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Abstract

We study the formal power series solutions of the initial value problem for general

inhomogeneous linear moment partial differential equations in two complex variables
with constant coefficients

P(8imy 1, Om, 2)0(t, 2) = (1, 2) € C[[t, 215, 5,
9 ;m 0(0,2) =0 for j=0,..,n—1 ’

where Om, ,+ and Om, - are moment-differential operators introduced by W. Balser and
M. Yoshino, n € N and

P(X,¢) = Po(OA =D B(OA™

J=1

is a polynomial of order n with respect to .

Stawomir Michalik (Wyszynski University) | Solutions of inhomogeneous moment-PDEs

FASDE 2013 2/22



Moment functions

Definition
A pair of functions e, and En, is said to be kernel functions of order k (k > 1/2) if they
have the following properties:
@ en € O(Su(n/k)), em(2)/z is integrable at the origin, en(x) € R, for x € R, and
em is exponentially flat of order k in Sp(7/k)
(i.. Ves03a5>0 such that |ex(2)| < Ae~12/8" for z € So(n/k — €)).
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Moment functions

Definition
A pair of functions e, and En, is said to be kernel functions of order k (k > 1/2) if they
have the following properties:
@ en € O(Su(n/k)), em(2)/z is integrable at the origin, en(x) € R, for x € R, and
em is exponentially flat of order k in Sp(7/k)
(i.. Ves03a5>0 such that |ex(2)| < Ae~12/8" for z € So(n/k — €)).

Q E. c OX(C) (i.e. En € O(C) and 34550 such that |En(z)| < Ae®l" for z € C)
and En(1/z)/z is integrable at the origin in S, (27 — 7/k).
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Moment functions

Definition
A pair of functions e, and En, is said to be kernel functions of order k (k > 1/2) if they
have the following properties:

em € o (7 , em(Z)/z is integrable at the origin, en(x) € R, for x € R4 an
o O(So(7/k)), em(2)/z 18 i ble at the origin, em(x) € R+ f R and

em is exponentially flat of order k in Sp(7/k)

(i.. Ves03a5>0 such that |ex(2)| < Ae~12/8" for z € So(n/k — €)).

m € i.e. Em € and 34 g>o such that |[Ex(2)| < ezkforzeC)
Q E,cOXC)(ie. EncO(C)and3 h that |E Aebl?

and En(1/z)/z is integrable at the origin in S, (27 — 7/k).

© The connection between e, and En is given by the corresponding moment
function m of order 1/k as follows. The function m is defined in terms of e, by

m(u) ::/ x“"'em(x)dx for Reu >0
0

and the kernel function E;, has the power series expansion En(z) = >0, #2)
for z € C.
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Moment functions

In the case k < 1/2 we must define the kernel functions of order k and the
corresponding moment functions in another way.

Definition
A function en, is called a kernel function of order k € (0, 1/2] if we can find a pair of
kernel functions ez and Ej of order pk > 1/2 (for some p € N) so that

em(z) = en(2'P)/p for z € So(n/k).

For a given kernel function e, of order k > 0 we define the corresponding moment
function m of order 1/k > 0 and the kernel function E;, of order k > 0 as in the
previous definition.

It means that

- = 7 z
m(u) = m(pu) and En(z) = /:ZO ) /:Zo g
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Moment functions

Proposition

Let my, m, be moment functions of orders s1, s, € R, respectively. Then
0 mymo is @ moment function of order s; + S,
@ mi/m; is a moment function of order s — sz (51 > ).
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Moment functions

Proposition

Let my, m, be moment functions of orders s1, s, € R, respectively. Then
0 mymo is @ moment function of order s; + S,
@ mi/m; is a moment function of order s — sz (51 > ).

Using the above proposition we extend the notion of moment functions to real orders
as follows

Definition

We say that m is a moment function of order s < 0 if 1/m is a moment function of
order —s > 0.

We say that m is a moment function of order 0 if there exist moment functions m; and
m, of the same order s > 0 such that m = my /ms.
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Moment functions

Example

In the theory of k-summability (k > 0) we use the following kernel functions of order k
with the corresponding moment function m of order 1/k:

@ en(z) = kz¥e
@ m(u) =T(1+u/k)

@ En(z)=372,2"/T(1 + n/k) =: Eq/k(2), where E4 / is the Mittag-Leffler
function of index 1/k.

v
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Moment functions

Example

In the theory of k-summability (k > 0) we use the following kernel functions of order k
with the corresponding moment function m of order 1/k:

@ en(z) = kz¥e
@ m(u) =T(1+ u/k)
@ En(z)=372,2"/T(1 + n/k) =: Eq/k(2), where E4 / is the Mittag-Leffler
function of index 1/k.
Analogously, we denote by I's the moment function of order s € R defined by

Fo(u) == r(1+ su) for §>0
ST 1/T(1 —su) for s<0

I's are the canonical examples of moment functions, since every moment function m of
order s € R has the same growth as I's. It means that there exist constants ¢, C > 0
such that

cTs(n) < m(n) < C"Ts(n) forevery neN.

v
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Moment Borel transform

Definition
Let m be a moment function. Then the linear operator Bm.x: C[[x]] — C][[x]] defined by

oo

B ( ZUIXJ '_ZmL(jj)Xj

is called an m-moment Borel transform.
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Moment Borel transform

Definition
Let m be a moment function. Then the linear operator Bm.x: C[[x]] — C][[x]] defined by

oo

s Z“fx’ =2

is called an m-moment Borel transform.

Remark
For every & € C[[x]] the following properties of moment Borel transforms are satisfied:
@ B, xBum,xll = Bm,m, 0 for every moment functions m; and mp.

Q B xBi/mxl = BimxBmxll = B xU = @ for every moment function m.
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Gevrey order

According to the properties of moment functions we may define the Gevrey order of
formal power series as follows
Definition

Let s € R. Then U € C[[x]] is called a formal power series of Gevrey order s if there
exists a disc D C C with centre at the origin such that Br, xi € O(D). The space of
formal power series of Gevrey order s is denoted by C[[x]]s.
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Gevrey order

According to the properties of moment functions we may define the Gevrey order of
formal power series as follows
Definition

Let s € R. Then U € C[[x]] is called a formal power series of Gevrey order s if there
exists a disc D C C with centre at the origin such that Br, xi € O(D). The space of
formal power series of Gevrey order s is denoted by C[[x]]s.

Remarks

@ We may replace I's in the above definition by any moment function m of order s.

@ If 0 € C[[x]]s and s < 0 then U is convergent, so its sum u is well defined.
Moreover i € C[[x]]o < u € O(D) and & € C[[x]]s & u € O~'/$(C) for s < 0.
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Borel summability

Now we are ready to define the k-summability of formal power series
Definition

Let k > 0 and d € R. Then & € C[[x]] is called k-summable in a direction d if there
exists a disc-sector S‘d := Sy U D in a direction d such that Brw,xtl € O"(Sd).
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Borel summability

Now we are ready to define the k-summability of formal power series

Definition
Let k > 0 and d € R. Then & € C[[x]] is called k-summable in a direction d if there
exists a disc-sector S‘d := Sy U D in a direction d such that Brw,xa € O"(Sd).

Remark

By the general theory of moment summability we may replace I'y « in the above
definition by any moment function m of order 1/k.
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Moment operators

Definition
Let m be a moment function. Then the linear operator dm x : C[[x]] — C][[x]] defined by
) —T_x) =" L
mx ( ,=Zo m(j) ) on m(j)

is called the m-moment differential operator Om,x.
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Moment operators

Definition

Let m be a moment function. Then the linear operator dm x : C[[x]] — C][[x]] defined by

U N Yt 5
ons( 3 mp) = ]Z m(j)*
is called the m-moment differential operator Om,x.
Moreover, the right-inversion operator 95, : C[[x]] — C[[x]] given by
1N~ Y i Yt i
Om (Z m(j) ) Z m(j)

is called the m-moment integration operator 8,;;.
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Moment differential operators

Example

Below we present some examples of moment differential operators acting on
~ oo i
U(x) = Zj:o ux'.
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Moment differential operators

Example

Below we present some examples of moment differential operators acting on
~ oo i
U(x) = Zj:o ux'.

o 8r1 ,XLAI = Okl.
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Moment differential operators

Example
Below we present some examples of moment differential operators acting on
ux) =375 ux’

@ O, xU = 0xl.

@ (Or,x)(x°) = af(ﬂ(xs)) s.> 0), where 95 is the Caputo fractional derivative of
order s (i.e. 65(2}’20 =X =25 l.fsf;)
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Moment differential operators

Example

Below we present some examples of moment differential operators acting on
ux) =375 ux’
@ O, xU = 0xl.
@ (Or,x)(x°) = af(ﬂ(xs)) s.> 0), where 95 is the Caputo fractional derivative of
order s (i.e. 65(2}’20 =X =25 l.fsf;)

® Oryxl(x) = By xO(x) = W)—to,
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Moment differential operators

Example
Below we present some examples of moment differential operators acting on
ux) =375 ux’
@ O, xU = 0xl.
@ (Or,x)(x°) = af(ﬂ(xs)) s.> 0), where 95 is the Caputo fractional derivative of
order s (i.e. 65(2}’20 =X =25 l.fsf;)
® Oryxl(x) = By xO(x) = W)—to,

@ Or_, xbi(x) =1 [yt gy,
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Moment differential operators

Example
Below we present some examples of moment differential operators acting on
b(x) = 372 uX’

@ O, xU = 0xl.

@ (Or,x)(x°) = af(ﬂ(xs)) s.> 0), where 95 is the Caputo fractional derivative of
order s (i.e. 65(2}’20 =X =25 r’“

° aroxa(x):a1 xli(x) = B=te,
@ Or_, xbi(x) =1 [yt gy,
o (8r_s,xu)(xs) = %a;sw (s > 0) where 95 ° is the right-inversion operator

oco U4

j=1 Ts())

to 95 and is defined by 95 $( x¥) = x9.

j= 0 rs(l
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Moment operators

The moment differential operator O, is well-defined for every ¢ € O(D). Moreover, if

¢ € O(Dy) and m is a moment function of order 1/k > 0 then for every |z| < ¢ < r and
n € N we have

n _ 1 o(6) n em(WC)
Ohp(2) = o ;‘4‘ otw) [T CEn(z0) o dw,

w¢
where § € (—argw — g, —argw + 7).
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Moment operators

The moment differential operator 9p, . is well-defined for every ¢ € O(D). Moreover, if

» € O(Dr) and mis a moment function of order 1/k > 0 then for every |z| < e < r and
n € N we have

oo(6)
Ohec(@) = 5§ o [T CEntze) ) oo,

where § € (—argw — g, —argw + 7).

Using the above formula, we may define a moment pseudodifferential operator
XOm,z): O(D) — O(D) as an operator satisfying

MOm,z) Em(¢Z) := MC)Em(¢z) for [C] > ro.

Hence, if A(¢) is an analytic function for |¢| > ry of polynomial growth at infinity then
A(Om,z) is defined by

oo(6)
Nom)p(2) = 5 7‘4‘: o) [ NOE(c2) ) ol

elf

forevery ¢ € O(D;) and |z] < e < r,where § € (—argw — 7, —argw + 7).
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Commutation formula

The operators By x, Omx, P(Om,x): C[[x]] — C[[x]] and A(Om,x): O(D) — O(D) satisfy
the following commutation formulas:

0 Bm’,xam,xa = 8mm',me/,xi:’s
@ B xP(Omx)l = P(Omm x)Bar xU for any polynomial P with constant coefficients.

© B x\Omx)U = NOpmmr x) By xU for any moment pseudodifferential operator
A(Om.x)-
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Commutation formula
The operators By x, Omx, P(Om,x): C[[x]] — C[[x]] and A(Om,x): O(D) — O(D) satisfy
the following commutation formulas:

° Bm’,xam,xa = amm/,me/,xas
Q By xP(Om,x )i = P(Omm x) B xU for any polynomial P with constant coefficients.

© B x\Omx)U = NOpmmr x) By xU for any moment pseudodifferential operator
MOmx)-

By the above commutation formula we may extend the definition of moment
pseudodifferential operators:

Definition

Let s € R, mbe a moment function of order § € R and A(¢) be a holomorphic function

for |¢| > ro of polynomial growth at infinity. A moment pseudodifferential operator
A(Om,z): C[[z]]s — C][[Z]]s is defined by

A(am,z)s??(z) = Br‘_g,z)\(aml‘g,z)Bl‘g,z@(z)»

where ¢ € C[[z]]s and 5§ = max{s, 1 — 5} and the operator A(dmr,,-) was constructed
in the previous definition.

v
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Factorization of P(Opm,.t, Om,.z)

Let P()\, ¢) = Po(¢)N\" — Zf:1 P;(¢)\"~ be a general polynomial of two variables,
which is of order n with respect to A.

Using the moment-pseudodifferential operators we factorize the moment-differential
operator P(9m, .t,Om,,z) as follows

P(am1»fa 8n7272) = Po(amz,z)(8m1,[ =X\ (6”'2»2))"1 "'(81771,1 - )‘/(amzyz))nl
= Po(amz,z)p(amn!:a'"zﬁ

where \1(¢), ..., Ai(¢) are the characteristic roots of P(), ¢) = 0 with multiplicities
n,...,n (Ny + ... + ny = n) respectively.
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Factorization of P(Om, t, Om,.z)
Let P(\,¢) = Po(¢)N\" — Z,L P;(¢)\"~ be a general polynomial of two variables,
which is of order n with respect to A.

Using the moment-pseudodifferential operators we factorize the moment-differential
operator P(9m, .t,Om,,z) as follows

P(am1»fa 8m2,z) = Po(amz,z)(8m1,1 =X\ (6'772»2))”1 --.(8m1,1 - )‘/(amzyz))nl
= Po(amz,z)p(amht:amz,z)
where \1(¢), ..., Ai(¢) are the characteristic roots of P(), ¢) = 0 with multiplicities
n,...,n (Ny + ... + ny = n) respectively.

In general \;(¢) are algebraic functions, hence they are holomorpic functions of the
variable £ = ¢'/* for [¢] > ro (for some k € N and for sufficiently large rp).
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Factorization of P(Opm,.t, Om,.z)

Let P(A,¢) = Po(OA" — X271 P;(¢)\"~ be a general polynomial of two variables,
which is of order n with respect to A.
Using the moment-pseudodifferential operators we factorize the moment-differential

operator P(9m, .t,Om,,z) as follows

P(an'HJ’ 8m2,z) = Po(amz,z)(8m1,1 =X\ (617"2»2))”1 "'(amwf - )‘/(amzyz))m

= Po(amzwz)ib(amﬁhamzyz)

where \({), ..., \i(¢) are the characteristic roots of P()\, ¢) = 0 with multiplicities
n,...,n (Ny + ... + ny = n) respectively.
In general \;(¢) are algebraic functions, hence they are holomorpic functions of the
variable £ = ¢'/* for [¢] > ro (for some k € N and for sufficiently large rp).
For this reason we use
Proposition

Let v(t, z) = u(t, z*) and My(u) = mo(u/k). Then P(Om, i, Omy,z)u = 0O if and only if
P(Omy t, 0%, ,)v = 0.

Hence without loss of generality we may assume that x = 1, \;(¢) is a holomorphic
function for |¢| > rp and the moment pseudodifferential operators Aj(9m,,z) are well
defined.
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Uniqueness of formal solution

If Po(¢) # const. then the formal solution is not uniquely determined. For this reason

we choose a formal power series § € C[[t, Z][5, 5, satisfying the equation

Po(8m,.2)8 = f. For such § we may construct the uniquely determined solution & of

p‘(amhh 8/712,2)0 = Q
5",,,1,[0(0,2):Oforj:O,...,n—1 ’

which is also a formal solution of

P'(amht, am27z)a = ?
I, 10(0,2) =0forj=0,...,n—1

and is called the formal solution of (1) determined by g.
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Decomposition of equation

By the factorization of operator P(Bm,,,, Om,,z) We obtain that the formal solution &
determined by g satisfies the decomposition & = Zfl:1 2211 Unp, where {5 is a
formal solution of

[ e N (O2))" Bt = Gos
&, 105(0,2) =0 (j=0,..,6—1)

where gas(t, 2) = dup(Om,.2)3(t, 2) € C[[t, Z]]5,,5, and das(¢) is a holomorphic
function of polynomial growth.
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Gevrey order of formal solution

By the above decomposition it is sufficient to study the moment-pseudodifferential
equation

(Omy t = MOmy 2))’u = § € C[[t, 2]s, 3,
&y, u(0,2) =0 (j=0,..,8-1).
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Gevrey order of formal solution

By the above decomposition it is sufficient to study the moment-pseudodifferential
equation

(Omy t = MOmy 2))’u = § € C[[t, 2]s, 3,
&y, u(0,2) =0 (j=0,..,8-1).

For simplicity we assume that 8 = 1. In this case the formal solution & is given by

U(t,2) = (O 0" A (Omy,2)0(t, 2).

n=0
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Gevrey order of formal solution

By the above decomposition it is sufficient to study the moment-pseudodifferential
equation

(Omy .t = MOm,,2)) U = g € C[[t, 2]]s, 3,
&y, u(0,2) =0 (j=0,..,8-1).

For simplicity we assume that 8 = 1. In this case the formal solution & is given by

U(t,2) = > (0m,.0)" " A\ (Om, )4 (1, 2).
n=0

We will study the Gevrey order of formal solution &, which depends on the orders s;
and s, of moment functions, on the Gevrey orders 3;, S; and depends on the
characteristic root A(¢) ~ Ao¢? (i.e. lim o 25! = Ao # 0.)
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Gevrey order of formal solution

By the above decomposition it is sufficient to study the moment-pseudodifferential
equation

(Omy .t = MOm,,2)) U = g € C[[t, 2]]s, 3,
&y, u(0,2) =0 (j=0,..,8-1).

For simplicity we assume that 8 = 1. In this case the formal solution & is given by

U(t,2) =Y (9 )" A" (O, 2)G (1, 2)-

n=0

We will study the Gevrey order of formal solution &, which depends on the orders s;
and s, of moment functions, on the Gevrey orders 3;, S; and depends on the
characteristic root A(¢) ~ Ao¢9 (i.e. lim¢— oo % = Xo # 0.) Estimating the coefficients
of the formal solution & we have

Proposition
If g > 0then & € C[[t, Z]]max{q(sz+§2)7s1,§1},§2- J
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Integral representation of solution

Let m be a moment function of order 0. Then by the general theory of moment
summability & is k-summable in a direction d iff By ;i is k-summable in a direction d.
Analogously u € O(Sy x D) iff Bmiu € O(Sy x D).

Stawomir Michalik (Wyszynski University) | Solutions of inhomogeneous moment-PDEs FASDE 2013 18/22



Integral representation of solution

Let m be a moment function of order 0. Then by the general theory of moment
summability & is k-summable in a direction d iff By ;i is k-summable in a direction d.
Analogously u € O(8y x D) iff B € O(84 x D).

Hence to study analytic continuation or k-summability of &z we may replace m; and mo
by I's, and I's,, where s; and s, are orders of m; and m.. So, we may assume that &
satisfies

(Ore i = A\Ory, 2)0=9,  0(0,2)=0.
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Integral representation of solution

Let m be a moment function of order 0. Then by the general theory of moment
summability & is k-summable in a direction d iff By ;i is k-summable in a direction d.
Analogously u € O(Sy x D) iff Bmiu € O(Sy x D).
Hence to study analytic continuation or k-summability of &z we may replace m; and mo
by I's, and I's,, where s; and s, are orders of m; and m.. So, we may assume that &
satisfies
(8|—s1;[ _)\(al'sz,z))a: g7 [](O,Z) =0.
Since y
B x'/s ks X1/s _y\ks—1
O e = [ B oy (s> 0)
0 Fs(k)

using the definition of moment pseudodifferential operators and the power series
representation of & we can find the integral representation of solution u

{1/s1 oo (8)
w2 = oo gmw [ oE (@ @)
X Er,(C2) FSZ(C )dg‘dwdr_ gl

where g € O(D?), s1,s, > 0 and sy > gs,.
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Analytic solution

Deforming the path of integration with respect to w in the integral representation of
solution we conclude that

Theorem

Let A(¢) ~ XoC9, S1,82 >0, sy = gs2, K > 0 and d € R. We assume that u is a
solution of

(O, .t = MOr, 2))U=g € O(D?), u(0,z) = 0.

Then u(t, z) € O%%(8y x S(gyarg rgr2kry/q) (k € N) iff
g(t, Z) (S OK’qK(Sd X S(d+arg /\0+2k7r)/q) (k S N).
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Summable solution

Let & be a formal solution of

(Ors, st = M0ry,,2))U = g € C[[t, Z]3, s, (0,z) = 0. 2

By the Gevrey estimates i € C[[t, Z]]max{q(sp+82)—s1,5 1,5 OUr @im is a characterisation
of summable solutions & in terms of inhomogeneity g.
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Summable solution
Let & be a formal solution of
(8rs1 N A(arsz 72))0 = g € (C[[tv z]]§1,§27 0(07 Z) =0. (2)

By the Gevrey estimates i € C[[t, Z]]max{q(sp+82)—s1,5 1,5 OUr @im is a characterisation
of summable solutions & in terms of inhomogeneity g.

We assume that q(sz + S2) > s1 + 81 and g(sz2 + 8) > s1.

Applying the moment Borel transforms qu<52+§2) o and Brs2 15y /Tep.2 to (2) we obtain

(arq(sz+§2)>t - A(arszﬁz’z))u =Ge O(Dz)v U(0,z) =0,

where U(t, z) := qu(52+§2)/r51 ,,Brsﬁgz/rspzu(t, z) and

G(t, Z) = qu(52+§2)/rs1 ,[Brs2+§2/r52 7zg(t7 Z).
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Summable solution

Let &I be a formal solution of
(Ors, st = M0ry,,2))U = g € C[[t, Z]3, s, (0,z) = 0. 2

By the Gevrey estimates i € C[[t, Z]]max{q(s,+5)—s:,5 },5- OUr aim is a characterisation
of summable solutions & in terms of inhomogeneity g.
We assume that q(sz + S2) > s1 + 81 and g(sz2 + 8) > s1.

Applying the moment Borel transforms Brye, i) o and Brsz+§2 /s,,z 10 (2) we obtain

(arq(sz+§2)’t - >\(8I—52+§2 ’z))U = G € O(D2)7 U(07 z) = 07
where U(t, z) := Br /1, (Bre, 5, /e, 2U(1, 2) and

G(t,2) == Bry, .5y, «Br b5/ Tep 20(t, z). By the previous theorem we conclude that
s> So+38 ’

Theorem

Let &l be a formal solution of (2),q > 0, So +8 > 0, g(S2 + &) > s1 + 5§, K == m

andd € R. If G € O%9(8y x (g arg rg124r)/q) (k € N) then Ui is K-summable in a
direction d.
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Remarks

@ It is trivial to find the necessary condition for K-summability of &:

If i7is K-summable in a direction d then also g is K-summabile in the same direction.

Remark 1 J
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Remarks

@ It is trivial to find the necessary condition for K-summability of &:

Remark 1

If i7is K-summable in a direction d then also g is K-summabile in the same direction. J

@ Using the integral representation of solution we can also obtain trivially the
characterisation of K-summable solutions &

Remark 2

Uis K-summable in a direction d iff /[Br Br52+§2 /rSQ,zQ] € 0X(84 x D). J

a(sp+82)/Tsq ot
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