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Abstract

We consider the Cauchy problem for linear moment partial differential
equations in two complex variables with constant coefficients{

P(∂m1,t , ∂m2,z)u(t , z) = 0
∂ j

t,m1
u(0, z) = ϕn(z) ∈ O(D) for j = 0, ...,n − 1

,

where ∂m1,t and ∂m2,z are moment-differential operators introduced recently
by W. Balser and M. Yoshino, n ∈ N and

P(λ, ζ) = P0(ζ)λn −
n∑

j=1

Pj (ζ)λn−j

is a polynomial of order n with respect to λ.

We construct the integral representation of the solution of this problem and
we show when this solution is analytic. As a consequence we also obtain the
characterization of summable formal solutions of the Cauchy problem.
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Moment functions

Definition
A pair of functions e(z) and E(z) is said to be kernel functions of order k
(k > 1/2) if they have the following properties:

1 e(z) ∈ O(S(0, π/k)), e(z)/z is integrable at the origin, e(x) ∈ R+ for
x ∈ R+ and e(z) is exponentially flat of order k in S(0, π/k)

(i.e. ∀ε>0∃A,B>0 such that |e(z)| ≤ Ae−(|z|/B)k
for z ∈ S(0, π/k − ε)).

2 E(z) ∈ Ok (C) (i.e. E(z) ∈ O(C) and ∃A,B>0 such that |e(z)| ≤ AeB|z|k for
z ∈ C) and E(1/z)/z is integrable at the origin in S(π,2π − π/k).

3 The connection between e(z) and E(z) is given by the corresponding
moment function m(u) as follows. The function m(u) is defined in terms
of e(z) by

m(u) :=

∫ ∞
0

xu−1e(x)dx for Re u ≥ 0

and the kernel function E(z) has the power series expansion
E(z) =

∑∞
n=0

zn

m(n) for z ∈ C.
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Moment functions

Remark
The moments m(n) are of the same order as Γ(1 + n/k). It means that there
exists constants c,C > 0 such that

cnΓ(1 + n/k) ≤ m(n) ≤ CnΓ(1 + n/k) for every n ∈ N.

Example
The most important examples of kernel functions of order k are

e(z) = kzk e−zk

m(u) = Γ(1 + u/k)

E(z) =
∑∞

n=0 zn/Γ(1 + n/k) =: E1/k (z), where E1/k is the Mittag-Leffler
function of index 1/k .
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Gevrey order and Borel summability

According to the properties of moment functions and general theory of
moment summability we may define the Gevrey order and the Borel
summability of formal power series as follows

Definition
Let m(u) be a moment function of order k , û(t , z) =

∑∞
n=0 un(z)tn be a formal

power series with coefficients un(z) ∈ O(D) and v(t , z) :=
∑∞

n=0
un(z)
m(n) tn. Then

we say that:

1 û is a Gevrey series of order 1/k if and only if v ∈ O(D2), where D ⊂ C
is a complex neighbourhood of the origin.

2 û is k -summable in a direction d (d ∈ R) if and only if v ∈ Ok (Ŝd × D)

(i.e. v ∈ O(Ŝd × D) and |v(t , z)| ≤ AeC|t|k for some A,C > 0), where
Sd ⊂ C is a sector in a direction d and Ŝd := D ∪ Sd .
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Moment-differential operators
Definition
For every moment functions m1(u) and m2(u) the linear operators
∂m1,t , ∂m2,z : C[[t , z]]→ C[[t , z]] defined by

∂m1,t

( ∞∑
n=0

un(z)

m1(n)
tn
)

:=
∞∑

n=0

un+1(z)

m1(n)
tn

and

∂m2,z

( ∞∑
n=0

ũn(t)
m2(n)

zn
)

:=
∞∑

n=0

ũn+1(t)
m2(n)

zn

are called moment-differential operators ∂m1,t and ∂m2,z .

Remark
For m1(u) = Γ(1 + u), the operator ∂m1,t coincides with differentiation ∂t .

For m1(u) = Γ(1 + u/k), the operator ∂m1,t is related to 1/k -fractional
differentiation ∂1/k

t .
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Moment-differentiation of analytic functions

Proposition
Let em2 and Em2 be kernel functions of order k2 with corresponding moment
function m2. Then for every ϕ ∈ O(Dr ) (Dr := {z ∈ C : |z| < r}), |z| < ε < r
and n ∈ N we have

∂n
m2,zϕ(z) =

1
2πi

∮
|w|=ε

ϕ(w)

∫ ∞(θ)

0
ζnEm2 (zζ)

em2 (wζ)

wζ
dζ dw ,

where θ ∈ (−arg w − π
2k2
,−arg w + π

2k2
).
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Moment-differentiation of analytic functions

Proof.
By the Cauchy integral formula and the definition of moment function we have

∂n
m2,zϕ(0) =

m2(n)

n!
ϕ(n)(0) =

1
2πi

∮
|w|=ε

ϕ(w)

∫ ∞(θ)

0
ζn em2 (ζw)

ζw
dζ dw ,

where θ ∈ (−arg w − π
2k2
,−arg w + π

2k2
).

Hence

ϕ(z) =
∞∑

n=0

∂n
m2,zϕ(0)

m2(n)
zn =

1
2πi

∮
|w|=ε

ϕ(w)

∫ ∞(θ)

0
Em2 (ζz)

em2 (ζw)

ζw
dζ dw .

Since ∂n
m2,zEm2 (ζz) = ζnEm2 (ζz), we finally obtain

∂n
m2,zϕ(z) =

1
2πi

∮
|w|=ε

ϕ(w)

∫ ∞(θ)

0
ζnEm2 (ζz)

em2 (ζw)

ζw
dζ dw .
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Moment-pseudodifferential operators

The formula for moment-differentiation of analytic functions motivates the
introduction of the following moment-pseudodifferential operators

Definition
Let λ(ζ) be an analytic function for |ζ| > |ζ0| of polynomial growth at infinity.
Then the moment-pseudodifferential operator λ(∂m2,z) is defined by

1

λ(∂m2,z)Em2 (ζz) := λ(ζ)Em2 (ζz)

2

λ(∂m2,z)ϕ(z) :=
1

2πi

∮
|w|=ε

ϕ(w)

∫ ∞(θ)

ζ0

λ(ζ)Em2 (ζz)
em2 (ζw)

ζw
dζ dw

for every ϕ ∈ O(Dr ).
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Linear moment-PDEs

We consider the initial value problem for linear moment partial differential
equation with constant coefficients{

P(∂m1,t , ∂m2,z)u = 0
∂ j

m1,tu(0, z) = ϕj (z) ∈ O(D) for j = 0, ...,n − 1
.

Using the moment-pseudodifferential operators we factorize the
moment-differential operator P(∂m1,t , ∂m2,z) as follows

P(∂m1,t , ∂m2,z) = P0(∂m2,z)(∂m1,t − λ1(∂m2,z))n1 ...(∂m1,t − λl (∂m2,z))nl

=: P0(∂m2,z)P̃(∂m1,t , ∂m2,z)

where λ1(ζ), ..., λl (ζ) are the characteristic roots of P(λ, ζ) = 0 with
multiplicity n1, ...,nl (n1 + ...+ nl = n).
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Decomposition of equation

By the factorization of operator P̃(∂m1,t , ∂m2,z) we obtain

Theorem
If û is a formal solution of

P̃(∂m1,t , ∂m2,z)u = 0
∂ j

m1,tu(0, z) = 0 (j = 0, ...,n − 2)

∂n−1
m1,t u(0, z) = ϕ(z) ∈ O(D),

then û =
∑l
α=1

∑nα
β=1 ûαβ , where ûαβ is a formal solution of

(∂m1,t − λα(∂m2,z))βuαβ = 0
∂ j

m1,tuαβ(0, z) = 0 (j = 0, ..., β − 2)

∂β−1
m1,t uαβ(0, z) = cαβ(∂m2,z)ϕ(z) =: ϕαβ(z) ∈ O(D)

for some holomorphic function of polynomial growth cαβ(ζ).
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Moment-pseudodifferential equation
By the above theorem it is sufficient to study the moment-pseudodifferential
equation 

(∂m1,t − λ(∂m2,z))βu = 0
∂ j

m1,tu(0, z) = 0 (n = 0, ..., β − 2)

∂β−1
m1,t u(0, z) = ϕ(z) ∈ O(D).

For simplicity we assume that β = 1.

We will study the Gevrey order of formal solution û, which depends on the
orders k1 and k2 of moment functions and depends on the characteristic root
λ(ζ).

Definition
We define a pole order q ∈ Q and a leading term λ ∈ C \ {0} of λ(ζ) as the
numbers satisfying the formula

lim
ζ→∞

λ(ζ)

ζq = λ.
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Gevrey order of formal solution

Observe that the formal solution û of

(∂m1,t − λ(∂m2,z))u = 0, u(0, z) = ϕ(z) ∈ O(D)

is given by

û(t , z) =
∞∑

n=0

λn(∂m2,z)ϕ(z)

m1(n)
tn.

Estimating the coefficients of the formal solution û we have

Proposition

1 If 1/k1 < q/k2 then û is a Gevrey series of order q/k2 − 1/k1 with
respect to t .

2 If 1/k1 = q/k2 then u ∈ O(D2).

3 If 1/k1 > q/k2 then u ∈ O
k1k2

k2−qk1 (C× D).
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Integral representation of solution

By the definition of moment-pseudodifferential operators we have

Lemma
Let us assume that u is a solution of

(∂m1,t − λ(∂m2,z))u = 0, u(0, z) = ϕ(z) ∈ O(D)

and 1/k1 ≥ q/k2. Then u is analytic in a complex neighbourhood of the origin
and has the integral representation

u(t , z) =
1

2πi

∮
|w|=ε

ϕ(w)

∫ ∞(θ)

ζ0

Em1 (λ(ζ)t)Em2 (ζz)
em2 (ζw)

ζw
dζ dw .

Remark
Observe that the function u satisfies also (∂m2,z − λ−1(∂m1,t ))u = 0.
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Analytic solution

Theorem (The main theorem)
Let us assume that u is a solution of

(∂m1,t − λ(∂m2,z))u = 0, u(0, z) = ϕ(z) ∈ O(D)

and 1/k1 = q/k2. Then for every s > 1 and d ∈ R we have that

ϕ ∈ Oqs(Ŝ(d+argλ+2nπ)/q) for every n ∈ Z ⇐⇒ u ∈ Os(Ŝd × D).

Idea of proof.
(=⇒) To show analytic continuation we use the integral representation of u
and deform the path of integration with respect to w in this formula.

(⇐=) The function u satisfies (∂m2,z − λ−1(∂m1,t ))u = 0 with the initial
condition u(t ,0) = ψ(t) ∈ Os(Ŝd ). Using the integral representation of
solution to this problem and deforming the path of integration we obtain the
assertion.
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Application. Summable solution

Theorem
Let us assume that û is a formal solution of

(∂m1,t − λ(∂m2,z))u = 0, u(0, z) = ϕ(z) ∈ O(D),

1/k1 < q/k2, k := (q/k2 − 1/k1)−1 and d ∈ R. Then û is k-summable in a
direction d if and only if ϕ ∈ Oqk (Ŝ(d+argλ+2nπ)/q) for every n ∈ N.

Proof.

û(t , z) =
∑∞

n=0
λn(∂m2,z)ϕ(z)

m1(n)
tn is k -summable in a direction d ⇐⇒

v(t , z) :=
∑∞

n=0
λn(∂m2,z)ϕ(z)

m1(n)m(n) tn ∈ Ok (Ŝd × D). Observe that v(t , z) is a solution
of (∂m̃1,t − λ(∂m2,z))v = 0 with v(0, z) = ϕ(z) ∈ O(D), where
m̃1(u) := m1(u)m(u) is a moment function of order k̃1 := k2/q. Hence, by the
main theorem v ∈ Ok (Ŝd × D)⇐⇒ ϕ ∈ Oqk (Ŝ(d+argλ+2nπ)/q) for every
n ∈ N.
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Application. Divergent Cauchy data

Theorem
Let us assume that û is a formal solution of

(∂m1,t − λ(∂m2,z))u = 0, u(0, z) = ϕ̂(z) =
∞∑

n=0

ϕnzn,

where ϕ̂ is a Gevrey series of order 1/k (i.e. ϕ̃(z) :=
∑∞

n=0
ϕn

m(n)z
n ∈ O(D)).

Moreover we assume that 1/k̃ := q/k2 + q/k − 1/k1 > 0. Then û is
k̃ -summable in a direction d if and only if ϕ̃ ∈ Oqk̃ (Ŝ(d+argλ+2nπ)/q) for every
n ∈ N.

Remark
Observe that for 1/k1 = q/k2 (resp. 1/k1 < q/k2, 1/k1 > q/k2) the condition
ϕ̃ ∈ Oqk̃ (Ŝ(d+argλ+2nπ)/q) for every n ∈ N is equivalent to (resp. stronger than,
weaker than) k -summability of ϕ̂ in directions (d + argλ+ 2nπ)/q for every
n ∈ N.
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Application. Divergent Cauchy data

Idea of proof.

We have that û(t , z) =
∑∞

n=0
λn(∂m2,z)ϕ(z)

m1(n)
tn is k̃ -summable in a direction d ⇐⇒

ŵ(t , z) :=
∑∞

n=0
λn(∂m̃2,z

)ϕ̃(z)
m1(n)

tn is k̃ -summable in a direction d , where

m̃2(u) := m(u)m2(u) is a moment function of order k̃2 := (1/k2 + 1/k)−1.

Observe that ŵ is a formal solution of

(∂m1,t − λ(∂m̃2,z))w = 0, w(0, z) = ϕ̃(z) =
∞∑

n=0

ϕn

m(n)
zn ∈ O(D).

Applying the previous theorem we obtain the assertion.

Sławomir Michalik (Wyszyński University) Analytic solutions of moment-PDEs FASDE 2011 18 / 19



Application. Divergent Cauchy data

Idea of proof.

We have that û(t , z) =
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