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A Monic Orthogonal Polynomial Sequence (MOPS) {P,}nx0 is defined by
<UO, PnPk> = Nné‘n,k s with N, ;é 0.

where wp is the first element of the corresponding dual sequence (canonical

form).

» In this case up is said to be regular.

Equivalently, uo is regular iff A, := det [(uo),‘ﬂ']ogi‘jgn #+0,n>0,
where (uo)n =< o, x" >.

» It always satisfies the second order recurrence relation

Pn+1(x) = (X - ﬁn)Pn(X) - ’YnPnfl(X)
with Pp =1 and P_; = 0 and

<UO7XP3> and <U07 P13+1>

o= o PR) 1= e, PR)

#0,neN



Semiclassical polynomials

Definition. A MOPS {P,},>0 L u is called semiclassical when 3¢,V € P,
with ® monic and deg W > 1, such that (Maroni, 1988)

(du) +WVu=0. (1)

The pair (¢, V) is not unique.



Semiclassical polynomials

Definition. A MOPS {P,},>0 L u is called semiclassical when 3¢,V € P,
with ® monic and deg WV > 1, such that (Maroni,1988)

(Pu) +Wu=0. (1)
The pair (¢, V) is not unique.
» Simplification criteria : 3c such that ®(c) =0 and
&' (c) + W(c)| + |< u, 02(®) + 0 (W) >| =0, (2)
where 0c(f)(x) = {=1C) for any f € P, and u would then fulfill

(0c(P)u) + (62(®) + 6c(W)) u = 0.



Semiclassical polynomials

Definition. A MOPS {P,},>0 L u is called semiclassical when 3¢,V € P,
with ® monic and deg WV > 1, such that (Maroni,1988)

(Pu) +Wu=0. (1)
The pair (¢, V) is not unique.
» Simplification criteria : 3c such that ®(c) =0 and
&' (c) + W(c)| + |< u, 02(®) + 0 (W) >| =0, (2)
where 0c(f)(x) = {=1C) for any f € P, and u would then fulfill

(0c(P)u) + (62(®) + 6c(W)) u = 0.

» The classof uiss = (r;]iqr}) [max (deg(®) — 2, deg(V) — 1)]
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Definition. A MOPS {P,},>0 L u is called semiclassical when 3¢,V € P,
with ® monic and deg WV > 1, such that (Maroni,1988)
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n+deg ¢

» Moreover, ®(x)P,,1(x) = Z On,oPu(x)  with Onn_sOpnte 0, n>s.



The d-orthogonality

Definition. A MPS {P,},>0 is d-orthogonal with respect to the vector

functional U = (uo, ..., u4—1)", iff ... (Maroni,1989)(van Iseghem,1987)
(uk, x"Pp) =0 , n>md+k+1, m>0, 3)
(U, X" Payk) #0 , m=0.

In this case, the d-MOPS {P,},>0 necessarily satisfies the (d 4 1)-order
recurrence relation

d—1

Poa(x) = (x = B)Pa(x) = D s "Pociou(x) , nd+1, (4)
v=0

where 'yg+1 # 0 for all n >0, and 'y;'" =0, form=>=0.



Index integral transforms

In 1964, Wimp formally introduced the general index transform over
parameters of the Meijer G-function

< l—p+ir,1—p—ir,(a
F(r)= / Gyiat? <x; a (b )“ ( ”)> fF(x)dx ,
0 q

whose inversion formula

1 > . —m,p—n M+’T7M_ i7—7_(an+1)7_(a”)
f(x) = w2 / 7sinh(277)F(7) G:+2,q“‘) - (X; _(bm+1) _(Pb ) dr.
0 a b m

was established in 1985 by Yakubovich.

Examples.
Kontorovich-Lebedev (KL) - Mehler-Fock - Olevski-Fourier-Jacobi -
Whittaker -



The Kontorovich-Lebedev (KL) transform

For v > 0, consider

KL [f](7) = 2 ‘r (a +1+ %)‘ /OO X% Kir (2v/X)F(x)dx

0

X f(x) = L im /Ooo 7sinh(A7) ’r <a +1+ g) ‘2 Kir(2v/x) KLa[f](7)dT ,

T2 Aom—

valid for any continuous function f € L; (R+, K0(2u\/§)dx), O<pu<lina
neighborhood of each x € R4 where f(x) has bounded variation.

Here, Kir(2v/x) = / exp(—2+/x cosh(u)) cos(tu)du, x € Ry, 7 € Ry.
0

Thus,

KL, : x" +— (a+1—%)n(a+1+%)n= ((a+1+0)2—|—%2)

n
=1

o

where (a), ;= a(a+1)...(a+n—1)



Parseval identity for KL,

Theorem
The operator KL, is an isomorphism between Hilbert spaces

472

Klo : L(®ix™d) = L (Rersinn(rn) M (a+1+5)[ &)
f = 2|M (et 1+ 2)| 7 7 X Kir (2/X)F(x)dx

The following generalized Parseval equality holds

/0 h XL (x) g (x)dx

1 oo
471_2/0 7 sinh(77)

where f,g € Lo(Rs; x**Tldx).

r (a F14 %) ‘4 KLo[f](r)KLa[g](7)dT ,




Proposition. For any polynomial f and |Imu| < 203, it is valid the identity

/°° X (x)Kip(2v/x) dx
0

_ 1 [ rB+ ) B+ 5 ) (e t145)[
*8wr(2ﬁ)/o KLA[f](r) o dr .




Proposition. For any polynomial f and |Imu| < 203, it is valid the identity

/°° X (x)Kip(2v/x) dx

0

B 1 oo | (6+IT+M) (/B+IT N))r(a+1+%>|2
,W/O KLa[F](7) i dr .

Proposition. For any polynomial f and 3 > 0, we have

/ x“TPe™F(x)dx
0

0o iT ir)|? (5)
e MNMa+1+ 2 r ﬁ + 2
- %/0 ko (e I |F(i3)|2( Ww ., .ayer.

l
2

M\»—‘

holds, where W, ,.(x) represents the Whittaker function.



More properties of KL,
» For any m,n € Ny and any f € P, it is valid
KL (lAX—FZ ix)mx"f(x) ()
* 1\ x adx T
m [ T2 5 " iT\ |?
= ()" (2 +a ’(a+1+3) ‘ KLon[F](7).
d . d

where A = x-xg- — x.



More properties of KL,

» For any m,n € Ny and any f € P, it is valid

KL, [(iAx + 2a%x)m x"f(X)} (7)

=(-1)" (T:+a2>m’(a+1+ ) ‘ KLaralf](T).

— xd,d _
where A = x-xg- — x.

» Let {Si(-; @) := KLa [Pa] (*) }nzo- If {Pn}nxo is given by

9 (by)n —n,ai,...,ap
Pa(x) = (—1)”221?3”;"; p+1Fq ( bf. l ’ b;a

v=1

X> , n>=0, (6)

where the coefficients aj, by with j =1,...,pand k=1,...,q, do not depend
on x but possibly depending on n, then

S,,(TTZ)_( 1)" E} v (b )")p+3F —ma..apatl-Fatle |
(IT)-.(av)n) bi, ... b



Examples.

1. The MPS {P,},>0 is said to be an Appell sequence when
Prii(x) = (n41)Ps(x) , n > 0.

If {Ps}n>o0 is also d-orthogonal ,
then {S,:= KLa[Ps]}n=0 is (2d + 2)-orthogonal and

5i5n+1 (TTZ,OZ) - (n+ l)sn (TTszé+ %) , n S NOa

_ f(x—i—w)—f(x—w).
2w

where d.,7(x) :



Examples.

2. Let {Rn}n>0 be a reversed Appell sequence, i.e.,

Rn(X) = )\anPn (%) , ne NO,

where {Pp}n>0 is an Appell sequence and A, = P,(0) #0, n > 0.

According to Ben Cheikh & Douak (2001), if {R,}n>0 is d-orthogonal then

Ru(x) := Ra(x; &g) = (—1)" <H(ag+1)n> 1Fa <a1 +1_" ad+1;x> ,n>0,

o=1
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For instance, ...

» (d =1) :if up := up(c1) is the regular form associated to the Laguerre
polynomials {L,(+; 1) }n>0, then

—x aq

> e *x
< uo(oa), >—/O f(x) ) dx , feP.

Necessarily, the canonical form sy(a1, ) corresponding to the KL,-transform
of {Ln(+; @1)}n>0 admits the representation
. . D)
e e |r(o¢+1+%)r(a17a+%)|

<SO(O£1,0J),ga) = E ) ga(T) r(a1+1) |r(l‘l‘)|2 Wa*al

+%7%(1) dr

as long as a1 > a, where go(7) = KL, [f](7).



For instance, ...

» (d =2) :if up := uo(a1, 2) is the regular form associated to the
2-orthogonal Laguerre type polynomials {Bs(-; a1, a2)}n>0, then

ajtan

_ = X7 Kai—a,(2vX)
< up(oa, ), f >7/0 f(x) Foa + )l(oz + 1) dx , feP.

Necessarily, the canonical form so(a1, ) corresponding to the KL,-transform
of {Ln(+; @1)}n>0 admits the representation

e IFa+1+2)r (a1 -a+Z)r(az—at i)’
omedsn)= o [ ) e s T on a0 TGP

as long as az > «, where go(7) = KL [f](7).



i_ Can we determine all the orthogonal polynomial sequences

that are mapped by the KL,-transform

?

to d-orthogonal sequences =



MOPSs whose KL,-transformed sequence is a d-MOPS
Theorem. Let {B,}n>0 be a MOPS with respect to uo.

If {Sn}n>0 is @ d-MOPS, then d is even > 2

and {Bs}n>o is semiclassical of class s € {max(O,%

as there exist two polynomials ¢, 1 such that wup fulfills

-2), g,17 %} insofar

D(¢Uo) +Yu =0 .



MOPSs whose KL,-transformed sequence is a d-MOPS
Theorem. Let {B,}n>0 be a MOPS with respect to uo.

If {Sn}n>0 is @ d-MOPS, then d is even > 2

and {Bs}n>o is semiclassical of class s € <[max(O,% —-2), ¢-1, g} insofar
as there exist two polynomials ¢, 1 such that wup fulfills

D(¢UO) +Yu =0 .

Precisely, there is a monic polynomial p, with deg p(x) = %, and N # 0, such
that (¢, %) is given by

a) #(x) =x% and P(x) = x(Np(x) — (3 +2a)) with p(0) =0,

(o, p(x)) # N"H(2+20) and o # — 2, n € Ng (uo is of class s = £);
b) &(x) =x and ¥(x) = Np(x) — (24 2a) with (ug, p(x)) # N~1(2 + 2a)
anda# -4 —1,forn>1 (UoiSOfC|aSSS:g71);

c) ¢(x) =1 and ¥(x) = Nbop(x) with Np(0) =1+ 2
(uo is of class s = g —2,aslong as d > 4).



MOPSs whose KL,-transformed sequence is a d-MOPS
Moreover, the MOPS {B,}n>0 fulfills

2Bl (x) + x (Np(x) G+ 2a)) B! (x)
o) (M) — (24 200) — Mg/~ x + (14200} By = = 3 08,81 (x)

v=n—1

where

<U0, BI21> an+d7u if
d <Uo, BL2L> i
Prp = Co—a? if w=n, with n>0,
T if p=n—1with n>1.

n+1< u<n+d, with n>0,



MOPSs whose KL,-transformed sequence is a | 2-MOPS

Two situations arise :

Case a. The form wp is a semiclassical form of class s = 1, insofar as it fulfills
D(x*uo) + x(Nx — (3 +2a))uo = 0

and, therefore the corresponding MOPS {B,},>0 can be expressed as

:§,,+1(N_1x) = Zn+1(N_1x; 20+ 2) + a,,Z,,(N_lx; 200+ 2)
xLni1(N71x; 20+ 2) = Bai1(N71x) = (an — (20 — 20 — 3)) Bo(N " x)

where {L,}n>0 represents the (monic) Laguerre polynomials and

A+ D)+ (2= A +2)(2a + 3) a1

M= T oA+ 2)2at3), "7

WV

Case b. The MOPS {B,},>0 is, up to a linear change of variable, a Laguerre
sequence of parameter ;.



thank you'!



