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Known facts (Equations)

Let m > 1 be an integer, let (t,x) = (t,z1,...,24) € C; x C? be the
complex variables. Let us consider the linear partial differential
equation
D aalt, 2)(t0Y X = F(t, 2), (1.1)
JHlal<m
with the unknown function X = X(t, z), where a; ,(t, x)

(j + |a| < m) and F(t, z) are holomorphic functions in a
neighborhood of (0,0) € C, x CY.
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Known facts (Conditions)

We suppose: there is an mg € N with 0 < mg < m such that

{ ord:(aj0) > max{0,j — mo}, if |a] =0,

ord(a50) > max{1,j + |a| — mo+ 1}, ifja] >0, (1P

where ord,(a) denotes the order of the zeros of the function a(t, z) at
t=0.

For r > 0 we write D, = {t € C; |t| < r}; for R > 0 we write
Dr={z€C% |zl <R (i=1,...,d)} and we denote by Og[[t]]
the set of all formal power series in t with coefficients in Ok.
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Known result 1

For the equation (1.1) we have

Theorem 1.1
(Baouendi-Goulauic[1]). Suppose the conditions (1.2), mg = m and

amo(0,0) # 0.

If the equation (1.1) has a formal solution X (t,z) = Y nso Xn(2)t"
€ Og|[t]] (with R > 0), then it is convergent in a neighborhood of
the origin (0,0) € C, x C{.
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Known result 2

Theorem 1.2
(Ouchif7]). Suppose the conditions (1.2), 0 < my < m and

mo(t,
2 0(0,0) 0, and 2moEO g

m—mq
t t=0

If the equation (1.1) has a formal solution X(t,z) = > om0 Xn(2)t"

€ Og|[t]] (with R > 0), then it is Borel summable in t in a suitable
direction.

(B TE TNV VAV LV T VT WY W s M PAN2 - Analogue of summability of formal solutions

2013,8,27 6 /25



Definition of g-difference

Let g > 1: for a function f(t, x) we define the g—difference operator
Dy by
f(qt,z) — f(t,z)

gt —t '

(Dgf)(t,2) =

In this talk, we will try to g—discrete the equation (1.1) to the
following g—difference-differential equation

D aalt, 2)(tDY O X = F(t, 2), (2.1)

JFlal<m

and we will consider the following problem.
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Problems

Problem 2.1

(1) (q—Analogue of [1]). Under what condition can we get the result
that every formal solution X =% -, X,(2)t" € Ogl[[t]] is convergent
in a neighborhood of the origin (0,0) € C; x CZ?

(2) (q—Analogue of [7]). Under what condition can we get the result
that every formal solution X = 3", _, Xa(2)t" € Og[[t]] is
q—summable in t in a suitable direction \ (in the sense of Definition
2.2 given below)?
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Definition of g-summable

For A € C\ {0} and € > 0 we set
S\ = {—/\q’"; mec Z},
Sne= [ J{t € C\{0}; [1+Aq7/t| <}

meZ

It is easy to see that if € > 0 is sufficiently small the set S, . is a
disjoint union of closed disks. The following definition is due to
Ramis-Zhang [8] (though, they did not use the word " g—summable")
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Definition of g-summable

Let X(t,z) = > 0 Xn(2)t" € Ogy|[[t]]: we say that the series
X(t,z) is g—summable in t in the direction X if there are r > 0,
R >0, M >0, H> 0 and a holomorphic function W(t, z) on

(D,\S») x Dg such that

N—-1
_ ol o MHY nv—y2p v
Wit.z) - 3" xifa)er| < M guwnpn (o)

€
n=0

holds on (D, \ Sx.) x Dg for any sufficiently small ¢ > 0 and any
N=012,....
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Reference of g-analogue

To solve Problem 2.1 we will use the framework of g—Borel and
qg—Laplace transformations via Jacobi theta function, developped by
Ramis-Zhang [8] and Zhang [11].

In the case of g-difference equations, g—analogues of summbility of
formal solutions have been studied quite well by Zhang [10],
Marotte-Zhang [4] and Ramis-Sauloy-Zhang [9].

In the case of g—difference-differential equations, we have some

references, Malek [5][6], Lastra-Malek [2] and Lastra-Malek-Sanz [3]:
but their problem is different from ours.
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Our Equation

Throughout this paper, we let g > 1 be a fixed real number, m > 1
be an integer, and d > 0 be a real number. As a generalization of
(2.2), we will treat the following equation

Z aj.a(t, 2)(tDY 09X = F(t, z), (E)

J+dlal<m

with the unknown function X = X(t, z), where a; ,(t, z)
(j + d|la] < m) and F(t,z) are holomorphic functions in a
neighborhood of (0,0) € C, x CY.
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Main results.

Condition

Instead of (1.2), we suppose: there is an integer mg with
0 < mg < m such that

ord(ajp) > max{0,j — mo}, if o] =0, (A)
ordi(aj ) > max{1l,j — mg+ 1}, if |a|] > 0.
ord;(a;j0) > max{0,j — mg}, if |a| =0, (1.2)
ordy(aj o) > max{1,j + |a] — mg + 1}, if |a] >0, '
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Main results.

A g-analogue version of [1]

Theorem 3.1
Suppose the conditions (A), my = m and

amo(0,0) # 0. (3.1)

Then, if the equation (E) has a formal solution
X(t,z) = 3,50 Xa(2)t" € OR|[[t]] (with R > 0), it is convergent in a
neighborhood of the origin (0,0) € C, x C¢.
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Main results.

A g-analogue version of [7]

Theorem 3.2 (Formal solution)

Suppose the conditions (A), 0 < my < m and

3mo.0(0,0) # 0. (3.2)

Then, X(t,2) = 3,20 Xa(2)t" € Og|[t]] (with R > 0) is a formal
solution of (E), there are A >0, h >0 and 0 < Ry < R such that

1X,(2)| < An"g"""Y/2 on Dg, n=0,1,2,.... (3.3)
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A g-analogue version of [7]

Theorem 3.3 (Summability)

Suppose that the conditions of Theorem 3.2 hold. In addition, if the
conditions

amolt,0
t’?’( o )‘t 0#0, (3.4)
ordi(aj ) > j—mo+2, if |a| >0 and my <j < m (3.5)

are satisfied, the formal solution X (t,z) is g—summable in any
direction A € C\ ({0} U S), where S is the set of singular directions
defined below.
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Singular direction S
By the assumption (A) we have the expression
ajo(t,z) = t/"™b;o(t, z) for my < j < m

for some holomorphic functions b;o(t, z) (my <j < m)in a
neighborhood of (0,0) € C; x C¢. By (3.4) we have b,(0,0) # 0.
We set

P(ﬁ, Z) _ Z bJ 0(0 Z)é-J mo | am0,0(07 Z) )

¢ (-1)/2 mo(mo—l)/2

mo<j<m

By the assumptions (3.4) and (3.5) we see that P(£,0) is a
polynomial of degree m — my and it has m — mg non-zero roots
Ti,.-.,Tm—m- 1hen the set of singular directions is defined by

S={r€C; r=triforsomet>0and 1 <i<m—mp}.

(B TES TNV VAUV T VT WY W s M PANs - Analogue of summability of formal solutions 2013,8,27 17 / 25



Sketch of proof

Let give a proof for a simple example.

By
f(qt,z) — f(t
D, (t, 2) = 1902 = F(t:2) (4.1)
g—1

we study the equation

D bia(t2)ohoiX = G(t, 2), (4.2)

j+dlal<m
where 0,f(t,z) = f(qt, z).
In this talk we study the following simple example:
X(t,2) + to X(t,z) — 202 X(t, z) = a(z). (4.3)
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At first let us give an important proposition.
Proposition 4.1

For a series X (t,z) = > oo ak(z)t* the formal q-Borel transform
(ByX)(7, 2) is defined by

o —k
(BX)(7,2) =) au(@) - (4.4)
k=0
Set U(1,z) = (B,X)(7, z). Suppose that U(r, z) satisfies
\U(\G',2)| < AB'¢"/? for1=0,1,... (4.5)

for some A, B > 0. Then )A<(t, z) is g-summable in t in the direction
A
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Sketch of proof

Let us give a proof for the example. By operating the formal g-Borel
transform to the example (4.3) we get

,7_2

(1+7)U(r,2) = a(z) + ;0523? U(r, z). (4.6)

We construct U(t,z) = >~ Uk(T, z) with
(1+ 7)Uo(T,2) = a(z)

2 4.7
(L+7)Uk(T,2) = %0;282‘ Uk-1(T, 2). (*.7)
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Then we have

Proposition 4.2

1|7

|Uk(7_’ Z)| < qk qk (k— :|_)|ak(l ( )| (48)
Then for z € Dg we get
1 ITIk
kL
Hence we have
! - k qukl
UM 2)| <) AB ZFqakGD)
k=0 (4.10)

|)\’qu2/2

/2 k
=q ZAB gk qU—Ok(k—1)
k=0

by kI < k2/2 + I2/2. Q.E.D.
q-Anangue of summability of formal solutions
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Thank you!
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