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Singular Differential Systems

K = C((x)) = C[[x]][x~!] field formal Laurent series.

dy

A(x) an n x n matrix with entries in K:
Alx) =xPY Aix', Ay #0,p=—val(A) € N*
i=0

Gauge transformation: y = Ty, T € GL(n,K) , leads to

[B] ? =By, B=T[A:=T AT - T1T".
X

Systems [A] and [B] are called equivalent.
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Exponential Parts

K= U C((x*/™)) field of formal Puiseux series in x.
meN*

Definition: w € K is an exponential part of [A] if there exists a formal

solution of the form exp (fw) u with u € K"\{O}, ie. (di — A)(u) = wu.
Ix

Remark. If w is an Exp. Part for [A], so is w + f'/f, Vf e K
Definition: wy, ws € K are equivalent if wy — wy = f'/f for some f € K"
Notation: wy ~ ws.
Facts Modulo ~

» Each system has n exponential parts (not necessarily distinct).

» Exponential parts are invariants under gauge transformations over K.

Equivalent systems have the same exponential parts.
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Exp. Parts and Formal Solutions

[A] has a formal fundamental matrix solution of the form

(/)M exp (Q(x /%))

s € N*, & € GL(n, C((x'/?))),

Q(x7Y/%) = diag (ql(x_l/s), ce q,,(x_l/s)> where the g;'s are

polynomials in x~1/$ over C without constant term,

A is a constant matrix commuting with Q.

» If w is an exponential part, then

dq

W ~ —
X

+ A/x

where g € {q1,...,qn} and X is an eigenvalue of A.
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Classification of singularities

» @ is invariant under all gauge transformations T € GL(n, K).

» When Q(x~1/) # 0, the origin is called an irregular singular point of
the system [A]. In this case the elements of @(x~1/*) determine the
main asymptotic behavior of actual solutions as x — 0 in sectors of
sufficiently small angular opening (Asymptotic existence theorem (cf.
Wasow)).

> If Q(x1/%) = 0, the point x = 0 is called regular singular point of [A].
In this case s = 1 and the formal series ®(x) converges whenever the
series for A(x) does.

» Existence of Formal Solutions goes back to Turritin, Hukuhara, Levelt,
Balser-Jurkat-Lutz

» Efficient computation of @ [Barkatou 1997], [Pfliigel 2000],
[Barkatou-Pfliigel 2007]
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Example: y"(z) = zy(z) (Airy Equation)

z = oo is a singular point at oo

x=1= 8y 1oxty —y =0

, 0 1
=YyY=\ 1 _2]Y
x5 X

Formal Solution Matrix: Y = ®(x)Ux’ U=1eQ"2)

1 1 10
d(x)=..., U:<1 _1>,J:<8 _i>
Q= ( _302/ : >
3x3/2
Hence we have two exponential parts:
1 1 1 3
Wl:ﬁ+ﬂ’ W2 T TR T ax
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Hukuhara-Turritin's Normal Form

Any differential system [A] is equivalent over K to a system [B] of the form:

B=Tix k=l poxke o x—fm=l 4 (Fg + N)x

where
(a) k1 > ko > -+ > ky, > 0 are rational numbers,
(b) the Ij's and N are constant matrices,

(c) the T;'s are diagonal and commute with N.

The exponential parts of [A] are given by:

w; ~ rgi)x_kl_l + rg")x—kz—l + -+ rg,",)x_k’"_l + rg)x_l

where [; = diag(rj(.l), e FJ(."))
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What's the point of knowing the Exp. Parts?

» Local analysis near a singularity:

» Asymptotic behavior of actual solutions
» Summability problems,
» Stokes multipliers, etc.

» Local data are useful for solving global problems:

» Computing exponential solutions of systems with coefficients in C(x) or
in an extension of C(x)

» Factorisation problems, Computing eigenrings
» Computing Hom(A,B)

» Testing the equivalence of two systems with rational function
coefficients
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The problem | want to discuss
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To describe the relations that may exist between Exponential Parts of [A]
and Eigenvalues of A.

e Application: To calculate Exp. Parts of [A] (or parts of them) from
Eigenvalues of A.

e Interest: Eigenvalues are easier to compute than Exp. Parts.

» Eigenvalues of A are roots in K of the algebraic scalar equation
xa(A) = det(A — \l,) = 0.

- Can be computed using Newton-Puiseux algorithm

» The leading terms of the eigenvalues can be found by using tropical
calculations.
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How the exp-parts of [A] do relate to the
eigenvalues of A?
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Expp(A) = set of Exp. Parts of [A].

Spec(A) = spectrum of A.

Observation: Each Exp. Part of [A] is an eigenvalue of A+ H for some
matrix H in K with val(H) > —1.

Consequence: For all w € Expp(A),

max val(w —«a) > k :=val(A) + _1_7‘731(’4)'
aeSpec(A) n

Exp. Parts and Eigenvalues of A do agree up to the order k.

BUT Property above is of no use when the order of Exp. Parts exceeds k.

Goal: Give easily checkable sufficient conditions on A in order that

Exponential parts and Eigenvalues have same leading terms.
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Simple Examples

« Systems associated with a scalar differential
equation:

o O
O =
= O
o O

A= oo , ack
1
a di1 a2 ... ap—1

o
o -
o

Leading Terms (L. T.) of Eigenvalues of A are equal to L.T. of Exp. Parts
of [A].
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e The matrix A consists in a single term:
A= ApxP, Ag € C"™",
Exp. Parts of [A] are equal to the eigenvalues of A:
ax” P a € spec(Ag).
e The leading matrix A is not nilpotent:
A= Agx P + O(x—PT1h).

If Ag is not nilpotent then to each eigenvalue o of Ag corresponds an
exponential part of [A] of the form

ax P+ O(x~PH.

In particular, Exp. Parts and Eigenvalues have the same order
—p = val(A).
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The Nilpotent Case: Ap is nilpotent

1. Eigenvalues and Exp. Parts have order bigger than val(A).

2. They do not necessarily have the same order.

Example

1(4) A 0 0
val(A) = — Ag =

10
Exp. Parts of [A]:

wy = V2x 32 - 5/4x71, wy = —2x3/2 — 5/4x71

Eigenvalues of A:
AM=1 A=-1
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Consider the equivalent matrix

C24x3 243 X2 _X2
B:=TI[A] = 4X x where T =
_xxgl 2 0 1

Exp. Parts of [B] :
wi=V2x 32 —5/4x7t wp=—V2x32 _5/4x71
Eigenvalues of B:

a1 =V2x32 x40 (X_1/2) , Qp= —V2ox 32 x40 <x_1/2)

Note that
00

wB)=-2  B=|
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Comparison of Eigenvalues and Exp. Parts

Proposition Suppose that val(A) < —1. Then for each w € Expp(A)

—1 —val(A
max val(w — ) > val(A) + $()'
a€spec(A) n
In other words,
- la
Vw € Expp(A) Ja € Spec(A) : w = a+ o(x le(A)Jr&).

—1—val(A)
n

Corollary Let w € Expp(A) satisfies val(w) — val(A) < then

LT(w) = LT(«) for some a € Spec(A).
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Problem: It may happen that the difference

min  val(w) — val(A)
weExpp(A)

be too big.

Solution: Replace A by an equivalent matrix B such that

min  val(w) — val(B)
weExpp(B)

is as small as possible.

How? By using Moser reduction algorithm.
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Moser Reduced Systems

Moser rank: m(A) = max <0, —val(A) — 1+ rank(Ao)>'

n
Moser invariant: p(A) = min{m(T[A])| T € GL(n,K)}
Definition. [A] is said to be Moser-reduced if m(A) = u(A).

Theorem. [Moser 1960] If val(A) < —1 then A is Moser-reduced iff the
polynomial

Oa(A) := xA) det (A — Ag/x — A1), # 0.

Moser Algorithm: It transforms a given system into an equivalent
Moser-reduced one.
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Minimal Order of Exponential Parts

k(A)=  min  val(w).
weExpp(A)

e x(A) > val(A) with equality iff Ag is non-nilpotent.

n
o let D= Z ¢id', (¢c; € K, c, = 1) be any operator obtained by
i=0
transforming [A] to a scalar equation of nth order. Then

. val(c)
min .
0<i<n—1 n— |

r(A)
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An estimation of Minimal Order of Exponential Parts

Theorem Suppose A Moser-reduced and Ag nilpotent. Then

1 r
< < > —
nid_li(A)_le(A)+1 g

where r = rank(Ap) and d = deg©a()).

val(A) +

Corollary With the assumptions and notation above, if n —d — r = 1 then

1

/{(A) = Val(A) + rd
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Example i
0 0 x O
1|1 —x* x> —x?
X" 10 1 x 0
_X2 x> 0 —X2_
0000
1 000
Ay = is nilpotent and has rank r = 2.
0100
0 000

©a(A) = X is not zero and has degree d = 1.

The above theorem tells us:

1 r
4+1/3 Val(A)—i-n_d < k(A) < val(A)+1 — 44+1-2/3.

Hence x(A) = —11/3.
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Minimal Order of Eigenvalues
Definition:

p(A) = min val(w).
aeSpec(A)

e p(A) > val(A) with equality iff Ag is non-nilpotent.

n
o Let det(A— \p) = Z a;\' be the characteristic polynomial of A. Then

i=0

p(A)

. val(aj)
min -
0<i<n—1 n— i

Theorem Suppose A Moser-reduced and Ag nilpotent. Then

r

n—d’

val(A) + 2 < p(A) < val(A) + 1 -
n —

where r = rank(Ap) and d = deg©a()).
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Main Results
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Minimal Exponential Parts

Definition: w € Expp(A) is minimal if val(w) = x(A).

Theorem Let A be Moser-reduced, r = rank(Ap) , d = deg©a()).
Suppose that

(C) —val(A) = 1> (1 - - . 1),

Then
(i) £(A) = p(A)

(i) If w € EP(A) is minimal then there exists a € Spec(A) such that
LT(w) = LT(«).
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Main Results

Remarks

» Using a different method Hilali and Wazner (1986) showed that
k(A) = p(A) under the stronger condition

—val(A)—1>(r+1).

That method does not yield the result on leading terms.

» Theorem above implies also the following old result (MB 1997):
If Ais Moser-reduced then L.T. of minimal Exp. Parts coincide with L.T.
of minimal eigenvalues of A provided

—val(A) —1>n—r.

» It is possible to come down to the case where the condition (C) is
fullfiled.

Trick: Use a ramification x = t™ with m > n—r—d

—val(A)—2+r/(n—d)"
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A Refined Result

Theorem Assume A Moser-reduced and let r = rank(Aop).
If —val(A) —1 > (r 4 1) then for each w € Expp(A) satisfying
val(w) < val(A) + 1 there exists a € Spec(A) such that LT(w) = LT(«).

Remark Using a result of Pfliigel (2000) one can always decouple [A] into
A:A(D@...@A(m)

where each A() is Moser-reduced and all its Exp. Parts have order
< val(A()) + 1.
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An Example
—5x2 5x 1 —2x1 _—gx2
A 5x3 3x 2 2x 2 _—4x2
B 4 x1 —6x 1 —5x2 2
2x3-2x2 _5x 1 3x2 _gx2

n=4, val(A)= -3, r=rank(Ap) =1, d=deg@a(N)=2

Oa(A) :=x"det (Ag/x + A1 = Al)| = (A =3)(A+5).
A is Moser-reduced and —val(A) —1=2>2=r+1

x=0

L.T. of Exp. Parts with order < —2 are equal to L. T. of Eigenvalues of A.
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Exponential Parts of [A]:

1937 33
-2 _— -1 = == — -2 _—— -1
+ - t ), (x=tw 5t 5 t),

1 11 173 419
= -1 t2 = — t75 [ t*4 - t*3 7 t72
(x 85w =32 648 w02l Teagl )

(x=t,w=3t

Eigenvalues of A:

1937
72
2 Zt o),

1 11 173 205
— 182 N = — 45 _ 2t 4 2P 3 Y2 -1
(x 817, A 32415 648t +2592t +324t +0(t™ 1))

(x=t,A\=3t"2+ t~1 + 0(1)),

(x=t,A=-bt
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Tropical Computation of Eigenvalues
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Tropical Computation of Eigenvalues

A Tropical Excursion
» Tropical / min-plus algebra R, := R U {oo} equipped with
a®b=min(a,b) and a®b=a+b

The zero element is co and the unit element is 0.
» A tropical polynomial function is a function of the form

Po(t) = apt" ® ap_1t" 1 @ - @ art G ap = min {kt+ a.}.
0<k<n

» Tropical roots of a polynomial P,(t) are the points where the
minimum of all monomials is achieved twice.
» A tropical polynomial function can be factored uniquely as

Pot)=an J[ (t@ ) =ar+ D min(t, )
1<k<n 1<k<n

where a1, - -+, a, are the tropical roots.
» The tropical roots of P,(t) can be computed in O(n) time.
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The valuations of the roots of a polynomial in C((x))[A]
> Let f(x,A) = > o<k<n fil(x)AF € C((x))[M]
» Define the tropical polynomial

P(t) = min {kt+ val(fc)}

0<k<n

» The valuations of the roots of f coincide with the tropical roots of P.
Example:

f(x,\) = (x2 + O(X2)) + (—x3 + O(X3)))\ + (x° + O(XS)))\2

P(t) = min (2,3 + t,5 + 2t) has two tropical roots: —1 and —2.
The roots of f(x,A) =0 are:

M(x) = x4+ 0(1) and Xa(x) = x2 4+ O(t™)
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Tropical eigenvalues of a matrix M € M,(Rin)

» Tropical eigenvalues of M € M,(R,in) are the roots of

p(t) = per(M @ tl)
where

er = min M.
p UGSHE IO' I

» The tropical eigenvalues can be computed in O(n*) by an algorithm
by Burkarda&Butkovic (2003).

Example:
-1 -2 -1
M = oo -1 -1
-2 -2 -1

M has one one tropical eigenvalue, —5/3 with multiplicity 3.
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Theorem (Akian, Bapat, Gaubert 2004)

Let A = (aj;) € Mn(C((x))) and put M := (val(aj;)). Then, the valuations
of the eigenvalues of A can be computed, in non-degenerate cases, by
finding the tropical eigenvalues of M.
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Examples
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Example 1
Let
—x~1 2/3’;—}1 1@fjx_l
A= 0 —x71 4/3x71
9/4 x2 3/41;%( —x~1

The associated valuation matrix is

-1 -2 -1
M= oo -1 -1
-2 -2 -1

It has has one tropical eigenvalue, —5/3 with multiplicity 3.
A(x) has three eigenvalues of order x5/3.

d
The exponential parts of d—y = A(x)y
x

(x=—-1/23,w=4t"°-10/3t7%48/3t73).
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Example 2

x—1 x—1
% x3
_ 2x+1
a| ® <
x+1 _X72
X
x~3 0

The associated valuation matrix is
-1
(ee]

-1

Main Results Tropical Computation of Eigenvalues

_34x
0
_x+4
0
-3 -1
-2
-2 -1
0o 00

—2x24x* X341

x2
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The tropical tropical eigenvalues of M are:

8

[_573]7 [_17 ]']

The eigenvalues of A(x) are of order:

x~8/3 x1

d
The exponential parts of d—y = A(x)y are:
x
1 82
3 -8 -7 -5 —4 -3
=t =t 1/3t7" — —1t — tTT—-T7/3¢t
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Example 3

_x1 8x245-2x 14+2x*4+2x3 —148x?
X3 X3 X3
0 %;’X x+1 —4x1
A=
-1 3x34x4+1 x+1 2+x
x3 x3 x3
14-x5 _ 2x%41 0 x—1
x4 x X
The associated valuation matrix is
-1 -3 -3 -3
o -2 0 -1
M =
0 -3 -3 -3
—4 -1 o -1
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Tropical Computation of Eigenvalues

The tropical tropical eigenvalues of M are:

7
[_E’ 2]7 [_3> 1] [_27 1]
The eigenvalues of A(x) are of order:

X720 73 k2

The exponential parts of ? = A(x)y are:
x

49
(x=t’w=t"4+t%—1/2t54+3/2t7*— 5 t3+9/4t72)

(x=t,w=—-t3-2t24+9¢7})
(x=t,-13w=—t2+1t1)

» The computation of tropical eigenvalues has been implemented in Maple
by Georg Regenburger.
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