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where a;;j,b;,c € C, fa(tX,t€,n) = O(t?).
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eigenvalues of A. We know the following results;
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(i) {\;} satisfy the Poincaré condition, then the
formal solution u(X) converges in a neighborhood

of the origin.
(ii)) Assume A\; = 0 for all j =1,...,n. If ¢ # 0,
then the formal solution u(X) exists uniquely, and

it belongs to the Gevrey class of order at most 2n.
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Problem | In Theorem 1 (ii), if A\; =0 (Y5) and ¢ = 0
= Is u(X) convergent?




A Typical Example

Let X = (z,y, z) € C>. We consider the following simple
operator of nilpotent type;

P :=y0; — 20y = (z,y, 2) (
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A Typical Example

Let X = (z,y, z) € C>. We consider the following simple
operator of nilpotent type;

0 0 O Ox
P :=y0z — 20y = (z,y,2) | 1 0 O Oy
0 —-1 0 02

For this operator, we research on the conditions of the
mapping on the convergent power series of the form

u(X) = Z wij(2)y'z? € Oz{y, 2z} (or Ox).
i,j=0



Namely, we research of the mapping

P:OX—>O)(.



Namely, we research of the mapping

P OX — O)(.
We put
Ocly,2lp =14 Y [fij(@)y's; fij(z) € Ou
1+2)=p

(The set of quasi-homogeneous polynomials w.r.t. (y, 2))



Namely, we research of the mapping

P OX — Ox.
We put
Oac [y,Z] — Z fij (x)yzzj ; fz'j (CIZ‘) - Oa:
1+27=p

(The set of quasi-homogeneous polynomials w.r.t. (y, 2))

Remark | The degree 7 + 27 is important.

YOy : uij(x)y'2? — U (x)y*T1z7 (deg=1i+ 25+ 1)
20y : uii (2)y'2? — dug (2)y* 12T (deg=1 + 25 + 1)
P:Ozly, zlp = Ozly, 2]p+1, p=0,1,2,....




Result

For the mapping P: Ox — Ox, we have



/ Theorem 2

Pu(X) = f(X), we have
(i) f(X) €eIm(P;0x) < f(x,0,0) =0 and

n-+1
Z (2k — 1) 1k

fokn+1—k(x) =0

— (2n+ 1N 7
forn =0, 1,2 ..., where
k-1l =1-3---(2k—1), (=D :=1.




/ Theorem 2

Pu(X) = f(X), we have
(i) f(X) €eIm(P;0x) < f(x,0,0) =0 and

fokn+1—k(x) =0

n-+1
(2k — 1) 1k
Z:o (2n + 1)

forn=20,1,2,. .,where
k-1l =1-3---(2k—1), (=D :=1.

(ii) Ker(P; Ox) = K where

o0 m

~ ~ —2k _k

IC = {’U(y,Z) — >J >J CQn—Qk,kan . z € Oyaz
n=0 k=0
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Remark | Theorem 2 (i) <

Coker(P;Ox) &2 F := «

(

\

flz,y) = fono(z)y®"
n=0

\
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Remark | Theorem 2 (i) <

Coker(P;Ox) 2 F =< f(x,y) = Z f2n,o(x)y2” ¢
\ n=0 y
Define
g(X) = > gy@yd+ D> gi(z)y'
1+29=even 1+25=o0dd

—. ge(X) + QO(X)



Remark | Theorem 2 (i) <

( )

Coker(P;Ox) 2 F =< f(x,y) = Z f2n,0($)y2n 0
\ n=0

/

Define
g(X) = > gy@yd+ D> gzt

1+29=even 1+25=o0dd
=: ge(X) + go(X)

Remark | The isomorphism for Ker(P; Ox) is given by

S

KK3v(y,z) — u(X) = S: C’Qn_gk,k(yQ—l—Q:cz)"_kzk
n=0 k

il



Theorem 2 will be proved by showing the unique
solvability of the following Cauchy problem.

[ Pu(X) = f(X) (mod F),
(3) <

ue(O,y,z) — U(yv Z) < K.

\



Sketch of Proof

For P = yO; — 20y : u(X) — f(X), since
P:0Ozly, zlp = Ozly, z]lp+1 (p =0,1,2,...), we have

Ozly, zlo 2 f(x,0,0) = 0.

Therefore, we put

f(X) — Z fp(xayaz)7 fp(xayaz) < Oa;[y,Z]p
p=1

where fp(z,y,2) = Y fij(2)y's’ € Ogly, 2]p.
1+27=p



By substituting u(X) = _ up(X) and
p-=

fX)=>»" _ fp(X) into Pu(X) = f(X), we have the
following recpu_rrence formula:
(4)  ul(x) = (G4 2uite,j—1(x) = fig1,5(x).

This recurrence formula is expressed by using the matrix

as follows:



The case for p = 2n,

D, 0

—2n D,
—2n + 2

( fan+1.0 \

fan—1,1

\ flg,n )

0
Dy

—2

- O O O
_—

b, /

(

U2n,0
U2n—2,1
U2n —4,2

)




The case for p = 2n,

D, 0 0 \ / U2n,,0
—2n Dw 0 O U2n—2,1

—2n+2 D, 0 U2 —4,2
(s

\ flg,n )

This is uniquely solvable if we give initial values
{u2n—2k,k(0)}. (We put C; = u;;(0))




The case for p = 2n + 1,

(

D,
—2n — 1

( fan+2.0

fan,1

faun
\ f0,2n—|—1

0
D
—2n + 1

\
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U2n,,0
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U2n—4,2
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Ul,n
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The case for p = 2n + 1,

(

D,
—2n — 1

( fan+2.0

fan,1

faun
\ f0,2n—|—1

0
D
—2n + 1

\

/

0
Dy

—3

o O O
/

D,
1 )

(

\

U2n,,0
U2n—2,1
U2n—4,2

U3, n—1
Ul,n

The coefficient of above equation
is (n + 2,n 4+ 1)-rectangle matrix.
— We need some conditions.

/



Compatibility condition
In order that f(X) (= Pu(X)) belongs to Im(P; Ox),
the given function f(X) must satisfy the following

compatibility conditions for n = 0,1,2,... from the
bottom side.

(5) % (2k — 1)!! Pn+1—k

— (2n + 1)!

This is Theorem 2 (i) in formal sense.



Next we research on Ker(P; Ox), that is, we consider
the equation

Pu(X)=0 & Pup(X)=0forp=0,1,....



Next we research on Ker(P; Ox), that is, we consider
the equation

Pu(X)=0 & Pup(X)=0forp=0,1,....

In the case p = odd, by the matrix representation, we

obtain
UQn_|_1(X) =0 for all n.

Because, we can solve the system of equation from the
bottom side step by step.



In the case p = even, we calculate carefully from the top
side, we have the following relations.

u2n,0(33) — CQn,O
u2n—2,1(x) = Can—2,1 + 2nCap ox

(n —£)!
(n —k)!I(k—£)!

k
Uzn—2k,k(®) = »  Copn_2s.0 (2z)*~*

¢=0

/]\

The coefficient of y?n—2k 2k,



Therefore,

LA (n —0)! k—0 2n—2k _k
k=0 £=0 n ' '

— careful calculation

n
= > Con—20,e(y” + 2z2)" 2"
(=0




Hence, the basis of Ker(P;Ox) is
{(y? +222)" %2t 0<¢<m, n=0,1,...}.

This implies that the kernel of P is given by

O mn
u(X) = >: 3 : Con—20,0(y® + 222)" 42"
n=0 ¢=0

This is Theorem 2 (ii) in formal sense.



Convergence of u(X)

We put U(X) = u(X) — v(y, 2) as a new unknown
function.

U(X) satisfies the following equation:

PU(X) = F(X) (mod F)
(6) { U.(0) = 0



Convergence of u(X)

We put U(X) = u(X) — v(y, 2) as a new unknown

function.

U(X) satisfies the following equation:

(7)

Remark

{ PU(X) = F(X) (mod F)
U.(0) = 0

v(y, z) is any convergent even function. Then

Pv is an odd function. The compatibility conditions for

f(X) are the conditions for the even part. Therefore, in

this equation, the compatibility conditions for F'(X) are

the same one as the original equation.



By the matrix representation, we have

Uspn (X)

= kw k—é(n'_éﬂ —k—1 o2n—2k k
k=0 £=0 n '




By the matrix representation, we have
Usp (X)

- k—e (M —0) 4 1
=) 2 (n k)'Dm Fotn—0)+1,0(x)y
k=0 ¢ '

&

2n—2k k
Z .

S\

We remark that F'(X) is holomorphic in a neighborhood
of the origin. Therefore,

SUP| <[ Fjk(x)| < CATT2R(37C, A > 0)

In this case, we have

|aﬂk_£+1

(k — ¢+ 1)!

Dﬁ_k_lFZ(n—EH—l,ﬁ(x) < CA* T



By using this estimate, we obtain

U2n (X)| < CA* Fz|(Jy|* + 2|a2| + [2])"

Hence, U (X) = Z Uszn (X)) is convergent in a

n=0

neighborhood of the origin.



By using this estimate, we obtain

U2n (X)| < CA* Fz|(Jy|* + 2|a2| + [2])"

Hence, U (X) = Z Uszn (X)) is convergent in a

n=0

neighborhood of the origin.

Remark | The estimate of even part U (X)) is dominated

by the integrations of the coefficients of F'(X).



For the odd part, we have
Uzn+1(X)

n k
~— 2(k—2) =1, 2k+1 n—k

k=0 £=0



For the odd part, we have

Uspnit1(X)

n k

~ k=4 DI, 2k+1_n—k

— >J >4 (2k + 1)1 D, Fok—0),n—kter1(X)y z
k=0 £=0 a

By sup|, <, [Fij(z)] < CA* 27, we have for ' < r,

|D£F2(k—€),n—k—|—£—|—1(x)

_ L Fok—e),e(§) d

21 |z—x|=r—71' (é‘_x)é—l—l

< CA2" 2B (where B=1/(r —1)).




By using this estimate, we obtain

|U2n—|—1(X)|
<~ (2(k—¢) — 1! 2k+1 _n—k
= > > (2k + 1! Dl Fa(k—e) m—ne1(X)y™" 2
k=0 £=0 -
3 >"; >‘: (2k — 20 — 1)14) C A2 T2 gkl WELIRILS.
== R

n 2n—+2 pk+1
— B —1

CA?" 12 Bly| 5
— B n
B_1 (Bly|~ + |=])




@)
Therefore, Uy(X) = Z U2n+1(X) is convergent in a

n=0

neighborhood of the origin.



©.@)
Therefore, Uy(X) = Z U2n+1(X) is convergent in a

n=0

neighborhood of the origin.

Remark | The estimate of odd part U,(X) is dominated
oy the differentiations of the coefficients of F'(X). This
Is quite different situation of the case for even part.




Problem

We consider the following operator with perturbation
terms;

P = (y+a(X))ds + (2 + b(X))dy + (X)2s,

where a(X), b(X) and ¢(X) are holomorphic in a
neighborhood of the origin, and assume

a(X),b(X),c(X) = O(|X]*).



Moreover, we assume that
o(a) >1, o(b) >2, o(c)> 3.

where o(f) is defined as follows:

F(X)=> fij(@)y'z’ = o(f) :=min{i+25; fi;(x) Z 0}.



Moreover, we assume that
o(a) 21, o(b) 22, o(c) 23
where o(f) is defined as follows:
F(X)=) fij@)y'z = o(f) :=min{i+2j; fi;(x) £ 0}.

Under these conditions, we have the following results:



For Im(P, O4|[y, z]]) — similar compatibility conditions.
For Ker(P, Oz[[y, z]]) — similar conditions.



For Im(P, O.[[y, z]]) — similar compatibility conditions.
For Ker(P, O.[[y, z]]) — similar conditions.

| can prove that these conditions hold only for the formal
power series category, not for the case of convergent
pOWer series.



For Im(P, O.[[y, z]]) — similar compatibility conditions.
For Ker(P, O.[[y, z]]) — similar conditions.

| can prove that these conditions hold only for the formal
power series category, not for the case of convergent
pOWer series.

| am not successful to prove convergence yet.

| am trying now.

Thank you.



