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Hypergeometric differential equations

We consider the following differential equation with a large
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Hypergeometric differential equations

The Classical HGDE (Gauss's hypergeometric differential equation):

d? d
x(1 - x)—W +(c—(a+b+ 1)x)—W —abw=0
dx2 dx
Introduce a large parameter 1 by setting
1 1
a= §+na,b= §+q,8,c= l+ny

and eliminate the first-order term by




Hypergeometric differential equations

Our equation:
d2

2
-—+ =0
(- o5+
where Q = Qg + 1772Qy with
o = (@ = P> + 2(2ap — ay = By)x +7° 0 = X2 —x+1
° 4x%(x — 1) e 4x2(x — 1)

We denote by ¢ the following mappings.
Q : invariant under involutions ¢ (j = 0,1,2)

Lo : (Q’,ﬂ, 7) L (—Ch’, _ﬂ9 _7’)

u: P (y-a,y-B7)

(738 L (ﬂa a, 7)

We have to keep in mind that Q is invariant under these involutions.



Hypergeometric differential equations

Our equation has the following formal solutions ( WKB solutions ) :
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Hypergeometric differential equations

Our equation has the following formal solutions ( WKB solutions ) :
1
VSodd

Ui = EXp(if Sodd dX)

ais a zero of \/Qodx. (ais a turning point.)
a formal solution S = Soaa + Seven = X2_ 717§

to Riccati equation

ds
™ +S = 7°Q

S_1= \/6



Stokes graph

A Stokes curve is an integral curve of Im \/@dx = 0 emanating from
a turning point.

A Stokes graph of our equation is a collection of all Stokes curves,
turning points ax(k = 0, 1) and singular points by = 0,b; = 1, by = 0.



Stokes graph

A Stokes curve is an integral curve of Im \/Qodx = 0 emanating from
a turning point.

A Stokes graph of our equation is a collection of all Stokes curves,
turning points ax(k = 0, 1) and singular points by = 0,b; = 1, b, = oo.
Let us assume

() aByla - B)@-y)a+B-7)#0
(il)ReaRepRe(y—a)Re(y—pB) 0
(ilRe(¢—B)Re@+B-y)Rey £0
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Stokes graph

Assumption () apy(e - )@ = y)a + B~ 7) # O

= There are two distinct turning points ag, &1
and ag, a; # 0, 1, co.
Assumption (i) and (iii)
ReaReBRe(y—a)Rey—-B)#0
Re@-pB)Rel@+pB-y)Rey #0
= There is no Stokes curves which connect turning point(s).

If the LHS of conditions (ii) or (iii) vanishes
then the Stokes araph is degenerate.

(i) (iii)



Stokes graph

We assume that (a, B, %) are not contained in (i). Let ng, Ny and ny be
numbers of Stokes curves that flow into 0, 1 and oo, respectively.
A will denote (ng, N1, N2).



Stokes graph

We assume that (a, B, %) are not contained in (i). Let ng, Ny and ny be
numbers of Stokes curves that flow into 0, 1 and oo, respectively.
A will denote (ng, N1, N2).
o f characterizes topological configration of Stokes graphs.
o fiis constant on a connected component of the set of all
(a, B, ) satisfying (ii) and (iii).
We defined

w1 = {(aB,7) € C*|0< Rex < Rey < Res},

w; = {(a,B,7) € C|0< Rex < ReB < Rey < Rex + Ref},
w3 = {(a,pB,7) € C*|0< Rey < Rex < Reg},

ws = {(,B,7) € C*|0< Rey < Rex + RgB < ReB).

If (@, B,7) are contained in wy, (h = 1,2, 3,4) respectively, we give a
characterization of the Stokes geometry of our equation.
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Stokes graph

Examplel. (a@,B8,7) =(0.1,2,1)in w;

|

>

=(2272)
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Stokes graph

Rey > Ofixed
Rea-Reg plane Rep

Wy w1 w3

w2

Rea
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Stokes graph

Example 2. (@,8,y) = (-0.1,2,1)in w4

A =(11,4)
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Stokes graph

Rey > Ofixed
Rex-Reg plane

o

Rep

w3

w2

Rea

Each uncolored domain is covered by one of colored domains via

involutions.
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Stokes graph

Q : invariant under involutions ¢ (j = 0,1, 2)

o . (@,B8,7) » (—a,-B,—7)
L . By -ay-57)
[ L (ﬁ’ a, 7)

We set G=the group generated by ¢ (j =0,1,2)

= Jrn)  (h=1234).
reG
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Stokes graph

Q : invariant under involutions ¢ (j = 0,1, 2)

Lo : (@,B,7) » (—a,—B,—y)
0 P -ay-B7)
(73 L (B’ a, 7)

We set G=the group generated by ¢ (j =0,1,2)

M= Jrn)  (h=1234).
reG

1) If (@, B,y) € Iy, then i = (2,2,2)
) If (@, B,y) € I, then f = (4,1,1)
(3) If (@, B,y) € I3, then f = (1,4,1)
(4) If (@,B,y) € Iy, then i = (1,1,4)
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Stokes graph

Rea-Reg planes
Rep Rep
(L) | (2,2,2) (1.4,
II IT
4 i 3 0
II
0| £4,1,1)
Rea
Rey >0 Rey <0

Rea



Voros coefficients

Y
VQo ~ —— atx =0,
Q 2X
a+p -
VQO.Vﬁ atx =1,
2x-1)
\/Q Nﬂ% at X = oo,

V; for (bj,a) (j = 0,1,2) has following form: the Voros coefficient

Vo = Vo(a, B,7) := j(; (Sodd — nS-1)dx,
Vi =Vi(e, B,y) = jl‘ (Sodd — pS-1)dx,

Vo = Va(a, B,7) := f (Sodd — 7S-1)dx

Since residues of Syqq and nS_; as the singular points coincide, 'V
are well defined and we have a formal power series  Vjin p71.
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Voros coefficients

Y
VQo ~ —— atx =0,
Q 2X
a+p -
VQO.Vﬁ atx =1,
2x-1)
\/Q ~ﬂ% at X = oo,

V; for (bj,a) (j = 0,1,2)has following form:  the Voros coefficient

Vo = Vo(@, B,7) = fo (Socg — 1S_1)dlx,
Vi = Vi@, B,7) = fl (Socs — 7S1)7lx,

Vo = Va(a,B,7) 1= f (Sodd = 7S-1)dX

Since residues of Syqq and nS_; as the singular points coincide, 'V
are well defined and we have a formal power series  Vjin p71.



Voros coefficients

Voros coefficient  Vj(e, B, ) describes the discrepancy between
WKB solutions normalized at  a and those normalized at  by:

1 X
exp(i f SodddX)
VSodd a

X X
(Sodd — 7S-1)dx + nf S_ldx)
a

Vs =

. 1
a//ib’) = — exp(i

h V Sodd

by
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Voros coefficients

Voros coefficient  Vj(e, B, ) describes the discrepancy between
WKB solutions normalized at  a and those normalized at  by:

1 X
Ui = exp(if Sodddx)
VSodd a

X X
l/,ibj) =1 eXp(i (Sodd — 7S-1)dx + ’lf S-ldx)
by a

h V Sodd

(by)

+

= ¢ = expVi)ps
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Voros coefficients

V;j for (j,a) (j = 0,1,2) has following forms:

- _z 1y (L 1 1
= Zn(n—l){ -2 )(a”-l + *

gt (y—a)t
) )
+ + ,
(y=-pn1t)] -1
1-n

1 By (1 .11
Vl_iz“n(n—l){(1 2 )( *

~ a1 ﬂn—l (,y — a,)n—l

_ 1 )+ 2 }
=Bt (@+p-y)’
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Voros coefficients

Lol 1 1 1
- 27)( -1  pgn-1 ot
@ B (y —a)1

I
NI~
i

)=o)
=Bt B-ort)

Here, B,, are Bernoulli numbers defined by

eI

n:
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Borel sums of Voros coefficients

Q : :invariant under involutions ¢ (j = 0,1,--,6)
Lo @, B,7) P (—a,-B,-7)
“ : By =By -a7)
L2 : B (B, a,7)
3=ut P (y—-a,y-p7)
g = oty . b (=B, —a,—y)
ls = (ol b B-y,a—-y,—y)
s = Lol1ly - P (@—-y,B=-v7,—7)

Whm = tm(wp) : IMages in wp by ¢m.
Here, h=1,2,3,4, m=0,1,---,6.
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Borel sums of Voros coefficients

Rea-Reg planes

Rep Repg
W4 w1 w3 W46 w16 w36
w41 w32 W44 w35
Rea
w2 w26
w11 W21 X W22 w12 w14 W24 X W25 w15
w73 w20
Rex
w31 W42 w34 wys
w33 w13 W43 w30 w10 w40
Rey >0 Rey <0




Borel sums of Voros coefficients

Rea-Reg planes

Repg Rep
wy w1 w3 Wap W16 w36
w41 w32 W44 w35
Rea
[0) w26
w11 W21 X W22 w12 w14 |W24X W25 W15
w73 w20
Rea
w31 W42 w34 wys
w33 w13 W43 w30 w10 w40
Rey >0 Rey <0

V; are Borel summable in  wp and wpm(h = 1,2,3,4, m=0,1,---,6).
th or thm : The Borel sums of V; in wh or wnm(h = 1,2,3,4).




Borel sums of Voros coefficients

Rea-Reg planes wn and wnn, @ Stokes regions of Voros &%%‘ficients.

Rep
w4 w1 w3 Wap w16 w36
w41 w32 W44 w35
Rea
[0) w26
w11 W21 X W22 w12 W14 W24 X W25 w15
w73 w20
Rex
w31 W42 w34 W45
w33 w13 W43 w30 w10 w40
Rey >0 Rey <0

V; are Borel summable in  wp and wpm(h = 1,2,3,4, m=0,1,---,6).
th or thm : The Borel sums of V; in wh or wnm(h = 1,2,3,4).

We compute th and thm in all region. We have 96 case.

Let show you VJ_4 and V]_41 and the relation th and thm.




Borel sums of Voros coefficients

(i) The Borel sums Vj4 of Vj in w4 have following forms:

1 log F(% +ﬁl])F(% + (y — a)n) (=) (B — y)E"y2r-127
° 27 TG - anl(G + (B - V)mompily — o)

1, L(; = anI'GG + (v = )I*((@ + B = y)mB' (B - »)¢"y
17 290G+ T + (B - -a) "y — )0 M(a + f - pPesin

1, L(3 — eq)L(5 + )L + (v — )L(G + (B = 7)n)(B — )¢
20T B - ey — B - ez




Borel sums of Voros coefficients

(ii) The Borel sums VJ,41 of Vj in w4y have following forms:

viie Lo T4 + BT + (v — @)p)(=a)=1(8 = 7)b-"my2r1-127
° 2 T3 - en)T( + (8 — Y)MT2m)BP1(y — a)or-ng

vt = Liog (3 — an)l'(5 + (v — )P (B - y)E(y — a = p)*0-oP1-12n
£ T2 TG+ B0 + (B - Ty — a — Bm)(—a)n(y — @)~y

1 TG -aenl(3 + B3 + (r — LG + (B — ¥)n)(B — a)?b-2-1
VA= Zlo
22 I2((B - a)n)(—a)=*1p1(y — a)r="0(B — y)B-12xn

In the same way, we can compute the Borel sums of  Vj in the other
Stokes regions of Voros coefficients.



Borel sums of Voros coefficients

G the group generated by ¢(m = 0,1,---,6).
7 : An element of G of the form:

€ €1 €2
T=000M7 =
0172 m

(€=0,1:m=0,1,---,6)
The unify the notation, we denote V]_hm by VJ,hT for T =ty

We define the action of 7 € Gon th(a/,,B, v) by

T*th (a’ﬂ’ y) = V]h (T(a’ﬂ’ 7))
Theorem 5
Let sgng, j) denote the function defined by

sgn(r,0) = (-1)°,
sgne,j) = (-1)** (=12).

The Borel resummed Voros coefficients VJ_“T in 7(wy) are related to
T*th by

thT = sgnfr; j) T*th.

24129



Borel sums of Voros coefficients

T=1
Rey > Ofixed
Rea-Reg plane Rep
w4
W41

Rea




Borel sums of Voros coefficients

We compare Vgl with T*Vg.

N o L3 + AL + (y — &)n)(=a)™ (B — y)b-V1y21-120
0 -5 .

2 I3 — an)T( + (B — y)mT2(yn)Bf1(y — a)o-my
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Borel sums of Voros coefficients

We compare Vgl with T*Vg.

Nz 1 log I‘(% +Bl])I‘(% + (¥ — o)) (@) @1(B — y)B-"uy2rn-1ox
© T2 1 - ad + (B - NIy — )y

u 'l (@By)r -y -ay)
(7 - a’ﬁ_777 -—a _ﬁ’ﬂ - (l’) L (B’_CV’(Y +ﬁ_79ﬂ - (l)
1, TG+ BG + (o - an)(-a) (B = 7)0-my2r 12

V4 = Zlog
° 27 TG -apl(G+ B - )nenpy - a)om

1. TG +BTG + (r = a)p)(=a) (B = ) Ey21=12n

1.V4 = Zlog
02 I} - an)I' (3 + (B - y)mT2yn)BP1(y — )=y
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Borel sums of Voros coefficients

We compare Vgl with T*Vg.

Nz 1 log I‘(% +Bl])I‘(% + (¥ — o)) (=)~ 1B — y)B-1ny2n-1ox
© T2 1 - ad + (B - NIy — )y

u 'l (@py)e (y-By-ay)
(7 - (l,ﬁ—’)/,’}/ - _ﬁ’ﬂ - (l’) L (B’_CV’(Y +ﬁ_79ﬂ - (l)
1. TG +BTG + (r — a)p)(=a)™ (B — ) Eny21~12

V4 = Zlog
° 27 TG - el + B - )Moy - )

1. TG +BIG + (r = ) (=)™ (B = ) Ey21=12n

1.Ve = = log
° 2 I} - an)I (3 + (B - y)mT2yn)BP1(y — )=y
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Borel sums of Voros coefficients

We compare Vgl with T*Vg.

Nz 1 log I‘(% +Bl])I‘(% + (¥ — o)) (=)~ 1B — y)B-1ny2n-1ox
© T2 1 - ad + (B - NIy — )y

u 'l (@By)e y-By-ay)
(y—a,ﬁ—y,y—a'—ﬂ,ﬂ—a) L (ﬂ,—a',a/+ﬁ—)/,ﬂ—a/)

1, TG +BLG + (r = )n)(=a) (B = y)P7y?112n
0og
° 27 TG - e+ B - )mIAmBiy — o)

1. TG +B0TG + (r = a)p)(=a)™ (B = ) Eny2r1=12n

1.V4 = Zlog
° 2 I} - an)I' (3 + (B - y)mT2m)BP1(y — @)=y
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Borel sums of Voros coefficients

We compare Vgl with T*Vg.

Nz 1 log I‘(% +Bl])I‘(% + (¥ — o)) (=)~ 1B — y)B-1ny2n-1ox
© T2 1 - ad + (B - NIy — )y

u 'l (@By)e y-By-ay)
(y—a,ﬁ—y,y—a'—ﬂ,ﬂ—a) L (ﬂ,—a',a/+ﬁ—)/,ﬂ—a/)

1, TG +BLG + (r = )n)(=a) (B = y)P7y?112n
0og
° 27 TG - e+ B - )mIAmBiy — o)

1. TG +B0TG + (r = a)p)(=a)™ (B = ) Eny2r1=12n

1.V4 = Zlog
° 2 I} - an)I' (3 + (B - y)mT2m)BP1(y — @)=y

A _ 4
Vo = T*Vo
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We compare Vi‘l with T*Vf and Vgl with T*V;‘.

viz1p T3 — a5 + (y — )PP (B — 7)1y — a - 202121
“=

277 TG+ TG + (8- N - @ - Bn)(-a) 1y — o=y
vio Ly I(3 - an)T(§ + Bp)T(3 + (v — )L (G + (B — ¥)n)(B — @)1
T2 0T (B - a-a)y By — @) (E — )62y

u: (By)P -8y -a7)
y-a,B-vyv,y—a-p,-a) B,—a,a+ -7, —a)

o 1 TG +BIG+ (B - 7mIA(y - a = Bn)-a) "(y — )0~y
‘1*V1 =-lo

2 VTG - el + (r — MBI — Pl — o — pro—Prizn

o 1. TG =-onlG+ LG + (= G + (8 - 7)n)(B - )20t
ll*V2 =-=lo

2 I2((8 — a)n)(=a)~1BP1(y — )0~ M(B — y)F=7)12my
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We compare Vi‘l with T*Vf and Vgl with T*V;‘.

viz1p T3 — a5 + (y — )PP (B — 7)1y — a - 202121
“=

277 TG+ TG + (8- N - @ - Bn)(-a) 1y — o=y
vio Ly I(3 - an)T(§ + Bp)T(3 + (v — )L (G + (B — ¥)n)(B — @)1
T2 0T (B - a-a)y By — @) (E — )62y

u: (By)P -8y -a7)
y-a,B-vyv,y—a-p,-a) B,—a,a+ -7, —a)

o 1 TG +BIG+ (B - 7mIA(y - a = Bn)-a) "(y — )0~y
‘1*V1 =-lo

2 VTG - el + (r — MBI — Pl — o — pro—Prizn

o 1. TG =-onlG+ LG + (= G + (8 - 7)n)(B - )20t
ll*V2 =-=lo

2 I2((8 — a)n)(=a)~1BP1(y — )0~ M(B — y)F=7)12my

dr _ _ 4 T4 _ 4
V1 = T*Vl, V2 _‘r*V2

27129
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Borel sums of Voros coefficients

Thank you for your attention.
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