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Preliminaries
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Application to some moment-PDE

Notations

S(d, γ) Unbounded sector of opening πγ, bisected by direction d ∈ R.

Sγ Unbounded sector of opening πγ, bisected by direction d = 0.

G(d, γ) Sectorial region of opening πγ, bisected by direction d = 0.
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Strongly regular sequences and ultraholomorphic classes
k-summability in a direction

Strongly regular sequences (following V. Thilliez)

A sequence M = (Mn)n∈N0 of positive real numbers, with M0 = 1, is said to
be strongly regular if it is:

logarithmically convex: M2
n ≤ Mn−1Mn+1, n ≥ 1.

of moderate growth: there exists a constant A > 0 such that

Mn+p ≤ An+pMnMp, n, p ∈ N0.

strongly non-quasianalytic: there exists B > 0 such that

∑

k≥n

Mk

(k + 1)Mk+1
≤ B

Mn

Mn+1
, n ∈ N0.
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Examples of strongly regular sequences

Examples:

Mα = (n!α)n∈N0 , Gevrey sequence of order α > 0.

Mα,β =
(

n!α
∏n

m=0 logβ(e + m)
)

n∈N0
, α > 0, β ∈ R.

For q > 1, M = (qn2

)n∈N0 is logarithmically convex and strongly
non-quasianalytic, but not of moderate growth.
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Ultraholomorphic classes and the asymptotic Borel map, I

Given M, A > 0 and a sector S, we consider

AM,A(S) =

{

f ∈ H(S) : ‖f‖
M,A := sup

z∈S,n∈N0

|f (n)(z)|

Ann!Mn
< ∞

}

.

(AM,A(S), ‖ ‖
M,A) is a Banach space. AM(S) := ∪A>0AM,A(S).
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Ultraholomorphic classes and the asymptotic Borel map, I

Given M, A > 0 and a sector S, we consider

AM,A(S) =

{

f ∈ H(S) : ‖f‖
M,A := sup

z∈S,n∈N0

|f (n)(z)|

Ann!Mn
< ∞

}

.

(AM,A(S), ‖ ‖
M,A) is a Banach space. AM(S) := ∪A>0AM,A(S).

We say f ∈ ÃM(S) if f ∈ H(S), and for every bounded proper subsector T of S
there exists AT > 0 such that f |T ∈ AM,AT

(T ). Similarly for sectorial regions.

f ∈ ÃM(S) ⇔ f admits the series f̂ =
∑∞

n=0
f(n)(0)

n!
zn as its M-asymptotic

expansion at 0, denoted f ∼M f̂ : For every T there exist C, B > 0 such that
for every z ∈ T and every n ∈ N0, we have

∣

∣f(z) −

n−1
∑

k=0

f (k)(0)

k!
zk

∣

∣ ≤ CBnMn|z|
n.
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Ultraholomorphic classes and the asymptotic Borel map, II

ΛM,A =
{

µ = (µn)n∈N0 ∈ CN0 : |µ|
M,A := supn∈N0

|µn|

Ann!Mn
< ∞

}

.

(ΛM,A, | |
M,A) is a Banach space. ΛM := ∪A>0ΛM,A.
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Ultraholomorphic classes and the asymptotic Borel map, II

ΛM,A =
{

µ = (µn)n∈N0 ∈ CN0 : |µ|
M,A := supn∈N0

|µn|

Ann!Mn
< ∞

}

.

(ΛM,A, | |
M,A) is a Banach space. ΛM := ∪A>0ΛM,A.

The asymptotic Borel map B̃ : ÃM(S) −→ ΛM,
f 7→ (f (n)(0) := limz→0,z∈T f (n)(z))n∈N0 is well defined.
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Flat functions and quasianalyticity in Gevrey classes

Consider the Gevrey case of order 1/k > 0, i.e. M1/k = (n!1/k)n∈N0 .

We write A1/k(S), Ã1/k(S), Λ1/k, f ∼1/k f̂ and so on for simplicity.
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Flat functions and quasianalyticity in Gevrey classes

Consider the Gevrey case of order 1/k > 0, i.e. M1/k = (n!1/k)n∈N0 .

We write A1/k(S), Ã1/k(S), Λ1/k, f ∼1/k f̂ and so on for simplicity.

Theorem

Let S be a sector and f ∈ H(S). The following are equivalent:

f ∈ Ã1/k(S) and f ∼1/k 0̂.

For every bounded proper subsector T of S there exist c1, c2 > 0 with

|f(z)| ≤ c1e
−c2|z|

−k

, z ∈ T.
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Flat functions and quasianalyticity in Gevrey classes

Consider the Gevrey case of order 1/k > 0, i.e. M1/k = (n!1/k)n∈N0 .

We write A1/k(S), Ã1/k(S), Λ1/k, f ∼1/k f̂ and so on for simplicity.

Theorem

Let S be a sector and f ∈ H(S). The following are equivalent:

f ∈ Ã1/k(S) and f ∼1/k 0̂.

For every bounded proper subsector T of S there exist c1, c2 > 0 with

|f(z)| ≤ c1e
−c2|z|

−k

, z ∈ T.

The injectivity of the asymptotic Borel map B̃ : Ã1/k(S) −→ Λ1/k is essential
for the definition of k-summability!!

Theorem (Watson’s lemma)

B̃ is injective if, and only if, the opening of S is greater than π/k.
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Definition of k-summability in a direction

Let d ∈ R. A formal series f̂ =
∑

n≥0

fn

n!
zn is k-summable in direction d if

there exist a sectorial region G = G(d, γ), with γ > 1/k, and f ∈ Ã1/k(G)

such that f ∼1/k f̂ .
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Definition of k-summability in a direction

Let d ∈ R. A formal series f̂ =
∑

n≥0

fn

n!
zn is k-summable in direction d if

there exist a sectorial region G = G(d, γ), with γ > 1/k, and f ∈ Ã1/k(G)

such that f ∼1/k f̂ .

In this case, (fn)n∈N0 ∈ Λ1/k, f is the unique with the property above, and it

is called the k-sum of f̂ in direction d.
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Definition of k-summability in a direction

Let d ∈ R. A formal series f̂ =
∑

n≥0

fn

n!
zn is k-summable in direction d if

there exist a sectorial region G = G(d, γ), with γ > 1/k, and f ∈ Ã1/k(G)

such that f ∼1/k f̂ .

In this case, (fn)n∈N0 ∈ Λ1/k, f is the unique with the property above, and it

is called the k-sum of f̂ in direction d.

What about the general case?
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Associated functions

The sequence of quotients, m = (mp := Mp+1/Mp)p∈N0 , is an increasing
sequence tending to infinity.
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Associated functions

The sequence of quotients, m = (mp := Mp+1/Mp)p∈N0 , is an increasing
sequence tending to infinity.

Associated functions:

hM(t) = infn≥0 Mntn, t > 0; hM(0) = 0.

hM(t) =

{

Mjt
j if t ∈

[

1
mj

, 1
mj−1

)

, j = 1, 2, . . . ,

1 if t ≥ 1/m0.

Non-decreasing continuous map in [0,∞), eventually equal to 1.
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Associated functions

The sequence of quotients, m = (mp := Mp+1/Mp)p∈N0 , is an increasing
sequence tending to infinity.

Associated functions:

hM(t) = infn≥0 Mntn, t > 0; hM(0) = 0.

hM(t) =

{

Mjt
j if t ∈

[

1
mj

, 1
mj−1

)

, j = 1, 2, . . . ,

1 if t ≥ 1/m0.

Non-decreasing continuous map in [0,∞), eventually equal to 1.

M(t) := sup
p∈N0

log
( tp

Mp

)

= − log
(

hM(1/t)
)

, t > 0; M(0) = 0

M(t) =

{

j log(t) − log(Mj) if t ∈ [mj−1, mj), j = 1, 2, . . . ,
0 if t ∈ [0, m0).

Non-decreasing, continuous, piecewise continuously differentiable map in
[0,∞) with limt→∞ M(t) = ∞.
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Optimal opening for quasianalyticity, I

Let S be a sector and M = (Mp)p∈N0 be a sequence of positive numbers. The
class AM(S) is quasianalytic if it does not contain nontrivial flat functions.
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Optimal opening for quasianalyticity, I

Let S be a sector and M = (Mp)p∈N0 be a sequence of positive numbers. The
class AM(S) is quasianalytic if it does not contain nontrivial flat functions.

Theorem (Korenbljum (1966))

Let M be strongly regular and γ > 0. The following statements are equivalent:

The class AM(Sγ) is quasianalytic.
∞

∑

n=0

( Mn

(n + 1)Mn+1

)1/(γ+1)

= ∞.
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Optimal opening for quasianalyticity, II

We put CM = {γ > 0 : AM(Sγ) is quasianalytic} and ω(M) = inf CM.
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Optimal opening for quasianalyticity, II

We put CM = {γ > 0 : AM(Sγ) is quasianalytic} and ω(M) = inf CM.

Proposition

ω(M) = lim inf
n→∞

log(mn)

log(n)
∈ (0,∞).
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Optimal opening for quasianalyticity, II

We put CM = {γ > 0 : AM(Sγ) is quasianalytic} and ω(M) = inf CM.

Proposition

ω(M) = lim inf
n→∞

log(mn)

log(n)
∈ (0,∞).

Example: Mα,β =
(

n!α
∏n

m=0 logβ(e + m)
)

n∈N0
, α > 0, β ∈ R.

CMα,β
=

{

[α,∞) if α ≥ β − 1,

(α,∞) if α < β − 1.

ω(Mα,β) = α (in particular for Gevrey sequences!).
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Definition of M-summability in a direction

Theorem (generalized Watson’s lemma, partial version)

If the opening of S is greater than πω(M), then B̃ : ÃM(S) −→ ΛM is injective.
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Definition of M-summability in a direction

Theorem (generalized Watson’s lemma, partial version)

If the opening of S is greater than πω(M), then B̃ : ÃM(S) −→ ΛM is injective.

Definition

Let d ∈ R. We say f̂ =
∑

n≥0

fn

n!
zn is M-summable in direction d if there exist

a sectorial region G = G(d, γ), with γ > ω(M), and f ∈ ÃM(G) such that
f ∼M f̂ .
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Definition of M-summability in a direction

Theorem (generalized Watson’s lemma, partial version)

If the opening of S is greater than πω(M), then B̃ : ÃM(S) −→ ΛM is injective.

Definition

Let d ∈ R. We say f̂ =
∑

n≥0

fn

n!
zn is M-summable in direction d if there exist

a sectorial region G = G(d, γ), with γ > ω(M), and f ∈ ÃM(G) such that
f ∼M f̂ .

In this case, (fn)n∈N0 ∈ ΛM, and f is unique with this property, and will be
denoted

f = SM,df̂ , the M-sum of f̂ in direction d.
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Definition of M-summability in a direction

Theorem (generalized Watson’s lemma, partial version)

If the opening of S is greater than πω(M), then B̃ : ÃM(S) −→ ΛM is injective.

Definition

Let d ∈ R. We say f̂ =
∑

n≥0

fn

n!
zn is M-summable in direction d if there exist

a sectorial region G = G(d, γ), with γ > ω(M), and f ∈ ÃM(G) such that
f ∼M f̂ .

In this case, (fn)n∈N0 ∈ ΛM, and f is unique with this property, and will be
denoted

f = SM,df̂ , the M-sum of f̂ in direction d.

Question: How to recover f from f̂?
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Definition of M-summability in a direction

Theorem (generalized Watson’s lemma, partial version)

If the opening of S is greater than πω(M), then B̃ : ÃM(S) −→ ΛM is injective.

Definition

Let d ∈ R. We say f̂ =
∑

n≥0

fn

n!
zn is M-summable in direction d if there exist

a sectorial region G = G(d, γ), with γ > ω(M), and f ∈ ÃM(G) such that
f ∼M f̂ .

In this case, (fn)n∈N0 ∈ ΛM, and f is unique with this property, and will be
denoted

f = SM,df̂ , the M-sum of f̂ in direction d.

Question: How to recover f from f̂?
We recall the ideas in the theory of general moment summability methods by
W. Balser (UTX, 2000).

Javier Sanz (joint work with A. Lastra and S. Malek) Kernels of summability



Preliminaries
Summability in a direction for ultraholomorphic classes

Application to some moment-PDE

Associated functions and quasianalyticity in ultraholomorphic classes
Kernels of summability in ultraholomorphic classes
Construction of kernels of summability
Moment summability methods in ultraholomorphic classes

Definition of kernels of order k (W. Balser)

Let k > 1/2. A pair of complex functions e,E are kernel functions of order k
if:

1. e is holomorphic in S1/k.

2. z−1e(z) is integrable at the origin.

3. For every ε > 0 there exist C, K > 0 such that

|e(z)| ≤ C exp(−K|z|k), z ∈ S1/k−ε.

4. For x ∈ R, x > 0, the values of e(x) are positive real.

5. If we define m(λ) :=
∫ ∞

0
tλ−1e(t)dt, Re(λ) ≥ 0, the function E, given by

E(z) =

∞
∑

n=0

zn

m(n)
, z ∈ C,

is entire, and there exist c1, c2 > 0 such that |E(z)| ≤ c1 exp(c2|z|
k),

z ∈ C.

6. z−1E(1/z) is integrable at the origin in the sector S(π, 2 − 1/k).
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Null asymptotics

Theorem (V. Thilliez (2010))

Let M be a strongly regular sequence and S a sector. If f ∈ H(S), the
following are equivalent:

f ∈ ÃM(S) and f ∼M 0̂.

For every bounded proper subsector T of S there exist c1, c2 > 0 with

|f(z)| ≤ c1hM(c2|z|) = c1e
−M(1/(c2|z|)), z ∈ T.
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Null asymptotics

Theorem (V. Thilliez (2010))

Let M be a strongly regular sequence and S a sector. If f ∈ H(S), the
following are equivalent:

f ∈ ÃM(S) and f ∼M 0̂.

For every bounded proper subsector T of S there exist c1, c2 > 0 with

|f(z)| ≤ c1hM(c2|z|) = c1e
−M(1/(c2|z|)), z ∈ T.

In the Gevrey case M1/k:

For small t > 0, exp(−c1t
−k) ≤ h1/k(t) ≤ exp(−c2t

−k);

for large t, c2t
k ≤ M1/k(t) ≤ c1t

k.
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Definition of kernels of M-summability

Let M be strongly regular with ω(M) < 2. A pair of complex functions e, E are
kernel functions for M-summability if:

1. e is holomorphic in Sω(M).

2. z−1e(z) is integrable at the origin.

3. For every ε > 0 there exist C, K > 0 such that

|e(z)| ≤ ChM

(

K

|z|

)

= C exp(−M(|z|/K)), z ∈ Sω(M)−ε.

4. For x ∈ R, x > 0, the values of e(x) are positive real.

5. If we define m(λ) :=
∫ ∞

0
tλ−1e(t)dt, Re(λ) ≥ 0, the function E given by

E(z) =
∑∞

n=0
zn

m(n)
, z ∈ C, is entire, and there exist c, k > 0 such that for

every z ∈ C,

|E(z)| ≤
c

hM(k/|z|)
= c exp(M(|z|/k)).

6. z−1E(1/z) is integrable at the origin in the sector S(π, 2 − ω(M)).
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Proximate orders

Idea: For |z| = r, instead of comparing log |f(z)| to rk, compare to
M(r) = rd(r), where

d(r) :=
log(M(r))

log(r)
.
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Proximate orders

Idea: For |z| = r, instead of comparing log |f(z)| to rk, compare to
M(r) = rd(r), where

d(r) :=
log(M(r))

log(r)
.

Def. (Lindelöf, Valiron):
We say ρ(r) : (0,∞) → R is a proximate order if the following hold:

(1) ρ is continuously differentiable,

(2) ρ(r) ≥ 0 for every r > 0,

(3) limr→∞ ρ(r) = ρ < ∞,

(4) limr→∞ rρ′(r) log(r) = 0.
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Proximate orders

Idea: For |z| = r, instead of comparing log |f(z)| to rk, compare to
M(r) = rd(r), where

d(r) :=
log(M(r))

log(r)
.

Def. (Lindelöf, Valiron):
We say ρ(r) : (0,∞) → R is a proximate order if the following hold:

(1) ρ is continuously differentiable,

(2) ρ(r) ≥ 0 for every r > 0,

(3) limr→∞ ρ(r) = ρ < ∞,

(4) limr→∞ rρ′(r) log(r) = 0.

Condition (1) may be replaced by: (1’) ρ(r) is continuous and piecewise
continuously differentiable in (0,∞).
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Proximate order of an entire function

Def.: Let ρ(r) be a proximate order and f be an entire function. The type of f
associated to ρ(r) is

σf (ρ(r)) = σf := lim sup
r→∞

log max|z|=r |f(z)|

rρ(r)
.

We say ρ(r) is a proximate order of f if 0 < σf < ∞.
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Proximate order of an entire function

Def.: Let ρ(r) be a proximate order and f be an entire function. The type of f
associated to ρ(r) is

σf (ρ(r)) = σf := lim sup
r→∞

log max|z|=r |f(z)|

rρ(r)
.

We say ρ(r) is a proximate order of f if 0 < σf < ∞.

Remark

If ρ(r) → ρ > 0 is a proximate order of f , then f is of exponential order ρ and
there exists K > 0 such that for every z ∈ C one has

|f(z)| ≤ exp(K|z|ρ(|z|)).

Javier Sanz (joint work with A. Lastra and S. Malek) Kernels of summability



Preliminaries
Summability in a direction for ultraholomorphic classes

Application to some moment-PDE

Associated functions and quasianalyticity in ultraholomorphic classes
Kernels of summability in ultraholomorphic classes
Construction of kernels of summability
Moment summability methods in ultraholomorphic classes

Questions:

(1) If M(r) is the function associated to M, is d(r) a proximate order?
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Questions:

(1) If M(r) is the function associated to M, is d(r) a proximate order?
(2) If so, is there the chance that one can find an entire function E having d(r)
as a proximate order (and so, estimates as in 5.)?
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Questions:

(1) If M(r) is the function associated to M, is d(r) a proximate order?
(2) If so, is there the chance that one can find an entire function E having d(r)
as a proximate order (and so, estimates as in 5.)?
(3) May E be the one associated to a suitable kernel e?
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Questions:

(1) If M(r) is the function associated to M, is d(r) a proximate order?
(2) If so, is there the chance that one can find an entire function E having d(r)
as a proximate order (and so, estimates as in 5.)?
(3) May E be the one associated to a suitable kernel e?

Results by V. Bernstein, M. M. Dzhrbashyan, M. A. Evgrafov, A. A. Gol’dberg,
I. V. Ostrovskii and, in our regards, mainly L. S. Maergoiz.

Javier Sanz (joint work with A. Lastra and S. Malek) Kernels of summability



Preliminaries
Summability in a direction for ultraholomorphic classes

Application to some moment-PDE

Associated functions and quasianalyticity in ultraholomorphic classes
Kernels of summability in ultraholomorphic classes
Construction of kernels of summability
Moment summability methods in ultraholomorphic classes

Existence of analytic proximate orders for a given proximate order

Theorem (L. S. Maergoiz (2001))

Let ρ(r) be a proximate order with ρ(r) → ρ > 0 as r → ∞. For every γ > 0
there exists an analytic function V0(z) in Sγ such that:

(1) For every z ∈ Sγ ,

lim
r→∞

V0(zr)

V0(r)
= zρ,

uniformly in the compact sets of Sγ .

(2) V0(W ) = V0(W ) for every W ∈ Sγ .

(3) V0(r) is positive, increasing and strictly convex relative to log(r) in (0,∞),
and V0(0) = 0.

(4) log(V0(r)) is strictly concave in (0,∞).

(5) The function ρ0(r) := log(V0(r))/ log(r), r > 0, is a proximate order and

lim
r→∞

[ρ0(r) − ρ(r)] log(r) = 0.
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Existence of kernels

We denote by B(γ, ρ(r)) the class of such functions V .

Theorem

Suppose M is a strongly regular sequence with ω(M) < 2 such that d(r) is a
proximate order. Take γ = min{2ω(M), 2} and V ∈ B(γ, d(r)). Then:

The function defined in Sω(M) by

e(z) =
1

ω(M)
z exp(−V (z))

is a kernel of M-summability.

The corresponding kernel E is (of exponential order 1/ω(M) and) of
proximate order d(r).
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Conditions for d(r) to be a proximate order

M(r) is continuous and piecewise continuously differentiable in [0,∞), so the
same is true for d(r) eventually.
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Conditions for d(r) to be a proximate order

M(r) is continuous and piecewise continuously differentiable in [0,∞), so the
same is true for d(r) eventually.

Proposition

d(r) is an increasing function and

lim
r→∞

d(r) = lim sup
n→∞

log(n)

log(mn)
=

1

ω(M)
> 0,

so it is eventually positive.
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Conditions for d(r) to be a proximate order

M(r) is continuous and piecewise continuously differentiable in [0,∞), so the
same is true for d(r) eventually.

Proposition

d(r) is an increasing function and

lim
r→∞

d(r) = lim sup
n→∞

log(n)

log(mn)
=

1

ω(M)
> 0,

so it is eventually positive.

rd′(r) log(r) → 0 as r → ∞?
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Conditions for d(r) to be a proximate order

Proposition

d(r) is a proximate order if, and only if,

lim
j→∞

j

M(mj−1)
= lim

j→∞

j

log(mj
j−1/Mj)

=
1

ω(M)
.

Corollary

If lim
j→∞

j log
( mj

mj−1

)

exists, then d(r) is a proximate order.
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Comments

(1) The previous conditions hold for every sequence Mα,β.

(2) Our method provides kernels, but not all. For example, e(z) = kzke−zk

gives rise to the standard Laplace and Borel (with Mittag-Leffler kernel)
transforms of order k, but it is not provided by the previous method.
(3) In the Gevrey case M1/k, for large r we have c2r

k ≤ M1/k(r) ≤ c1r
k, so

that one can work with the proximate order ρ(r) ≡ k, which provides the kernel

ê(z) = kze−zk

with moment function m̂(λ) = Γ((λ + 1)/k) and the
corresponding Ê.
(5) If d(r) is not a proximate order but there exists a proximate order ρ(r) and
constants A, B > 0 such that eventually A ≤ (d(r) − ρ(r)) log(r) ≤ B, then
one may also construct kernels for M-summability by working with ρ(r) instead
of d(r).
(6) Consequence of 3. and 5. in the definition of kernels: M and (m(n))n∈N0

are equivalent, i.e., there exist C, D > 0 such that CnMn ≤ m(n) ≤ DnMn

for every n ∈ N0.
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Laplace-like operator associated to e

Let S = S(d, γ) be an unbounded sector. We say a holomorphic function
f : S → C belongs to AM(S) if it is continuous at 0, and for every unbounded
subsector T of S there exist k1, k2 > 0 such that for every z ∈ T ,

|f(z)| ≤
k1

hM(k2/|z|)
. (f is of M-growth in S).
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Laplace-like operator associated to e

Let S = S(d, γ) be an unbounded sector. We say a holomorphic function
f : S → C belongs to AM(S) if it is continuous at 0, and for every unbounded
subsector T of S there exist k1, k2 > 0 such that for every z ∈ T ,

|f(z)| ≤
k1

hM(k2/|z|)
. (f is of M-growth in S).

Given kernels e, E for M, f ∈ AM(S) and a direction τ in S, the e-Laplace
transform (in direction τ ) of f , Tef , is defined by

(Tef)(z) :=

∫ ∞(τ)

0

e(u/z)f(u)
du

u
.

{Tef}τ inS defines a holomorphic function in a sectorial region G(d, γ + ω(M)).
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Borel-like operator associated to e

Let G = G(d, γ) be a sectorial region with γ > ω(M), f : G → C holomorphic
in G and continuous at 0, and γω(M)(τ ) a path as the ones used in the classical
Borel transform.

Given kernels e, E for M, the e-Borel transform (in direction τ ) of f , T−
e f , is

defined by

(T−
e f)(u) :=

−1

2πi

∫

γω(M)(τ)

E(u/z)f(z)
dz

z
, u ∈ S(τ, ε), ε small enough.

{T−
e f}τ defines a holomorphic function in S(d, γ − ω(M)) and it is of

M-growth there.
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Formal operators associated to e and definition of moment summability

For λ ∈ C with Re(λ) > 0, one has

Te(z
λ) = m(λ)zλ, T−

e (zλ) =
1

m(λ)
zλ.

The formal e-Laplace and Borel operators, T̂e and T̂−
e , are accordingly defined

in C[[z]] by linearity.
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Formal operators associated to e and definition of moment summability

For λ ∈ C with Re(λ) > 0, one has

Te(z
λ) = m(λ)zλ, T−

e (zλ) =
1

m(λ)
zλ.

The formal e-Laplace and Borel operators, T̂e and T̂−
e , are accordingly defined

in C[[z]] by linearity.

Definition

Let e be a kernel of M-summability and Te the Laplace operator.

We say f̂ =
∑

n≥0

fn

n!
zn is Te-summable in direction d ∈ R if:

(fn)n∈N0 ∈ ΛM, so that g := T̂−
e f̂ =

∑

n≥0

fn

n!m(n)
zn converges in a

disc, and

g admits analytic continuation S(T̂−
e f̂) in a sector S = S(d, ε) for some

ε > 0, and g ∈ AM(S).
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Main result for moment summability

Theorem

Given M, d and f̂ , the following are equivalent:

f̂ is M-summable in direction d.

For every kernel e of M-summability, f̂ is Te-summable in direction d.

For some kernel e of M-summability, f̂ is Te-summable in direction d.

In case any of the previous holds, we have (after analytic continuation)

SM,df̂ = Te(S(T̂−
e f̂)).
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Comments

In case M = M1/k, we obtain classical k-summability and Te-summability
for kernels e of order k.

In case ω(M) ≥ 2, modifications are needed as in W. Balser (UTX, 2000).

If M and M′ are equivalent strongly regular sequences, the
ultraholomorphic classes, classes of functions of respective growth, families
of kernels of summability and the summability methods described are all
the same, as well as the sums provided for every summable series.
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Moment partial differential equations, I

In a recent paper by W. Balser and M. Yoshino (2010), formal
moment-differential operators were introduced corresponding to the sequence
of moments (m(n))n∈N0 of a given kernel function e of order k > 0:

∂m,z

(

∞
∑

j=0

uj

m(j)
zj

)

:=
∞

∑

j=0

uj+1

m(j)
zj .
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Moment partial differential equations, I

In a recent paper by W. Balser and M. Yoshino (2010), formal
moment-differential operators were introduced corresponding to the sequence
of moments (m(n))n∈N0 of a given kernel function e of order k > 0:

∂m,z

(

∞
∑

j=0

uj

m(j)
zj

)

:=
∞

∑

j=0

uj+1

m(j)
zj .

For two sequences of moments (m1(n))n and (m2(n))n, they study the formal
power series solutions of an inhomogeneous moment partial differential
equation with constant coefficients in two variables,

p(∂m1,t, ∂m2,z)û(t, z) = f̂(t, z),

where p(λ, ξ) is a given polynomial.
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Moment partial differential equations, II

Subsequently, S. Michalik (2010-12) has studied similar problems in this
context.
For example, given (m1(n))n and (m2(n))n as before, he considers an initial
value problem for a linear moment partial differential equation with constant
coefficients in two variables,

P (∂m1,t, ∂m2,z)u(t, z) = 0, ∂j
m1,tu(0, z) = ϕj(z) for j = 0, . . . , n − 1,

where P (λ, ξ) is a polynomial of degree n with respect to λ and the Cauchy
data are analytic in a neighbourhood of 0 ∈ C.
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Moment partial differential equations, II

Subsequently, S. Michalik (2010-12) has studied similar problems in this
context.
For example, given (m1(n))n and (m2(n))n as before, he considers an initial
value problem for a linear moment partial differential equation with constant
coefficients in two variables,

P (∂m1,t, ∂m2,z)u(t, z) = 0, ∂j
m1,tu(0, z) = ϕj(z) for j = 0, . . . , n − 1,

where P (λ, ξ) is a polynomial of degree n with respect to λ and the Cauchy
data are analytic in a neighbourhood of 0 ∈ C.

A formal solution û is constructed, and a detailed study is made of the
relationship between the summability properties of û and the analytic
continuation properties and growth estimates for the Cauchy data.
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Moment partial differential equations, II

Subsequently, S. Michalik (2010-12) has studied similar problems in this
context.
For example, given (m1(n))n and (m2(n))n as before, he considers an initial
value problem for a linear moment partial differential equation with constant
coefficients in two variables,

P (∂m1,t, ∂m2,z)u(t, z) = 0, ∂j
m1,tu(0, z) = ϕj(z) for j = 0, . . . , n − 1,

where P (λ, ξ) is a polynomial of degree n with respect to λ and the Cauchy
data are analytic in a neighbourhood of 0 ∈ C.

A formal solution û is constructed, and a detailed study is made of the
relationship between the summability properties of û and the analytic
continuation properties and growth estimates for the Cauchy data.

Results: in both cases, similar statements have been obtained for moment
differential PDE’s associated to moment sequences corresponding to
summability kernels for strongly regular sequences.
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Application, I

We assume that P can be written in the form

P (λ, ξ) = P0(λ)(λ − λ1(ξ))
n1 ...(λ − λℓ(ξ))

nℓ

for some ℓ ∈ N and n1, ..., nℓ ∈ N such that n1 + ... + nℓ = n.

Moreover, for every j = 1, ..., nℓ, λj(ξ) is a holomorphic function for |ξ| ≥ r0

for some r0 > 0, with polynomial growth at infinity, meaning there exist
λj ∈ C \ {0} and qj ∈ Q such that

lim
ξ→∞

λj(ξ)

ξqj
= λj .
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Application, II

For each λj(ξ) one introduces suitable moment-pseudodifferential operators,
defined in terms of kernels em2 , Em2 corresponding to the sequence of moments
m2. These allows one to factorize the moment-differential operator as follows:

P (∂m1,t, ∂m2,z) = P0(∂m2,z)(∂m1,t − λ1(∂m2,z))
n1 · · · (∂m1,t − λl(∂m2,z))

nl .
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Application, III

Hence, one can prove that it suffices to study the moment-pseudodifferential
equation

(∂m1,t − λ(∂m2,z))
βu = 0

with initial conditions

∂j
m1,tu(0, z) = 0 (n = 0, . . . , β − 2),

∂β−1
m1,tu(0, z) = ϕ(z) ∈ O(D).

Here λ is of polynomial growth of order q with limξ→∞
λ(ξ)
ξq = λ.

We restrict to the case β = 1.
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Application, IV

Let us assume that u is a solution of

(∂m1,t − λ(∂m2,z))u = 0, u(0, z) = ϕ(z) ∈ O(D),

and ω(m1) = qω(m2). Suppose the corresponding kernels are related by

em1(z) =
1

q
em2(z

1/q), z ∈ Sω(m1).

Then, for every strongly regular sequence M = (Mn)n∈N0 (for which kernels of
summability exist) and d ∈ R, the following are equivalent:

ϕ admits analytic continuation in (a small sector around) every direction
of the form (d + arg(λ) + 2pπ)/q for every p = 0, . . . , q − 1, and it is of
exponential M-growth there.

u admits analytic continuation to S̃ × D, where S̃ is the union of a sector
S bisected by d and a disk around 0, and u is uniformly (in z) of
exponential M̃-growth in S̃, where M̃ = (Mqn)n∈N0 .

Javier Sanz (joint work with A. Lastra and S. Malek) Kernels of summability



Preliminaries
Summability in a direction for ultraholomorphic classes

Application to some moment-PDE

Consequences for the asymptotic Borel map: Injectivity

Remark

Suppose d(r) is a proximate order. Given a kernel e for M-summability, the
function

G(z) = exp(−V (1/z)), z ∈ Sω(M),

is a (nontrivial) flat function in ÃM(Sω(M)).

Javier Sanz (joint work with A. Lastra and S. Malek) Kernels of summability



Preliminaries
Summability in a direction for ultraholomorphic classes

Application to some moment-PDE

Consequences for the asymptotic Borel map: Injectivity

Remark

Suppose d(r) is a proximate order. Given a kernel e for M-summability, the
function

G(z) = exp(−V (1/z)), z ∈ Sω(M),

is a (nontrivial) flat function in ÃM(Sω(M)).

Theorem (generalized Watson’s lemma, second partial version)

Suppose d(r) is a proximate order. Then, the map B̃ : ÃM(S) −→ ΛM is
injective if, and only if, the opening of S is greater than πω(M).
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Consequences for the asymptotic Borel map: Surjectivity

Theorem (Borel–Ritt–Gevrey, J. P. Ramis (1978))

For α > 0 and γ > 0, B̃ : Ãα(Sγ) −→ Λα is surjective if, and only if, γ ≤ α.
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Consequences for the asymptotic Borel map: Surjectivity

Theorem (Borel–Ritt–Gevrey, J. P. Ramis (1978))

For α > 0 and γ > 0, B̃ : Ãα(Sγ) −→ Λα is surjective if, and only if, γ ≤ α.

Theorem (Generalized Borel–Ritt–Gevrey)

Suppose d(r) is a proximate order. Then, the map B̃ : ÃM(Sγ) −→ ΛM is
surjective if, and only if, γ ≤ ω(M).
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Consequences for the asymptotic Borel map: Surjectivity

Theorem (Borel–Ritt–Gevrey, J. P. Ramis (1978))

For α > 0 and γ > 0, B̃ : Ãα(Sγ) −→ Λα is surjective if, and only if, γ ≤ α.

Theorem (Generalized Borel–Ritt–Gevrey)

Suppose d(r) is a proximate order. Then, the map B̃ : ÃM(Sγ) −→ ΛM is
surjective if, and only if, γ ≤ ω(M).

This is based in the classical truncated Laplace transform technique, which also
allows to obtain linear and continuous right inverses for the asymptotic Borel
map.
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Consequences for the asymptotic Borel map: Right inverses

Theorem

Let M be strongly regular and such that d(r) is a proximate order. Then:

(1) The Borel map B̃ : ÃM(Sω(M)) → ΛM admits a linear continuous right
inverse.

(2) For every γ < ω(M), there exists d ≥ 1 such that for every A > 0 there is a
linear continuous operator

TM,A,γ : ΛM,A → AM,dA(Sγ)

such that B̃ ◦ TM,A,γ = IdΛM,A .
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Consequences for the asymptotic Borel map: Right inverses

Theorem

Let M be strongly regular and such that d(r) is a proximate order. Then:

(1) The Borel map B̃ : ÃM(Sω(M)) → ΛM admits a linear continuous right
inverse.

(2) For every γ < ω(M), there exists d ≥ 1 such that for every A > 0 there is a
linear continuous operator

TM,A,γ : ΛM,A → AM,dA(Sγ)

such that B̃ ◦ TM,A,γ = IdΛM,A .

V. Thilliez obtained (2) for sectors of opening less than πγ(M), where γ(M) is
a growth index about which we only know that γ(M) ≤ ω(M). (1) is a new
result.
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