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A RESONANT HAMILTONIAN SYSTEM
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1. Motivation

Hamiltonian. Forn > 2let ¢ = (¢1,... ,q,) € R", p=(p1,... ,pn) € R”

(or C"). For a Hamiltonian function H = H(q, p) we consider a Hamiltonian
system

<1-1> q = vaa p= _qua

Partially supported by Grant-in-Aid for Scientific Research (No. 23540207), JSPS, Japan.

1



2 MASAFUMI YOSHINO

or a Hamiltonian vector field

12 o= (=Y (aH 0 _9H 0 )
where {-, -} denotes the Poisson bracket.

¢ is called the first integral of xy if xg¢ = 0. Eq. (1.1) is said to be C¥-
Liouville integrable if there exist first integrals, 3¢; € C* (j =1,... ,n)
being functionally independent (on an open dense set) and Poisson commuting,
e, {¢j,0p} =0, {H,¢p} =0. If Jp; € C* (j = 1,... ,n), then we say C*-
Liouville integrable.
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or a Hamiltonian vector field
"“/OH 0 0H I
(1.3) X ={H,}= Z <—— - ——) )

where {-, -} denotes the Poisson bracket.

¢ is called the first integral of xy if xg¢ = 0. Eq. (1.1) is said to be C¥-
Liouville integrable if there exist first integrals, 3¢; € C* (j =1,... ,n)
being functionally independent (on an open dense set) and Poisson commuting,
e, {¢j,0p} =0, {H,¢p} =0. If Jp; € C* (j = 1,... ,n), then we say C*-
Liouville integrable.

In the paper
Integrable geodesic flows with positive topological entropy. Invent Math.
140 (3), 639-650 (2000)
Bolsinov and Taimanov showed that there exists a Hamiltonian related
with geodesic flow on a Riemannian manifold which is C"*°-integrable and not
C“-integrable. Then in the paper
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Analytic-non-integrability of an integrable analytic Hamailtonian system.
Differ. Geom. Appl. 22, 287-296 (2005)
Gorni, G. and Zampieri, (. showed that the following Hamiltonian has
similar properties in some neighborhood of the origin of (¢, g2, p1, p2) € R?
H = —qp20,7m + <7“2 + QZaqu)plv
where r = ¢7 + ¢3.
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Analytic-non-integrability of an integrable analytic Hamailtonian system.
Differ. Geom. Appl. 22, 287-296 (2005)
Gorni, G. and Zampieri, (. showed that the following Hamiltonian has
similar properties in some neighborhood of the origin of (¢, g2, p1, p2) € R?

H = —qp20,7m + <7“2 + QZaqu)plv

where 1 = ¢} + ¢5.

Resonances. For the Hamiltonian function H we may assume that the
Taylor expansion at the origin starts from terms of order 2. Let \; (7 =
1,2,...,n) be the eigenvalues of the bilinear form Hs corresponding to H =
Hy+ Hg+ - - -, where H; is homogeneous degree j. In G-Z’s example we have
Hy = 0, namely the Hamiltonian has a resonance dimension 2.
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Analytic-non-integrability of an integrable analytic Hamailtonian system.
Differ. Geom. Appl. 22, 287-296 (2005)
Gorni, G. and Zampieri, (. showed that the following Hamiltonian has
similar properties in some neighborhood of the origin of (¢, g2, p1, p2) € R?

H = —qp20,,7 + (r* + 4204,7)P1

where 1 = ¢} + ¢5.

Resonances. For the Hamiltonian function A we may assume that the
Taylor expansion at the origin starts from terms of order 2. Let \; (7 =
1,2,...,n) be the eigenvalues of the bilinear form Hy corresponding to H =
Hy+ Hg+ - -+, where H; is homogeneous degree j. In G-Z’s example we have
Hy = 0, namely the Hamiltonian has a resonance dimension 2.

We expect that Taimanov’ theorem could be understood from the singular
structure of Hamiltonian ODE (1.1). Because n—parameter family of solutions
of (1.1) corresponds to an n functionally independent first integrals by implicit
function theorem we study singularity sturucture of (1.1) from the
viewpoint of nonintegrable structure.
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We study (1.1) with Hamiltonians with 1— resonance, A\; = 0. The case
with resonance dimension > 2 will be a future problem. (See also a jointwork

with W. Balser in Math. Z. 2011.)
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We study (1.1) with Hamiltonians with 1— resonance, A\; = 0. The case

with resonance dimension > 2 will be a future problem. (See also a jointwork
with W. Balser in Math. Z. 2011.)

2. CY nonintegrablility

Hamiltonians. We consider the Hamiltonian H := Hy + H; where

(2.1) Hy = ¢i"pi+ Y Nap;.
j=2
(2:2) Hy = > ¢Biq.ai"p,q), a= (G- an).
=2

where Bj(q1,s,t) are holomorphic at the origin with respect to (qi,s,t) €
C x C x C" 1. (This Hamiltonian is similar to the one studied by Taimanov.)
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Monodromy condition.
(M) For k=2,3,...,n the equation

dv
(2.3) q%ad—ql + 2\v = Byi(q,0,0)

has no analytic solution v at the origin.

We have (cf. Lemma 6 of [3])

(M) is equivalent to that the monodoromy of an analytic continuation of the
solution along a path encircling the origin does not vanish. (open condition)
Then we have

Theorem 1. Assume (M) and suppose that \; (j =2,...,n) are
linearly independent over Z. Then yy has no CY first integral
which is functionally independent of H. Especially yy is not
C“-Liouville integrable.
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3. Singular integrability

Introduction of log-exponential series As for the general reference we
refer
W. Balser, Existence and structure of complete formal solutions of non-linear
meromorphic systems of ordinary differential equations. Asymptot. Anal., 15
(1997).

O. Costin, Asymptotics and Borel summability, Chapman Hall/CRC Mono-
graphs and Surveys in Pure and Applied Mathematics, 141 (2009).

We change the notation a little bit in the following in order to indicate the
resonance variable ¢; and p;. We write the variables in the form

<Q17qQ7Q37 e 7%1) — <QI7q)7 <p17p27p37 e 7pn) — (plap)
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3. Singular integrability

Introduction of log-exponential series As for the general reference we
refer
W. Balser, Existence and structure of complete formal solutions of non-linear
meromorphic systems of ordinary differential equations. Asymptot. Anal., 15
(1997).

O. Costin, Asymptotics and Borel summability, Chapman Hall/CRC Mono-
graphs and Surveys in Pure and Applied Mathematics, 141 (2009).

We change the notation a little bit in the following in order to indicate the
resonance variable ¢; and p;. We write the variables in the form

<q17q27Q37 e 7qn) — (qlaq)7 <p17p27p37 e 7p7”b) — (plap)

Construction of formal first integrals. Let Hy and H; be given by
(2.1) and (2.2), respectively. Define H = Hy + H;.
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Assume that Hy = Y77, g7 B; satisty

(3.1) Bj = Bj(q1, 41, q0) = Bjolar,q) + "1 Bja (a1, ),
where 2 < j < n, Bjg and B; are analytic at ¢ = 0, ¢ = 0. Moreover, we
suppose

(3.2) A (7 =2,3,...,n) are linearly independent over Z.
Set p! = ¢°p; and

(3.3) E.= E.(q)) = exp (%) .
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Assume that Hy = 7, q; B; satisfy
(3.4) Bj = Bj(q1, 41, 9) = Bjolar,q) + "1 Bja (a1, ),

where 2 < j < n, Bjg and B;; are analytic at ¢ = 0, ¢ = 0. Moreover, we
suppose

(3.5) A (7 =2,3,...,n) are linearly independent over Z.

Set pY = ¢*7p; and

—20+1
_ cqy
3.6 E.=F. — — .
36 @)= ()
We will construct a formal first integral v in the form
<37> U= ZU(&)<Q17P17QJp)E&7
a>0

where B¢ = Ef; - E\" g = (g2, ,qn), and v (q1,p1,¢,p) is a formal
power series of qi, ¢, p1 and p. We say that v is the formal integral of the
Hamiltonian vector field y g if ygv = 0 as a formal power series.
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By definition we have, for £ := {Hy,-} and R := {Hy, -},
0 0 & 0 0
38) L= 7 — 2067 pia—+ ) A('__ _)
(3.8) q1 341 q1 pl@pl < i\ 4 04, Dy Op;

(3.9) R =

- a 2 a 2 a 9 a
> (‘2%‘33'8—% + ¢ <8p1Bj)a_q1 —q; <aqlBj)a_pl —¢}V,B; - 8_p) |

J=2
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By definition we have, for £ := {Hy,-} and R := {Hy, -},

0 0
1 = — 20¢°° tp— by
(310) £ =q o pl - Z (q] g " @py)
(3.11)R =
" o o o i,
]Z; <_2Qij@_pj + g <ap1Bj)a_q1 — g <aqlBj)8_pl ijqBj ' @_p) :

By using the formula

0, B; = B;1¢i7, ¢ (0/0q)E Z Na ) BEY = —(\, a) E°,

15
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we have

(3.12)

and

(3.13)

MASAFUMI YOSHINO

0 4, 0

LWYEY) = E° (q%a—aql — 204 1p1_@p1
& 0 0 N
T E :)‘J (qj_@qj pj@pj O‘J) ol
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It follows that if v is a formal first integral of x g, then every v(®) satisfies

%) %) z %) %)
3.14 20 27 9520l — + x( v .__a.) (@)
(3.14) | q . 0P - ]EQI il g 9, P o

+ — Z<)\, CY>QJZ-B]',1 —+ R U(&) = 0
]=2

17
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It follows that if v is a formal first integral of x g, then every v(®) satisfies

, 0 .1 0 & 0 0 N
(3.15) a a—ql—QU(J% 1p10_pl+z)\j< By '_,_O‘j) ol

Expand v(® into the formal power series

(3.16) o' = Z U;S(,Xk),g@l)plfpkqe,
vkl

then, insert the expansion into (3.15) and compare the coefficients of p/pFq’.
One can easily see that the first term of the left-hand side of (3.15) yields

11 (=20 A (- k= )l o)
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Hence we obtain the recurrence relation

0 a
(3.18) (q%aa—ql — 207 AN (0 —k — a)) v;]g’g(ql) = F,
where F' denotes terms which appear from the second term of the left-hand
side of (3.15). (We omit the detailed inductive arguments.) In this way, one

can construct the formal first integral. In fact we have
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Hence we obtain the recurrence relation
0 a
(3.19) ( B — 20" v+ - (E—k—oz)) vik)g(ql) = F,
a1 &,
where F' denotes terms which appear from the second term of the left-hand
side of (3.15). (We omit the detailed inductive arguments.) In this way, one
can construct the formal first integral. In fact we have
Theorem 2. Assume (3.4), (3.5). Then the Hamiltonian system
with the Hamiltonian H = H;+ H; given either by (2.1)-(2.2) has
2(n—1) functionally independent formal first integrals of the form
(3.7) being a polynomial of p; and p.
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Hence we obtain the recurrence relation

0 a
(3.20) (q%aa—ql — 207 AN (0 —k — a)) v;]g,g(ql) = F,

where F' denotes terms which appear from the second term of the left-hand
side of (3.15). (We omit the detailed inductive arguments.) In this way, one
can construct the formal first integral. In fact we have

Theorem 2. Assume (3.4), (3.5). Then the Hamiltonian system
with the Hamiltonian H = H,+ H; given either by (2.1)-(2.2) has
2(n—1) functionally independent formal first integrals of the form
(3.7) being a polynomial of p; and p.

Remark. We have 2(n—1)4+1 > nifn > 1. (2 =1+1= formal power series
+ exponential series, 1, resonance dimension; 1, First integral H). In case of
time dependent Hamiltonians (after some reductions) we need 2(n — 1) + 1 >
n + 1 for the integrability. This explains that the exponential term is natural
in the resonance case.
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Hence we obtain the recurrence relation
25 0 20—1 ()
(3.21) q; 90 200" v+ A-(—k—a) v, (q)=F,

where F' denotes terms which appear from the second term of the left-hand
side of (3.15). (We omit the detailed inductive arguments.) In this way, one
can construct the formal first integral. In fact we have

Theorem 2. Assume (3.4), (3.5). Then the Hamiltonian system
with the Hamiltonian H = H,+ H; given either by (2.1)-(2.2) has
2(n—1) functionally independent formal first integrals of the form
(3.7) being a polynomial of p; and p.

Remark. We have 2(n—1)4+1 > nifn > 1. (2 =1+1= formal power series
+ exponential series, 1, resonance dimension; 1, First integral H). In case of
time dependent Hamiltonians (after some reductions) we need 2(n — 1) + 1 >
n + 1 for the integrability. This explains that the exponential term is natural
in the resonance case.

Summability of formal integrals. We will study the summability of
(3.7) with (3.16) constructed in Theorem 2. For every «v in (3.16) we shall show



the (20 — 1)- summability of v{®). We define the set of singular directions
(322) Sy ={2€C;qIv >0, k>0, >0, «a >0
(20— 1) A ((—a—k)=0; v\, #£0,0—a—k>0}\0.

For a neighborhood €2 of the origin and the convex cone ); with vertex at the
origin, we define Yo := (3o US);. Then we assume that there exists %y such that
the closure Sy satisfies

(3.23) So Ny = 0.



the (20 — 1)- summability of v(®. We define the set of singular directions
(324) Sy ={2€C;qIv >0, k>0,£>0, «a >0
20 -1z P+ XN-({—a—Fk)=0; vﬁ?‘]g’g#O,ﬁ—a—kZO}\O.
For a neighborhood €2 of the origin and the convex cone ); with vertex at the

origin, we define Yo := (3o US);. Then we assume that there exists %y such that
the closure Sy satisfies

(3.25) So Ny = 0.

Theorem 3. Assume (3.4), (3.5) and (3.25). Let v be a formal
first integral given in Theorem 2 which is a polynomial in p and
pi- Then, for each a > 0 in (3.7) v\ is (20 — 1)-summable in
every direction of (); with respect to ¢; such that for every & € ()
there exists a neighborhood V| of the origin ¢ = 0 such that v
is analytic in ¢ € V{; and (20 — 1)-summable with respect to ¢; in
the direction &.
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Before proving Theorem 3 we give a corollary, in which we have global exis-
tence in g and p.

Corollary 4. Suppose (3.5). Assume
(3.26) B; = Bjolq1,q9), 2<j<n,

where B, is analytic at ¢ = 0 and polynomial in ¢ = (¢, ... ,q,).
Let v=>___,vYE" be the formal first integral as in Theorem ??
which is a polynomial in p and p;. Then the set of singular
directions Sj is a finite set, and for each a v'%) is a polynomial in
q and (20 — 1)-summable with respect to ¢;. More precisely, for
every ¢ € Sy v\ is (20 — 1)-summable with respect to ¢; in the
direction ¢.
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4. C*°-integrability
Letv=>,-9 v B be the first integral given by (3.7). By Theorem 3 every

v(@ is (20 — 1)-summable in every direction of ; = Q;(v(*)). Hence we write
the summed one with the same letter for the sake of simplicity. We define

-
220 — 1)’ <€ Ql}'

Let e; (j = 2,3,...,n) be the j-th unit vector.For direction 0, let Ry =
{tf:t > 0} be a ray. Then we have

(4.1) ZU:{zEC; |arg z — arg £| <



INTEGRABILITY AND NONINTEGRABILITY 27

Theorem 5. Assume (3.4), (3.5) and (3.25). Then we have

(i) Suppose Q;(v!?) # (. Then there exists an ¢y > 0 and a
sector S; C Y, such that the summed v = v'% in Theorem ?? is
holomorphic and is the first integral of Yy in the domain

<42) q1 EZU, |q1| < &, P1 EC) Dj EC) |qj| < &, ]:27 y TV

as well as is C"° at ¢; =0 when ¢; € 51, ¢ — 0.

(ii) Assume either the Poincaré condition or that 3v(%) and Jv(%)
for which S, are finite set. Set v = v'%) or v = v(*9) and let 3, and
S; C ¥, be given in (i) and let § € S;. Then we have Q(v) # 0,
and v is extended as a (' first integral with respect to ¢; on
Ry U —Ry U {0} being analytic in ¢ € R"! at ¢ = 0. Moreover,
there exists a neighborhood of the origin U in R such that yy is
C>—integrable when ¢, € (RyU—-RyU{0})NU, p1,p;,¢ € R, |g;] < <o
(7 = 2).
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S1

series is small

~L
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5. Connection of first integrals -example -

In this section we study first integrals obtained in Corollary 4. We assume
o = 1. We recall that the set of singular directions Sy is a finite set. Let ()
and () be the adjacent sectors in the Borel plane and let >; and Xy be the
corresponding sectors in ¢; plane. Let

¢:: <¢17¢27"' 7¢n)7 ?7D = <¢17¢27"' ﬂpn)

be summed first integals in >; and Y9, respectively.

Borel plane

()

. branch cut

{2y
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By what we have proved before, ¢ and 1 are polynomials of pq,p, ¢ in each
sector. ( cf. normalized n paremeter solutions in Balser’s talk) We
recall that these Borel summed system of first integrals are constructed by the
Laplace transforms of the corresponding first integrals ¢ and 1) on the path C}
and_C&.

Clearly, every direction in Sy is the Stokes direction. We first consider (local)
connection of solutions which do not contain exponential factors. (a = 0.) In
the intersecting sector X7 M Xy we shall look for monodromy

(5.1) ¢(x) = (x) + m(z).

In order to study m(z) we use moment Borel-Laplace summability method (for
PDE). (See Balser’s book for the definition and some properties. We note that
we need to extend the moment functions with singularities at the origin.)

Moment summability method Let 7 > 1/2 and v € N be given. We define
kernel functions of order 7, e(z) and E(z) (z € C) by

(52)  elw) =t eap(—a7), Blw) =Y x—fr(‘#).

J>20v



Then the moment Borel transform and moment Laplace transform are defined,
respectively, by

1 dt
(5.3) B(f)(2) = —5= E(z/t)f(t)

27“’ '77'(‘9) 77
7-(0)

dz

)
Z

oo(d)
(5.4) Lg)(t) = / e(=/t)g(2)

where the path of integration is the straight line in the direction d. In the
following we take 7 = 1 and o = 1 for simplicity.
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where the path of integration is the straight line in the direction d. In the
following we take 7 = 1 and o = 1 for simplicity.
Local monodromy For the sake of simplicity, let us, for the moment, assume
that our moment Laplace transform behaves like a standard Laplace transform.

()

Borel plane

We note that ¢(x) and ¢ (x) are constructed as the moment Laplace transforms

along the paths C7 and C), respectively. We deform the path C4 such that
Ch = C5 + C5. It follows that

dz

Z

(5.5) miz) = /C e(=/1)(2, 1. 4, )
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We have

Theorem 6. Assume that (M), (2.3) is verified. Then There
exists an analytic vector function of one variable \A(s) such that
m(x) = AM(H) in some neighborhood of the origin of ¢; = 0, p; = 0,
p=0, ¢=0.

6. Proof of Theorem 3

In order to prove Theorem 3 we prepare a lemma. Let k > 0 and B,, denotes
the Borel transform

(6.1 (Bof)(C) = —— / £ £(t) exp (C°F ) di

271 -

where v, is an appropriate path of integration. Then, by simple computations
we have

d

(6.2) Byt = f)(C) = kC"Bu(f)(C) — kBt F)(Q).
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Let ¢ > 0. We define H.(§2) as the set of all f which is holomorphic and of
exponential growth of order ¢ in €2 such that

(6.3) Lflle = Sup [f(z)e™] < o0.

zZe

The space H.(€2) is a Banach space with the norm (6.6). We have
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Let ¢ > 0. We define H.(§2) as the set of all f which is holomorphic and of
exponential growth of order ¢ in €2 such that

(6.4) Lflle = Sup [f(z)e™] < o0.

zZe

The space H.(€2) is a Banach space with the norm (6.6). We have

Lemma 1. Let A > 0 be given. Then there exists Ky > 0 such that
(6.5) IBa(t* Flle < KollBa()lle:  Balf) € He(9).

Here Ky can be taken arbtrarily small if we take ¢ > 0 sufficiently small.

For the proof we refer [1].
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Let ¢ > 0. We define H.(§2) as the set of all f which is holomorphic and of
exponential growth of order ¢ in €2 such that

(6.6) Lflle = Sup [f(z)e™] < o0.

zZe

The space H.(€)) is a Banach space with the norm (6.6). We have

Lemma 2. Let A > 0 be given. Then there exists Ky > 0 such that
(6.7) IBa(t* Flle < KollBa()lle:  Balf) € He(9).

Here Ky can be taken arbtrarily small if we take ¢ > 0 sufficiently small.

For the proof we refer [1].
Proof of Theorem 5. In view of the inductive definitions of Uﬁ) /s with

respect to £, the first non-vanishing term Uﬁ) ¢ 1s a polynomial of g;. Hence it is

(20 — 1)-summable in ¢;. Therefore it is sufficient to show, by induction, that
if Fin (3.21) is (20 — 1)- summable, then vﬁ)g is (20 — 1)- summable as well.
Set kK = 20 — 1. In the following we omit the suffix («) in 0! for the

vkl
sake of simplicity. We define {2 = >;. Suppose that there exists an integer N
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such that By(v,x,) € H(Q) for all v, k and p, |u| < N. We want to show
Bi(vyre) € Ho(2), |[€] = N + 1. Let ¢ be the dual variable of ¢;. Let x\(D)
be defined by

XAD)B(f)(C) = Bulal F)(C),  Balf) € H().

By Lemma 2 x)(D) is a linear continuous operator on H.(€)). Moreover, by
taking ¢ > 0 sufficiently large, we may assume that the norm can be made
sufficiently small.

We apply the (20 — 1)-Borel transform to both sides of (3.21) with respect to
¢1. Then we have

(6.8)
(20 = 1)¢* ! = (20(v + 1) = Dxar—1(D) + A+ (€ = k — @) Bap1(v)7,) = 9(0),
where ¢(() is the partial Borel transform of F with respect to ¢1. We shall

show that ¢(¢) € H.(2). Indeed, in view of the definition of R in (3.11) F

is the sum of products of some v,/ , and holomorphic functions of g;. This
implies that their Borel transforms are in H.(§2). Hence we have the assertion.
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We also note that the Borel transform of the differentiation ¢77(9/9¢q;) in R is
equal to (20—1)¢*7 ' —(20—1)x2,_1(D). In order to show that By(v, . mi1) €
H.(§2) we may assume that /—k—a # 0. Indeed, the number of terms satisfying
¢ — k — «a = 0 is finite in view of the finiteness of k, and, by definition, the
corresponding vy, i m+1 1s a polynomial of g;.

By (3.25) we see that ((20—1)* 1+ \-({—k—a)) ! exists for { € €. Because
one can make the norm of xo,_1(D) arbitrarily small and v runs in a finite set,
it follows that ((20 —1)¢* ' — 20(v +1) — 1)x2o1(D)+ A - (£ — k — «))~?
exists as a continuos operator on H.(€2). This proves that B, (vy gm+1) € H.(2)
and its norm is bounded by constant times of v, ;. for £ < N + 1 which are
independent of v, k and ¢ and { € ). Hence we have proved the (20 — 1)
summability of every coeflicient of our formal integral with respect to ¢ as
desired. In view of the inductive estimate of v, with respect to |¢| we see
that v(@) is analytic with respect to ¢ at the origin g = 0. ]
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7. Proof of Theorem 5

Proof of (i). Let v = v{® E® be the summed first integral (3.7). We will show
that every v(® is holomorphic in the domain (4.2). Because v\® is (20 — 1)-
summable in every direction in Qy, v(® is holomorphic in ¥,. Clearly, E® is
holomorphic in ,. In order to show the smoothness we recall that every v(®)
is C® when ¢ — 0, ¢; € ¥, because v'¥ has an asymptotic expansion. On
the other hand, in view of

—20+1 1

<71> Ea = exXp 7 Z )\jCYj
]=2

20— 14

there exists a sum of sectors with opening 7w /(20 — 1), on which £ is bounded
when ¢; — 0. Because the opening of ¥, is larger than 7 /(20 — 1), it follows
that there exists a sector S; C X, such that £ is C* when ¢; — 0, ¢; € Si.
Hence v is C* when ¢ — 0, ¢; € S as desired.

Proof of (ii). First we show that there exists €1 such that €; = (). The
assertion is clear by definition if Sy is a finite set. Suppose now that the Poincaré
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condition is verified. It follows that A - (¢ — a — k) is contained in some half
plane in C for every ¢, o, k with £ — o — k > 0. In view of the definition of S
one can choose €2; which satisfies (3.25). Then, by (i), for o = e; or a = 2e;
we have 2(n — 1) C™ first integrals on (Ry U —Rp U{0}) N U, p1,p;,q¢ € R,
|q;| < €9 with U C R being a neighborhood of the origin. For the sake of
simplicity we denote these integrals with the same letter.

In view of the definition of S; and (7.1) we see that every derivative of E* at
g1 = 0 when ¢; € Ry, ¢ — 0 vanishes, from which the same assertion holds for
v. Hence, by defining v = 0 on — Ry, v can be extended as a smooth function
on Ry U—RyU{0}. In order to show the C"*—integrability it remains to show
that the 2(n—1) > n smooth first integrals are functionally independent almost
everywhere. This is clear from the proof of Theorem 2 since we set o = e; or
o = 2e;. This ends the proof.
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Thank you very much
for your attention!
Very nice organization !!
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