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3 Special Functions and Fuchsian differential equations
f(z) :a special function defined locally on P}(C) = C U {oc}
analytically continued along any path in X = PYC) \ {co,...,¢,}
YU : simply connected open C X
(Vanalytic continuations of f) € F(U) Cc O(U)

l. dmF(U)=mn
2. V:simply connected C U = F(U)|,,= F(V)
3.¢i=0 = |f(z)] < 3C|z|~™™ (|argz|: bounded and z — 0)

(by linear frac. transf.)

{Fuchsian differential eq. Pu = 0 of order n} — {F of rankn}

p

P = (H(x — cj)”) " +ap_1()0" "+ +ar(x)0+ag(z), 0 =L
j=1

(order of zeros of a,(x) at ¢;) > v and dega,(z) <n(p—1)+v



u;(2) = (uj1,...,u,): local solution at ¢; =0
wj; ~ xMiloghir (i =1,... n), { N, kji);e=1,...,n}
{\;i|2=1,...,n}: characteristic exponents at c;
Connection problem:
u(2) = u(2)G; (G, € GL(n,C))
Monodromy:
vuz) = u(2)M; (M; € GL(n,C))
M; = Gje%\/__lAjGj_l

~ 2™V =14 | ocal monodromy (

P o u(x)

Suppose M; is semisimple. Then A; = diag(Aj1,...,\jn).
Deligne-Katz-Simpson problem:

Given local monodromies = 47 the Fuchsian differential equation
Multiplicities of eigenvalues of M, = partitions of n

n=mji+---+mj, (j=0,...,p): spectral type
char. exponents at ¢; : {\;, +¢|v=1,...,n;, 0<i<m,;,}
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Def. P has the generalized Riemann scheme (GRS)
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m = (m07 S mp) — ((mO,h s 7m0,n0)7 SRR (mp,lﬂ T 7mp>”p))

. (p + 1)-tuples of partitions of n = ord m
Semisimple local monodromy if A\;, — \;,, ¢ Z (v # V')
rank(M; — 2™V ) oo (M — 2V = —my — o —myy
(r Vi, k ifmjs >m;a>--- and \;, — N\ & Z \ {0})

M, ~ block upper triangular with v-th diagonal elem. 62“\/__”3'#1%
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Def. P has the generalized Riemann scheme (GRS)
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m = (IIIO7 Cee mp) — ((mo’l, .. ,mo,no), Ce ey (mp’l, .. ,mp,np))

. (p + 1)-tuples of partitions of n = ord m
Semisimple local monodromy if A\;, — ;. ¢ Z (v # V')
Fuchs condition (FC): [{\n}] =Y m;, A\, —ordm + 2 idxm = 0

idxm := ). m?, —(p—1)(ordm)? (index of rigidity, Katz)

If the equation exists, is it unique or how to parametrize it?




§ Examples (spectral types)
Gauss HG: 11,11,11 2=1+1=14+1=1+1)

Generalized HG: 1", n—11,1" (n=1+ -+ 1 =n—1)+1=1+"
p

Jordan-Pochhammer: 1p — 1, 1p—1,...,1p — 1
Heun: 11,11,11,11
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o
with  (V)p:=7(y+1)---(v+k—1)



§ A Kac-Moody root system (II, W)
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(o)) = 2( (€ Il), (aolaj,)=—0u1,
0 (i#j or |pu—v|>1)
—1 (¢t=j and |p—v|=1)
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W= (sq:x—2x— (a|r)a|acll): Weyl group
A’¢: positive real roots A =ATFUAT™ (W = ATF U A™)
A'™: positive imaginary roots (kA" C A" = WA k=2,3,...)

= (ordm)ag + D s g1 Dk Miw@ik (Crawley-Boevey)
AA) == =Ro =2 550 2 us (Zgigu )‘j,i)aj,v € b’ :=]l,en Ca/CA

{Pu =0 with {Am}, (FO} 5 {(AN),am) €Y x Ay, (FC)}
i{ A {8“u O \L {Sa (a € IT) : reflections

O

(x —c;)Mu +A;AQ
{Pu=0with D), (FO)} 5 {(AN), am) € BY x A, (FO)}




ZJF = {k&' ozEA+, suppa 3 ag, k=1,2,...}

Ng = ‘CVO + 3 Zpo Zy>1( V)

Aw = ZZ>V(V —i)a,;; (J=0,...,p, v=0,1,2,...)
AO = 2A0 — 2A0,0, A?,k = Aj,() — Ak,()

(0~ Fu)(z) == ﬁ f;j w(t)(x — )P tdt, O 0, 20— 20 —
FC: {Am} = (A(N)

Theorem. | The image of — is characterized by ay, € A~ | and FC.

+ %ozm]ozm) =0, idxm = (am|om)

Generically irreducible < oy, € A, : indivisible or (o |am) < 0
Under this cond. the fiber of = is C" with N =1 — 2 idxm
Jyuniversal operator P, () for {A\m} with coef. in C|\, g1,...,gn].

Here g; are IV accessory parameters satisfying deg, Pn(A) =1

Def. m is rigid & irreducibly realizable and idxm =2 (= N =0)
(& am € AT with supp am 3 ap)

Rigid spectral types : 9 (ord < 4), 306 (ord = 10), 19286 (ord = 20)



Rigid spectral types

ord =2 11,11,11 (2 F; ; Gauss)

ord =3 111,111,21 (3F,)  21,21,21,21(Pochhammer)

ord =4 1%,1%,31 (4F3)  1%,211,22 (Even family) 211,211,211
31,31,31,31,31 (Pochhammer) 211,22, 31,31 22,22,22,31

Simpson’s list 1991: 17,1, n —11 1™, [2][24]1, [282][2] 19,42, 23

Remark. The existence of Py, () for fixed rigid m and {\,,} was
an open problem by N. Katz (Rigid Local Systems, 1995).

Reduction by “fractional operations” <« W (Katz's middle convol.)
Theorem. d only finite basic spectral types with a fixed index

m — trivial(<= m : rigid) or basic (o, € negative Weyl chamber)
idkm =0 — Dy (— Painlevé VI), Es, Er, Es (3+1 types)

idxm = —2 — 94-3+1 types, etc... :

11,11,11,11: D,




3 Fractional calculus of Weyl algebra
Unified and computable interpretation (= a computer program) of

e Existence and Construction of equations
e Integral representation of solutions

e Series expansion of solutions

e Reducibility of the monodromy

e Contiguity relations

e Polynomial solutions

e Connection problem

e Confluences/Unfoldings and Irregular Singularities
e Several variables (PDE) (Appell HG. etc)

RAd(0 )P :=0"™Ad (9~ *)0NP (Fix N and take maximal m)
Ad(O7™*) : 0+ 0, 20+ 20 — n  (May take N = deg, P)
This corresponds to Katz's middle convolution.



Suppose m is a rigid spectral type (for simplicity)
J1wm € W such that wmam = o with the minimal length
A(m) = AT Nw AT
Theorem. P, (Au=_0isirred. < |(A(N)|a) € Z (Va € A(m))
Theorem. Suppose mg,, =M1 p, =1, o =0, c; = 1.

no— 1 n1—1

H I )\0 .10 )\o’y + 1) : H F()\1,y — )\1,n1)

[T (0w - TT T 1w TT - 2"

c(0: Ao ng~1: A pn,)=

Ay EA(M) o EA(m)
m{),nozl m{)’nO:O
mll,nlzo mll,nlz]_
( \ ; \
x:cO:O (31:]. o0 CC:O 1 50 1T1111
Gauss: { Ao,1 Mi Jdepg=41l-v y—a—B a¢ =01,10,10
S M2 A2 [0 o g @100L0

F(Ao2—Xo1+1) T (A1 — A1 2)

O : )\ ~s ] )\ —
¢ 0,2 12) P(Xo2 + A1+ A21) T(Ao2 + A1+ Az2)




§ Irregular singularities (unramified)

At the singular point z =¢; (j =0,...,p) :

)\j,y > )\j,l/(t) — )\j,y,O + >\j,y,1t + )\j,y,2t2 + - E C[t] ()\j,l/,S S C)

For simplicity we assume

deg(Aj, —Nj)>0 or N\j,— N ¢Z  (1<v<v <ny).

Under a local coordinate with ¢; = 0 (by a translation z + x = ¢; or z +— 1) :
Wi (@)~ (14 a1z + agz® + - - - el Qo I+
~ e Qi (S)HR) S 4 O(ef(Aj,u(%)erj,u)d?x)
(k=0,...,m;,—1, v=1,...,n )

A N .
1 d ) >1 ’ 72 ) )3
ef(AJaV(E)_‘_k) x:c e x>\j7V’O+k6_ me T ;CEVQ o ngS -

( ZE:CJ(]:O,,p) ) ( Cj (1) e o)




g Spectral type, Confluence and Unfolding
Fix m = (m;,) : a tuple of partitions of n
Fix 0<j<p, 1< ¢ <n. Choose v and v/ such that
mi1+ -+ mip—1 <t <mj1+-+myy,
mi1+ -+ mip—1 <i <mji+-+myy

Equivalence relations:

iwi’((j:)ef{y_yl (r=0)

Jsr deg(Ajp — Njuwr) <7 (r>1), (deg0 = 0)
" defines a partition of n = m(r) . m§r1) + e+ m§-2.
,J ’ T
mgr) is a refinement of mg r+1)

njo = MG 2 N1 = Z My > N1 =

~

m := (m (T))] —0,....p, r=0,...,r; . SPectral type

r Ajo o, r T
)\( ). . Zkz r Tlozoen s;éf(t ) (mj,l + My = mg,l) -+ m§7;)

{ T =cj+t, (j=0,....,p, r=0,...,7

j)
[)‘grg]( (7")) (E:].,,TLJT) } (Cj—|_t |—> . IfCT_QQ)



Operations

Ajvk
T v

z:k: r Ilo<s (tr—tg) j Nj.u,r
Ad (H(ZU — Cj — tr) Oj?éfk ) = Ad (Gf =0 Hg—o(z—c _tk)d )

r=0

r;j

)\.
0+ 0 — B itk , T T
; Lm0 — ¢ — ti)

Confluence : vt, — 0

idxrhzz m2- —n?) —Zdeg (Njw — Njwr) - ymy o + 2n°
dg(rh):ijg —n) Zdeg G = Njey) sy +2n
(FC) > mjuAjwo —ordm + Lidxrn == \{A“) o} =0

JV(m

{Njwlm, )} o rigid 2 irreducibly realizable and idxh = 2

= 30 s.t. dy() > 0

= constructed by successive applications of the above operators to 0
= Jversal operator (unfolding)



Rigid Versal Gauss : 11,11,11

(1 — Cl.flf)(l — 021')(3’2 + (()\2 + 26162)37 -+ )\1 — C1 — 02)0 + ,LL()\Q + 6102(1 — ,u))

I\

= (1 —c12)(1 — c22)0% + (Naz 4+ A0 + ,LL(S\Q —cre2(p+ 1))
( 1 1

NN 0 _om wy (0# e # e #0)
\01_102 01(012—02) 02—101 C2(622—01) clzz _’u+1
(z=3 00 (1
0 X 0 y L (O—Cl#CQ%O)
0 0 M y L (612627&0)
(r=00 (1) (2)

& b AL 2 , /2
CU) :/ . f(l—c11t+(1—c1t)2(§—c2t))dt(x _ t)’u_ldt :/ 6—)\1t—A2Tt(x _ t)“_ldt

(©@)




Versal Heun : 11,11,11,11

(1—c12)(1 = coz)(1 — c32)0° + Aga: + Aoz + Aq) 3+u )\3+010203 ,u+1)) +r

O1
1 > <
D4Z G ( ©<I
O1 ),11,11
1, 1,11, 1 11\11 11,11 11\11\11 11 11\11\11\11
(@)  (1—-a)
o /!
(1-a) (a)
(1)(1), (1)(1)
11]11,11]11

Theorem [Hiroe -O].

i) {Spectral types} — A universal symmetric Kac-Moody root system
ii) ‘Finiteness' of orbits of Weyl group in the space of roots

iii) Reduction and construction as in the Fuchsian case

iv) Classification when the index of rigidity > —2
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