+2 _
0 = 1
Cre = Coyppaln(n+0) = D]
+HZD + ((+1)X,C, 440D
AV
° : °
A
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