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Setting the problem

We consider an ordinary differential equation

fz w,w', ..., w™) =0, (1)

where f(z, w, v, ..., w(™) is an analytic function (a polynomial)
of its variables.

We study some properties of a formal power series solution

o= cp2"eC[] (2)
k=0

of the equation ([1)).

Mainly, we concern the question of convergence of the formal
power series solution (2) of the equation ((1]).



Brief historical review

The Maillet theorem is one of the well-known theorems that
describe properties of formal power series solutions of ODE.

Theorem (E. Maillet, Sur les séries divergentes et les équations différentielles,
Ann. Sci. Ecole Norm. Sup., vol. 3, 1903).

0. @)
If the formal series ) c; »k satisfies the equation
k=0

f(Z, w? w,7 "'7w(n)):07

then there exists a real number s > 0 such that the series

©@,

Z Ck k (3)

o (k1)

converges in some neighborhood of zero.

(Formal power series possessing the property from the Maillet
theorem are called the Gevrey series of order s.)



In 1978 Jean-Pierre Ramis studied formal power series solutions
of a linear differential equation

bn(2) w (™) + b,,_1(2) w1 4+ - 4+ bp(2) w =0, (4)
where b;(z) are holomorphic functions in a neighborhood of zero.

We can write the equation (4]) in the equivalent form Lw = O,
where L is a linear differential operator

L= an(2) 6"+ an_1(2) "t 4+ 4 ao(2), (5)

d
0 =z - a;(z) are holomorphic functions in a neighborhood of
<

ZEro.

The linear differential operator (5]) corresponds to the Newton
polygon N(L), that is the bound of the convex hull of the union
of sets
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The point z = 0 is called a regular singular point of the operator

L=an(2) 0" +a,_1(2) 8" 1+ +ag(2),

if the inequalities ordg a;(z) > ordg an(z) (j = 0,1,...,n — 1)
hold, otherwise the point z = 0O is called an irregular singular
point of the operator L.

Note that in the regular case the Newton polygon N (L) consists
of the one horizontal and one vertical edge. In the irregular case
the Newton polygon N (L) contains edges with positive tangents
of the slopes angles.
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Fig. 1. Regular case. Fig. 2. Irregular case.



Let 0 < 7] < ... < rm < oo be all the positive tangents of the
slopes angles of the edges of the Newton polygon N(L) (m < n).

Theorem (J.-P. Ramis, Dévissage Gevrey, Astérisque, vol. 59/60, 1978,
pp. 173-204).

oo
Any formal power series solution Y ¢ 2" of the equation
k=0

Lw=20

has an exact Gevrey order

se€{0,1/r1,...,1/rm}.



Further we consider a non-linear ODE written in the form
F(z,w, dw, ...,0"w) = 0, (6)

d
where § = zd— and F(z,wq, wq, ...,wn) iS a holomorphic function
s

in a neighborhood of the point 0 € C*1t2,

T heorem (B. Malgrange, Sur le théoreme de Maillet, Asympt. Anal., vol. 2
1989, pp. 1-4).

©.@)
Let the formal power series ¢ = > ¢ ok satisfy the equation
k=0
(6), ¢(0) = 0, and the condition
OF (z, P)

Own,

7’i—07 qD:(SO? 5907"'75?7‘90)7

holds. Then



a)

b)

if the point z = 0 is a regular singular point of the operator

" OF
LSOZZa

i=0 9Wi
then the formal power series ¢ converges in some neighbor-
hood of z = 0O;

(z, D) &, (7)

if the point z = 0 is an irregular singular point of the operator
L, and r is the smallest positive tangent of the slopes angles
of the Newton polygon N(Ly), then the formal power series
¢ has the Gevrey order s = 1/r.



One year later the item b) of the Malgrange theorem have been
specified by Yasutaka Sibuya.

T heorem (Y.Sibuya, Linear Differential Equations in the Complex Do-
main: Problems of Analytic Continuation, Transl. Math. Monographs, vol. 82,
A.M.S., 1990).

The formal power series solution ¢ has the exact Gevrey order

se{0,1/r1,...,1/rm},

where 0 < r; < ... < mp < oo are all the positive tangents of
the slopes angles of the Newton polygon N(Ly,) of the linear
differential operator

" OF
L90:Z(9

i=0 YWi

(z,P) &



Concerning proofs of the Malgrange theorem

Malgrange and Sibuya proved the item a) of the Malgrange theo-
rem (the regular case) in different ways, however, in both proofs
the initial equation is reduced to a special form.

Lemma (B. Malgrange). If the equation
F(z,w, dw, ...,0"w) =0 (6)

©.@)
has the formal power series solution ¢ = 3. ¢ 2%, »(0) = 0, and

OF (z,®P)

w
N > 0 such that fornall m > N by means of the transformation

the condition

%= 0 holds, then there exists the integer

™m
w = Z C. 2K amy
k=0
the equation (|6]) is transformed into the special form
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L+ m)v=2zu(z,v,dv,...,0M), (8)

where [ is a polynomial of degree less than or equal to n and

the function u(z,vg,v1,...,vn) is holomorphic in a neighborhood
of the point 0 € C* T2,

(A regular linear differential operator L, corresponds to the case
when the polynomial L in the equation ([g]) is of degree n exactly.)
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On Malgrange’s and Sibuya’s proofs

Further convergence of the corresponding formal power series
solution 7 of the equation

L5+ m)v==z2u(z,v,dév,...,6") (8)

(in the regular case) was proved by Malgrange with the help of
the implicit mapping theorem for Banach spaces, while Sibuya
used the fundamental Ramis—Sibuya theorem on asymptotic ex-
pansions.

Note that Malgrange's and Sibuya’s proofs do not contain an
estimate of the radius of convergence of the formal power series
solution of the ODE F(z,w, dw, ...,6"w) = 0.

We propose an analytic proof of the Malgrange theorem in its
regular case. Our proof is based on the majorant method and
allows to get an estimate of the radius of convergence of the
formal power series solution v of the equation (8)).
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Analytic proof of the Malgrange theorem in the regular
case

Let the series expansion of the function u(z,vg,v1,...,vn) has
the form
@)
p(z,v0,v1,...,00) = Y > apg zpvgov({l...v%“.
p=0 qEZT‘l

Consider a function M(z,v,) holomorphic in a neighborhood
of the point 0 € C2 which is constructed from the function
w(z,vg,v1,...,vn) as follows:

@)
M(z,on) = > Y lopgl ZPoflvil. . vir.
p=0 qEZT’l
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The key idea of our proof is that the equation

L6+ m)v =2z u(z,v,d0v,...,8") (8)
IS majorated by the equation
L(k
ocd'v=2zM(z 6"v), o= inf Lk +m)] > 0, (9)
keN k™

in the following sense.

Lemma. The equation (9) has the unique analytic solution

00
WzZCkzk, Cr.eR, Cp=>0,
k=1

in a neighborhood of zero (W (0) = 0), which is majorant for the

oo
formal solution ¥y = 3. ¢ 2* of the equation (g), that is,
k=1

|Ck|<0k, k‘=1,2,...
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As a consequence of the previous lemma we have the following
statement.

Proposition. Let the function u(z,vg,v1,...,vn) be holomorphic
in @ neighborhood of a closed polydisk

A= {lz] <7 |wol < p, ..., Jwn| < p}, M= max |
@)
Then the formal solution ¢ = . ¢z of the equation
k=1
L5+ m)v==z2u(z,v,dév,...,6")

converges in a disk

{'Z' ST /\//Olr/aN}7 N = (n+1)"1(n+2)"t2,
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