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i=1

∂uii −
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)
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We denote by MA(β) the corresponding left Dn-module. It is
known that MA(β) is holonomic.
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0 with Au = Av .)

Gelfand, Zelvinski and Kapranov introduced this system (1989).

φ(x) =
∑

k∈KerZA

xk+γ

Γ(k + γ + 1)
is a formal solution, where

Aγ = β, KerZA = {k ∈ Zn; Ak = 0}.

They assumed ∃c ∈ Zd s.t. c · A = (1, · · · , 1).

It is known that MA(β) is regular holonomic (Hotta, 1998) if

∃q ∈ Qd such that q · A = (1, · · · , 1).
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(∀u, v ∈ Nn
0 with Au = Av .)

Adolphson stuided the irregular case (1994).

Combinatric description of slopes along a coordinate space:

Castro-Takayama (2003), Hartillo(2003) when d = 1 or
n = d + 1.
Schulze-Walther (2008)

Study of Gevrey series solutions along a coordinate space:

Castro-Fernández (2011) when d = 1.
Fernández (2010).
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Today ...

We consider the irregular A-hypergeometric system and stuy the
asymptotic properties of

φ(tw1x1, · · · , t
wnxn)

as t → 0 with an appropriate w = (w1, · · · ,wn) ∈ Z.
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We consider the irregular A-hypergeometric system and stuy the
asymptotic properties of

φ(tw1x1, · · · , t
wnxn)

as t → 0 with an appropriate w = (w1, · · · ,wn) ∈ Z.

f (t, x1, · · · , xn) = φ(tw1x1, · · · , t
wnxn) satisfies the modified

A-hypergeometric system introduced by Takayama (2009).

We study the Geverey series solutions of the modified
A-hypergeometric systems.

Under some condition, Geverey series solutions of the modified
A-hypergeometric systems is Borel summable (1-summable).
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m!

xβ−2m
1 xm

2 ,

[β]2m = β(β − 1) · · · (β − 2m + 1).

2. For a weight vector w = (0, 1),

f (x1, x2, t) = φ(x1, t · x2) =
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m=0
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m!
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f (x1, x2, t) = φ(x1, t · x2) =
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[β]2m
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1 xm

2 tm.

3. Its Borel transform is

fB(x1, x2, τ) =
∞∑

m=0

[β]2m
m!

xβ−2m
1 xm

2

τm

m!

= xβ
1 · 2F1(−

β

2
,
1− β

2
, 1;

4x2
x2
1

τ)
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So starting from

f (x1, x2, t) = φ(x1, t · x2) =

∞∑

m=0

[β]2m
m!

xβ−2m
1 xm

2 tm,

we obtian

F (x1, x2, t) :=

∫ ∞

0

e−τ/t

[
xβ
1 · 2F1(−

β

2
,
1− β

2
, 1;

4x2
x2
1

τ)

]
dτ

t
.
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f (x1, x2, t) is 1-summable and the singular direction is
arg τ = 2 arg x1 − arg x2.

F (x1, x2, t) ∼ f (x1, x2, t) as S(0, π + ε) ∋ t → 0.

Φ(x1, x2) = F (x1, x2, 1) is a solution of HA(β) and

Φ(x1, t · x2) ∼ φ(x1, t · x2) as S(0, π + ε) ∋ t → 0.

(Note: F (x1, x2, t) = Φ(x1, t · x2).)

27 / 56



An example: A = (1, 2), β: generic

HA(β) : (θ1 + 2θ2 − β) · φ = 0, (∂21 − ∂2) · φ = 0,

1. A formal solution: φ(x1, x2) =
∞∑

m=0

[β]2m
m!

xβ−2m
1 xm

2 ,

[β]2m = β(β − 1) · · · (β − 2m + 1).

2. For a weight vector w = (0, 1),

f (x1, x2, t) = φ(x1, t · x2) =
∞∑

m=0

[β]2m
m!

xβ−2m
1 xm

2 tm

3. Its Borel transform is

fB(x1, x2, τ) =

∞∑

m=0

[β]2m
m!

xβ−2m
1 xm

2 ·
τm

m!

= xβ
1 · 2F1(−

β

2
,
1− β

2
, 1;

4x2
x2
1

τ)
28 / 56



An example: A = (1, 2), β: generic

HA(β) : (θ1 + 2θ2 − β) · φ = 0, (∂21 − ∂2) · φ = 0,

1. A formal solution: φ(x1, x2) =
∞∑

m=0

[β]2m
m!

xβ−2m
1 xm

2 , Construction

[β]2m = β(β − 1) · · · (β − 2m + 1).

2. For a weight vector w = (0, 1),

f (x1, x2, t) = φ(x1, t · x2) =
∞∑

m=0

[β]2m
m!

xβ−2m
1 xm

2 tm

3. Its Borel transform is

fB(x1, x2, τ) =

∞∑

m=0

[β]2m
m!

xβ−2m
1 xm

2 ·
τm

m!

= xβ
1 · 2F1(−

β

2
,
1− β

2
, 1;

4x2
x2
1

τ)
29 / 56



An example: A = (1, 2), β: generic

HA(β) : (θ1 + 2θ2 − β) · φ = 0, (∂21 − ∂2) · φ = 0,

1. A formal solution: φ(x1, x2) =
∞∑

m=0

[β]2m
m!

xβ−2m
1 xm

2 , Construction

[β]2m = β(β − 1) · · · (β − 2m + 1).

2. For a weight vector w = (0, 1), Choice of w

f (x1, x2, t) = φ(x1, t · x2) =
∞∑

m=0

[β]2m
m!

xβ−2m
1 xm

2 tm

3. Its Borel transform is

fB(x1, x2, τ) =

∞∑

m=0

[β]2m
m!

xβ−2m
1 xm

2 ·
τm

m!

= xβ
1 · 2F1(−

β

2
,
1− β

2
, 1;

4x2
x2
1

τ)
30 / 56



An example: A = (1, 2), β: generic

HA(β) : (θ1 + 2θ2 − β) · φ = 0, (∂21 − ∂2) · φ = 0,

1. A formal solution: φ(x1, x2) =
∞∑

m=0

[β]2m
m!

xβ−2m
1 xm

2 , Construction

[β]2m = β(β − 1) · · · (β − 2m + 1).

2. For a weight vector w = (0, 1), Choice of w

f (x1, x2, t) = φ(x1, t · x2) =
∞∑

m=0

[β]2m
m!

xβ−2m
1 xm

2 tm

3. Its Borel transform is Gevrey order

fB(x1, x2, τ) =

∞∑

m=0

[β]2m
m!

xβ−2m
1 xm

2 ·
τm

m!

= xβ
1 · 2F1(−

β

2
,
1− β

2
, 1;

4x2
x2
1

τ)
31 / 56



An example: A = (1, 2), β: generic

HA(β) : (θ1 + 2θ2 − β) · φ = 0, (∂21 − ∂2) · φ = 0,

1. A formal solution: φ(x1, x2) =
∞∑

m=0

[β]2m
m!

xβ−2m
1 xm

2 , Construction

[β]2m = β(β − 1) · · · (β − 2m + 1).

2. For a weight vector w = (0, 1), Choice of w

f (x1, x2, t) = φ(x1, t · x2) =
∞∑

m=0

[β]2m
m!

xβ−2m
1 xm

2 tm

3. Its Borel transform is Gevrey order

fB(x1, x2, τ) =

∞∑

m=0

[β]2m
m!

xβ−2m
1 xm

2 ·
τm

m!
Analytic continuation

= xβ
1 · 2F1(−

β

2
,
1− β

2
, 1;

4x2
x2
1

τ)
32 / 56



Modified A-hypergeometric sytems (Takayama, 2009)

f (x1, ... , xn, t) = φ(tw1x1, ... , t
wnxn) (w = (w1, ... ,wn) ∈ Zn) solves

HA,w (β) :





(
n∑

j=1

aijxj∂j − βi

)
· f = 0 (1 ≤ i ≤ d),

(
n∑

j=1

wjxj∂j − t∂t

)
· f = 0,

(
tun+1

n∏

i=1

∂uii − tvn+1

n∏

i=1

∂vii

)
· f = 0

for ∀u, v ∈ Nn+1
0 such that Ãu = Ãv .

Here

Ã =

(
A 0
w 1

)
=

(
a1 a2 · · · an 0
w1 w2 · · · wn 1

)
.
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Formal solutions of MA,w(β)

T = {t = 0} ⊂ Cn
x × Ct

O
X̂ |T

: the sheaf of formal series along T .

Theorem

Assume β ∈ Cd is very generic and w ∈ Zn. Then

dimC


Sol(MA,w(β),

∑

b(γ)=0

tγO
X̂ |T

)(p,0)


 = deg(Inw(IA)).

Here

b(γ) is the indicial polynomial of HA,w(β) along T .

IA = 〈∂u − ∂v ; u, v ∈ Nn
0 with Au = Av〉 ⊂ C[∂] is the toric ideal

and inw(IA) is the initial ideal of IA with respect to w .
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Slopes of MA,w(β)

Slopes for D-module (Laurent (1987)).

We consider a filtration Lr = F + rV (r ≥ 0) of Dn+1-module,
where F = (0, · · · , 0; 1, · · · , 1), V = (0, · · · , 0,−1; 0, · · · , 0, 1).

If ChLr (MA,w(β)) “changes” at r = r0, we call s = r0 + 1 a slope.
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Slopes for D-module (Laurent (1987)).

We consider a filtration Lr = F + rV (r ≥ 0) of Dn+1-module,
where F = (0, · · · , 0; 1, · · · , 1), V = (0, · · · , 0,−1; 0, · · · , 0, 1).

If ChLr (MA,w(β)) “changes” at r = r0, we call s = r0 + 1 a slope.

Schulze-Walther (2008)

They gave a description of ChLr (MA(β)) by (A, Lr)-umbrella.
Slopes for MA(β) was also studied.

By Fourier transformation w.r.t. t (t 7→ −∂t , ∂t 7→ t),

MA,w(β)
F

M
Ã
(β̃) with β̃ = (β,−1)

F−1

ChLr (MA,w(β)) = F−1
(
ChL̃r (M

Ã
(β̃))

)
, where L̃r = FLr

37 / 56



Definition of (Ã, L̃r)-umbrella

We assume
Ã = (ã1, · · · , ãn+1)

is pointed, i.e., there exists h ∈ HomQ(Q
n,Q) such that h(ãi) > 0.

Following Schulze-Walther, we define

Definition

(i) The (Ã, L̃r)-polyhedron is ∆L̃r

Ã
= convHε

({
0, ã1, ... , ãn,

ãn+1

−r

})
in

Pd+1
R , where ε is sufficiently small and Hε = h−1(−ε).

(ii) The (Ã, L̃r)-umbrella ΦL̃r is the set of faces of ∆L̃r

Ã
which do not

contain the origin.
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Let A = (1, 2) and w = (0, 1). Then Ã =

(
1 2 0
0 1 1

)
= (ã1, ã2, ã3).
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Gevrey series solutions

For the modified A-hypergeometric systems with very generic β, we
can construct a Gevrey series solution

f (x , t) =
∞∑

m=0

fm(x)t
γ+m

along T = {t = 0}, where
fm(x) is a holomoprphic solution near p with (p, 0) ∈ T ,
γ is a root of the indicial polynomial b(γ) of HA,w(β) along T,
the Gevrey order of it is s = r + 1 with

r = max

{
−

|bi |

w · bi
; i 6∈ σ, w · bi > 0

}
.

Here σ is choosen so that (ai)i∈σ is a basis of Rd , and {bi}i 6∈σ is
a basis of the kernel of A such that

(bi)j = 0 for all j 6∈ σ ∪ {i}, (bi)i = 1.
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Borel sum of a formal solution

In the following we assume that the row span of the matrix

Aw =

(
a1 · · · an
w1 · · · wn

)

contains (1, ... , 1).
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Borel sum of a formal solution

In the following we assume that the row span of the matrix

Aw =

(
a1 · · · an
w1 · · · wn

)

contains (1, ... , 1).

In other words, the weight vector w is in the image of A
T
, where

A
T
=

(
a1 · · · an
1 · · · 1

)
.

Or, the weight vector w is in the intersection of the set of the
secondary cones of A.

In this case r = −
|bi |

w · bi
holds for any i ∈ σ, and s = 1 + r is a slope

of MA,w(β).
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Let f (x , t) =
∑∞

m=0 fm(x)t
m+γ be a formal solutions of the modified

hypergeometric system HA,w(β) whose Gevrey index along T is
s = r + 1.
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Let f (x , t) =
∑∞

m=0 fm(x)t
m+γ be a formal solutions of the modified

hypergeometric system HA,w(β) whose Gevrey index along T is
s = r + 1.

Theorem

The formal solution f (x , t) is 1/r -summable (w.r.t t) in all direction
but finitely many directions. Furthermore its 1/r -sum is a solution of
HA,w (β).
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An important properties to prove Theorem is the following. We first
set

ϕ(x , z) := ψ(x , t)
∣∣∣
t=z r

=
∞∑

m=0

Cm(x)z
r(m+γ)

Then

B1[ϕ](x , ζ) =

∞∑

m=0

Cm(x)

Γ(1 + r(m + γ))
ζ r(m+γ) = B1/r [ψ](x , ζ

r)

satisfies HAB
(βB), where

AB =

(
A 0
w −1/r

)
, βB =

(
β
0

)
.
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)
.

This system HAB
(βB) is regular holonomic since the row span of AB

contains (1, · · · , 1).
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An important properties to prove Theorem is the following. We first
set

ϕ(x , z) := ψ(x , t)
∣∣∣
t=z r

=
∞∑

m=0

Cm(x)z
r(m+γ)

Then

B1[ϕ](x , ζ) =

∞∑

m=0

Cm(x)

Γ(1 + r(m + γ))
ζ r(m+γ) = B1/r [ψ](x , ζ

r)

satisfies HAB
(βB), where

AB =

(
A 0
w −1/r

)
, βB =

(
β
0

)
.

This system HAB
(βB) is regular holonomic since the row span of AB

contains (1, · · · , 1).

By using this fact we can study the analytic continuation of the Borel
transform of f (t, x) and estimate its growth order.
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Theorem

Assume β is very generic,

Ã =

(
a1 · · · an 0
w1 · · · wn 1

)
is pointed.

the row span of Aw =

(
a1 · · · an
w1 · · · wn

)
contains (1, ... , 1).

Then

∃ a formal solution f (x , t) =
∑∞

m=0 fm(x)t
m+γ of HA,w (β).

f (x , t) is 1/r -summable with r = −|bi |/w · bi .

If f (x , t) is 1/r -summable in the direction 0,
Φ(x) = S[f ](x , t)

∣∣
t=1

gives a solution of HA(β).

Φ(tw1x1, · · · , t
wnxn) ∼ f (x , t) as t → 0.
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Conclustion and discussion

1. Asymptotic behavior of φ(tw · x) as t → 0 is discussed, where
φ(x) is a solution of A-hypergeometric systems.

2. To study this problem, we introduced the modified
A-hypergeometic systems which f (t, x) = φ(tw · x) is satisfied.

3. To determine the Gevrey oorder of f (t, x), we apply
Schulze-Walther theory to the Fourier transform of the modified
A-hypergeometic system.

4. To show the Borel summability of f (t, x), we impose some
condition to w .
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Schulze-Walther theory to the Fourier transform of the modified
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4. To show the Borel summability of f (t, x), we impose some
condition to w .

Relax the condition on w .

Multisummability of solutions should be discussed if the system
has two or more slopes.
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Conclustion and discussion

1. Asymptotic behavior of φ(tw · x) as t → 0 is discussed, where
φ(x) is a solution of A-hypergeometric systems.

2. To study this problem, we introduced the modified
A-hypergeometic systems which f (t, x) = φ(tw · x) is satisfied.

3. To determine the Gevrey oorder of f (t, x), we apply
Schulze-Walther theory to the Fourier transform of the modified
A-hypergeometic system.

4. To show the Borel summability of f (t, x), we impose some
condition to w .

Relax the condition on w .

Multisummability of solutions should be discussed if the system
has two or more slopes.

Thank you!
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