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S(d, )
S’Y

G(d,v)

Unbounded sector of opening 7y, bisected by direction d € R.
Unbounded sector of opening 7y, bisected by direction d = 0.

Sectorial region of opening 7, bisected by direction d = 0.
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Preliminaries
Summability in a direction for ultraholomorphic classes
pplication to some moment-PDE

Strongly regular sequences and ultraholomorphic classes
k-summability in a direction

Strongly regular sequences (following V. Thilliez)

A sequence M = (M )nen, of positive real numbers, with Mo = 1, is said to
be strongly regular if it is:

@ logarithmically convex: M2 < My_1Mpt1, n>1.

@ of moderate growth: there exists a constant A > 0 such that
Mpip < A"PM,M,, n,pc No.

@ strongly non-quasianalytic: there exists B > 0 such that

My, M,
<B , n &€ Np.
I;z (k)+ 1)M]€+1 - Mnpy1 0
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Strongly regular sequences and ultraholomorphic classes
k-summability in a direction

Examples:

n

9 Mg = (n!*)nen,, Gevrey sequence of order a > 0.
o M, 3= (n!"‘ 0

10g5(€+m))n€N0, a>0 BER.

2 . A
@ For ¢ > 1, M = (¢" )nen, is logarithmically convex and strongly
non-quasianalytic, but not of moderate growth.
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Strongly regular sequences and ultraholomorphic classes
k-summability in a direction

Given M, A > 0 and a sector S, we consider

(n)
AM,A(S)Z{fEH(S):||f||M’A; sup LG

)l oo}
z€S,neNy
(Awm,a(S), || ||M’A) is a Banach space. Am(S) :=Uaso04m,4(S5).

AnrnlM,
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Preliminaries
Summability in a direction for ultraholomorphic classes
Application to some moment-PDE

Strongly regular sequences and ultraholomorphic classes
k-summability in a direction

Ultraholomorphic classes and the asymptotic Borel map, |

Given M, A > 0 and a sector S, we consider

(n)
A a(S) = {f € H(S) : [Ifllyga = sup % < oo}

z€S,neNy

(Awi,a(S), II Iy, 4) is @ Banach space. Aw(S) := Uaso0.Am,a(S5).

We say f € Au(S) if f € H(S), and for every bounded proper subsector T" of S
there exists Ar > 0 such that f|r € Aw,a,.(T). Similarly for sectorial regions.

= . . A (n) . .
f € Au(S) & f admits the series f = > 07 L720) ;7 a5 its M-asymptotic

expansion at 0, denoted f ~y f: For every T there exist C, B > 0 such that
for every z € T' and every n € Ny, we have

n=l (k)
HOEDS fk—!(o)z’“| < CB"™ My|z|".
k=0
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Aw,a = {H = (fin)nen, € CY0 il

. |tan |
A *T SUPnen, Anrn!M,
(Am,a, | |y, 4) is @ Banach space. Ay :=Uaso0Am 4.
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Strongly regular sequences and ultraholomorphic classes
k-summability in a direction

Ultraholomorphic clas

Am,a = {u = (ftn)nen, € CYO : |lyg, 4 7= SUP,en, % < oo}

(Am, A, | [y 4) is @ Banach space. Ay := UasoAu,a.

The asymptotic Borel map B : Ay (S) — Ay,
F (f(0) :=1im. —ozer f™ (2))nen, is well defined.

o (w1 =
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Consider the Gevrey case of order 1/k >0, i.e. My, = (n!1/k)n€N0.

We write Ak (S), A1/&(S), Aisk, f ~1/x f and so on for simplicity.
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Preliminaries
Summability in a direction for ultraholomorphic classes
Application to some moment-PDE

Strongly regular sequences and ultraholomorphic classes
k-summability in a direction

Flat functions and quasianalyticity in Gevrey classes

Consider the Gevrey case of order 1/k >0, i.e. My, = (! *) e, -

We write A, /5 (S5), Al/k(S’), Ay, [ ~agm f and so on for simplicity.

Let S be a sector and f € H(S). The following are equivalent:
) f € Al/k(S) andf ~1/k 6

@ For every bounded proper subsector T of S there exist c1,c2 > 0 with

z gcle_”lzlik zeT.
|f£(2)] ;
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Preliminaries
Summability in a direction for ultraholomorphic classes
Application to some moment-PDE

Strongly regular sequences and ultraholomorphic classes
k-summability in a direction

Flat functions and quasianalyticity in Gevrey classes

Consider the Gevrey case of order 1/k >0, i.e. My, = (! *) e, -

We write A, /5 (S5), Al/k(S’), Ay, [ ~agm f and so on for simplicity.

Let S be a sector and f € H(S). The following are equivalent:
e fe Al/k(S) and f ~ 3, 0.
@ For every bounded proper subsector T of S there exist c1,c2 > 0 with

|f(2)] Sqe_cz'z‘%7 zeT.

The injectivity of the asymptotic Borel map B: fll/k(S) — A4y, is essential
for the definition of k-summability!!

Theorem (Watson's lemma)

B is injective if, and only if, the opening of S is greater than /k.
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fn

n

Let d € R. A formal series f = Zn>0

is k-summable in direction d if
there exist a sectorial region G = G(d, fy) with v > 1/k, and f € .Al/k( )
such that f ~q f.
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Preliminaries
Summability in a direction for ultraholomorphic classes
pplication to some moment-PDE

Strongly regular sequences and ultraholomorphic classes
k-summability in a direction

Definition of k-summability in a direction

n

Let d € R. A formal series f = > om0 f—’:z is k-summable in direction d if
=Y n!

there exist a sectorial region G = G(d,v), with v > 1/k, and f € A, /x(G)
such that f ~q f

In this case, (fn)nen, € A1/k, f is the unique with the property above, and it
is called the k-sum of f in direction d.
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Preliminaries
Summability in a direction for ultraholomorphic classes
pplication to some moment-PDE

Strongly regular sequences and ultraholomorphic classes
k-summability in a direction

Definition of k-summability in a direction

fnn

Let d € R. A formal series f = > om0 =5 2" is k-summable in direction d if
=9 nl -

there exist a sectorial region G = G(d,~), with v > 1/k, and f € A;/,(G)

such that f ~q f

In this case, (fn)nen, € A1/k, f is the unique with the property above, and it
is called the k-sum of f in direction d.

What about the general case?
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sequence tending to infinity.

The sequence of quotients, m = (my, := Mp41/Mp)pen,, is an increasing
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Associated functions and quasianalyticity in ultraholomorphic classes
Kernels of summability in ultraholomorphic classes

Construction of kernels of summability

Moment summability methods in ultraholomorphic classes

Preliminaries
Summability in a direction for ultraholomorphic classes
Application to some moment-PDE

Associated functions

The sequence of quotients, m = (my, := Mp41/Mp)pen,, is an increasing
sequence tending to infinity.

Associated functions:
9 hm(t) = infnzo M,t™, t > 0; hM[(O) =0.

M;ti ifte[l L ) j=1,2,...,

P . b
g My—1

hu(t) = .
1 if t > 1/mg.

Non-decreasing continuous map in [0, c0), eventually equal to 1.
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Preliminaries
Summability in a direction for ultraholomorphic classes
Application to some moment-PDE

Associated functions

The sequence of quotients, m = (my, := Mp41/Mp)pen,, is an increasing
sequence tending to infinity.

Associated functions:
") hm(t) = infnzo M,t™, t > 0; hM(O) =0.
I 1 1 -
() = [ Mt € [ m) =12,
1 if ¢ 2 1/m0.
Non-decreasing continuous map in [0, c0), eventually equal to 1.
tP
o M(t) := sup log (—) = —log (hum(1/t)), t>0; M(0)=0
JAS) M,
M(t) _ JIOg(t) - IOg(M]) if t € [mj—17mj)7 j=1L2...,
- 0 if t € [0, mo).

Non-decreasing, continuous, piecewise continuously differentiable map in
[0, 00) with limy_.oc M(t) = oco.
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Associated functions and ianalyticity in ultrahol phic classes
Kernels of summability in ultraholomorphic classes
Construction of kernels of summability
Moment summability methods in ultraholomorphic classes

Optimal openi

Let S be a sector and M = (Mp)pen, be a sequence of positive numbers. The
class Awm(S) is quasianalytic if it does not contain nontrivial flat functions.

o (w1 =
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Associated functions and quasianalyticity in ultraholomorphic classes
Kernels of summability in ultraholomorphic classes

Construction of kernels of summability

Moment summability methods in ultraholomorphic classes

Preliminaries
Summability in a direction for ultraholomorphic classes
Application to some moment-PDE

Optimal opening for quasianalyticity, |

Let .S be a sector and M = (M},)pen, be a sequence of positive numbers. The
class Am(S) is quasianalytic if it does not contain nontrivial flat functions.

Theorem (Korenbljum (1966))

Let M be strongly regular and v > 0. The following statements are equivalent:

@ The class .AM(SA,) is quasianalytic.

Z( )1/(7+1) _
n+1 Mn+1 =
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We put Oy = {v > 0 : Au(S,) is quasianalytic} and w(M) = inf Cy.
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P Associated functions and quasianalyticity in ultraholomorphic classes
Preliminaries Froi 5
H e R A A Kernels of summability in ultraholomorphic classes
Summability in a direction for ultraholomorphic classes . -
e e e T L= Construction of kernels of summability
PP Moment summability methods in ultraholomorphic classes

Optimal opening for quasianalyticity, I

We put Cy = {y > 0: Au(S) is quasianalytic} and w(M) = inf Cyy.

Proposition
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Optimal opening for quasianalyticity, I

We put Cy = {y > 0: Aw(S,) is quasianalytic} and w(M) = inf Cyy.

Proposition

o log(mn)
w(M)—lﬂgf log(n) € (0,00).

Example: Ma,5 = (n!®[]7_, log” (e + m)) a>0 B€eR.

n€eNp'’
[a,00) fa>p—1,
(a,00) fa<p—1.

9 w(Ma,,3) = a (in particular for Gevrey sequences!).

] CMa,ﬁ =

Javier Sanz (joint work with A. Lastra and S. Malek) Kernels of summability



P Associated functions and quasianalyticity in ultraholomorphic classes
Preliminaries Froi 5
H e R A A Kernels of summability in ultraholomorphic classes
Summability in a direction for ultraholomorphic classes . -
e e e T L= Construction of kernels of summability
PP Moment summability methods in ultraholomorphic classes

Definition of M-summability in a direction

Theorem (generalized Watson's lemma, partial version)

If the opening of S is greater than mw(M), then B : Aw(S) — Aw is injective.
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Associated functions and quasianalyticity in ultraholomorphic classes
Kernels of summability in ultraholomorphic classes

Construction of kernels of summability

Moment summability methods in ultraholomorphic classes

Preliminaries
Summability in a direction for ultraholomorphic classes
Application to some moment-PDE

Definition of M-summability in a direction

Theorem (generalized Watson's lemma, partial version)

If the opening of S is greater than mw(M), then B : Aw(S) — Aw is injective.

Definition

Let d € R. We say f =3 sa f—ﬁ;z” is M-summable in direction d if there exist
=¥ n

a sectorial region G = G(d,7), with v > w(M), and f € Au(G) such that
fomf.
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Kernels of summability in ultraholomorphic classes

Construction of kernels of summability

Moment summability methods in ultraholomorphic classes

Preliminaries
Summability in a direction for ultraholomorphic classes
Application to some moment-PDE

Definition of M-summability in a direction

Theorem (generalized Watson's lemma, partial version)

If the opening of S is greater than mw(M), then B : Aw(S) — Aw is injective.

Definition

Let d € R. We say f =3 sa f—ﬁ;z” is M-summable in direction d if there exist
=¥ n

a sectorial region G = G(d,7), with v > w(M), and f € Au(G) such that
fomf.

In this case, (fn)nen, € Am, and f is unique with this property, and will be
denoted

f= Sm,df, the M-sum of f in direction d.
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Definition of M-summability in a direction

Theorem (generalized Watson's lemma, partial version)

If the opening of S is greater than mw(M), then B : Aw(S) — Aw is injective.

Definition

f—ﬁ;z” is M-summable in direction d if there exist
n

a sectorial region G = G(d,7), with v > w(M), and f € Au(G) such that
fomf.

Let d € R. Wesay f = Y s

In this case, (fn)nen, € Am, and f is unique with this property, and will be
denoted R .
f=38waf, the M-sum of f in direction d.

Question: How to recover f from f?
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Definition of M-summability in a direction

Preliminaries
Summability in a direction for ultraholomorphic classes
Application to some moment-PDE

Theorem (generalized Watson's lemma, partial version)

If the opening of S is greater than mw(M), then B : Aw(S) — Aw is injective.

Definition

Jfn
n!

a sectorial region G = G(d,7), with v > w(M), and f € Aum(G) such that
fomf.

Let d € R. We say f =3 .50 %" is M-summable in direction d if there exist

In this case, (fn)nen, € Am, and f is unique with this property, and will be
denoted R .
f=38waf, the M-sum of f in direction d.

Question: How to recover f from f?
We recall the ideas in the theory of general moment summability methods by
W. Balser (UTX, 2000).
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Associated functions and quasianalyticity in ultraholomorphic classes
Kernels of summability in ultraholomorphic classes

Construction of kernels of summability

Moment summability methods in ultraholomorphic classes

Definition of kernels of order k& (W. Balser)

Preliminaries
Summability in a direction for ultraholomorphic classes
Application to some moment-PDE

Let k£ > 1/2. A pair of complex functions e, E are kernel functions of order k
if:

s

. e is holomorphic in Sy ;.

A

27 te(2) is integrable at the origin.
3. For every € > 0 there exist C, K > 0 such that

le(2)| < Cexp(fK|z|k)7 2 € S1/p—c-
4. For z € R, z > 0, the values of e(x) are positive real.

5. If we define m(X) := [~ ¢* " "e(t)dt, Re(X) > 0, the function E, given by

n

Ez)=Y — z€C,
n=0

m(n)’

is entire, and there exist c1,co > 0 such that |[E(z)| < ¢1 exp(ca|z[¥),
z e C.

. 2 YE(1/z) is integrable at the origin in the sector S(m,2 — 1/k).

[e)}
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Null asymptotics

Theorem (V. Thilliez (2010))

Let M be a strongly regular sequence and S a sector. If f € H(S), the
following are equivalent:

o f e Ay(S) and f ~u 0.

9 For every bounded proper subsector T of S there exist c1,ca > 0 with

1£(2)| < crhua(calz]) = cre™ M1/ (e2lzD) zeT.
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Preliminaries
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Null asymptotics

Theorem (V. Thilliez (2010))

Let M be a strongly regular sequence and S a sector. If f € H(S), the
following are equivalent:

o f e Ay(S) and f ~u 0.

9 For every bounded proper subsector T of S there exist c1,ca > 0 with

1£(2)| < crhua(calz]) = cre™ M1/ (e2lzD) zeT.

In the Gevrey case M, /:
For small ¢ > 0, exp(—c1t™*) < hy /5 (t) < exp(—cat™");

for large t, cat® < My 4 (t) < ert.
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Construction of kernels of summability

Moment summability methods in ultraholomorphic classes

Preliminaries
Summability in a direction for ultraholomorphic classes
Application to some moment-PDE

Definition of kernels of M-summability

Let M be strongly regular with w(M) < 2. A pair of complex functions e, E are
kernel functions for M-summability if:

1. e is holomorphic in S, -
2. z7'e(z) is integrable at the origin.
3. For every € > 0 there exist C, K > 0 such that

K
()] < Ot () = Coxp(-MU/KD, 2 € S
4. For z € R, x > 0, the values of e(x) are positive real.

5. If we define m(X) := [~ ¢* " "e(t)dt, Re(X) > 0, the function E given by

E(z)=3% >, #T;) z € C, is entire, and there exist c, k > 0 such that for
every z € C,
c
E(z)| < ——————= = cexp(M(|z|/k)).
1BG:)| < iy = cexp(M(el /)

[e)}

. 2 YE(1/2) is integrable at the origin in the sector S(m,2 — w(M)).
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M(r) = %" where

Idea: For |z| = r, instead of comparing log | f(2)| to r*, compare to
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Preliminaries
Summability in a direction for ultraholomorphic classes
Application to some moment-PDE

Proximate orders

Idea: For |z| = r, instead of comparing log | f(z)| to ", compare to
M(r) = %", where
_ log(M(r)

d(r) : og(r)

Def. (Lindeldf, Valiron):

We say p(r) : (0,00) — R is a proximate order if the following hold:
(1) pis continuously differentiable,

(2) p(r) > 0 for every r > 0,
(3) limy—o0 p(r) = p < o0,
(4)

4) limy—oc mp'(r) log(r) = 0.
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Preliminaries
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Proximate orders

Idea: For |z| = r, instead of comparing log | f(z)| to ", compare to
M(r) = 4" where
_ log(M(r)

d(r) : og(r)

Def. (Lindeldf, Valiron):

We say p(r) : (0,00) — R is a proximate order if the following hold:
(1) pis continuously differentiable,

(2) p(r) > 0 for every r > 0,
(3) limy—o0 p(r) = p < o0,
(4) limp—oo rp'(r) log(r) = 0.

Condition (1) may be replaced by: (1') p(r) is continuous and piecewise
continuously differentiable in (0, c0).
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Associated functions and

ianalyticity in ultrahol phit
Kernels of summability in ultraholomorphic classes

classes

Construction of kernels of summability

Moment summability methods in ultraholomorphic classes

Def.: Let p(r) be a proximate order and f be an entire function. The type of f
associated to p(r) is

, log max. | | f(2)]
o¢(p(r)) = oy := limsup Tlp(lr) .

We say p(r) is a proximate order of f if 0 < oy < c0.

[m]
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Preliminaries
Summability in a direction for ultraholomorphic classes
Application to some moment-PDE

Proximate order of an entire function

Def.: Let p(r) be a proximate order and f be an entire function. The type of f
associated to p(r) is

log max|,|—, | f(2)|
o(r) :

of(p(r)) = oy :=limsup

7—00

We say p(r) is a proximate order of f if 0 < oy < o0.

If p(r) — p > 0 is a proximate order of f, then f is of exponential order p and
there exists K > 0 such that for every z € C one has

1/(2)] < exp(K[2]*1=V).
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Associated functions and

lyticity in ultrahol phic classes
Kernels of summability in ultraholomorphic classes
Construction of kernels of summability
Moment summability methods in ultraholomorphic classes
Questions:
(1) If M(r) is the function associated to M, is d(r) a proximate order?

[m]
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Associated functions and lyticity in ultrahols phic classes
Kernels of summability in ultraholomorphic classes

Construction of kernels of summability

Moment summability methods in ultraholomorphic classes

Questions:

(1) If M(r) is the function associated to M, is d(r) a proximate order?

(2) If so, is there the chance that one can find an entire function E having d(r)
as a proximate order (and so, estimates as in 5.)7

o (w1 =
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Questions:

(1) If M(r) is the function associated to M, is d(r) a proximate order?

(2) If so, is there the chance that one can find an entire function E having d(r)
as a proximate order (and so, estimates as in 5.)7

(3) May E be the one associated to a suitable kernel e?
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Preliminaries
Summability in a direction for ultraholomorphic classes
Application to some moment-PDE

Questions:

(1) If M(r) is the function associated to M, is d(r) a proximate order?

(2) If so, is there the chance that one can find an entire function E having d(r)
as a proximate order (and so, estimates as in 5.)7

(3) May E be the one associated to a suitable kernel e?

Results by V. Bernstein, M. M. Dzhrbashyan, M. A. Evgrafov, A. A. Gol'dberg,
I. V. Ostrovskii and, in our regards, mainly L. S. Maergoiz.
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Construction of kernels of summability

Moment summability methods in ultraholomorphic classes
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Theorem (L. S. Maergoiz (2001))

Let p(r) be a proximate order with p(r) — p > 0 as r — oo. For every v > 0
there exists an analytic function Vy(z) in S~ such that:

(1) Forevery z € S5,
Vo(zr) 7

:Z’

lim
% Vo)

uniformly in the compact sets of S,.

(2) Vo(W) = Vo(W) for every W € S,,.
(3)

=

(r) Is positive, increasing and strictly convex relative to log(r) in (0,00),
and Vp(0) = 0.

(4) log(Vo(r)) is strictly concave in (0, 00).

(5) The function po(r) :=log(Vo(r))/log(r), r > 0, is a proximate order and

Jim [po(r) — p(r)] log(r) = 0.
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Existence of kernels

We denote by B (v, p(r)) the class of such functions V.

Theorem

Suppose M is a strongly regular sequence with w(M) < 2 such that d(r) is a
proximate order. Take v = min{2w(M), 2} and V € B(v,d(r)). Then:

@ The function defined in S,y by

zexp(=V(2))

is a kernel of Ml-summability.

@ The corresponding kernel E is (of exponential order 1/w(M) and) of
proximate order d(r).
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Conditions for d(r) to be a proximate order

M (r) is continuous and piecewise continuously differentiable in [0, c0), so the
same is true for d(r) eventually.

Proposition

d(r) is an increasing function and

1 1
rlg{.lo d(r) = lim sup % = o (M) >0,

so it is eventually positive.
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Conditions for d(r) to be a proximate order

M (r) is continuous and piecewise continuously differentiable in [0, c0), so the
same is true for d(r) eventually.

Proposition

d(r) is an increasing function and

1 1
rlg{.lo d(r) = lim sup % = o (M) >0,

so it is eventually positive.

rd'(r)log(r) — 0 as r — co?
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Conditions for d(r) to be a proximate order

d(r) is a proximate order if, and only if,

lim _J = lim ] = ! .
5750 M(mj—1) 5o log(m)_/M;)  «(M)

v
Corollary

mi

) exists, then d(r) is a proximate order.

If lim jlog(
J—0 mj—1
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Comments

(1) The previous conditions hold for every sequence M, 3.

(2) Our method provides kernels, but not all. For example, e(z) = kzbe ="
gives rise to the standard Laplace and Borel (with Mittag-Leffler kernel)
transforms of order k, but it is not provided by the previous method.

(3) In the Gevrey case M /i, for large 7 we have cor® < M, (r) < car®, so
that one can work with the proximate order p(r) = k, which provides the kernel
é(z) = kze=*" with moment function m(A) =T((A+1)/k) and the
corresponding E.

(5) If d(r) is not a proximate order but there exists a proximate order p(r) and
constants A, B > 0 such that eventually A < (d(r) — p(r))log(r) < B, then
one may also construct kernels for M-summability by working with p(r) instead
of d(r).

(6) Consequence of 3. and 5. in the definition of kernels: M and (m(n))nen,
are equivalent, i.e., there exist C, D > 0 such that C"M,, < m(n) < D" M,
for every n € Np.
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Laplace-like operator associated to e

Let S = S(d,~) be an unbounded sector. We say a holomorphic function
f: S — C belongs to A™(S) if it is continuous at 0, and for every unbounded
subsector T of S there exist k1, k2 > 0 such that for every z € T,

k1
NS

—_—. f is of M-growth in 5).
cyEI R :
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Laplace-like operator associated to e

Let S = S(d,~) be an unbounded sector. We say a holomorphic function
f: S — C belongs to A™(S) if it is continuous at 0, and for every unbounded
subsector T" of S there exist k1, k2 > 0 such that for every z € T,

()] < —

= ha(kz/l2]) (f is of M-growth in S).

Given kernels e, E for M, f € A™(S) and a direction 7 in S, the e-Laplace
transform (in direction 7) of f, T f, is defined by

du
-

oo(T)
(nﬁuw=é e(u/z) f(u)

{Tef}+ins defines a holomorphic function in a sectorial region G(d, v + w(M)).
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Borel-like operator associated to e

Let G = G(d,~) be a sectorial region with v > w(M), f : G — C holomorphic
in G and continuous at 0, and 7, (7) a path as the ones used in the classical
Borel transform.

Given kernels e, E/ for M, the e-Borel transform (in direction 7') of f, T, f,is
defined by
_ -1 dz
(T () := E(u/z)f(z)?7 u € S(1,¢), € small enough.

2mi Yoy (T)

{T. f}+ defines a holomorphic function in S(d,y —w(M)) and it is of
M-growth there.
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For A € C with Re(\) > 0, one has

TG =mN2, T = ﬁz*.
The formal e-Laplace and Borel operators, T, and T, are accordingly defined
in C[[2]] by linearity.

[m]

=
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Formal operators associated to e and definition of moment summability

For A € C with Re(\) > 0, one has

The formal e-Laplace and Borel operators, T. and T;, are accordingly defined
in C[[2]] by linearity.

Definition

Let e be a kernel of M-summability and 7¢ the Laplace operator.
Wesay f =3, e s T.-summable in direction d € R if:

@ (fn)neng € Am, so that g :=T, f = Y s 'Lz” converges in a
=9 nl

m(n)

@ g admits analytic continuation S(77 f) in a sector S = S(d, ¢) for some
e >0, and g € A"(S).

disc, and
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Main result for moment summability

Given M, d and f the following are equivalent:

o f is M-summable in direction d.
9 For every kernel e of Ml-summability, f is Te-summable in direction d.

@ For some kernel e of Ml-summability, f is Te-summable in direction d.

In case any of the previous holds, we have (after analytic continuation)

Swaf = Te(S(TZ f)).
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Comments

@ In case Ml = M /4, we obtain classical k-summability and T.-summability
for kernels e of order k.

@ In case w(M) > 2, modifications are needed as in W. Balser (UTX, 2000).

@ If M and M’ are equivalent strongly regular sequences, the
ultraholomorphic classes, classes of functions of respective growth, families
of kernels of summability and the summability methods described are all
the same, as well as the sums provided for every summable series.
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Moment partial differential equations, |

In a recent paper by W. Balser and M. Yoshino (2010), formal
moment-differential operators were introduced corresponding to the sequence
of moments (m(n))nen, of a given kernel function e of order k£ > 0:

3m,z(2 n:(J])zJ) = jgo :;(J;l)z’

=0
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Moment partial differential equations, |

In a recent paper by W. Balser and M. Yoshino (2010), formal
moment-differential operators were introduced corresponding to the sequence
of moments (m(n))nen, of a given kernel function e of order k£ > 0:

S Ui _5) ._ = Uj+1 5
am’z(;) m(j) )= ; m() "

For two sequences of moments (m1(n)). and (m2(n))n, they study the formal
power series solutions of an inhomogeneous moment partial differential
equation with constant coefficients in two variables,

p(amhiv 87”2,Z)a(t7 z) = f(t7z)7

where p(\, &) is a given polynomial.
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Moment partial differential equations, Il

Subsequently, S. Michalik (2010-12) has studied similar problems in this
context.

For example, given (m1(n))» and (mz2(n)), as before, he considers an initial
value problem for a linear moment partial differential equation with constant
coefficients in two variables,

P(Omy ty Omg,2)u(t,z) =0, aml’tu(() z) =yj(z) for j=0,...,n—1,

where P (), €) is a polynomial of degree n with respect to A and the Cauchy
data are analytic in a neighbourhood of 0 € C.
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Moment partial differential equations, Il

Subsequently, S. Michalik (2010-12) has studied similar problems in this
context.

For example, given (m1(n))n and (m2(n)). as before, he considers an initial
value problem for a linear moment partial differential equation with constant
coefficients in two variables,

P(Omy ty Omg,2)u(t,z) =0, 8mbtu(0 z) =yj(z) for j=0,...,n—1,

where P(),€) is a polynomial of degree n with respect to A and the Cauchy
data are analytic in a neighbourhood of 0 € C.

A formal solution 4 is constructed, and a detailed study is made of the
relationship between the summability properties of 4 and the analytic
continuation properties and growth estimates for the Cauchy data.
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Moment partial differential equations, Il

Subsequently, S. Michalik (2010-12) has studied similar problems in this
context.

For example, given (m1(n))n and (m2(n)). as before, he considers an initial
value problem for a linear moment partial differential equation with constant
coefficients in two variables,

P(Omy ty Omg,2)u(t,z) =0, 877“,15“(0 z) =yj(z) for j=0,...,n—1,

where P(),€) is a polynomial of degree n with respect to A and the Cauchy
data are analytic in a neighbourhood of 0 € C.

A formal solution 4 is constructed, and a detailed study is made of the
relationship between the summability properties of 4 and the analytic
continuation properties and growth estimates for the Cauchy data.

Results: in both cases, similar statements have been obtained for moment
differential PDE's associated to moment sequences corresponding to
summability kernels for strongly regular sequences.
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Application, |

We assume that P can be written in the form
P(X€) = Po(A)(A = Ar(§)™ . (A = Ae(€))™
for some £ € N and n1,...,n¢ € N such that n1 + ... + ng = n.

Moreover, for every j =1, ...,n¢, A;(€) is a holomorphic function for |£] > 7o
for some ro > 0, with polynomial growth at infinity, meaning there exist
Aj € C\ {0} and g; € Q such that

lim /\—(6)—

£—o00 qu R
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Application, Il

For each \;(&) one introduces suitable moment-pseudodifferential operators,
defined in terms of kernels e, , Fym, corresponding to the sequence of moments
ma. These allows one to factorize the moment-differential operator as follows:

P(aml,hamz,z) = Po(amz,z)(aml,t - )‘1(8m2,2))n1 e (87”1,’5 - Al(am%z))"l .
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Application, Il

Hence, one can prove that it suffices to study the moment-pseudodifferential

equation
(Ot = MOms,2)) u = 0

with initial conditions
8fvnl¢u(0,z) =0(n=0,...,6—2),
8&;’1,511(0, z) = p(z) € O(D).
Here X is of polynomial growth of order g with lim¢_. ’\T(;fl =\

We restrict to the case g = 1.
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Application, 1V

Let us assume that u is a solution of
(87”17t - )‘(am2,z))u =0, u(07 Z) = QD(Z) € O(D)7

and w(m1) = qw(mz). Suppose the corresponding kernels are related by
1 1
emy (2) = Eemz (2 /q)7 2 € Su(my)-

Then, for every strongly regular sequence Ml = (My)nen, (for which kernels of
summability exist) and d € R, the following are equivalent:

@  admits analytic continuation in (a small sector around) every direction
of the form (d + arg(\) + 2pm)/q for every p=0,...,qg—1, and it is of
exponential M-growth there.

@ u admits analytic continuation to S x D, where S is the union of a sector
S bisected by d and a disk around 0, and w is uniformly (in z) of
exponential M-growth in S, where M = (Mgn )nen,-
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Consequences for the asymptotic Borel map: Injectivity

Suppose d(r) is a proximate order. Given a kernel e for M-summability, the
function

G(z) =exp(=V(1/2)),  z€ Sum),

is a (nontrivial) flat function in Aw(S,q))-
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Consequences for the asymptotic Borel map: Injectivity

Remark

Suppose d(r) is a proximate order. Given a kernel e for M-summability, the

function
G(z) = exp(=V (1/2)), Z € Su(m),

is a (nontrivial) flat function in AM(SW(M)).

Theorem (generalized Watson's lemma, second partial version)

Suppose d(r) is a proximate order. Then, the map B : Ay(S) — Aw is
injective if, and only if, the opening of S is greater than ww(M).

A,
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Consequences for the asymptotic Borel map: Surjectivity

Theorem (Borel-Ritt—Gevrey, J. P. Ramis (1978))

Fora >0 and~ >0, B: Au(S,) — A is surjective if, and only if, v < a.
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Consequences for the asymptotic Borel map: Surjectivity

Theorem (Borel-Ritt—Gevrey, J. P. Ramis (1978))

Fora >0 and~ >0, B: Au(S,) — A is surjective if, and only if, v < a.

Theorem (Generalized Borel-Ritt—Gevrey)

Suppose d(r) is a proximate order. Then, the map B : Aw(S-) — A is
surjective if, and only if, v < w(M).
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Consequences for the asymptotic Borel map: Surjectivity

Theorem (Borel-Ritt—Gevrey, J. P. Ramis (1978))

Fora >0 and~ >0, B: Au(S,) — A is surjective if, and only if, v < a.

Theorem (Generalized Borel-Ritt—Gevrey)

Suppose d(r) is a proximate order. Then, the map B : Aw(S-) — A is
surjective if, and only if, v < w(M).

This is based in the classical truncated Laplace transform technique, which also
allows to obtain linear and continuous right inverses for the asymptotic Borel
map.
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Consequences for the asymptotic Borel map: Right inverses

Theorem

Let M be strongly regular and such that d(r) is a proximate order. Then:

(1) The Borel map B : AM(SW(M)) — Awm admits a linear continuous right
inverse.

(2) For every v < w(M), there exists d > 1 such that for every A > O there is a
linear continuous operator

Tw,ay : Av,a — Awaa(Sy)

such that B o T, Ay = Lday 4 -
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Consequences for the asymptotic Borel map: Right inverses

Theorem

Let M be strongly regular and such that d(r) is a proximate order. Then:

(1) The Borel map B : AM(SW(M)) — Awm admits a linear continuous right
inverse.

(2) For every v < w(M), there exists d > 1 such that for every A > O there is a
linear continuous operator

Tw,ay : Av,a — Awaa(Sy)

such that B o T, Ay = Lday 4 -

V. Thilliez obtained (2) for sectors of opening less than 7y (M), where v(M) is
a growth index about which we only know that vy(M) < w(M). (1) is a new
result.
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