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1 Result

L = ∂t − P (t, ∂x), P (t, ∂x) =

finite∑
i,α∈N0

aiαt
i
∂
α
x ,

where t, x ∈ C, aiα ∈ C and N0 := {0, 1, · · · }.

We consider the following Cauchy problem{
LU(t, x) = (∂t − P (t, ∂x))U(t, x) = 0,

U(0, x) = φ(x) ∈ Ox.
(CP)

∃1 formal solution :

Û(t, x) =
∑
n≥0

Un(x)
tn

n!
, U0(x) = φ(x).



Assumption 1 (A-1) [non-Kowalevskian]

max{α; aiα ̸= 0} ≥ 2.

Aim: k-summability of Û(t, x)

Newton polygon

N(i, α) :=

{
{(x, y) ∈ R2;x ≤ α, y ≥ i, aiα ̸= 0},
ϕ for aiα = 0.

N(L) := Ch{N(−1, 1) ∪
∪

i,α∈N0

N(i, α)}.

Assumption 2 (A-2) [Newton polygon]
N(L) has only one side of a positive slope with (1,−1) and
(α0, i0).



Assumption 3 (A-3) [modified order]

α0

i0 + 1
≥

α

i + 1
for ∀(i, α) with aiα ̸= 0.

We call
α0

i0+1 the modified order of L.



Theorem 1. Let κ :=
i0 + 1

α0 − 1
. For a fixed d ∈ R, we define

dj =
i0 + 1

α0

d +
arg ai0α0 + 2πj

α0

for j = 0, 1, . . . , α0 − 1.

φ(x) ∈ O

Dσ ∪
α0−1∪
j=0

S(dj , ε)

,

|φ(x)| ≤ C exp

(
δ|x|

α0
α0−1

)
. (1)

Then the formal solution Û(t, x) of the Cauchy problem (CP) is

κ-summable in d direction. (We write ”Û(t, x) ∈ Ox{t}κ,d”).
Remark. [M. Miyake]

Û(t, x) is convergent at t = 0 ⇐⇒ φ(x) entire, (1).



Comments of (A-3)

Example:(A-3) is satisfied

∂tU(t, x) = t∂
2
xU(t, x) + U(t, x).

Example:(A-3) is NOT satisfied

∂tU(t, x) = t
3
∂
7
xU(t, x) + ∂

2
xU(t, x) + t∂

4
xU(t, x).

We shall give the proof of Theorem 1 by using the method of
successive approximation.



2 Decomposition of P
We put

α0

i0 + 1
=

p

q
, (p, q) = 1.

For j ≥ 0,

Kj := {(i, α); j = p(i + 1) − qα, aiα ̸= 0} ,

Pj(t, ∂x) :=
∑

(i,α)∈Kj

aiαt
i
∂
α
x .

Especially, for (i, α) ∈ K0, we have 1 ≤ α ≤ α0, 0 ≤ i ≤ i0.

In this case, ∃1J(≥ 1) such that

P (t, ∂x) =

J∑
j=0

Pj(t, ∂x).



3 The sequence of CPs{
∂tu0(t, x) = P0(t, ∂x)u0(t, x)
u0(0, x) = φ(x).

(E0)

For k ≥ 1, ∂tuk(t, x) =

min{J,k}∑
j=0

Pj(t, ∂x)uk−j(t, x),

uk(0, x) = 0.

(Ek)

For each k, ∃1 formal solution ûk(t, x) =
∑
n≥0

ukn(x)
tn

n!
.

=⇒ Û(t, x) =
∑
k≥0

ûk(t, x) is the formal solution of (CP).



4 Construction of ûk
Proposition 1. For each k, the formal solution ûk is given by

ûk(t, x) =
∑
n≥0

ukn(x)
tn

n!
=

∑
n≥0

Ak(n)φ
(
p
q
n− k

q
)
(x)

tn

n!
,

where Ak(n) = 0 if p
q n − k

q ̸∈ N0 or n < 0.{
A0(n + 1) =

∑
K0

aiα[n]iA0(n − i)

A0(0) = 1.
(R0)

Here [n]i =

{
n(n − 1) · · · (n − i + 1) (i ≥ 1),

1 (i = 0).
For k ≥ 1,{
Ak(n + 1) =

∑min{J,k}
j=0

∑
Kj

aiα[n]iAk−j(n − i)

Ak(0) = 0.
(Rk)



Remark [The Order of Zeros of ûk]. For k ≥ 0, we put

k = pℓ − r(k),

where ℓ ≥ 0 and 0 ≤ r(k) < p.

Example: k = 0 =⇒ ℓ = 0, r(0) = 0.
k = 1 =⇒ ℓ = 1, r(1) = p − 1.

For any k, a pair (ℓ, r(k)) is uniquely decided.

In this case, we have ukn(x) = Ak(n)φ
(
p
q
n− k

q
)
(x) if n ≥ ℓ

and

ukn(x) ≡ 0 if n < ℓ ⇐⇒ Ak(n) = 0 if n < ℓ.



5 Gevrey order of ûk
Proposition 2. Let ûk(t, x) be the formal solution of (Ek). Then
for each k, ûk(t, x) ∈ Ox[[t]]1/κ, (κ = (i0 + 1)/(α0 − 1))
which means that

max
|x|≤σ

∣∣∣∣ukn(x)

n!

∣∣∣∣ ≤ CK
n
Γ

(
1 +

n

κ

)
.

We put f̂k(t) :=
∑

n≥0 Ak(n)t
n.

Lemma 1. f̂k(t) ∈ C[[t]]1/κ̃, κ̃ = (i0 + 1)/i0.

f̂k satisfy the following ordinary differential equations.



(∑
K0

aiαti+1[δt + i]i − 1
)
f0(t) = 1, δt = d/(dt),(∑

K0
aiαti+1[δt + i]i − 1

)
fk(t) =

−
∑min{J,k}

j=1

∑
Kj

aiαti+1[δt + i]ifk−j(t)

⇐⇒
(
ai0,α0 (t

κ̃δt)
i0 − 1

)
fk(t) = Lf (t, δt)fk(t) + {· · · }.

Here Lf is the linear ordinary differential operator which is not
the principal part in the sense of the Newton polygon and {· · · }
denotes the inhomogeneous term.



6 Preliminary for κ-summability
Lemma 2. Let κ > 0, d ∈ R and
v̂(t, x) =

∑
n≥0 vn(x)t

n ∈ Ox[[t]]1/κ. Then the following

statements are equivalent.

i) v̂(t, x) ∈ Ox{t}κ,d

ii) Let (vB)(s, x) = (B̂κv̂)(s, x) :=
∑
n≥0

vn(x)
sn

Γ(1 + n/κ)
.

Then (vB)(s, x) ∈ Exps(κ;S(d, ε) × Dσ), which means that

max
|x|≤σ

|(vB)(s, x)| ≤ C exp
(
δ|s|κ

)
, s ∈ S(d, ε).

(
v̂(t, x) ∈ Ox[[t]]1/κ ⇔ max

|x|≤σ
|vn(x)| ≤ CKnΓ

(
1 + n

κ

))



Summability of f̂k

Lemma 3. (fk)B(s) = (B̂κ̃f̂k)(s) has (i0 + 1) singular points

which are given by s = c · (ai0,α0 )
−1/(i0+1)ω−n

i0+1 for

n = 0, 1, . . . , i0, where c = (1/κ̃)1/κ̃ and ωq = e2πi/q.
Moreover, (fk)B(s) ∈ Exps(κ̃;S(d, ε)) where

d ̸≡ −(arg ai0,α0 + 2πn)/(i0 + 1) (mod 2π) (SD)

for n = 0, 1, . . . , i0.

Corollary 1. f̂k(t) ∈ C{t}κ̃,d where d satisfies (SD).



(∑
K0

ai,αt
i+1

[δt + i]i − 1

)
fk(t) =

1, (k = 0)

−
min{J,k}∑

j=1

∑
Kj

aiαt
i+1

[δt + i]ifk−j(t), (k ≥ 1)

⇐⇒
(
ai0,α0 (t

κ̃
δt)

i0 − 1
)
fk(t) = Lf (t, δt)fk(t) + {· · · }.(

(κ̃)
i0ai0,α0s

i0+1 − 1
) d

ds
fkB(s) =

d

ds
B̂κ̃ (R.H.S.) ,

※ B̂κ(t
κδt)

i = (κD−1
s sκDs)

i = κiD−1
s sκiDs, where

D−1
s =

∫ s
0

and Ds = d/(ds).



Summability of Ĝk

Let k = pℓ − r(k). We define

Ĝk(t) :=
∑
n≥0

Ak(n + ℓ)wk(n)t
n
, wk(n) =

Γ
(

pn+r(k)
q

)
n!

.

(2)

Lemma 4. (Gk)B(s) = (B̂κĜk)(s) has (i0 + 1) singular

points which are given by s = cG · (ai0,α0 )
−1/(i0+1)ω−n

i0+1 for

n = 0, 1, . . . , i0, where cG is some positive constant.
Moreover, (Gk)B(s) ∈ Exps(κ;S(d, ε)) where d satisfies
(SD).

Corollary 2. Ĝk(t) ∈ C{t}κ,d where d satisfies (SD).



7 Proof of Theorem 1
By Lemma 2 and 4, we obtain the following results for the formal
solutions ûk(t, x) of the Cauchy problems (Ek).
Proposition 3. Let d ∈ R and k = pℓ − r(k). We assume that
φ(x) satisfies the same conditions as in Theorem 1. Then we
have for s ∈ S(d, ε)

max
|x|≤σ

|(uk)B(s, x)| ≤ C ·
|s|ℓ

ℓ!Γ(1 + ℓ/κ)
exp

(
δ|s|κ

)
.

Corollary 3. Assume φ(x) satisfies the same assumptions as in
Theorem 1. Then

ûk(t, x) ∈ Ox{t}κ,d.



Proof of Theorem 1. We remark that Û(t, x) =
∑

k≥0 ûk(t, x)

is the formal power series solution of the original Cauchy problem
(CP). By Proposition 3, we obtain the desired exponential
growth estimate of UB(s, x) for s ∈ S(d, ε).

max
|x|≤σ

|UB(s, x)| ≤
∑
k≥0

max
|x|≤σ

|(uk)B(s, x)|

≤
p−1∑

r(k)=0

∑
ℓ≥0

max
|x|≤σ

|(upℓ−r(k))B(s, x)|

≤ pC exp(δ|s|κ)
∑
ℓ≥0

|s|ℓ

ℓ!Γ(1 + ℓ/κ)
≤ C1 exp(δ|s|κ) exp(γ|s|K)

≤ C2 exp(δ̃|s|κ) where K = κ
κ+1 < κ.



Outline of proof of Proposition 3. Let k = pℓ − r(k).

(uk)B(s, x) =
∑
n≥ℓ

Ak(n)φ
(pn/q−k/q)

(x)
sn

n!Γ(1 + n/κ)

=
∑
n≥0

Ak(n + ℓ)
φ((pn+r(k))/q)(x)

(n + ℓ)!

sn+ℓ

Γ(1 + (n + ℓ)/κ)

=
sℓ

2πi

∫ 1

0

(1 − r1)
ℓ−1

(ℓ − 1)!
dr1

∫ 1

0

(1 − r2)
ℓ/κ−1

Γ(ℓ/κ)
dr2

×
∮

φ(x + ζ)

ζ1+r(k)/q
× (Gk)B

(
r1r

1/κ
2

s

ζp/q

)
dζ.

(
1

(n+ℓ)!
=

B(n+1,ℓ)
n!(ℓ−1)!

, 1
Γ(1+(n+ℓ)/κ)

=
B(1+n/κ,ℓ/κ)

Γ(1+n/κ)Γ(ℓ/κ)

)



(Gk)B(X) =
∑
n≥0

Ak(n + ℓ)

(
pn+r(k)

q

)
!

n!

Xn

Γ(1 + n/κ)
.

Lemma. (Gk)B(s) has (i0 + 1) singular points which are given

by s = cG · (ai0,α0 )
−1/(i0+1)ω−n

i0+1 (0 ≤ n ≤ i0), where

ωq = e2πi/q and cG is some positive constant.
Moreover, (Gk)B(s) ∈ Exps(κ;S(d, ε)) where d satisfies

d ̸≡ −(arg ai0,α0 + 2πn)/(i0 + 1) (mod 2π).


