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Introduction

Iterative Functional Equation
Functional equations containing the compositon of unknown functions

Examples: f(f(z)) =e®, f(z)+ f(z + f(z)) ==

Functional Equations of Several Variables
Functional equations whose arguments containing several variables

Examples: f(z)+ f(y) = f(x + y) (Cauchy’s functional equation)

{ flez+y) = f(x)g(y) + g9(z)f(y)
glx+y)=g(x)g(y) — f()f(y)
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lterative root

N: natural number

A solution of the iterative functional equation

Mz = g(z)

is called N-th iterative root of g(x).

No general theory to obtain iterative roots.
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lteration group

I : interval
f: I — I : given function

A family {f?| ¢t € R} of maps f: I — I is called the iteration group of
fif
(1) fUfSx) = f1T8a), t, seR

(2) fl@)=f(z)
(3) The map ¢ € R — fYz) is continuous for all z € I.

Note that
Nz)

is an N-th iterative root of f(x).
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Abel’'s equation

f: I — I : given function
Abel’s equation for f is

(f(x) = D(x) + 1.

If the solution of Abel’s equation exists, then we can construct the itera-
tion group of f by . 1
frx) =@ H(2(x) +1).

The analytic solution of Abel’s equation

d(et) = &(x) + 1.

is obtained by Kneser(1950), Belitskii et al.(1993).
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Prompter

Consider iterative functional equations of the form

n

Z:la@' fz(x) = bx + Zocj e T (1)
1— =

where ag, b, ¢j, djE Rand 0 =dg<d1 <d2<--- — 0.
Note that this equation contains a linear term bx on the right-hand side.

Suppose that the solutions of equation (1) is of the form
CX) .
fe) = Ao+ pj e U )
7=0

where pj, g5 € R and 0 =q0<q1<g9< -+ — 00,
The term Ax is called prompter of the equation.
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Characteristic equation

If we substitute (2) into (1), we have

n
Z aij\'r + (Dirichlet series) = bx + (Dirichlet series).
1=1

Comparing linear terms of both sides, we have

n

Z ai)\i = b.

1=1

Equation (3) is called characteristic equation of (1).
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Main theorem A

Consider iterative functional equation

n

o0
Z ai fYz) = bx + Z cj e~ Y L (1)
1=1 7=0
where all a; > 0 and an # 0.
For each prompter of positive coefficient, namely, for each positive root A

of characteristic equation of (1), we have a unique formal solution of the
form

f@)=de+ Y pje U< 2)
7=0

The coeflicients pj, qj are determined recursively.
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Initial exponent

First, we must determine the constant term. Substituting (2) into (1),
and comparing the constant term of both sides, we have

n
Zai(l +)\+)\2+---—|—)\7“_1)p02 o -
1=1

Since 2?21 a; >0, A >0, pgis determined uniquely.

Note that if ¢q= 0, then constant term of the solution vanishes.

Next, we must determine the minimal exponent among nonzero ¢5’s. This
is called initial exponent and determined by

d]
= d1, —}.
g1 = max{d], X
Substitute (2) into (1) and expanding double exponentials by using Taylor
expansion, and compare the coefficients of e 917,
Then we have the value of p4.

Next, the second smallest exponent is g5, and we proceed similarly.
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Example 1

f(f(z) =2 —3e™" (4)

Characteristic equation: A2 =1
Positive characteric: A =1
Initial exponent: 1

Putting
—2x —3x

fl) =z +preF+poe Tt pge ™+

and substituting into (4), we have

f(f(z)) = f(z) +p1€_f($) —|—p26_2f(x) _|_p36_3f(37) 4.

:x+p1€—a:+p26—2a:+p36—3x+”.
—2x —3x

_ —Xr __ _
tpie T eTPIET . P28 7T TP3e
—3x

_ _2
2z —2pje” 2poeT“* —2pge

+p26

2 —3x

Fpge BT, TIPIETT. g TP2eT Y, —3pae
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Example 1 (cont'd)

—2x —3x

::13+p16_$—|—p26 + pge + -

+pe 1 —pe T+ p12 —2r _ | — e 2T P22 My
p16 ple 2' € p2€ 2' € — e

(2]91)2 —2r )(1 B 2p2€_2r 2192) 4

—2r —x
+po£ (1 —2pe T o)

3p+)2 (3po)?

2! 2!
2 —2¢ 13 3
=+ 2p1€_w—|— (2po—p1T)e ="+ <2p3+ > 3p1p2> e "t
—x—3e *
Comparing coefficients, we have i ) 27
W v = —— = — - —— ...
p g 9 p]_ 9 9 p2 8 9 p3 16 9

recursively.
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Example 1 (contd 2)

Up to 10 terms:

B 3 &+ 9 9 27 _3, 189 _yp 567 _54
fdz) =z = e+ e 6° e’ 128
N 3159 —6 143613 Tz 4877739 8T

2560 5120 35840
8636463 09T 79218243 ,—10z
28672 229376
Graphs:
|
y=x
y = falfa(z))
y=x—3e ¥
y = fa(z)
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Example 2

Putti
utting o

f(x)==x —|—/1 p(s)e” “*ds

and substituting into (5), and applying Taylor expansion of exp, we can
compare the Laplace preimages of both sides.

p(s)= 0, 0<s<1
1
— 1<s<?
22 -
— 2
” S,2§5<3---
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Example 3

f(f(x)) =x +sinx (6)

Putting . .
f(r)=x+ Z aj, jsin’z cost x

i, 520, (4, J)A0, 0)
and substituting into (6), we have

[(f(z) = fz)+ 3 ai, jsin® f(z) cos? f(x)
i, 70, (5, )70, 0)

=+ Z asg, jsinzx COSj T+ Z ag, j
i, 720, (4, J)A0, 0) i, 20, (4, J)A0, 0)
x {sin(z + Z ar. lsinkx COSlaﬁ)}Z

k, 120, (k, 1)40, 0)

x{cos(x + Z a lsinkx cos’ :1;)}3
k, 120, (k, 1)740, 0)
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Example 3 (cont'd)

=+ Z asg, jsinix cosj T + Z ag, j
i? j207 (/L.7 j)#(07 O) ) i? j207 (’i7 j)#(oz O)
X (sin z cos B + cos x sin B)*(cos x cos B — sin x sin B)J

=+ Z asg, jsinix COSj T+ Z ag, j

i, 520, {340, o> 52 (i 3)#0.0)

)
(smxz o7 B2k—|—cosajz 2k—|— Zk_l_l)

J
<cosxz o7 B2k—smajz 2k—|— Zk_l_l)

where B = Z Qg lsinkx Cosla;',

k, 120, (k, 1)40, 0)



J\ Analytic Solutions of [terative Functional Equations * 16
Example 3 (contd 2)

by using addition theorems and Taylor expansions of sin and cos.

Comparing the coefficients of sin®z cos?z where i + j < n, we have a
solution. For example, n = 5 case:

1 1 1 5
flzx)=x+ 53 sin x — = sin x cos x + ) sin x cos2x — sin x cosSx
7 1 1 1
+ sin x COS4£B — SiIlSLB cos T + SiIlSLB COS2£B — Sin5x.

256 384 192 256
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Example 3 (contd 3)

Graphs:
Y=
y=f(f(z))
Y= -+SInx |
y = f(z)
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Main theorem B

For a function of the form

00
flx)=x+ Z cj e_djx,
7=0

there exists an algorithm to obtain iteration group of f(x).
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Example 4

fla)=z+e” "
Putting

—2x —3x

[Hx) = &+ py (e ™+ po(t)e ™+ pg(t)e >

and substituting into the condition

FUf5() = f1T5), ¢, seR
we have

z+{p1(t) +p1(s)te 4 {po(t) — p1 (1 (s) + po(s)te ™

Hpg(t) — po(t)py (5) + 51 (121 (5) — 201 (Dpg(s) + pg(s))e

=5 —|—p1(t + s)e_x—l—pQ(t +s)e

=3t
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Example 4 (cont'd)

Comparing the coeflicients, we have

(t)p1(s) + paols)

pg(t+s) = pg(t) — po(t)pq(s) + %pl(t)zpl(s) — 2p1(t)po(s) +p3(s)

!
\V)
~
_l_
&z
|
!
(\V)
=
|
i
-
~

/ —x t 2\ -2 3,2 3\ —3¢
= R A R
fYx) =z +te —|—<2 > )e (12 1 +3 )e
5 13 11 1
12 12 12 4

107 25 o 47 3 20 4 1 5\ _5¢
e ST pe T g0 Ty e
" ( T T YR YR ) T
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Example 5

Riemann-zeta function:

((x)=1+2""+37F4+47"+...  Rx>1

Term-by-term integration gives

1 1 1
(x) == log 2 log 3 log 4
Then, the iteration group of Z(x) is as follows
A T I S ¢ w1 5w
log 2 log 3 log 4 log 5
1 1 1 1 1 _
+3(— = t%+ + - Ly 6T
2 log 2 2log 3 2 log 2 2log 3 log 6
bty 1S



