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A Simple Example
Cauchy problem of ODE:

d2
Tl = 6u®, u(0)=c¢c* ' (0)=2e".

Solution:
o2

u(t) = (1 —et)?

Blow up at t = 1/e00
If £ and the Cauchy data are SMALL, the solution exists for

a LONG TIME,
because the nonlinear term is small and does not cause a

trouble then.



Known Results

e Many results in the C*° category about nonlinear wave
equations. see Hormander's lecture note

e Gourdin-Mechab...Kirchhoff eq., m-th order equations,

real analytic solutions

e D’'Ancona-Spagnolo, Gourdin-Gramchev...hyperbolic eq.,
real analytic solutions

e Y...Proceedings of AMS 2006
We employ the method of Gourdin-Mechab.

It goes back (at least) to Wagschal.
— Peter Lax’s series and Banach algebra, fixed point

— no hyperbolicity assumption (in the spirit of
Cauchy-Kowalevsky)




Result 1 (sketched): small data=-long life

P(0r,0:) = > 51 pj0:05 + D j_y Zle pir0;0k constant

coeff.

(07 —P(0,05))u = f1(t; N Owu, Vu; VOoru, V=),
(CP1) X Y Z

w(0,2) = p(x), 0ru(0, x) = P(z),

f1 is a bounded function in t € R,

A X Y 2) =) aapy(H)XYPZY, L= a+2(8]+3]9].
L>4

EX. | u* Oyu-O1u, u- 0105u
If sup,cq |0%0| < el*Fall, sup,cq [0%] < elelF2]a),
—1

then a real analytic solution exists for |t < const.e




Result 1 (comlex version)

(CP1c): the complex version of (CP1)
f1 i1s independent of ¢.

If the Cauchy data are small in the sense that

sup |0%p| < el*I*al!

xelU

sup [0%9| < el*t2|all,
xelU

then a holomorphic solution uniquely exists for
t| < const.e 1.



Result 2 (sketched): small data=-long life

P=P0,)=>,_ 123 1pjk8 Oy free from 0;.
(8,52 — P( x))u = fo(t, , 0w, Vu, Vouu, V),

(CPQ) X Y Z e =
u(07 :E) — 90(37)7 atu(o? :E) — ¢($),
XY, Z,0,5)= Y aappu(t)XYPZ700EH
L12>2,L2>2

Ly =a+ [y +|pl, Le =B+ [y + 2[A] + 2[ul.

fo 1s a bounded function in ¢.

If sup,cq |0%p| < el all |, sup,.q |0%Y| < el@ltall
then a real analytic solution exists for ¢+ < const.e™!.
Jdcomplex version

3)



Result 3

The nonlinear term can include the complex conjugate of
the unknown function.

The general statement I1s complicated. We only give an
example here.

(07 — A)u=|Vu> =) 8;ud;u.

If sup,cq |0%p| < el all |, sup,.q |0%Y| < el@lF|al!
then a real analytic solution exists for ¢+ < const.e™!.



Result 4 and other topics

Result 4 We can deal with the case with linear part

involving first order derivatives. Then the lifespan is the

order of e~ 1/2,

Many other different cases could be studied.

o Gevrey class?

e Fuchsian PDE ((t8,)? instead of /)7
e Goursat problem?

e m-th order equations?



Uniformly Analytic Functions

(): an open set CR”, == (x1,...,x,).

A function ¢(x) € C*(2) is said to be |uniformly analytic

3C > 0,V € N", sup |0%p(z)| < C1¥ T al!.
x el
A(€2) is the totality of such functions.

Ir =]-T,T[CR,. Qp = Ir x Q C Ry x R?.

u(t,z) € C(Qr) is an element of |C*(T; A(Q))| if:
(i) Vj € {0,...,k},Ya € N*, &/9%u € C(Qr),
(i) VI'" €]0,T], 3C = Cp > 0, V5 € {0,...,k}, Vo € N™,

sup  |070%u(t, x)| < ClélFL .




Result 1 (detail): small data=-long life

P(01,02) = 35—y 005 + Y pey 51 Pjk0O; Ok

(07 —P(0,05))u = f1(t; N Owu, Vu; VOoru, V3u),
(CP1) X Y Z

U(O,CIS) — 90(37)7 atu(ovx) — w(iﬁ)»
f1 is a bounded function in t € R.
AEXY2) =) aap,(DXYPZY, L =a+2|6/+3]]
L>4

For 90 > 0 and deg > 0, we have —
0 < Ve < ep:

If sup,cq [0%0| < el*Fall, sup,cq |0%] < el@F2|al!,
then a solution u € C%(T; A(Q)) exists for |T = §/¢|.




Result 2 (detail): small data=-long life

P=P0,)=>,_ 123  Dik0;0k is free from 0.

[ (5’7? - P(@x))u = fo(t, u, Osu, Vu, VOsu, V=),
(CPQ) <\u(07 aj) — 90(33)7 (3’{&(0,33) — w(x)v

(XY, Z20,5)= ) aapp()XYIZ7ONE",
L1>2,L5>2

Ly =a+ ||+ |pl, La= B+ |y + 2|\ + 2|pl.

fa is a bounded function in ¢.

= d0 >0 and deg > 0: 0 < Ve < gq:

If sup,cq [0%0| < el*Fall, sup,cq |0%] < el@Fal!,
then a solution u € C*(T; A(Q)) exists for | T = §/¢|
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Banach algebra G7.(Q2) € C°(T; A(Q))

A(X)= K1Y 2 XF/(k+1)?, K =4n%/3

Peter Lax's series 02 < 0 (majorant)

For ¢ > 0, a function u(¢,x) on Q7 belongs to |G ((€2)] if:
for 4C' > 0,Va € N, Vt € Ip,

sup |0%u(t, z)| < C¢*ID'o(|t|/T).
e

The norm ||ul| is the infimum of such C's.
Gr¢(R2): a |Banach algebra|, a subspace of C%(T; A(Q)).

We shall construct w := 97fu € Gr,¢(Q) C C°(T; A(R?)) and
get u € C*(T; A(QQ)). We shall work in Gr ().

11



(CP1) reduced to a fixed point problem.

w(t,z) = 0%u(t,z). Then|u = 8; *w + ¢ + 1)) (9t_1zzf5.
Qu = (u; Oyu, Vu; Vo, V3u),

Li(w)|:= PO *w + ¢ + 1) + fi (t; QO 2w + ¢ + t)).

u u

ord (P9; %) = ord (Q9; %) = Oand, Pyetc. are small
(CP1) & w = £1(w). | FIXED POINT w of £;.

We have only to prove: L7 isa CONTRACTION from a

closed ball of Gr +(2) to itself.

Here T =6/e, (=2e%c (¢>0,0<d<1).
12



Estimates involving the Cauchy data

t1 in L1 can be estimated by watching the exponents of «.

sup ] < |e?).
xel)

Multiplication by ¢, hence by T', makes ty) BIGGER.

If |T" = const/e|,

e remains after cancellation and |t is small enough.

Because of sup,.q |0%9| < l**2|al!, we have sufficiently

many €'s for 0;(t1)), 0,0k (t1).
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Estimate of w = 07u

We want to estimate
L1(w) := P(0;%w + ¢ + t) + f1(t; Q(0; *w + ¢ + t)) .
Qu = (u; Opu, Vu; Vosu, Vu), ord P = 2.

PO, *w, QO; “w involve quantities
like 9;0,0; “w, 0;0; *w, 0,0; 'w, 0; 'w, 0; *w.

<Wagschal>> (0th order operators are bounded.)
If (k,a) € (—N) x N satisfies ord (970%) = k + |a] < 0,
then 970“ is a bounded operator from Gr (Q) to itself.
lts norm < C’k,|a|T_k§|O‘| for 4C% 1o > 0.
CHOOSE A GOOD PAIR T, C.
14




Combining the previous estimates

1C", 3C5%, Je, 36 (e > 0,0 < § < 1) such that
for a good pair | = 2e%c, T = §/e|, we have

PO, *wl|| < Cidllwll, [[P(p +t)|| < Cae®,

0; *w + ¢ + || < C_g 06 ?|Jw|| + 2K,

0L (07 2w + @ + t)|| < Oy e Hw|| + Ke?,

0; (07w + ¢ + tY)|| < 2e*C_g 167 ||w| + 2K &2,
0:9; (0 *w + ¢ + t)|| < 2e*C_1 1 |w|| + Ke?,
00k (0, *w + ¢ + )| < (2¢%)°C_gz|lw| + 6K

u

holds for Yw € Gr ().



L1 maps a closed ball to itself.

rl:=2C%¢3/(1 —2C18) order &°.
B(T, 1’ C) — B(T, 5/8, 2628) C QT,C(Q)

closed ball

w e B(r,T,¢) (||lw| is at most of order &?)

ul= 0, *w + ¢ + t.

AXGY;2) =Y aas, XOYPZY, L= a+2|8] + 3.

L>4

X o u, Y « (0, Vu), Z < (0:Vu, Vu).
The estimates on the previous page implies:

X[ < Cig Y] < Cie”

1Z| < Cie’

f1 is of order €* and is < 7/2, together with the linear part.

L1: B(r7t7 C) — B(Tvta C)
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L1 1s a contraction

Mean Value Theorem
XY 2N - fi(t XY Z)
— (X’—X, Y'-Y, Z’—Z) - g1
= (X'-X) gt +(Y'=Y) g\ +(Z'-2)-g7.

gi}(ag%/vgzz can be written in terms of derivatives of f;.

L = a + 2|3] 4 3|vy| becomes smaller, but we get good
enough estimates.

Proof of Result 1 completed.
Other results are shown in a similar manner.
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Thank you very much!
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