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Analyti
 Solutions of Iterative Fun
tional Equations Q2nn Introdu
tion

Iterative Fun
tional EquationFun
tional equations 
ontaining the 
ompositon of unknown fun
tionsExamples: f(f(x)) = ex; f(x) + f(x+ f(x)) = xFun
tional Equations of Several VariablesFun
tional equations whose arguments 
ontaining several variablesExamples: f(x) + f(y) = f(x+ y) (Cau
hy's fun
tional equation)� f(x+ y) = f(x)g(y) + g(x)f(y)g(x+ y) = g(x)g(y)� f(x)f(y)



Analyti
 Solutions of Iterative Fun
tional Equations Q3nn Iterative root

N : natural numberA solution of the iterative fun
tional equationfN(x) = g(x)is 
alled N -th iterative root of g(x).No general theory to obtain iterative roots.



Analyti
 Solutions of Iterative Fun
tional Equations Q4nn Iteration groupI : intervalf : I ! I : given fun
tionA family fft j t 2 R g of maps ft : I ! I is 
alled the iteration group off if(1) ft(fs(x)) = ft+s(x); t; s 2 R(2) f1(x) = f(x)(3) The map t 2 R 7! ft(x) is 
ontinuous for all x 2 I.

Note that f1=N(x)is an N -th iterative root of f(x).



Analyti
 Solutions of Iterative Fun
tional Equations Q5nn Abel's equationf : I ! I : given fun
tionAbel's equation for f is �(f(x)) = �(x) + 1:If the solution of Abel's equation exists, then we 
an 
onstru
t the itera-tion group of f by ft(x) = ��1(�(x) + t):

The analyti
 solution of Abel's equation�(ex) = �(x) + 1:is obtained by Kneser(1950), Belitskii et al.(1993).



Analyti
 Solutions of Iterative Fun
tional Equations Q6nn PrompterConsider iterative fun
tional equations of the formnXi=1ai fi(x) = bx+ 1Xj=0
j e�djx (1)

where ai; b; 
j; dj 2 R and 0 = d0< d1< d2< � � � ! 1.Note that this equation 
ontains a linear term bx on the right-hand side.Suppose that the solutions of equation (1) is of the form

f(x) = �x+ 1Xj=0pj e�qjx; (2)

where pj; qj 2 R and 0 = q0< q1< q2< � � � ! 1.The term �x is 
alled prompter of the equation.



Analyti
 Solutions of Iterative Fun
tional Equations Q7nn Chara
teristi
 equationIf we substitute (2) into (1), we havenXi=1ai�ix+ (Diri
hlet series) = bx+ (Diri
hlet series):

Comparing linear terms of both sides, we havenXi=1ai�i= b: (3)

Equation (3) is 
alled 
hara
teristi
 equation of (1).



Analyti
 Solutions of Iterative Fun
tional Equations Q8nn Main theorem AConsider iterative fun
tional equationnXi=1ai fi(x) = bx+ 1Xj=0
j e�djx; (1)

where all ai� 0 and an 6= 0.For ea
h prompter of positive 
oe�
ient, namely, for ea
h positive root �of 
hara
teristi
 equation of (1), we have a unique formal solution of theform f(x) = �x+ 1Xj=0pj e�qjx: (2)

The 
oe�
ients pj; qj are determined re
ursively.



Analyti
 Solutions of Iterative Fun
tional Equations Q9nn Initial exponentFirst, we must determine the 
onstant term. Substituting (2) into (1),and 
omparing the 
onstant term of both sides, we havenXi=1ai(1 + �+ �2+ � � �+ �i�1)p0= 
0 :

Sin
e Pni=1ai> 0; � > 0, p0 is determined uniquely.Note that if 
0= 0, then 
onstant term of the solution vanishes.Next, we must determine the minimal exponent among nonzero qj's. Thisis 
alled initial exponent and determined byq1= maxfd1; d1� g:

Substitute (2) into (1) and expanding double exponentials by using Taylorexpansion, and 
ompare the 
oe�
ients of e�q1x.Then we have the value of p1.Next, the se
ond smallest exponent is q2, and we pro
eed similarly.



Analyti
 Solutions of Iterative Fun
tional Equations Q10nn Example 1 f(f(x)) = x� 3e�x (4)Chara
teristi
 equation: �2= 1Positive 
hara
teri
: � = 1Initial exponent: 1Putting f(x) = x+ p1e�x+ p2e�2x+ p3e�3x+ � � �and substituting into (4), we havef(f(x)) = f(x) + p1e�f(x)+ p2e�2f(x)+ p3e�3f(x)+ � � �= x+ p1e�x+ p2e�2x+ p3e�3x+ � � �+p1e�x� e�p1e�x� e�p2e�2x� e�p3e�3x� � �+p2e�2x� e�2p1e�x� e�2p2e�2x� e�2p3e�3x� � �+p3e�3x� e�3p1e�x� e�3p2e�2x� e�3p3e�3x� � �



Analyti
 Solutions of Iterative Fun
tional Equations Q11nn Example 1 (
ont'd)

= x+ p1e�x+ p2e�2x+ p3e�3x+ � � �

+p1e�x 1� p1e�x+ p122! e�2x� � � �! 1� p2e�2x+ p222! e�4x� � � �! 1� p3e�3x+ p322! e�6x� � � �! � � �

+p2e�2x 1� 2p1e�x+ (2p1)22! e�2x� � � �! 1� 2p2e�2x+ (2p2)22! e�4x� � � �! � � �

+p3e�3x 1� 3p1e�x+ (3p1)22! e�2x� � � �! 1� 3p2e�2x+ (3p2)22! e�4x� � � �! � � �

= x+ 2p1e�x+ (2p2� p12)e�2x+ 2p3+ p132 � 3p1p2! e�3x+ � � �

= x� 3e�x:Comparing 
oe�
ients, we have p1 = � 32 ; p2 = 98 ; p3 = � 2716 ; : : :re
ursively.



Analyti
 Solutions of Iterative Fun
tional Equations Q12nn Example 1 (
ont'd 2)Up to 10 terms:
fa(x) = x� 32 e�x+ 98 e�2x� 2716 e�3x+ 18964 e�4x� 567128 e�5x+ 31592560 e�6x 1436135120 e�7x� 487773935840 e�8x+ 863646328672 e�9x+ 79218243229376 e�10xGraphs:

y = xy = fa(fa(x))y = x� 3e�xy = fa(x)



Analyti
 Solutions of Iterative Fun
tional Equations Q13nn Example 2
f(f(x)) = x+ Z 21 e�txdt (5)

= x+ e�2x� e�xxPutting f(x) = x+ Z 11 p(s)e�sxds

and substituting into (5), and applying Taylor expansion of exp, we 
an
ompare the Lapla
e preimages of both sides.p(s) = 0; 0 � s < 112 ; 1 � s < 2s2� 2s16 ; 2 � s < 3 � � �



Analyti
 Solutions of Iterative Fun
tional Equations Q14nn Example 3 f(f(x)) = x+ sin x (6)Putting f(x) = x+ Xi; j�0; (i; j)6=(0; 0)ai; jsinix 
osjxand substituting into (6), we havef(f(x)) = f(x) + Xi; j�0; (i; j)6=(0; 0)ai; jsinif(x) 
osjf(x)= x+ Xi; j�0; (i; j)6=(0; 0)ai; jsinix 
osjx+ Xi; j�0; (i; j)6=(0; 0)ai; j�fsin(x+ Xk; l�0; (k; l)6=(0; 0)ak;lsinkx 
oslx)gi�f
os(x+ Xk; l�0; (k; l)6=(0; 0)ak;lsinkx 
oslx)gj



Analyti
 Solutions of Iterative Fun
tional Equations Q15nn Example 3 (
ont'd)= x+ Xi; j�0; (i; j)6=(0; 0)ai; jsinix 
osjx+ Xi; j�0; (i; j)6=(0; 0)ai; j�(sin x 
osB + 
osx sinB)i(
osx 
osB � sin x sinB)j

= x+ Xi; j�0; (i; j)6=(0; 0)ai; jsinix 
osjx+ Xi; j�0; (i; j)6=(0; 0)ai; j

� sin x 1Xk=0 (�1)k2k! B2k+ 
osx 1Xk=0 (�1)k(2k + 1)! B2k+1!i

� 
osx 1Xk=0 (�1)k2k! B2k� sin x 1Xk=0 (�1)k(2k + 1)! B2k+1!j= x+ sin xwhere B = Xk; l�0; (k; l)6=(0; 0)ak;lsinkx 
oslx,



Analyti
 Solutions of Iterative Fun
tional Equations Q16nn Example 3 (
ont'd 2)by using addition theorems and Taylor expansions of sin and 
os.Comparing the 
oe�
ients of sinix 
osjx where i + j � n, we have asolution. For example, n = 5 
ase:

f(x) = x+ 12 sin x� 18 sin x 
osx+ 116 sin x 
os2x� 5128 sin x 
os3x+ 7256 sin x 
os4x� 1384 sin3x 
os x+ 1192 sin3x 
os2x� 1256 sin5x:



Analyti
 Solutions of Iterative Fun
tional Equations Q17nn Example 3 (
ont'd 3)Graphs:
y = xy = f(f(x))y = x+ sin xy = f(x)



Analyti
 Solutions of Iterative Fun
tional Equations Q18nn Main theorem B

For a fun
tion of the form
f(x) = x+ 1Xj=0
j e�djx;there exists an algorithm to obtain iteration group of f(x).



Analyti
 Solutions of Iterative Fun
tional Equations Q19nn Example 4
f(x) = x+ e�x

Putting ft(x) = x+ p1(t)e�x+ p2(t)e�2x+ p3(t)e�3x� � � ;and substituting into the 
onditionft(fs(x)) = ft+s(x); t; s 2 R ;we havex+ fp1(t) + p1(s)ge�t+ fp2(t)� p1(t)p1(s) + p2(s)ge�2t+fp3(t)� p2(t)p1(s) + 12 p1(t)2p1(s)� 2p1(t)p2(s) + p3(s)ge�3t� � �= x+ p1(t+ s)e�x+ p2(t+ s)e�2x+ p3(t+ s)e�3x� � � :



Analyti
 Solutions of Iterative Fun
tional Equations Q20nn Example 4 (
ont'd)Comparing the 
oe�
ients, we havep1(t+ s) = p1(t) + p1(s)p2(t+ s) = p2(t)� p1(t)p1(s) + p2(s)p3(t+ s) = p3(t)� p2(t)p1(s) + 12 p1(t)2p1(s)� 2p1(t)p2(s) + p3(s)� � �We 
an determine pi(t) one by one.

ft(x) = x+ te�x+ � t2 � 12 t2� e�2x+� 512 t� 34 t2+ 13 t3� e�3x

+� 512 t� 1312 t2+ 1112 t3� 14 t4� e�4x

+� 107240 t� 2516 t2+ 4724 t3� 2524 t4+ 15 t5� e�5x+ � � �



Analyti
 Solutions of Iterative Fun
tional Equations Q21nn Example 5Riemann-zeta fun
tion:�(x) = 1 + 2�x+ 3�x+ 4�x+ � � � ; <x > 1Term-by-term integration gives

Z(x) = x� 1log 2 2�x� 1log 3 3�x� 1log 4 4�x� � � � :

Then, the iteration group of Z(x) is as follows:

Zt(x) = x� tlog 2 2�x� tlog 3 3�x� t2log 4 4�x� tlog 5 5�x

+��� 12 log 2 � 12 log 3 � t2+� 12 log 2 + 12 log 3 � 1log 6 � t� 6�x

� tlog 7 7�x� t3log 8 8�x+ � � �


