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Some History
• The relationship between semi-classical orthogonal polynomials and integrable equa-

tions dates back to Shohat [1939], Freud [1976], Bonan & Nevai [1984].
• Subsequently Fokas, Its & Kitaev [1991, 1992] identified these integrable equations

as discrete Painlevé equations.
•Magnus [1995] considered the Freud weight

ω(x; t) = exp
(
−1

4x
4 − tx2

)
, x, t ∈ R,

and showed that the coefficients in the three-term recurrence relation can be ex-
pressed in terms of solutions of

qn(qn−1 + qn + qn+1) + 2tqn = n

which is discrete PI (dPI), as shown by Bonan & Nevai [1984], and

d2qn

dz2 =
1

2qn

(
dqn
dz

)2

+
3

2
q3
n + 4zq2

n + 2(z2 + 1
2n)qn −

n2

2qn

which is PIV with A = −1
2n and B = −1

2n
2.

• Filipuk, van Assche & Zhang [2012] commented

“We note that for classical orthogonal polynomials (Hermite, Laguerre, Jacobi)
one knows these recurrence coefficients explicitly in contrast to non-classical
weights".
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Painlevé Equations
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dz2 = 6q2 + z PI
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q − 1

d2q
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1
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(
1

q
+

1

q − 1
+

1

q − z

)(
dq

dz

)2

−
(

1

z
+

1

z − 1
+

1

q − z

)
dq

dz
PVI

+
q(q − 1)(q − z)

z2(z − 1)2

{
A +

Bz

q2
+
C(z − 1)

(q − 1)2
+
Dz(z − 1)

(q − z)2

}
with A, B, C and D arbitrary constants.
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Painlevé σ-Equations
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+

[
dσ

dz

{
2σ − (2z − 1)

dσ

dz

}
+ κ1κ2κ3κ4

]2

=

4∏
j=1

(
dσ

dz
+ κ2

j

)
SVI

where β, ϑ0, ϑ∞ and κ1, . . . , κ4 are arbitrary constants.
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Theorem
The Painlevé equations are special functions

Proof
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Motivation
Monic orthogonal polynomials satisfy the three-term recurrence relation of the form

xPn(x) = Pn+1(x) + αnPn(x) + βnPn−1(x)

• Recurrence coefficients for the weight
ω(x; t) = exp

(
1
3x

3 + tx
)
, x3 < 0

are expressed in terms of solutions of PII (Magnus [1995]).
• Recurrence coefficients for the weight

ω(x; t) = xν−1 exp(−x− t/x), x ∈ R, ν > 0

are expressed in terms of solutions of PIII (Chen & Its [2010]).
• Recurrence coefficients for the weight

ω(x; t) = xν−1 exp
(
−x2 + tx

)
, x ∈ R+, ν > 0

are expressed in terms of solutions of PIV (Filipuk, van Assche & Zhang [2011]).
• Recurrence coefficients for the weights

ω(x; t) = (1− x)a(1 + x)b exp(−tx), x ∈ [−1, 1], a, b > 0

ω(x; t) = xa(1− x)b exp(−t/x), x ∈ [0, 1], a, b > 0

ω(x; t) = xa−1(x + t)b−1e−x, x ∈ R+, a, b > 0

are expressed in terms of solutions of PV (Basor, Chen & Ehrhardt [2010], Chen
& Dai [2010], Chen & McKay [2012], Forrester & Witte [2007]).
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Orthogonal Polynomials

• Monic orthogonal polynomials

• Semi-classical orthogonal polynomials
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Monic Orthogonal Polynomials
Let Pn(x), n = 0, 1, 2, . . . , be the monic orthogonal polynomials of degree n in x,
with respect to the positive weight ω(x), such that∫ b

a

Pm(x)Pn(x)ω(x) dx = hnδm,n, hn > 0, m, n = 0, 1, 2, . . .

One of the important properties that orthogonal polynomials have is that they satisfy the
three-term recurrence relation

xPn(x) = Pn+1(x) + αnPn(x) + βnPn−1(x)

where the recurrence coefficients are given by

αn =
∆̃n+1

∆n+1
− ∆̃n

∆n
, βn =

∆n+1∆n−1

∆2
n

with

∆n =

∣∣∣∣∣∣∣∣
µ0 µ1 . . . µn−1

µ1 µ2 . . . µn
... ... . . . ...

µn−1 µn . . . µ2n−2

∣∣∣∣∣∣∣∣ , ∆̃n =

∣∣∣∣∣∣∣∣
µ0 µ1 . . . µn−2 µn
µ1 µ2 . . . µn−1 µn+1
... ... . . . ... ...

µn−1 µn . . . µ2n−3 µ2n−1

∣∣∣∣∣∣∣∣
and µk =

∫ b

a

xk ω(x) dx are the moments of the weight ω(x).
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Further Properties
• The Hankel determinant

∆n =

∣∣∣∣∣∣∣∣
µ0 µ1 . . . µn−1

µ1 µ2 . . . µn
... ... . . . ...

µn−1 µn . . . µ2n−2

∣∣∣∣∣∣∣∣ , µk =

∫ b

a

xk ω(x) dx

also has the integral representation

∆n =
1

n!

∫ b

a

· · ·n
∫ b

a

n∏
`=1

ω(x`)
∏

1≤j<k≤n

(xj − xk)2 dx1 . . . dxn, n ≥ 1

• The monic polynomials Pn(x) can be uniquely expressed as

Pn(x) =
1

∆n

∣∣∣∣∣∣∣∣∣∣
µ0 µ1 . . . µn
µ1 µ2 . . . µn+1
... ... . . . ...

µn−1 µn . . . µ2n−1

1 x . . . xn

∣∣∣∣∣∣∣∣∣∣
• The normalization constants can be expressed as

hn =
∆n+1

∆n
, h0 = ∆1 = µ0
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Example — Hermite polynomials
Hermite polynomials are orthogonal with respect to the weight

ω(x) = exp(−x2), x ∈ R
In this case

µ2k =

∫ ∞
−∞

x2k exp(−x2) dx =

√
π (2k)!

22k k!
, µ2k+1 =

∫ ∞
−∞

x2k+1 exp(−x2) dx = 0

so

∆n =

∣∣∣∣∣∣∣∣
µ0 µ1 . . . µn−1

µ1 µ2 . . . µn
... ... . . . ...

µn−1 µn . . . µ2n−2

∣∣∣∣∣∣∣∣ = (1
2)n(n−1)/2

n−1∏
k=1

(k!), ∆̃n = 0

and therefore

αn = 0, βn =
∆n+1∆n−1

∆2
n

= 1
2n

which gives the three-term recurrence relation

Pn+1(x) = xPn(x)− 1
2nPn−1(x)

where
Pn(x) = 2−nHn(x)

with Hn(x) the Hermite polynomial.
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Example — Associated Laguerre polynomials
Associated Laguerre polynomials are orthogonal with respect to the weight

ω(x) = xν exp(−x), x ∈ R+, ν > −1

In this case
µk =

∫ ∞
0

xk+ν exp(−x) dx = Γ(k + ν + 1)

so

∆n =

n∏
j=1

(j − 1)! Γ(ν + j), ∆̃n = n(n + ν)

n∏
j=1

(j − 1)! Γ(ν + j)

and therefore

αn =
∆̃n+1

∆n+1
− ∆̃n

∆n
= 2n + 1 + ν, βn =

∆n+1∆n−1

∆2
n

= n(n + ν)

which gives the three-term recurrence relation

Pn+1(x) = (x− 2n− 1− ν)Pn(x)− n(n + ν)Pn−1(x)

where
Pn(x) = (−1)nn!L(ν)

n (x)

with L(ν)
n (x) the associated Laguerre polynomial.
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Semi-classical Orthogonal Polynomials
Consider the Pearson equation satisfied by the weight ω(x)

d

dx
[σ(x)ω(x)] = τ (x)ω(x)

• Classical orthogonal polynomials: σ(x) and τ (x) are polynomials with deg(σ) ≤ 2
and deg(τ ) = 1

ω(x) σ(x) τ (x)

Hermite exp(−x2) 1 −2x

Associated Laguerre xν exp(−x) x 1 + ν − x
Jacobi (1− x)α(1 + x)β 1− x2 β − α− (2 + α + β)x

• Semi-classical orthogonal polynomials: σ(x) and τ (x) are polynomials with either
deg(σ) > 2 or deg(τ ) > 1

ω(x) σ(x) τ (x)

semi-classical Laguerre xν exp(−x2 + tx) x 1 + ν + tx− 2x2

Freud exp(−1
4x

4 − tx2) 1 −2tx− x3
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If the weight has the form
ω(x; t) = ω0(x) exp(tx)

where ω0(x) is a classical weight with finite moments and
∫ ∞
−∞

xkω0(x) exp(tx) dx exists

for all k ≥ 0. Then:
• the recurrence coefficients αn(t) and βn(t) satisfy the Toda system

dαn
dt

= βn+1 − βn,
dβn
dt

= βn(αn − αn−1)

• the kth moment is given by

µk(t) =

∫ ∞
−∞

xkω0(x) exp(tx) dx =
dk

dtk

(∫ ∞
−∞

ω0(x) exp(tx) dx

)
=

dkµ0

dtk
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• Since µk(t) =
dkµ0

dtk
, then ∆n(t) and ∆̃n(t) can be expressed as Wronskians

∆n(t) =

∣∣∣∣∣∣∣∣
µ0(t) µ1(t) . . . µn−1(t)
µ1(t) µ2(t) . . . µn(t)

... ... . . . ...
µn−1(t) µn(t) . . . µ2n−2(t)

∣∣∣∣∣∣∣∣ =W
(
µ0,

dµ0

dt
, . . . ,

dn−1µ0

dtn−1

)

∆̃n(t) =

∣∣∣∣∣∣∣∣
µ0(t) µ1(t) . . . µn−2(t) µn(t)
µ1(t) µ2(t) . . . µn−1(t) µn+1(t)

... ... . . . ... ...
µn−1(t) µn(t) . . . µ2n−3(t) µ2n−1(t)

∣∣∣∣∣∣∣∣
=W

(
µ0,

dµ0

dt
, . . . ,

dn−2µ0

dtn−2 ,
dnµ0

dtn

)
=

d

dt
W
(
µ0,

dµ0

dt
, . . . ,

dn−1µ0

dtn−1

)

⇒ ∆̃n(t)

∆n(t)
=

d

dt
lnW

(
µ0,

dµ0

dt
, . . . ,

dn−1µ0

dtn−1

)
• the Hankel determinant ∆n(t) satisfies the Toda equation

d2

dt2
ln ∆n(t) =

∆n−1(t)∆n+1(t)

∆2
n(t)
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Some Properties of the Fourth Painlevé Equation
and the Fourth Painlevé σ-Equation

d2q

dz2 =
1

2q

(
dq

dz

)2

+
3

2
q3 + 4zq2 + 2(z2 − A)q +

B

q
PIV

(
d2σ

dz2

)2

− 4

(
z

dσ

dz
− σ

)2

+ 4
dσ

dz

(
dσ

dz
+ 2ϑ0

)(
dσ

dz
+ 2ϑ∞

)
= 0 SIV

• Hamiltonian Representation

• Parabolic Cylinder Function Solutions
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Hamiltonian Representation of PIV
PIV can be written as the Hamiltonian system

dq

dz
=
∂HIV

∂p
= 4qp− q2 − 2zq − 2ϑ0

dp

dz
= − ∂HIV

∂q
= −2p2 + 2pq + 2zp− ϑ∞

whereHIV(q, p, z;ϑ0, ϑ∞) is the Hamiltonian defined by

HIV(q, p, z;ϑ0, ϑ∞) = 2qp2 − (q2 + 2zq + 2ϑ0)p + ϑ∞q

Eliminating p then q satisfies

d2q

dz2 =
1

2q

(
dq

dz

)2

+ 3
2q

3 + 4zq2 + 2(z2 + ϑ0 − 2ϑ∞ − 1)q − 2ϑ2
0

q

which is PIV with A = 1−ϑ0 +2ϑ∞ and B = −2ϑ2
0, whilst eliminating q then p satisfies

d2p

dz2 =
1

2p

(
dq

dz

)2

+ 6p3 − 8zp2 + 2(z2 − 2ϑ0 + ϑ∞ + 1)p− ϑ2
∞

2p

and letting p = −1
2q gives PIV with A = 2ϑ0 − ϑ∞ − 1 and B = −2ϑ2

∞.
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Theorem (Okamoto [1986])
The function

σ(z;ϑ0, ϑ∞) = HIV ≡ 2qp2 − (q2 + 2zq + 2ϑ0)p + ϑ∞q

where q and p satisfy the Hamiltonian system
dq

dz
= 4qp− q2 − 2zq − 2ϑ0,

dp

dz
= −2p2 + 2pq + 2zp− ϑ∞ HIV

satisfies the second-order, second-degree equation(
d2σ

dz2

)2

− 4

(
z

dσ

dz
− σ

)2

+ 4
dσ

dz

(
dσ

dz
+ 2ϑ0

)(
dσ

dz
+ 2ϑ∞

)
= 0 SIV

Conversely, if σ(z;ϑ0, ϑ∞) is a solution of SIV, then

q(z;ϑ0, ϑ∞) =
σ′′ − 2zσ′ + 2σ

2(σ′ + 2ϑ∞)
, p(z;ϑ0, ϑ∞) =

σ′′ + 2zσ′ − 2σ

4(σ′ + 2ϑ0)

are solutions of the Hamiltonian system HIV.
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Parabolic Cylinder Function Solutions of PIV
Theorem

Suppose τν,n(z; ε) is given by

τν,n(z; ε) =W
(
ϕν(z; ε), ϕ′ν(z; ε), . . . , ϕ(n−1)

ν (z; ε)
)
, n ≥ 1

where τν,0(z; ε) = 1 and ϕν(z; ε) satisfies

d2ϕν

dz2 − 2εz
dϕν
dz

+ 2ενϕν = 0, ε2 = 1

Then solutions of PIV

d2q

dz2 =
1

2q

(
dq

dz

)2

+
3

2
q3 + 4zq2 + 2(z2 − A)q +

B

q

are given by

q[1]
ν,n(z) = −2z + ε

d

dz
ln
τν,n+1(z; ε)

τν,n(z; ε)
, (A1, B1) =

(
ε(2n− ν),−2(ν + 1)2

)
q[2]
ν,n(z) = ε

d

dz
ln
τν,n+1(z; ε)

τν+1,n(z; ε)
, (A2, B2) =

(
− ε(n + ν),−2(ν − n + 1)2

)
q[3]
ν,n(z) = −ε d

dz
ln
τν+1,n(z; ε)

τν,n(z; ε)
, (A3, B3) =

(
ε(2ν − n + 1),−2n2

)
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Parabolic Cylinder Function Solutions of SIV

Theorem
Suppose τν,n(z; ε) is given by

τν,n(z; ε) =W
(
ϕν(z; ε), ϕ′ν(z; ε), . . . , ϕ(n−1)

ν (z; ε)
)
, n ≥ 1

where τν,0(z; ε) = 1 and ϕν(z; ε) satisfies

d2ϕν

dz2 − 2εz
dϕν
dz

+ 2ενϕν = 0, ε2 = 1

Then solutions of SIV(
d2σ

dz2

)2

− 4

(
z

dσ

dz
− σ

)2

+ 4
dσ

dz

(
dσ

dz
+ 2ϑ0

)(
dσ

dz
+ 2ϑ∞

)
= 0

are given by

σν,n(z) =
d

dz
ln τν,n(z; ε), (ϑ0, ϑ∞) =

(
ε(ν − n + 1),−εn

)
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d2ϕν

dz2 − 2εz
dϕν
dz

+ 2ενϕν = 0, ε2 = 1 (∗)

• If ν 6∈ Z

ϕν(z; ε) =

{{
C1Dν(

√
2 z) + C2Dν(−

√
2 z)
}

exp
(

1
2z

2
)
, if ε = 1{

C1D−ν−1(
√

2 z) + C2D−ν−1(−
√

2 z)
}

exp
(
−1

2z
2
)
, if ε = −1

• If ν = n ∈ Z, with n ≥ 0

ϕn(z; ε) =


C1Hn(z) + C2 exp(z2)

dn

dzn
{

erfi(z) exp(−z2)
}
, if ε = 1

C1Hn(iz) + C2 exp(−z2)
dn

dzn
{

erfc(z) exp(z2)
}
, if ε = −1

• If ν = −n ∈ Z, with n ≥ 1

ϕ−n(z; ε) =


C1Hn−1(iz) exp(z2) + C2

dn−1

dzn−1

{
erfc(z) exp(z2)

}
, if ε = 1

C1Hn−1(z) exp(−z2) + C2
dn−1

dzn−1

{
erfi(z) exp(−z2)

}
, if ε = −1

with C1 and C2 arbitrary constants, Dν(ζ) the parabolic cylinder function, Hn(z) the
Hermite polynomial, erfc(z) the complementary error function and erfi(z) the imag-
inary error function.
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Plots of Bounded Rational Solutions of SIV

σm,n(z) =
d

dz
lnW

(
Hm(z), Hm+1(z), . . . , Hm+n−1(z)

)

σ1,2j(z), j = 1, 2, 3, 4 σ2,2j(z), j = 1, 2, 3, 4 σ3,2j(z), j = 1, 2, 3, 4

σ4,2j(z), j = 1, 2, 3, 4 σ5,2j(z), j = 1, 2, 3, 4 σ10,2j(z), j = 1, 2, 3, 4
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Plots of Bounded Special Function Solutions of SIV

σν,n(z) = −2nz +
d

dz
lnW

(
ϕν, ϕ

′
ν, . . . , ϕ

(n−1)
ν

)
ϕν(z) =

{
C1D−ν

(√
2 z
)

+ C2D−ν
(
−
√

2 z
)}

exp
(

1
2z

2
)
, C1C2 > 0, ν > 0

σ1/2,1(z) σ3/2,1(z) σ5/2,1(z)
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σ1/2,2(z) σ3/2,2(z) σ5/2,2(z)

σ1/2,3(z) σ3/2,3(z) σ5/2,3(z)
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Plots of Error Function Solutions of SIV

σm,n =
d

dz
lnW

(
ϕm, ϕ

′
m, . . . , ϕ

(n−1)
m

)
, ϕm = exp(−z2)

dm

dzm
{C1 + C2 erfc(z)} exp(z2)

σ1,0(z) σ2,1(z) σ3,2(z)

σ4,3(z) σ5,4(z)
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Semi-classical Laguerre Weight

ω(x; t) = xν exp(−x2 + tx), x ∈ R+, ν > −1

• P A Clarkson & K Jordaan, “The relationship between semi-classical Laguerre
polynomials and the fourth Painlevé equation", Constr. Approx., to appear
[arXiv:1301.4134]
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Semi-classical Laguerre weight
Consider monic orthogonal polynomials with respect to the semi-classical Laguerre
weight

ω(x; t) = xν exp(−x2 + tx), x ∈ R+, ν > −1 (1)

which satisfy the three-term recurrence relation

xPn(x; t) = Pn+1(x; t) + αn(t)Pn(x; t) + βn(t)Pn−1(x; t) (2)

Theorem (Boelen & van Assche [2011])
The coefficients αn(t) and βn(t) in the three-term recurrence relation (2) associated

with the semi-classical Laguerre weight (1)

(2αn − t)(2αn−1 − t) =
(2βn − n)(2βn − n− ν)

βn
2βn + 2βn+1 + αn(2αn − t) = 2n + 1 + ν

Theorem
The coefficients αn(t) and βn(t) in the three-term recurrence relation (2) associated

with the semi-classical Laguerre weight (1) satisfy the Toda system
dαn
dt

= βn+1 − βn,
dβn
dt

= βn(αn − αn−1)
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ω(x; t) = xν exp(−x2 + tx), x ∈ R+, ν > −1 (1)

xPn(x; t) = Pn+1(x; t) + αn(t)Pn(x; t) + βn(t)Pn−1(x; t) (2)

Theorem (Filipuk, van Assche & Zhang [2012])
The coefficient αn(t) in the recurrence relation (2) associated with the semi-classical

Laguerre weight (1) is given by

αn(t) = 1
2qn(1

2t) + 1
2t

where qn(z) satisfies

d2qn

dz2 =
1

2qn

(
dqn
dz

)2

+ 3
2q

3
n + 4zq2

n + 2(z2 − 2n− 1− ν)qn −
2ν2

qn
(3)

which is PIV with parameters

(A,B) =
(
2n + 1 + ν,−2ν2

)
(4)

Remarks:
• Filipuk, van Assche & Zhang [2012] did not specify the specific solution of (3).
• The parameters (4) satisfy the condition for PIV to have solutions expressible in terms

of parabolic cylinder functions.
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Theorem (PAC & Jordaan [2013])
For the semi-classical Laguerre weight

ω(x; t) = xν exp(−x2 + tx)

the moment µ0(t; ν) is given by

µ0(t; ν) =


Γ(ν + 1) exp(1

8t
2)

2(ν+1)/2
D−ν−1

(
−1

2

√
2 t
)
, if ν 6= n ∈ N

1
2

√
π

dn

dtn
{

exp
(

1
4t

2
) [

1 + erf(1
2t)
]}
, if ν = n ∈ N

with Dν(ζ) the parabolic cylinder function and erf(z) the error function.
Proof. The parabolic cylinder function Dν(ζ) has the integral representation

Dν(ζ) =
exp(−1

4ζ
2)

Γ(−ν)

∫ ∞
0

s−ν−1 exp(−1
2s

2 − ζs) ds

Hence for the semi-classical Laguerre weight the moment µ0(t; ν) is given by

µ0(t; ν) =

∫ ∞
0

xν exp(−x2 + tx) dx

= 2−(ν+1)/2

∫ ∞
0

sν exp
(
−1

2s
2 + 1

2

√
2 t s

)
ds

=
Γ(ν + 1) exp

(
1
8t

2
)

2(ν+1)/2
D−ν−1

(
−1

2

√
2 t
)
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If ν = n ∈ N, then

D−n−1(ζ) =

√
π

2

(−1)n

n!
exp(−1

4ζ
2)

dn

dζn

{
exp(1

2ζ
2) erfc

(
1
2

√
2 ζ
)}

,

with erfc(z) the complementary error function. Since erfc(−z) = 1 + erf(z), then

µ0(t;n) = 1
2

√
π

dn

dtn
{

exp
(

1
4t

2
) [

1 + erf(1
2t)
]}

Corollary
The moment µ0(t; ν) satisfies the ordinary differential equation

d2µ0

dt2
− 1

2t
dµ0

dt
− 1

2(ν + 1)µ0 = 0 (1)

Proof. The parabolic cylinder function Dν(ζ) satisfies

d2Dν

dζ2 +
(
ν + 1

2 −
1
4ζ

2
)
Dν = 0

and so it follows from its definition that the moment µ0(t; ν) satisfies equation (1).
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Theorem (PAC & Jordaan [2013])
The coefficients αn(t) and βn(t) in the three-term recurrence relation

xPn(x; t) = Pn+1(x; t) + αn(t)Pn(x; t) + βn(t)Pn−1(x; t)

associated with the semi-classical Laguerre weight

ω(x; t) = xν exp(−x2 + tx), x ∈ R+, ν > −1

are given by

αn(t) =
d

dt
ln

∆n+1(t)

∆n(t)
, βn(t) =

∆n+1(t)∆n−1(t)

∆2
n(t)

, n ≥ 0

where ∆n(t) is the Hankel determinant given by

∆n(t) =W
(
µ0,

dµ0

dt
, . . . ,

dn−1µ0

dtn−1

)
, n ≥ 1

∆0(t) = 1 and ∆−1(t) = 0, with

µ0(t; ν) =


Γ(ν + 1) exp(1

8t
2)

2(ν+1)/2
D−ν−1

(
−1

2

√
2 t
)
, if ν 6= n ∈ N

1
2

√
π

dn

dtn
{

exp
(

1
4t

2
) [

1 + erf(1
2t)
]}
, if ν = n ∈ N

Dν(ζ) the parabolic cylinder function and erf(z) the error function.
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Remarks:
• The Hankel determinant ∆n(t) satisfies the Toda equation

d2

dt2
ln ∆n(t) =

∆n−1(t)∆n+1(t)

∆2
n(t)

and the fourth-order, bi-linear equation

∆n
d4∆n

dt4
− 4

d3∆n

dt3
d∆n

dt
+ 3

(
d2∆n

dt2

)2

− (1
4t

2 + 4n + 2ν)

{
∆n

d2∆n

dt2
−
(

d∆n

dt

)2
}

+ 1
4t∆n

d∆n

dt
+ 1

2n(n + ν)∆2
n = 0

• The function Sn(t) =
d

dt
ln ∆n(t) satisfies

4

(
d2Sn

dt2

)2

−
(
t
dSn
dt
− Sn

)2

+ 4
dSn
dt

(
2

dSn
dt
− n

)(
2

dSn
dt
− n− ν

)
= 0

which is equivalent to SIV, the PIV σ-equation (let Sn(t) = 1
2σ(z), with z = 2t), so

αn(t) =
d

dt
ln

∆n+1(t)

∆n(t)
= Sn+1(t)− Sn(t), βn(t) =

d2

dt2
ln ∆n(t) =

dSn
dt
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Theorem (PAC & Jordaan [2013])
If αn(t) and βn(t) satisfy the system

dαn
dt

= −αn(αn − 1
2t)− 2βn + 1

2(2n + 1 + ν)

dβn
dt

= (αn − 1
2t)βn −

(2βn − n)(2βn − n− ν)

2(2αn − t)

(1)

then
Sn(t) = 2αn(t)βn(t) +

[2βn(t)− n][2βn(t)− n− ν]

2αn(t)− t
satisfies

4

(
d2Sn

dt2

)2

−
(
t
dSn
dt
− Sn

)2

+ 4
dSn
dt

(
2

dSn
dt
− n

)(
2

dSn
dt
− n− ν

)
= 0 (2)

which is equivalent to SIV, the PIV σ-equation.
Conversely if Sn(t) satisfies equation (2) then

αn(t) =
2

d2Sn

dt2
+ t

dSn
dt

+ Sn

4
dSn
dt

, βn(t) =
dSn
dt

are solutions of the system (1).
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Theorem
The system

dαn
dt

= −αn(αn − 1
2t)− 2βn + 1

2(2n + 1 + ν) (1a)

dβn
dt

= (αn − 1
2t)βn −

(2βn − n)(2βn − n− ν)

2(2αn − t)
(1b)

is equivalent to the system
dqn
dz

= 4qnpn − q2
n − 2zqn − 2ν (2a)

dpn
dz

= −2p2
n + 2pnqn + 2zpn − n− ν (2b)

which is the Hamiltonian system associated with PIV, with Hamiltonian

HIV(qn, pn, z;n, ν) = 2qnp
2
n − (q2

n + 2zqn + 2ν)pn + (n + ν)qn

Proof. Making the transformation

αn(t) = 1
2qn(z) + 1

2t, βn(t) = −1
2qn(z)pn(z) + 1

2(n + ν), z = 1
2t

in the system (1) yields the system (2). The inverse transformation is

qn(z) = 2αn(t)− t, pn(z) = −2βn(t)− n− ν
2αn(t)− t

, t = 2z
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The first few coefficients in the recurrence relation are given by

α0(t) = 1
2t−

D−ν
(
− 1

2

√
2 t
)

D−ν−1

(
− 1

2

√
2 t
) ≡ Ψν(t)

α1(t) = 1
2t− Ψν(t)−

Ψν(t)

2Ψ2
ν(t)− tΨν(t)− ν − 1

α2(t) = 1
2t +

2ν + 4

t
+

Ψν(t)

2Ψ2
ν(t)− tΨν(t)− ν − 1

− 2[(ν + 1)t2 + 4(ν + 2)(2ν + 3)]Ψ2
ν(t)− (ν + 1)t[t2 + 2(4ν + 9)]Ψν(t)

2t
[
2tΨ3

ν(t)− (t2 − 4ν − 6)Ψ2
ν(t)− 3(ν + 1)tΨν(t)− 2(ν + 1)2

]
+

(ν + 1)2[t2 + 8(ν + 2)]

2t
[
2tΨ3

ν(t)− (t2 − 4ν − 6)Ψ2
ν(t)− 3(ν + 1)tΨν(t)− 2(ν + 1)2

]
β1(t) = −Ψ2

ν(t) + 1
2tΨν(t) + 1

2(ν + 1),

β2(t) = −2tΨ3
ν(t)− (t2 − 4ν − 6)Ψ2

ν(t)− 3(ν + 1)tΨν(t)− 2(ν + 1)2

2
[
Ψ2
ν(t)− 1

2tΨν(t)− 1
2(ν + 1)

]2
Hence, using the three-term recurrence relation

Pn+1(x; t) = [x− αn(t)]Pn(x; t)− βn(t)Pn−1(x; t), n = 0, 1, 2, . . .

with P0(x; t) = 1 and P−1(x; t) = 0, then the first few polynomials are given by
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P1(x; t) = x− Ψν

P2(x; t) = x2 − 2tΨ2
ν − (t2 + 2)Ψν − (ν + 1)t

2
[
Ψ2
ν − 1

2tΨν − 1
2(ν + 1)

] x− 2(ν + 2)Ψ2
ν − (λ + 1)Ψν − (λ + 1)2

2
[
Ψ2
ν − 1

2tΨν − 1
2(ν + 1)

]
P3(x; t) = x3 −

{
4(t2 + 2ν + 4)Ψ3

ν − 2t(t2 − ν − 1)Ψ2
ν

2
[
2tΨ3

ν − (t2 − 4ν − 6)Ψ2
ν − 3(ν + 1)tΨν − 2(ν + 1)2

]
− (ν + 1)(5t2 + 4λ + 6)Ψν + 3(ν + 1)2t

2
[
2tΨ3

ν − (t2 − 4ν − 6)Ψ2
ν − 3(ν + 1)tΨν − 2(ν + 1)2

]}x2

+

{
2t(t2 + 2ν + 4)Ψ3

ν −
[
t4 + 4(2ν + 5)(ν + 2)

]
Ψ2
ν

4
[
2tΨ3

ν − (t2 − 4ν − 6)Ψ2
ν − 3(ν + 1)tΨν − 2(ν + 1)2

]
− 2(ν + 1)t(t2 − ν − 5)Ψν + (ν + 1)2(t2 − 4ν − 12)

4
[
2tΨ3

ν − (t2 − 4ν − 6)Ψ2
ν − 3(ν + 1)tΨν − 2(ν + 1)2

]}x
+

2
[
(ν + 1)t2 + 4(ν + 2)2

]
Ψ3
ν − (ν + 1)t(t2 + 2ν + 8)Ψ2

ν

4
[
2tΨ3

ν − (t2 − 4ν − 6)Ψ2
ν − 3(ν + 1)tΨν − 2(ν + 1)2

]
− 2(ν + 1)2(t2 + 2ν + 5)Ψν + (ν + 1)3t

4
[
2tΨ3

ν − (t2 − 4ν − 6)Ψ2
ν − 3(ν + 1)tΨν − 2(ν + 1)2

]
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P2(x; t) P3(x; t) P4(x; t)

t = 0 t = 1 t = 2

t = 3 t = 4 t = 5
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Semi-classical Hermite Weight

ω(x; t) = |x|ν exp(−x2 + tx), x ∈ R, ν > −1

• P A Clarkson & K Jordaan, “The relationship between semi-classical Laguerre
polynomials and the fourth Painlevé equation", Constr. Approx., to appear
[arXiv:1301.4134]
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Semi-classical Hermite weight
Consider the semi-classical Hermite weight

ω(x; t) = |x|ν exp(−x2 + tx), x ∈ R, ν > −1

• The moment µk(t; ν) is given by

µk(t; ν) =

∫ ∞
−∞

xk|x|ν exp(−x2 + tx) dx

=
dk

dtk

(∫ ∞
−∞
|x|ν exp(−x2 + tx) dx

)
=

dkµ0

dtk

• The Hankel determinant ∆n(t) is given by

∆n(t) = det
[
µj+k(t)

]n−1

j,k=0
≡ W

(
µ0,

dµ0

dt
, . . . ,

dn−1µ0

dtn−1

)
where

µ0(t; ν) =



Γ(ν + 1) exp(1
8t

2)

2(ν+1)/2

{
D−ν−1

(
− 1

2

√
2 t
)

+ D−ν−1

(
1
2

√
2 t
)}
, ν 6∈ N

√
π
(
− 1

2i
)2N

H2N

(
1
2it
)

exp
(

1
4t

2
)
, ν = 2N

√
π

d2N+1

dt2N+1

{
erf(1

2t) exp
(

1
4t

2
)}
, ν = 2N + 1
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Theorem (PAC & Jordaan [2013])
The recurrence coefficients αn(t) and βn(t) in the three-term recurrence relation

xPn(x; t) = Pn+1(x; t) + αn(t)Pn(x; t) + βn(t)Pn−1(x; t),

for monic polynomials orthogonal with respect to the semi-classical Hermite weight

ω(x; t) = |x|ν exp(−x2 + tx), x ∈ R, ν > −1

are given by

αn(t) =
d

dt
ln

∆n+1(t)

∆n(t)
, βn(t) =

d2

dt2
ln ∆n(t)

where ∆n(t) is the Hankel determinant

∆n(t) = det
[
µj+k(t)

]n−1

j,k=0
≡ W

(
µ0,

dµ0

dt
, . . . ,

dn−1µ0

dtn−1

)
with

µ0(t; ν) =



Γ(ν + 1) exp(1
8t

2)

2(ν+1)/2

{
D−ν−1

(
− 1

2

√
2 t
)

+ D−ν−1

(
1
2

√
2 t
)}
, ν 6∈ N

√
π
(
− 1

2i
)2N

H2N

(
1
2it
)

exp
(

1
4t

2
)
, ν = 2N

√
π

d2N+1

dt2N+1

{
erf(1

2t) exp
(

1
4t

2
)}
, ν = 2N + 1
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Recurrence coefficients for ω(x; t) = x2 exp(−x2 + tx)

α0(t) = 1
2t +

2t

t2 + 2

α1(t) = 1
2t +

4t3

t4 + 12
− 2t

t2 + 2

α2(t) = 1
2t +

6t(t4 + 12− 4t2)

t6 − 6t4 + 36t2 + 72
− 4t3

t4 + 12

α3(t) = 1
2t +

8t3(t4 + 60− 12t2)

t8 − 16t6 + 120t4 + 720
− 6t(t4 + 12− 4t2)

t6 − 6t4 + 36t2 + 72

α4(t) = 1
2t +

10t(t8 + 216t4 + 720− 24t6 − 480t2)

t10 − 30t8 + 360t6 − 1200t4 + 3600t2 + 7200
− 8t3(t4 + 60− 12t2)

t8 − 16t6 + 120t4 + 720

β1(t) = 1
2 −

2(t2 − 2)

(t2 + 2)2

β2(t) = 1− 4t2(t2 − 6)(t2 + 6)

(t4 + 12)2

β3(t) = 3
2 −

6(t4 − 12t2 + 12)(t6 + 6t4 + 36t2 − 72)

(t6 − 6t4 + 36t2 + 72)2

β4(t) = 2− 8t2(t4 − 20t2 + 60)(t8 + 72t4 − 2160)

(t8 − 16t6 + 120t4 + 720)2
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Hence, using the three-term recurrence relation
Pn+1(x; t) = [x− αn(t)]Pn(x; t)− βn(t)Pn−1(x; t), n = 0, 1, 2, . . .

with P0(x; t) = 1 and P−1(x; t) = 0, then the first few polynomials are given by

P1(x; t) = x− t(t2 + 6)

2(t2 + 2)

P2(x; t) = x2 − t(t4 + 4t2 + 12)

t4 + 12
x +

t6 + 6t4 + 36t2 − 72

4(t4 + 12)

P3(x; t) = x3 − 3t(t6 − 2t4 + 20t2 + 120)

2(t6 − 6t4 + 36t2 + 72)
x2 +

3(t8 + 40t4 − 240)

4(t6 − 6t4 + 36t2 + 72)
x

− t(t8 + 72t4 − 2160)

8(t6 − 6t4 + 36t2 + 72)

P4(x; t) = x4 − 2t(t8 − 12t6 + 72t4 + 240t2 + 720)

t8 − 16t6 + 120t4 + 720
x3

+
3(t10 − 10t8 + 80t6 + 1200t2 − 2400)

2(t8 − 16t6 + 120t4 + 720)
x2

− t(t10 − 10t8 + 120t6 − 240t4 − 1200t2 − 7200)

2(t8 − 16t6 + 120t4 + 720)
x

+
t12 − 12t10 + 180t8 − 480t6 − 3600t4 − 43200t2 + 43200

16(t8 − 16t6 + 120t4 + 720)
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Freud Weight

ω(x; t) = exp
(
−1

4x
4 − tx2

)
, x ∈ R
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Freud weight (Magnus [1995])
Consider the monic orthogonal polynomials with respect to the Freud weight

ω(x; t) = exp
(
−1

4x
4 − tx2

)
, x, t ∈ R

which satisfy the three-term recurrence relation

xPn(x; t) = Pn+1(x; t) + βn(t)Pn−1(x; t)

It is well known that βn(t) satisfies

βn(βn−1 + βn + βn+1) + 2tβn = n

d2βn

dt2
=

1

2βn

(
dβn
dt

)2

+ 3
2β

3
n + 4tβ2

n + 2(t2 + 1
2n)βn −

n2

2βn

which are dPI and PIV with A = −1
2n and B = −1

2n
2, respectively.

Remark. The link between these equations is given by

βn+1 =
1

2βn

(
n− dβn

dt
− 2tβn − β2

n

)
βn−1 =

1

2βn

(
n +

dβn
dt
− 2tβn − β2

n

)
which are the PIV Bäcklund transformations T +

2 and T −1 , respectively.
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For the Freud weight

ω(x; t) = exp
(
−1

4x
4 − tx2

)
, x ∈ R

the moments are

µ0(t) =

∫ ∞
−∞

exp
(
−1

4x
4 − tx2

)
dx =

√
2

∫ ∞
0

y−1/2 exp
(
−y2 − 2ty

)
dy

= 21/4
√
π exp(1

2t
2)D−1/2

(√
2 t
)

µ2n(t) = (−1)n
dnµ0

dtn
, µ2n+1(t) = 0, n = 1, 2, . . .

Remark. Solutions of PIV with A = −1
2n and B = −1

2n
2, i.e.

d2qn

dt2
=

1

2qn

(
dqn
dt

)2

+ 3
2q

3
n + 4tq2

n + 2(t2 + 1
2n)qn −

n2

2qn
, n = 1, 2, . . .

are known as the “half-integer hierarchy”, which arise in quantum gravity (Fokas, Its
& Kitaev [1991, 1992]) and were studied by Bassom, PAC & Hicks [1995]. The first
solution in this hierarchy is given by

q(t;−1
2,−

1
2) = −2t +

√
2
C1D1/2

(√
2 t
)
− C2D1/2

(
−
√

2 t
)

C1D−1/2

(√
2 t
)

+ C2D−1/2

(
−
√

2 t
)

with C1 and C2 arbitrary constants and Dν(ζ) the parabolic cylinder function.

“Formal and Analytic Solutions of Differential, Difference and Discrete Equations", Bȩdlewo, Poland, August 2013 46



Generalized Freud Weight

ω(x; t) = |x|2ν−1 exp
(
−1

4x
4 − tx2

)
, x ∈ R, ν > 0
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Generalized Freud weight
For the generalized Freud weight

ω(x; t) = |x|2ν−1 exp
(
−1

4x
4 − tx2

)
, x ∈ R

the moments are

µ0(t) =

∫ ∞
−∞
|x|2ν−1 exp

(
−1

4x
4 − tx2

)
dx

= 2ν
∫ ∞

0

yν−1 exp
(
−y2 − 2ty

)
dy

= 2ν/2Γ(ν) exp(1
2t

2)D−ν
(√

2 t
)

µ2n(t) =

∫ ∞
−∞

x2n|x|2ν−1 exp
(
−1

4x
4 − tx2

)
dx

= (−1)n
dn

dtn

(∫ ∞
−∞
|x|2ν−1 exp

(
−1

4x
4 − tx2

)
dx

)
= (−1)n

dnµ0

dtn
, n = 1, 2, . . .

µ2n+1(t) =

∫ ∞
−∞

x2n+1|x|2ν−1 exp
(
−1

4x
4 − tx2

)
dx

= 0, n = 1, 2, . . .
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Theorem (PAC [2013])
The recurrence coefficient βn(t) in the three-term recurrence relation

xPn(x; t) = Pn+1(x; t) + βn(t)Pn−1(x; t),

is given by

β2n(t) =
d

dt
ln

∆
[0]
n (t)

∆
[2]
n (t)

, β2n+1(t) =
d

dt
ln

∆
[2]
n (t)

∆
[0]
n+1(t)

where ∆
[0]
n (t) and ∆

[2]
n (t) are the Hankel determinants, respectively given by

∆[0]
n (t) =W

(
µ0,

dµ0

dt
, . . . ,

dn−1µ0

dtn−1

)
∆[2]
n (t) =W

(
µ2,

dµ2

dt
, . . . ,

dn−1µ2

dtn−1

)
= (−1)nW

(
dµ0

dt
,
d2µ0

dt2
, . . . ,

dnµ0

dtn

)
Remark: Note that

β2n(t) = q
(
t; 1− n− 2ν,−2n2

)
β2n+1(t) = q

(
t; ν − n− 1,−2(ν + n)2

)
where q(t;A,B) satisfies PIV

d2q

dt2
=

1

2q

(
dq

dt

)2

+
3

2
q3 + 4tq2 + 2(t2 − A)q +

B

q

“Formal and Analytic Solutions of Differential, Difference and Discrete Equations", Bȩdlewo, Poland, August 2013 49



Discrete Orthogonal Polynomials

• P A Clarkson, “Recurrence coefficients for discrete orthonormal polynomials and
the Painlevé equations", J. Phys. A 46 (2013) 185205
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Discrete Orthonormal Polynomials
Discrete orthonormal polynomials {pn(x)}, n = 0, 1, 2, . . . , with respect to a discrete
weight ω(k),

∞∑
k=0

pm(k)pn(k)ω(k) = δm,n =

{
1, if m = n

0, if m 6= n

satisfy the three-term recurrence relation

xpn(x) = an+1pn+1(x) + bnpn(x; t) + anpn−1(x)

The moments are

µn =

∞∑
k=0

knω(k), n = 0, 1, 2, . . .

and the recurrence coefficients

a2
n =

∆n+1∆n−1

∆2
n

, bn =
∆̃n+1

∆n+1
− ∆̃n

∆n

where

∆n =

∣∣∣∣∣∣∣∣
µ0 µ1 . . . µn−1

µ1 µ2 . . . µn
... ... . . . ...

µn−1 µn . . . µ2n−2

∣∣∣∣∣∣∣∣ , ∆̃n =

∣∣∣∣∣∣∣∣
µ0 µ1 . . . µn−2 µn
µ1 µ2 . . . µn−1 µn+1
... ... . . . ... ...

µn−1 µn . . . µ2n−3 µ2n−1

∣∣∣∣∣∣∣∣
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In the case when the discrete weight has the form

ω(k) = c(k)tk, t > 0

which is the case for the Charlier polynomials and Meixner polynomials, then

µ0 =

∞∑
k=0

c(k)tk ⇒ µn =

∞∑
k=0

knc(k)tk = δn(µ0), δ(φ) = t
dφ

dt

Hence the determinants ∆n and ∆̃n are given by

∆n(t) =

∣∣∣∣∣∣∣∣
µ0 µ1 . . . µn−1

µ1 µ2 . . . µn
... ... . . . ...

µn−1 µn . . . µ2n−2

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
µ0 δ(µ0) . . . δn−1(µ0)
δ(µ0) δ2(µ0) . . . δn(µ0)

... ... . . . ...
δn−1(µ0) δ

n(µ0) . . . δ
2n−2(µ0)

∣∣∣∣∣∣∣∣ =: W̃n(µ0)

∆̃n(t) =

∣∣∣∣∣∣∣∣
µ0 µ1 . . . µn−2 µn
µ1 µ2 . . . µn−1 µn+1
... ... . . . ... ...

µn−1 µn . . . µ2n−3 µ2n−1

∣∣∣∣∣∣∣∣ = δ(∆n) = δ
(
W̃n(µ0)

)
and the recurrence coefficients are given by

a2
n(t) = δ2(ln ∆n) = δ2

(
ln W̃n(µ0)

)
, bn(t) = δ

(
ln

∆n+1

∆n

)
= δ

(
ln
W̃n+1(µ0)

W̃n(µ0)

)
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Charlier Polynomials
The Charlier polynomials given by

Cn(k; t) = (−1)nn!L(−1−k)
n

(
−1

t

)
where L(α)

n (z) is the Laguerre polynomial, are orthogonal on N with respect to the
discrete weight

ω(k) =
tk

k!
, t > 0

Here

µ0(t) =

∞∑
k=0

tk

k!
= et

∆n(t) = W̃n(µ0) = tn(n−1)/2 exp(nt)

n−1∏
k=1

(k!)

∆̃n(t) = t
d

dt
∆n =

[
1
2n(n− 1) + nt

]
∆n

and the recurrence coefficients are given by

a2
n(t) = δ2(ln ∆n) = nt, bn(t) = δ

(
ln

∆n+1

∆n

)
= n + t
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Meixner Polynomials
The Meixner polynomials given by

Mn(k;α, t) = 2F1

(
−n,−k;−α; 1− 1

t

)
, α > 0, 0 < t < 1

where 2F1(a, b; c; z) is the hypergeometric function, are orthogonal on N with respect
to the discrete weight

ω(k) =
(α)k t

k

k!
, α > 0, t > 0

with (α)k = Γ(α + k)/Γ(α) the Pochhammer symbol. Here

µ0(t) =

∞∑
k=0

(α)k t
k

k!
= (1− t)−α

∆n(t) = W̃n(µ0) =
tn(n−1)/2

(1− t)n(n+α−1)

n−1∏
k=1

k!(α + k)n−k−1

∆̃n(t) = t
d

dt
∆n =

n(n− 1) + n(n + 2α− 1)t

2(1− t)
∆n

and the recurrence coefficients are given by

a2
n(t) = δ2(ln ∆n) =

n(n + α− 1)t

(1− t)2
, bn(t) = δ

(
ln

∆n+1

∆n

)
=
n + (n + α)t

1− t
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Discrete Pearson Equation
The discrete Pearson equation has the form

∆
[
σ(k)ω(k)

]
= τ (k)ω(k)

where ∆ is the forward difference operator
∆f (k) = f (k + 1)− f (k)

• Classical discrete orthogonal polynomials: σ(k) and τ (k) are polynomials with
deg(σ) ≤ 2 and deg(τ ) = 1

ω(k) σ(k) τ (k)

Charlier
tk

k!
k t− k

Meixner
(α)k t

k

k!
k (t− 1)k + tα

• Semi-classical discrete orthogonal polynomials: σ(k) and τ (k) are polynomials
either deg(σ) > 2 or deg(τ ) > 1

ω(k) σ(k) τ (k)

Generalized Charlier
tk

(β)k k!
k(k + β − 1) −k2 + (1− β)k + t

Generalized Meixner
(α)k t

k

(β)k k!
k(k + β − 1) −k2 + (1 + t− β)k + tα
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Generalized Charlier Polynomials
The generalized Charlier polynomials are orthogonal on N with respect to the dis-

crete weight

ω(k) =
tk

(β)k k!
, β > 0

with (β)k = Γ(β + k)/Γ(β) the Pochhammer symbol.

Theorem (Smet & van Assche [2012])
The recurrence coefficients an(t) and bn(t) for orthonormal polynomials associated

with the generalized Charlier weight

ω(k) =
tk

(β)k k!
, β > 0

on the lattice N satisfy the discrete system

(a2
n+1 − t)(a2

n − t) = t(bn − n)(bn − n + β − 1),

bn + bn−1 − n + β = nt/a2
n,

(2)

with initial conditions

a2
0 = 0, b0 =

√
t Iβ(2

√
t)

Iβ−1(2
√
t)

= t
d

dt
ln
(
t(1−β)/2Iβ−1(2

√
t)
)
, (3)

with Iν(x) the modified Bessel function.
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Lemma (PAC [2013])
For the generalized Charlier polynomials

µ0(t) =

∞∑
k=0

tk

(β)k k!
= Γ(β)t(1−β)/2Iβ−1

(
2
√
t
)

with Iν(z) the modified Bessel function.

Proof. Since the modified Bessel function Iν(x) has the series expansion

Iν(x) =

∞∑
k=0

(1
2x)2k+ν

k! Γ(ν + k + 1)
,

then the expression for the moment µ0(t) follows immediately.

Corollary (PAC [2013])
The Hankel determinant ∆n(t) is given by

∆n(t) = W̃n(µ0) =
[
Γ(β)

]n W̃n

(
t(1−β)/2Iβ−1

(
2
√
t
))

and the recurrence coefficients an(t) and bn(t) have the form

a2
n(t) =

(
t

d

dt

)2 (
ln ∆n(t)

)
, bn(t) = t

d

dt

(
ln

∆n+1(t)

∆n(t)

)
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Theorem (PAC [2013])

The function Sn(t) = t
d

dt
ln ∆n(t) where

∆n(t) =
[
Γ(β)

]n W̃n

(
t(1−β)/2Iβ−1

(
2
√
t
))

satisfies[
t
d2Sn

dt2

]2

=

[
n− (n + β − 1)

dSn
dt

]2

− 4
dSn
dt

[
dSn
dt
− 1

] [
t
dSn
dt
− Sn + 1

2n(n− 1)

]
which is equivalent to SIII′, the PIII′ σ-equation.

Proof. Making the transformation

Sn(t; β) = σ(t) + 1
2t + 1

4n
2 − 1

2n(β + 1)− 1
4β

2

yields (
t
d2σ

dt2

)2

+

{
4

(
dσ

dt

)2

− 1

}(
t
dσ

dt
− σ

)
+ (n2 − β2)

dσ

dt
= 1

2(n2 + β2)

which is the PIII′ σ-equation with parameters (θ0, θ∞) = (n + β, n− β).
Then we set ν = β, ε1 = −1 and ε2 = 1, in the following Theorem.
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Theorem (Okamoto [1987]; Forrester & Witte [2002])
Special function solutions of the PIII′ σ-equation(

t
d2σ

dt2

)2

+

{
4

(
dσ

dt

)2

− 1

}(
t
dσ

dt
− σ

)
+ ϑ0ϑ∞

dσ

dt
= 1

4(ϑ2
0 + ϑ2

∞) SIII′

are given by

σ(t) = t
d

dt
ln τn,ν(t) + 1

2ε1ε2t + 1
4ν

2 + 1
2n(1− ε1ν)− 1

4n
2

for the parameters (ϑ0, ϑ∞) = (ν + n, ε1ε2(ν − n)), where τn,ν(t) is the determinant

τn,ν(t) = det

[(
t

d

dt

)j+k
ψν(t)

]n−1

j,k=0

with ψν(t) given by

ψν(t) =


tν/2

{
C1Jν

(
2
√
t
)

+ C2Yν
(
2
√
t
)}
, if ε1 = 1, ε2 = 1

t−ν/2
{
C1Jν

(
2
√
t
)

+ C2Yν
(
2
√
t
)}
, if ε1 = −1, ε2 = −1

tν/2
{
C1Iν

(
2
√
t
)

+ C2Kν

(
2
√
t
)}
, if ε1 = 1, ε2 = −1

t−ν/2
{
C1Iν

(
2
√
t
)

+ C2Kν

(
2
√
t
)}
, if ε1 = −1, ε2 = 1

C1 and C2 arbitrary constants, Jν(z), Yν(z), Iν(z) and Kν(z) Bessel functions.

“Formal and Analytic Solutions of Differential, Difference and Discrete Equations", Bȩdlewo, Poland, August 2013 59



Generalized Meixner polynomials
The generalized Meixner polynomials are orthogonal on N with respect to the dis-

crete weight

ω(k) =
(α)k t

k

(β)k k!
, α > 0, β > 0

with (α)k = Γ(α + k)/Γ(α) the Pochhammer symbol.

Theorem (Smet & van Assche [2012])
The recurrence coefficients an(z) and bn(z) for orthonormal polynomials associated

with the generalized Meixner weight on the lattice N satisfy

a2
n = nt− (α− 1)xn, bn = n + α− β + t− (α− 1)yn/t

where xn and yn satisfy the discrete system

(xn + yn)(xn+1 + yn) =
α− 1

t2
yn(yn − t)

(
yn − t

α− β
α− 1

)
,

(xn + yn)(xn + yn−1) =
(α− 1)xn(xn + t)

(α− 1)xn − nt

(
xn + t

α− β
α− 1

)
,

with initial conditions

a2
0 = 0, b0 =

αt

β

M(α + 1, β + 1, t)

M(α, β, t)
= t

d

dt
lnM(α, β, t)

and M(α, β, t) is the Kummer function.
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Lemma (PAC [2013])
For the generalized Meixner polynomials

µ0(t) =

∞∑
k=0

(α)k t
k

(β)k k!
= M(α, β, t)

with M(α, β, t) the Kummer function.

Corollary (PAC [2013])
The Hankel determinant ∆n(t) is given by

∆n(t) = W̃n(µ0) = W̃n

(
M(α, β, t)

)
and the recurrence coefficients an(t) and bn(t) have the form

a2
n(t) =

(
t

d

dt

)2 (
ln ∆n(t)

)
, bn(t) = t

d

dt

(
ln

∆n+1(t)

∆n(t)

)
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Theorem (PAC [2013])
The function

Sn(t) = t
d

dt
ln W̃n

(
M(α, β, t)

)
satisfies(

t
d2Sn

dt2

)2

=

[
(t + n + β − 1)

dSn
dt
− 1

2n(n− 1 + 2α)

]2

− 4
dSn
dt

(
dSn
dt
− n− α + β

)[
t
dSn
dt
− Sn + 1

2n(n− 1)

]
which is equivalent to SV, the PV σ-equation.
Proof. Making the transformation

Sn(t) = σ(z) + 1
4(2α− β + 3n− 1)z + 5

8n
2 + 1

4(2α− 3β − 1)n + 1
8(2α− β − 1)2

with z = t, yields the PV σ-equation(
z

d2σ

dz2

)2

−

{
2

(
dσ

dz

)2

− zdσ

dz
+ σ

}2

+ 4

4∏
j=1

(
dσ

dz
+ κj

)
= 0 SV

with parameters
κ1 = 1

4(2α− β − n− 1) κ3 = 1
4(2α− β + 3n− 1)

κ2 = −1
4(2α + β + n− 3) κ4 = −1

4(2α− 3β + n + 1)
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Theorem (Okamoto [1987]; Forrester & Witte [2002])
Special function solutions of the PV σ-equation(

z
d2σ

dz2

)2

−

{
2

(
dσ

dz

)2

− zdσ

dz
+ σ

}2

+ 4

4∏
j=1

(
dσ

dz
+ κj

)
= 0 SV

are given by

σ(z) = z
d

dz
lnWn(ϕα,β)− 1

4(3n + 2α− β − 1)z

− 5
8n

2 − 1
4(2α− 3β − 1)n− 1

8(2α− β − 1)2

for the parameters
κ1 = 1

4(2α− β − n− 1), κ3 = 1
4(2α− β + 3n− 1)

κ2 = −1
4(2α + β + n− 3), κ4 = −1

4(2α− 3β + n + 1)

whereWn(ϕα,β) is the determinant given by

Wn(ϕα,β) = det

[(
z

d

dz

)j+k
ϕα,β(z)

]n−1

j,k=0

with
ϕα,β(z) = C1M(α, β, z) + C2U(α, β, z)

C1 and C2 arbitrary constants, M(α, β, z) and U(α, β, z) Kummer functions.
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Special function solutions of Painlevé equations

Number of
(essential)

parameters

Special
function

Number of
parameters

Associated
orthogonal
polynomial

Number of
parameters

PI 0 —

PII 1
Airy

Ai(z),Bi(z)
0 —

PIII 2
Bessel

Jν(z), Yν(z), Iν(z), Kν(z)
1 —

PIV 2
Parabolic cylinder

Dν(z)
1

Hermite
Hn(z)

0

PV 3

Kummer
M(a, b, z), U(a, b, z)

Whittaker
Mκ,µ(z),Wκ,µ(z)

2

Associated
Laguerre
L

(k)
n (z)

1

PVI 4
hypergeometric

2F1(a, b; c; z)
3

Jacobi
P (α,β)
n (z)

2
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Further Examples

ω(x; z) = xν exp (−x− t/x) , ν > 0, x ∈ R+

ω(x; z) = xν(x + z)λ exp(−x), ν, λ > 0, x ∈ R+

“Formal and Analytic Solutions of Differential, Difference and Discrete Equations", Bȩdlewo, Poland, August 2013 65



Perturbed Laguerre weight
Consider orthogonal polynomials with respect to the perturbed Laguerre weight

ω(x; z) = xν exp (−x− t/x) , x ∈ R+, ν > 0

Define the Hankel determinant

∆n(t) = det
[
µj+k(t)

]n−1

j,k=0
, µk(t) =

∫ ∞
0

xν+k exp (−x− t/x) dx

Then Chen & Its [2010] show that

Hn(t) = t
d

dt
ln ∆n(t)

satisfies(
t
d2Hn

dt2

)2

=

[
(2n + ν)

dHn

dt
− n

]2
− 4

dHn

dt

(
dHn

dt
− 1

)[
t
dHn

dt
−Hn + n(n + ν)

]
which is equivalent to a special case of SIII′, the PIII′ σ-equation. Specifically, letting

Hn(t) = σ + 1
2t + 1

4n
2 − 1

2n(ν + 1)− 1
4ν

2

yields (
t
d2σ

dt2

)2

+

{
4

(
dσ

dt

)2

− 1

}(
t
dσ

dt
− σ

)
+ (n2 − ν2)

dσ

dt
= 1

2(n2 + ν2)

which is SIII′ with (ϑ0, ϑ∞) = (n + ν, n− ν).
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For the perturbed Laguerre weight

ω(x; t) = xν exp (−x− t/x) , x ∈ R+, ν > 0, t > 0

the associated moments are

µk(t) =

∫ ∞
0

xν+k exp (−x− t/x) dx = 2t(ν+k+1)/2Kν+k+1

(
2
√
t
)

with Kν(z) the modified Bessel function. Hence the Hankel determinant is given by

∆n(t) = det
[
µj+k(t)

]n−1

j,k=0
= 2ntn(n+ν)/2 det

[
Kν+j+k+1

(
2
√
t
) ]n−1

j,k=0

= 2ntn(ν+1)/2 det

[(
t

d

dt

)j+k
Kν+n

(
2
√
t
)]n−1

j,k=0

using properties of Bessel functions. Then

Hn(t) = t
d

dt
ln ∆n(t)

satisfies(
t
d2Hn

dt2

)2

=

[
n− (2n + ν)

dHn

dt

]2
− 4

dHn

dt

(
dHn

dt
− 1

)[
t
dHn

dt
−Hn + n(n + ν)

]
which is equivalent to a special case of SIII′, the PIII′ σ-equation.
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Deformed Laguerre weight
Consider orthogonal polynomials with the respect to the deformed Laguerre weight

ω(x; z) = xν(x + z)λe−x, x ∈ R+, ν > 0, λ > 0

Define the Hankel determinant

∆n(z; ν, λ) = det
[
µj+k(z; ν, λ)

]n−1

j,k=0

where

µk(z; ν, λ) =

∫ ∞
0

xν+k(x + z)λe−x dx

Chen & McKay [2012] (also Basor, Chen & McKay [2013]) show that

Hn(z; ν, λ) = z
d

dz
ln ∆n(z; ν, λ)

satisfies (
z

d2Hn

dz2

)2

=

[
(z + 2n + ν + λ)

dHn

dz
−Hn + nλ

]2

− 4
dHn

dz

(
dHn

dz
+ λ

)[
z

dHn

dz
−Hn + n(n + ν + λ)

]
which is equivalent to a special case of SV, the PV σ-equation.
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Remarks
• For the deformed Laguerre weight

ω(x; z) = xν(x + z)λe−x, x ∈ R+, ν > 0, λ > 0

the kth moment is

µk(z; ν, λ) =

∫ ∞
0

xν+k(x + z)λe−x dx

= zν+λ+k+1

∫ ∞
0

sν+k(1 + s)λe−sz dx

= Γ(ν + k + 1)zν+λ+k+1U(ν + k + 1, ν + λ + k + 2, t)

with U(a, b, z) the Kummer function of the second kind.
• In the special case of the deformed Laguerre weight when λ = m ∈ Z+ then

µk(z; ν,m) =

∫ ∞
0

xν+k(x + z)me−x dx

= Γ(ν + k + 1)zν+m+k+1U(ν + k + 1, ν + m + k + 2, t)

= Γ(ν + k + 1) (−1)mm!L(−ν−m−k−1)
m (z)

with L(α)
n (z) the associated Laguerre polynomial, since

zα+mU(α, α + m + 1, z) = (−1)mm!L(−α−m)
m (z), m ∈ Z+
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The Kummer functions M(a, b, z) and U(a, b, z) have the integral representations

M(a, b, z) =
Γ(b)

Γ(a)Γ(b− a)

∫ 1

0

ezs sa−1(1− s)b−a−1 ds

U(a, b, z) =
1

Γ(a)

∫ ∞
0

e−zs sa−1(1 + s)b−a−1 ds

• For the perturbed Jacobi weight (Basor, Chen & Ehrhardt [2010])
ω(x; z) = (1− x)α−1(1 + x)β−1e−zx, x ∈ [−1, 1], α > 0, β > 0

the moments are given by

µ0(z;α, β) = 2α+β−1Γ(α)Γ(β)

Γ(α + β)
e−zM(α, α + β, 2z)

µk(z;α, β) = (−1)k
dk

dzk
µ0(z;α, β)

• For the Pollaczek-Jacobi weight (Chen & Dai [2010])
ω(x; z) = xα−1(1− x)β−1e−z/x, x ∈ [0, 1], α > 0, β > 0

the kth moment is
µk(z;α, β) = Γ(β) e−zU(β, 1− α− k, z)

For both these weights Hn(z) = z
d

dz
ln ∆n(z), with ∆n(z) = det

[
µj+k(z)

]n−1

j,k=0
, satis-

fies an equation which is equivalent to a special case of SV, the PV σ-equation.
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Discontinuous Weights

ω(x; z) = {1 + ξ − 2ξH(x− z)} exp
(
−x2

)
, 0 < ξ < 1, x, z ∈ R

ω(x; z) = {1− ξH(x− z)} |x− z|λ xα exp(−x), ν, λ > 0, x, z ∈ R+

whereH(x) is the Heaviside step function.
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Discontinuous Hermite weight
Consider the discontinuous Hermite weight

ω(x; z) = {1 + ξ − 2ξH(x− z)} exp
(
−x2

)
, 0 < ξ < 1, x, z ∈ R

withH(x) the Heaviside step function. In this case

µ0(z) =

∫ ∞
−∞

ω(x; z) dx =
√
π
[
1 + ξ erf(z)

]
and define the Hankel determinant

∆n(z) = det
[
µj+k(z)

]n−1

j,k=0

Then it can be shown that
Sn(z) =

d

dz
ln ∆n(z)

satisfies (
d2Sn

dz2

)2

− 4

(
z

dSn
dz
− Sn

)2

+ 4

(
dSn
dz

)2(
dSn
dz

+ 2n

)
= 0

which is SIV, the PIV σ-equation, with (ϑ0, ϑ∞) = (n, 0), and

wn(z) =
d

dz
ln

∆n+1(z)

∆n(z)
= Sn+1(z)− Sn(z)

satisfies PIV with (A,B) = (2n + 1, 0).
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Discontinuous Laguerre weight
Consider the discontinuous Laguerre weight

ω(x; z) = {1− ξH(x− z)} |x− z|λ xν exp(−x), ν, λ > 0, x, z ∈ R+

withH(x) the Heaviside step function.
Since∫ z

0

xν(z − x)λe−x dx = B(λ + 1, λ + k + 1) zν+λ+1 e−zM(λ + 1, ν + λ + 2, z)∫ ∞
z

xν(x− z)λe−x dx = Γ(λ + 1) zν+λ+1 e−z U(λ + 1, ν + λ + 2, z)

with B(λ + 1, λ + k + 1) = Γ(ν + 1)Γ(λ + 1)/Γ(ν + λ + 2) the Beta function, and
M(a, b, z) and U(a, b, z) the Kummer functions, then the kth moment is given by

µk(z; ν, λ) =

∫ ∞
0

[1− ξH(x− z)]xν+k |x− z|λ e−x dx

=

∫ z

0

xν+k(z − x)λ e−x dx + (1− ξ)

∫ ∞
z

xν+k(x− z)λ e−x dx

= zν+λ+k+1 e−z {B(λ + 1, λ + k + 1)M(λ + 1, ν + λ + k + 2, z)

+ (1− ξ)Γ(λ + 1)U(λ + 1, ν + λ + k + 2, z)}
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Define the Hankel determinant

∆n(z; ν, λ) = det
[
µj+k(z; ν, λ)

]n−1

j,k=0

then
Hn(z; ν, λ) = z

d

dz
ln ∆n(z; ν, λ)

satisfies

z2

(
d2Hn

dz2

)2

=

[
(z + 2n + ν + λ)

dHn

dz
−Hn + (2n + 2ν + λ)n

]2

− 4

(
dHn

dz
+ n

)(
dHn

dz
+ n + ν

)[
z

dHn

dz
−Hn + (n + ν + λ)n

]
which is equivalent to a special case of SV, the PV σ-equation. Specifically, letting

Hn(z; ν, λ) = σ − 1
4(2n + ν − λ)z + 1

2n
2 + 1

2n(ν + λ) + 1
8(ν − λ)2

yields (
z

d2σ

dz2

)2

−

{
2

(
dσ

dz

)2

− zdσ

dz
+ σ

}2

+ 4

4∏
j=1

(
dσ

dz
+ κj

)
= 0 SV

with
κ1 = 1

2n + 3
4ν + 1

4λ, κ3 = −1
2n−

1
4ν −

3
4λ,

κ2 = 1
2n−

1
4ν + 1

4λ κ4 = −1
2n−

1
4ν + 1

4λ
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Conclusions
• The coefficients in the three-term recurrence relations associated with semi-classical

generalizations of orthogonal polynomials and discrete orthogonal polynomials can
often be expressed in terms of solutions of the Painlevé equations.
• These coefficients can be expressed as Hankel determinants which arise in the solu-

tion of the Painlevé equations and particularly the Painlevé σ-equations, the second-
order, second-degree equations associated with the Hamiltonian representation of the
Painlevé equations.
• These Hankel determinants arise in the special cases of the Painlevé equations when

they have solutions in terms of the classical special functions, the “classical solutions”
of the Painlevé equations.
• The moments of the semi-classical weight and the discrete weight provide the link

between the orthogonal polynomials and the associated Painlevé equation.
• These results illustrate the increasing significance of the Painlevé equations in the

field of orthogonal polynomials and special functions.
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