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§1 Introduction

(B) {1+ + Be,0) e (2:9) + (& + bl )b (2,0
+ u(z,y) = f(z,y)

x,y € C
B, b, f:  holomorphic at (z,y) = (0,0) € C?
(1.1) B(x,0) = b(x,0) =0

O
® ulz,y) = Zun(x)yn formal solution of (E) divergent
n=0

Problem
{ When is @(x,y) summable?




§ 2 Definition and fundamental result

Definition 2.1
(1) R>0, B(R)={z€C; |z| <R}
O|R)]: ring of holomorphic functions on B(R)

max |up(z)] < CK"n! (n=0,1,2,... )}
z|<R

(4) 0eR, k>0, 0<p<+x0

K
S0, k,p) = {y; larg (y) — 0] < 5, 0< y| < p}



p < +00

DO | &
DO | &

: ; 7

(5) d(x,y) = Z up(x)y" € O[R][[y]], is Borel summable in 6
n=0

©

~

AN

u.

7S(6, 5, p) (k> )
Ju(z,y): holomorphoic on B(r) x S(0,x,p) (0 < 7r < R) s.t.

N—-1
u(z,y) = 3 un(z)y”
n=0

Vy € S(0, kK, p), VN=12,...
Borel summable in & = wu: unique < Borel sum of @ in 6

max < 3CH/CNNHy\N

x| <r




Definition 2.2 u(z,y) = ZOO_O un(z)y" € O\R]||y]]»

n—=
~ > n"
Bla]|(x,n) = E un(a:)—' formal Borel transform of 4
n!
n=0

Bld)(z,n):  holomorphic at (z,1) = (0,0)

Theorem 2.1 du(zx,y) € O[R][[y]]5
u(x,y): Borel summable in 6

)
(BS) Bld](z,n): continued analytically to B(rg) x S(6, kg, +00) (7rg, “ko)
3C, 75 >0 st max 1B[a](z,n)| < Ce®l, 5 e 80, Kk, +0)
TINTQ

Borel sum of © in 0:
0

w(w,m) = 5 /0 T ey Bla) (2, m) dn



g3 Motivation

(3.1) A(z, y) (w y) + B(z, y) (w y) + u(z,y) =
A, B f: holomorphic at (:13 y) = (0,0) € C?

(3.2) A(x,0) =0
(3.3) 22 0,0) # 0
Oy
(3.4) B(x,0) = 8—B(az, 0) =0
0y
Remark 3.1
0(A, B)

(3.2), (3.3), (3.4) =

o %(0,0)
0(2,Y) |(2,)=(0,0) 0 0

(nilpotent type)

f(z,y)



Theorem 3.1 (1999)

~ Problem

.

(32). (33). (34)

= iz, y) Zun 2)y" € O[R][[y]], (PR): formal solution of (3.1)

0: given
When is @(x,y) Borel summable in 67
(When does B[i](xz, n) satisfy (BS)?)

Remark 3.2

u(x,y): Borel summable

= Borel sum u(x,y): holomorphic solution




®© (3.1) is rewritten

(3-5) ou ou

{a(w) + /B(wa y)}ya—(wa y) -+ {a(w) + b(wa y)}yza—(wa y)
T Y

+ U(CB, y) — f(wa y)
a, 3, a, b, f: holomorphic at the origin

(3.6) a(0) # 0
(3.7) B(x,0) = b(x,0) =0

2006 «(x): general, a(x) = a (constant)
2008 a(x) = a (constant), a(x): general
2010 a(x) = a9 + a1z, a(x): general

In this talk we consider the case

(3.8) a(z) =1+ 2% az)==



§4 Main result

(B) {1+ + Be,0) e (2:9) + (& + bl )b (2,0
+ u(z,y) = f(z,y)

Assumptions
We define the region 2y ,. by
¢ ., = {—tan [arcsin (7)]; T € S(0, Kk, +00)}
In order to assure the well-definedness of {2y . we assume
(A1) 0 #£0, = |

(A2) f(x,y): continued analytically to 2y . x {y € C; |y| < c} (F¢ > 0)
3C, 35 > 0st. "z € 0,

(4.1) max |f(x,y)| < Cexp {5}sin (arctan w)}}
ly|<c



(A3) B(z,y), b(z,y): continued analytically to {2 ., x {y € C; |y| < c}
K, 3L >0, Fp>1st. "z€y,, "m=12 ...

1 o™mp3 - .
(4.2) (,0)| < KL™m!|cos (arctan x)|
14+ x2oy™
xr O™ KL™m!|cos (arctan )| 1

(4.3) P (2,0)| < cos { )

1+ x29y™ {1 + |sin (arctan x)|}?

KL™m!|cos (arctan x)|™ 11

(4.4 '—cn, 0)| < cos { )

{1 + |sin (arctan x)|}?

Main theorem
(A1), (A2), (A3)
= The formal solution u(z,y) of (E) is Borel summable in 0

10



§5 Proof of Main Theorem
(easy case: f(z,y) = f(z), B(z,y) = b(z,y) = 0)

(B) (y+o%9) oo, y) + 2y o, y) + (e, y) = £(x)
x y

(z,y): formal solution of (E)  B[d](x, n): formal Borel transform of
Bla](z, n)

= f (— tan {arcsin {— sin (arctan z) + cos (arctan z) - n}})
(A1) 0 #0, (A2) f(x) can be continued analytically to
2, = {—tan |arcsin (T)]; 7 € S(0, K, +00)} with the estimate
1 f(x)| < Cexp {5‘8111 (arctan x)ﬂ r € (2,
= (BS) B[i](z,n) can be continued analytically to B(ry) x S(8, kg, +00)

(Prg, Fkg) and satisfies

max Bla)(z,n)| < Coe®l, n € S(0, kg, +00) (FCy, F)
70

11



§6 Proof of Main Theorem

For simplicity, we consider the case G(x,y) = 0:

(E) {1 + z*}yDzu(z,y) + {z + b(z, y) }y*Dyu(z, y)

D, =—, D, =—
Tax Y oy

u(x,y): formal solution of (E)

v(z,n) = Bli](z,n): formal Borel transform of @

It is sufficient to prove that v(x,n) satisfies (BS):

(BS) v(z, n) can be continued analytically to B(rg) x S(0, kg, +00) (ro, -

and satisfies

K0)

max fo(a, )| < CoelM, 1 € S(8, ko, +00) (3Cp, 76)
TS

12



Step 1. Formal Borel transform of equation

(E) formal Borel transform_ ,

.

- Az, y)yBlz,y) — /OUB[A](%?? — 1)B[B)(x,t) dt
- yDyC(z,y) — UDHB[C] (z,7)
v(x,n) satisfies

Uy U
{14+2°} | vz, t)dt+z [ t-uvy(z,t)dt
(6.1) /O /O 77

n . n
- /0 Bb|(z,n—1)-t-vy(x,t)dt +v(z,n) = Bl f|(z,n)
(E) {1 + =*}yDzu(z,y) + {z + b(z, y) }y*Dyu(z, y)

+ u(z,y) = f(z,y)
integration by parts — “(6.1) < (6.2)”

13



(6.2)
9 Ui n
{1+x }/0 vx(x,t)dter/O t-vp(x,t)dt

n . m .
. /O Blbl,(z,n —t) - - v(x,t) dt — /o Bbl(x,n — t)v(x,t)dt +v(z,n)
= Blf](z,n)
Ui Ui
{14+2%} | velz,t)dt+a [ t-vp(z,t)dt
(6.1) . /O /O n
i /O Bbl(z,n — ) - t - vyl t) dt +v(z,n) = Blf)(@, 1)

(6.2) 27 (6.3):

14



({1 + 2*)Dg + (1 + zn)Dy}v(z,n)
= —BJb], (z,0) - n - v(z,n)

n .
(6.3) 4 —/0 B[bl,, (z,n —t) - t - v(z,t) dt

’l’] . A
+ /O BIbl, (x, 1 — t)v(w, ) dt + B[f], (x, n)

 v(x,0) = f(x,0) (integro-differential equation)

(6.2)
9 n n
{1+2 }/O vx(m,t)dter/O t-vp(x,t)dt
+ /O nl%[b]n(:p,n —t)-t-v(z,t)dt — /O nB[b](:z:,n — t)o(z, t) dt +v(z,n)

= Blf](z,n)
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| Zv(@,n) = —Bbl,(2,0) -1 - v(x,n)

_ /O" BIb],, (x,n — t) - £ (@, t) dt

1+ /()n B[b],n(:z:, n —t)v(x,t)dt + g(x,n)

\ v(x,0) = f(x,0) (integro-differential equation)

(6.4) L =(1+a)Ds+ (14 xn) Dy,

g(ﬂ?, 77) — B[f]n<x777>

[ Does v(x,n) satisfy (BS)?

16



Step 2. Integro-differential equation — Integral equation
ZLw(x,n) = k(z,n)
w(x,0) = (x)

(6.5)

w(z,n) = (- tan ((z,7)))

+/Onk(—tan (o (z,n — 2)), 5(33,77—2)%) -6z, — 2)dz

d(% 77) = arcsin {— Sin (arctan x) + cos (arctan :B) - 77}

cos (arctan )

cos (A (x,m))

( (6:5) ) L 4(6.3) < (6.6)”

éa<x777) —

integration by substitution
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(6.6)
v(xz,m) = f — tan (Jz%(zc n)) )

—l-/ — tan (o (z,n — 2)), g(w,n—z)-z)-@@(m,n—z)dz

+ Z ILiv(x,n) (integral equation)

Lo(z,n) = /0 néa(:zz n—2z)° -z B[], (—tan (o (z,n — 2)), 0)
—tan (o (2,1 — 2)), E(z,n — 2) - )dz
Lo(z,n) / / (2,1 — 2) - Abm? —tan (o (z,n — 2)), é?(a:,n—z)-(z—s))
X s v tan(gf(x n— z)) &z, n—z)-s) ds dz

Iv(z,n) // (z,n—2)*- Blb bl,, tan(d(az,n—z)),co@(a:,n—z)-(z—s))
tan(éz/(a:n z)), éa(a:,n—z)-s)dsdz

[ Does a solution v(x,n) of (6.6) satisfy (BS)?
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Step 3. lteration
vo(x,7)
—f( tan( (m,n)), O)

Ui
+/O g(—tan (@/(m,:—z)), &(x,m— 2) z) & (x,m— 2)dz
) Un_|_1(33, 77) — U()(Q?, 77) + Z ]Z'Un(il?, 77) (n > O)
1=1
: wo(ﬂﬁ, 77) — U()(Q?, 77)
s wp(x,n) = vp(x,n) — vp-1(z,m)  (n2>1)
Lemma 6.1

wn(z,n): continued analytically to B(rg) x S(0, kg, +00)  (Frg, kg > 0)
3C’o, 350 M >0 st vn € S(0, kg, +0)
o0 A M 1 "|77|n
(6.7) max |wp(x,n)| < Coe’" M ( -+ —) S
|:13|<’I°0 P — 1 n!
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(A3) B(z,y), b(z,y): continued analytically to {2 ., x {y € C; |y| < c}
K, 3L >0, Fp>1st. "z€y,, "m=12 ...

(4.2)

(4.3)

(4.4)

1 90™p
1 4+ x2oy™

x 03
1+ x2oy™
0™b

&y—m(wa 0)] <

Main theorem
(A1), (A2), (A3)

= The formal solution u(z,y) of (E) is Borel summable in 6

(z,0)| <

(z,0)| < KL™m!|cos (arctan x)|"™

K L™m!|cos (arctan z)|™ 11

{1 + |sin (arctan x)|}?

K L™m/!|cos (arctan z)|™ 1

{1 + |sin (arctan x)|}?
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Lemma 6.1

Y
max Z lwp(xz,m)] < Coe5o|77\ ZMn(l i 1 )nw
|x|<r0 n!

= 00651“7‘, n € S(0, ky, +00)

[51_50+M(1+2%)]

= (xﬁ)—llmvnxn anajn

n—oo

holomorphic solution of (6.6) on B(rg) x S(0, kg, +0)

max [v(z,n)| < Coe’tl"l, n € S(6, Ko, +00)

2| <rg

20



Proof of Lemma 6.1
(Al) and (A2) —> Lemma 6.1 for n = 0
(A3) and “analytic continuation property for wy,(x,n)”

—> analytic continuation property for w;,1(x,n)
wn+1(x,n) = Hwn(z,n) + Iawn(z,n) + Iswn(z,n)
Lw,(z,n) = — /néa(x n—z)7°z- B[b]n(— tan (o (z,n — 2)), 0)
0
Xwn — tan (o (z,1 — 2)), é?(a:,n—z)-z)dz

Iw,(z,n) // (x,m — 2) -Ab]nn<—tan(£7(:r;,n—z)),éa(:lz,n—z)-(z—s))
X S - wn —tan (o (z,n — 2)), éa(a:,n—z)-s)dsdz

Tzwy,(z,n) :/0/0 (z,m — 2) -Abh(—tan(&%(w,n—z)),éa(a:,n—z)-(z—s))
an<—tan(427(:1:,n—z)),éa(x,n—z)-s)dsdz
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On the estimate (6.7)?
5 1 \"[n"
(6.7) max |wg(x,n)| < Cpe OM"’(I + —) S

2| <rg p—1/ nl!

Alz,y) = > Apl(x)y™
m=0

n = Am(x) d m
;»/O B[A](x,n—t)\/(x,t)dt:ﬂ;) a /O(n—t) V() dt
> norm T
—W;)Am(x)/()/o /O V (@, 1) i1 - - -dip diy

(6-8> ’wn—l—l(wa 77) — jlwn(wa 77) + jZ’wn(wa 77)
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Fwy(x,n) = Lwy(z,n) + Iowy(z,n)

I
’_\
o

m hm
X / wn(— tan (< (z,1 —m)), E(x,n—m) - 77m+1) A1 - -+ A2 dip
0 0

1 0™b (2, 0)

by () = ml 9y

Estimate (6.7) for wp(x,n), (4.4), (6.8)
—> Estimate (6.7) for w,11(x,n) O]
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(A3) B(z,y), b(z,y): continued analytically to {2 ., x {y € C; |y| < c}
K, 3L >0, Fp>1st. "z€y,, "m=12 ...

(4.2)

(4.3)

(4.4)

1 90™p
1 4+ x2oy™

x 03
1+ x2oy™
0™b

&y—m(wa 0)] <

Main theorem
(A1), (A2), (A3)

= The formal solution u(z,y) of (E) is Borel summable in 6

(z,0)| <

(z,0)| < KL™m!|cos (arctan x)|"™

K L™m!|cos (arctan z)|™ 11

{1 + |sin (arctan x)|}?

K L™m/!|cos (arctan z)|™ 1

{1 + |sin (arctan x)|}?
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