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1 Result

finite
L:at —P(t,@w), P(tyaa:) — Z a'iatzag)
i,aENO

where t,x € C, a;o € C and Ng := {0,1,--- }.

We consider the following Cauchy problem

{ LU(t, ZL‘) — (at T P(ta aw))U(tﬂ CB) — O’ (CP)

U0,z) = p(x) € O.

91 formal solution :

Ut,z) = Z Un(a:‘)i—', Uo(x) = p(x).
n >0 '



Assumption 1 (A-1) [non-Kowalevskian]

max{a; a;o # 0} > 2.

Aim: k-summability of U (¢, x)

Newton polygon

v A(=zy) eER% < a,y > i, a4 £ 0F,
N, o) := { b for a;, = O.

N(L) := Ch{N(-1,1)u | J N(i,o)}.
1,a€Ng

Assumption 2 (A-2) [Newton polygon]
N (L) has only one side of a positive slope with (1, —1) and
(Oto, io).



Assumption 3 (A-3) [modified order]

a0 87
>

o +1 — 141

for V(i, ) with a;o # 0.

We call —9%— the modified order of L.
to+1




10 + 1

Theorem 1. Let kK := T For a fixed d € R, we define
oo —
' 1 arg a;non + 279
dj:zoJr d+ 225 %00 Jforj:(),l,...,ozo—l.
a0 a0
040—1
o(x) € O | Dy U U S(dj,e) |,
j=0
@
o(@)] < Cexp (3la] %01 ). (1)

Then the formal solution U (¢, ) of the Cauchy problem (CP) is

k-summable in d direction. (We write "U(t, z) € Oz {t}..a").
Remark. [M. Miyake]

U(t, ) is convergent at t = 0 <= ¢(x) entire, (1).



Comments of (A-3)

Example:(A-3) is satisfied

A:U (t,x) = td-U(t,x) + U(t, x).

Example:(A-3) is NOT satisfied

A:U (t,x) = t°0 U(t,x) + 0°U(t, x) + td-U(t, x).

We shall give the proof of Theorem 1 by using the method of
successive approximation.



2 Decomposition of P

We put
%

p
. — T P, q = 1.
10 + 1 q (2, 0)

For 7 > O,

K; :={(,a); j=p(+1) — ga, aja # 0},

P;j(t,0z) == > it 0y,

Especially, for (2, ) € Kg, we have 1 < a < ag, 0 <1 < 19.
In this case, 31J(> 1) such that

J
P(t,05) = »  P;(t,0z).



3 The sequence of CPs

{ Otug(t,z) = Py(t, 0z )uo(t, x)
up (0, ) = p(z).

For £ > 1,

min{J,k}

{ Orup(t,®) = D Pj(t,0z)up—;(t, ),

7=0
ur (0, ) = 0.

For each k, 31 formal solution G (t, z) = Z ukn(:c)—

(Er)

— U(t,z) = Z U (t, x) is the formal solutlon of (CP).

k>0



{

4  Construction of uy

Proposition 1. For each k, the formal solution 4 is given by

an(t2) = 3 wrn () = 30 Ap(m)e’ 1" (@)

n>0 n=>0

where A (n) = 0 if %n— g Z Ng or n < 0.

A()(n —|— 1) — ZKO a,,;a[n]iAo(n — ’L)
{ Ao(0) = 1. (Fo)

nin—1)---(n—i+1) (i>1),

Here [n], = { : G2
For kK > 1,

Ar(n+1) = TP T aialnliAc—j(n — )

A (0) = 0. (Fx)



Remark [The Order of Zeros of 4y|. For £ > 0, we put

k = pe o T(k)a
where £ > 0 and 0 < r(k) < p.

Example: k=0 — ¢ =0, r(0) = 0.
k=1 —= £=1, r(1) =p— 1.
For any k, a pair (£, r(k)) is uniquely decided.

P, _k
In this case, we have uy, () = Ak(n)go( q q)(x) ifn >/

and

Ugn(x) =0ifn <l <— Air(n)=0ifn <.




5 Gevrey order of uy

Proposition 2. Let ug (t, x) be the formal solution of (E). Then
for each k, @y (t, ) € Of|[t]]1/r, (k = (i0 +1)/(c0 — 1))
which means that

Ukn (T)
n!

K

max < CK™T (1 n ﬁ) |

We put fr(t) := D >0 Ar(n)t™.

Lemma 1. fi(t) € Cllt]]1/z, & = (0 + 1) /i0.

1 satisfy the following ordinary differential equations.



(Z g @iat™™ 0+l = 1) fo(t) =1, 6, = d/(dt),

(ZKO Aiat T [0y +d]i — 1) fe(t) =
. zmln{J Jk} ZKJ. CL@'ati—'_l[(st + ’L]sz—g (t)

= (iga0 (7000 — 1) f(t) = Ly (t,8) fa(t) + {--+ }.

Here L ¢ is the linear ordinary differential operator which is not
the principal part in the sense of the Newton polygon and {- -
denotes the inhomogeneous term.

-}



6 Preliminary for k-summability

Lemma 2. Let xk >0, d € R and
0(t,x) = > >0 Un(x)t" € Ol[t]]1/,. Then the following

statements are equivalent.

i) 9(t,z) € Oz{t}s,a ~

i) Let (vg)(s, ) = (Bud)(s,z) i= > vn(2) — .
nzz:o I'l+n/k)

Then (vB)(s,z) € Exp,_(x; S(d,e) x D), which means that

max [(vp)(s, z)| < Cexp (6]s), s € S(d,e).

(ﬁ(t,w) € Oz|[t]]1/n & max v ()] < CK™T (1 + %))



Summability of fk
Lemma 3. (f&)B(s) = (Bxfr)(s) has (ig 4+ 1) singular points

which are given by s = ¢ - (aio,ao)_l/(ioﬂ)w%ﬁl for
n=20,1,...,%y, where c = (1//%)1/’% and w, = e2mi/a.

Moreover, (fi)B(s) € Exp,.(~k; S(d, e)) where

d# —(argaiy,aq +2mn)/(io +1) (mod 27) (SD)

form=0,1,...,10.
Corollary 1. fi(t) € C{t}z 4 where d satisfies (SD).



a; ot T +i]s — 1) fr(t) =

{ 1 (k = 0)
min{ J,k}
<

Z Z Aiat z—l—l 575 + Z]sz j(t) (k 2 1)

J=1 K

C%o g (£78:)"0 — 1) fe(®) = Lr(t,8¢)fr(t) + { -
' d d .
R)0a;y 0ns 0Tt — 1) ——frp(s) = —Bx (RHS,),

((
X B (t76:)" = (kD 's"D,)" = k"D 's" Dy, where
D;' = [7 and D, = d/(ds).



Summability of G
Let £ = pf — r(k). We define

Gr(t) ==Y  Ag(n+ Hwe(n)t”™, wi(n) =
n>0

o (2)
Lemma 4. (Gi)p(s) = (B:Gr)(s) has (19 + 1) singular
points which are given by s = cg - (aio,ao)_l/(ZOJrl)wi_Or':"H for
n =20,1,...,19, where cg Is some positive constant.
Moreover, (G )pB(s) € Exp,(k; S(d, e)) where d satisfies
(SD).
Corollary 2. Gy (t) € C{t} . q where d satisfies (SD).



{ Proof of Theorem 1

By Lemma 2 and 4, we obtain the following results for the formal
solutions g (t, ) of the Cauchy problems (Ey).

Proposition 3. Let d € R and k£ = pf — r(k). We assume that
@ (x) satisfies the same conditions as in Theorem 1. Then we
have for s € S(d, ¢)

s|*
max |(ug)p(s,x)| < C

- 5s]™) .
<o AT (1 + £/r) exp (9]s!")

Corollary 3. Assume ¢(x) satisfies the same assumptions as in
Theorem 1. Then

i (t, @) € Op{t}ea.



Proof of Theorem 1. We remark that U (¢, 2) = D k> Ur(t, x)
is the formal power series solution of the original Cauchy problem
(CP). By Proposition 3, we obtain the desired exponential
growth estimate of Up (s, x) for s € S(d, ¢).

max |Upg(s,x)| < max |(ug)pB(s,x)
max U (s,0)| < 37 max [(us)a(s, )

p—1
S S: 7 max |(up€—r(k))B(Saw)|

= |z|<o

r(k)=0£>0
K |S|£ K K
< pCexp(d]s|™) > < C1exp(d]s]”) exp(v|s| )
>0 (14 £4/k)

< Ca exp(d]s|™) where K = —£4 < k.



Outline of proof of Proposition 3. Let k = pl — r(k).

mn

U )gls,x) = n (pn/a=k/q) X -

(uk)B (S, ) %:EA%( ) ( )nzr(1+n/m)
- p((Prtr(R)/a) (4 g Tt
= 2_ Arln+9) (n+0! T+ (n+4£)/k)

n >0

Cl’r’z

Sﬁ 1 (1_7,1)6—1 /1 (1_7,,2)2/;4,—1
dT’l
0

2ri Jo (£ —1)! T'(¢/k)

p(z +¢) kS
~ }’é clrr(m)/a (Gr)p <T1T;/ gp/q> .

( 1 _ B(n+1,0) 1 _ B(1+n/m,£/m>)
(n4+£)! — nl—1)!"° I'(l4+(n+€)/xr)  TI'(14+n/k)I'(L/k)




(pn—l—r(k))! '
(G)E(X) = 3 Ax(n + 0= Fa s

n>0

Lemma. (Gx)p(s) has (ig + 1) singular points which are given

by s = ¢ - (aio,ao)_l/(i0+1)w"i_()11 (0 <n < ig), where

wy = €2™/ 9 and ¢ is some positive constant.
Moreover, (G1)p(s) € Exp,(k; S(d, €)) where d satisfies

d % —(arga;y,aq + 27n)/(io +1) (mod 27).



