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ABSTRACT. We consider the thermodynamic formalism of a complex ra-
tional map f of degree at least two, viewed as a dynamical system acting
on the Riemann sphere. More precisely, for a real parameter ¢ we study
the (non-)existence of equilibrium states of f for the potential —t1In |f’|,
and the analytic dependence on t of the corresponding pressure function.
We give a fairly complete description of the thermodynamic formalism
of a rational map that is “expanding away from critical points” and that
has arbitrarily small “nice sets” with some additional properties. Our
results apply in particular to non-renormalizable polynomials without
indifferent periodic points, infinitely renormalizable quadratic polynomi-
als with a priori bounds, real quadratic polynomials, topological Collet-
Eckmann rational maps, and to backward contracting rational maps.
As an application, for these maps we describe the dimension spectrum
of Lyapunov exponents, and of pointwise dimensions of the measure of
maximal entropy, and obtain some level-1 large deviations results.
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1. INTRODUCTION

The purpose of this paper is to study the thermodynamic formalism of
a complex rational map f of degree at least two, viewed as a dynamical
system acting on the Riemann sphere C. More precisely, for a real parame-
ter ¢ we study the (non-)existence of equilibrium states of f for the potential
—tIn|f'], and the (real) analytic dependence on ¢ of the corresponding pres-
sure function. Our particular choice of potentials is motivated by the close
connection between the corresponding pressure function, and the dimension
spectrum of pointwise dimensions of the measure of maximal entropy. It is
well known that for a polynomial this measure coincides with the harmonic
measure of the Julia set. It was recently shown [BJ03, BMSO03] that the
“universal dimension spectrum”, defined over all planar domains, coincides
with the supremum of the dimension spectra of polynomials with connected
Julia set. See the survey articles [BS05, Mak98, Jon05] for precisions, and
[Eré91, BS96| for other applications of the thermodynamic formalism of ra-
tional maps to complex analysis.

For t < 0 and for an arbitrary rational map f, a complete description of
the thermodynamic formalism was given by Makarov and Smirnov in [MS00].
They showed that the corresponding transfer operator is quasi-compact in
a suitable Sobolev space, see also [Rue92]. For ¢ = 0 and a general rational
map f, there is a unique equilibrium state of f for the constant potential
equal to 0 [Lju83, FLMS83|. To the best of our knowledge it is not known
if, for a general rational map f, the pressure function is real analytic on
a neighborhood of ¢ = 0. For t > 0 the only results we are aware of are
for generalized polynomial-like maps without recurrent critical points in the
Julia set. For such a map the analyticity properties of the pressure func-
tion were studied in [MS03, SU03]|, using a Markov tower extension and an
inducing scheme, respectively.

In this paper we give a fairly complete description of the thermodynamic
formalism of a rational map that is “expanding away from critical points”
and that has arbitrarily small “nice sets” with some additional properties.
In particular our results go beyond the non-uniformly hyperbolic setting.
The main ingredients are the distinct characterizations of the pressure func-
tion given in [PRLS04], and the inducing scheme introduced in [PRLO7],
which we develop here in a more general setting. We also use a new tech-
nique to control distortion along non-univalent backward branches, which is
one of the main technical tools introduced in this paper. Finally, we give
applications of our results to rigidity, multifractal analysis, and level-1 large
deviations.

There have been several recent results on the thermodynamic formal-
ism of multimodal maps with negative Schwarzian derivative, by Bruin and
Todd [BT07, BT08], and Pesin and Senti [PS08]. Besides [BT08, Theo-
rem 6], that gives a complete description of the thermodynamic formalism
for t close to 0 and for a general transitive multimodal map with negative
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Schwarzian derivative, all the results that we are aware of are restricted to
non-uniformly hyperbolic maps. We expect that with the approach used
here one should be able give a fairly complete description of the thermo-
dynamic formalism of a general transitive multimodal map with negative
Schwarzian derivative.

After reviewing some general properties of the pressure function in §1.1,
we state our main results in §§1.2, 1.3. The applications to rigidity, mul-
trifractal analysis, and level-1 large deviations are given in Appendix B.

Throughout the rest of this introduction we fix a rational map f of degree
at least two, we denote by Crit(f) the set of critical points of f, and by J(f)
the Julia set of f.

1.1. The pressure function and equilibrium states. We give here the
definition of the pressure function and of equilibrium sates, see §2 for refer-
ences and precisions.

Let . (f) be the space of all probability measures supported on J(f)
that are invariant by f. We endow .Z(f) with the weak* topology. For
each p € A (f), denote by h,(f) the measure theoretic entropy of n, and
by xu(f) := [ In|f’|du the Lyapunov exponent of p. Given a real number ¢
we define the pressure of f| ;s for the potential —tIn|f’| by,

(L.1) P(t) := sup {hu(f) — txu(f) [ ne A(f)}-

For each t € R we have P(t) < 400, and the function P : R — R so defined
will be called the pressure function of f. It is convex, non-increasing and
Lipschitz continuous.

An invariant probability measure p supported on the Julia set of f is called
an equilibrium state of f for the potential —tIn|f’|, if the supremum (1.1)
is attained for this measure.

The numbers,

Xint (f) :=Inf {x,u(f) | € A(f)},
Xsup(f) ‘= sup {X,u(f) | we %(f)}a

will be important in what follows. We call

(1.2) t_:=inf{t € R| P(t) + txsup(f) > 0}

(1.3) ty :=sup{t € R| P(t) + txint(f) > 0}

the condensation point and the freezing point of f, respectively. We remark
that the condensation (resp. freezing) point can take the value —oo (resp.
+00). We have the following properties (Proposition 2.1):

.'l(:7<0<'l(:+7

1When ¢ < 0 the number P(t) coincides with the topological pressure of f|;s for
the potential —tIn|f’|, defined with (n,e)-separated sets. However, these numbers do
not coincide when ¢ > 0, and when there are critical points of f in J(f). In fact, since
In|f’| takes the value —oo at each critical point of f, in this case the topological pressure
of f|(y) for the potential —¢In|f’| is equal to +oo.
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o forallt € R\ (t—,t1) we have P(t) = max{—txsup(f), —txint(f)};
o for all t € (t_,t;) we have P(t) > max{—txint(f), —txsup(f)}-

1.2. Nice sets and the thermodynamics of rational maps. A neigh-
borhood V' of Crit(f) N J(f) is a nice set for f, if for every n > 1 we have
f™(OV)NV =0, and if each connected component of V' is simply connected
and contains precisely one critical point of f in J(f). A nice couple for f
is a pair of nice sets (‘A/, V) for f such that V C V and such that for every
n > 1 we have f"(8V)NV = 0. We will say that a nice couple (V, V) is
small, if there is a small r > 0 such that V C B(Crit(f) N J(f),r).

The following is our main result. We say that a rational map f is expand-
ing away from critical points, if for every neighborhood V' of Crit(f)NJ(f)
the map f is uniformly expanding on the set

{z € J(f)| foreveryn >0, f"(z) ¢ V'}.

Theorem A. Let f be a rational map of degree at least two that is expanding
away from critical points, and that has arbitrarily small nice couples. Then
following properties hold.

Analyticity of the pressure function: The pressure function of f
is real analytic on (t_,t;), and linear with slope —xsup(f) (resp.
~Xint(f)) on (=00, t_] (resp. [t+,+00) ).

Equilibrium states: For each ty € (t_,ty) there is a unique equilib-
rium state of f for the potential —toIn|f’|. Furthermore this measure
1s ergodic and mizing.

Remark 1.1. In the proof of Theorem A we construct the equilibrium states
through an inducing scheme with an exponential tail estimate, that satisfies
some additional technical properties; see §4.3 for precise statements. The re-
sults of [You99] imply that the equilibrium states in Theorem A are exponen-
tially mixing and that the Central Limit Theorem holds for these measures.
It also follows that these equilibrium states have other statistical properties,
such as the “almost sure invariant principle”, see e.g. [MN05, MN06, TKO05].

We now list some classes of rational maps for which the hypotheses of
Theorem A hold.

e Using [KvS06] we show that each at most finitely renormalizable
polynomial without indifferent periodic orbits satisfies the hypothe-
ses of Theorem A, see Theorem D in §A.1.

e Topological Collet-Eckmann rational maps have arbitrarily small nice
couples [PRLO7, Theorem E| and are expanding away of critical
points. Collet-Eckmann rational maps, as well as maps without re-
current critical points and without parabolic periodic points, satisfy
the Topological Collet-Eckmann condition; see [PR98] and also [PRLS03,
Main Theorem].
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e Each backward contracting rational map has arbitrarily small nice
couples [RLO7, Proposition 6.6]. If in addition the Julia set is differ-
ent from C, such a map is also expanding away of critical points [RLO07,
Corollary 8.3]. In [RLO7, Theorem A] it is shown that a rational
map f of degree at least two satisfying the summability condition
with exponent 1:

f does not have indifferent periodic points and for each
critical value v in the Julia set of f we have

DI @) < oo

n>0

is backward contracting, and it thus has arbitrarily small nice cou-
ples. In [Prz98] it is shown that each rational map satisfying the
summability condition with exponent 1 is expanding away of critical
points.

Using a stronger version of Theorem A (Theorem A’ in §7), we show
in Appendix A that each infinitely renormalizable quadratic polynomial for
which the diameters of the small Julia sets converge to 0 satisfies the conclu-
sions of Theorem A, see §A.2. In particular the conclusions of Theorem A
hold for each infinitely renormalizable polynomial with a priori bounds;
see [KLO8, McM94] and references therein for results on a priori bounds.

In §A.3 we show the following corollary of Theorem A.

Corollary 1.2. The conclusions of Theorem A hold for every real quadratic
polynomaial.

We will now consider several known related results.

As mentioned above, Makarov and Smirnov showed in [MS00] that the
conclusions of Theorem A hold for every rational map on (—o00,0). Fur-
thermore, they characterized all those rational maps whose condensation
point £_ is finite; see §B.1.

For a uniformly hyperbolic rational map we have t_ = —oco and t1 = 400,
and for a sub-hyperbolic polynomial with connected Julia set we have t, =
+oo [MS96]. The freezing point ¢4 is finite whenever f does not satisfy the
Topological Collet-Eckmann Condition? (Proposition 2.1). In fact, in this
case the freezing point ¢, is the first zero of the pressure function. On the
other hand, there is an example in [MS03, §3.4] of a generalized polynomial-
like map satisfying the Topological Collet-Eckmann Condition® and whose
freezing point ¢4 is finite.

When f is a generalized polynomial-like map without recurrent critical
points, the part of Theorem A concerning the analyticity of the pressure

2By [PRLS03, Main Theorem] f satisfies the Topological Collet-Eckmann Condition
if, and only if, xint(f) > 0.

3In fact this map has the stronger property that no critical point in its Julia set is
recurrent.
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function was shown in [MS00, MS03, SU03]. Note that the results of [SU03]
apply to maps with parabolic periodic points.

In the case of a general transitive multimodal map, a result analogous
to Theorem A was shown by Bruin and Todd in [BT08, Theorem 6] for ¢
in a neighborhood of 0. Similar results for ¢ in a neighborhood of [0,1]
were shown by Pesin and Senti in [PS08] for multimodal maps satisfying the
Collet-Eckmann condition and some additional properties (see also [BT07,
Theorem 2]) and by Bruin and Todd in [BT07, Theorem 1], for ¢ in a one-
sided neighborhood of 1, and for multimodal maps with polynomial growth
of the derivatives along the critical orbits; see also [BK98].

In [Dob07, Proposition 7], Dobbs shows that there is a real quadratic
polynomial fy such that the pressure function, defined for the restriction
of fo to a certain compact interval, has infinitely many phase transitions
before it vanishes. This behavior of fy as an interval map is in sharp contrast
with its behavior as a map of C: our results imply that the pressure function
of fo, viewed as a map acting on C, is real analytic before it vanishes.

1.3. On equilibria after the freezing point. For a rational map f whose
freezing point ¢4 is finite, and for t € [t4, +00), we now consider the problem
of the existence and uniqueness of equilibrium states of f for the potential
—tIn|f’|. We first consider the following result in the case when f satisfies
the Topological Collet-Eckmann Condition.

Theorem B. Let f be a rational map satisfying the Topological Collet-
Eckmann Condition and whose freezing point t is finite. Then the following
properties hold.

1. For every p € A (f) we have x,(f) > Xinf-

2. For each t € (t4,+00) there is no equilibrium state of f for the
potential —t1n|f’|.

3. There is at most one equilibrium state of f for the potential —t4 In |f],
and if such a measure exists then it has positive measure theoretic
entropy, and the pressure function of f is not differentiable att = t.

Remark 1.3. We wrote Theorem B for rational maps, but the proof applies
without change to (generalized) polynomial-like maps. In particular this
theorem applies to the example given by Makarov and Smirnov in [MS03,
§3.4]. This is the only example we know of a map f satisfying the Topological
Collet-Eckmann Condition, and whose freezing point ¢, is finite. It is not
clear to us if this map has an equilibrium state for the potential —t In | f’|.

Recall that for a rational map that does not satisfy the Topological Collet-
Eckmann Condition, the freezing point ¢ is always finite (Proposition 2.1).
There is an example given by Bruin and Todd in [BT06, Corollary 2], of
a complex quadratic polynomial fy that does not satisfy the Topological
Collet-Eckmann Condition, and such that for each ¢ € [t;,+00) there is
no equilibrium state of fy for the potential —¢In|fj|. In a sharp contrast,
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in [CRLO8, Corollary 2] it is shown that there is a complex quadratic poly-
nomial f; having an uncountable number of distinct ergodic probability
measures p in .#(f1) such that x,(f1) = 0, see also [Bru03]. In particular,
for this fi we have xint(f1) = 0 and ¢ < +o0 (Proposition 2.1), and for each
t € [t4,+00) there is an uncountable number of distinct ergodic equilibrium
states of f for the potential —tIn|f]| (Lemma 8.1).%

1.4. Notes and references. See the book [Rue04] for an introduction to
the thermodynamic formalism, and [PU02, Zin96] for an introduction in the
case of rational maps.

For results concerning other potentials, see [DU91, GW07, Prz90, Urb03|
for the case of rational maps, and [BT08, PS08] and references therein for
the case of multimodal maps.

For a rational map f satisfying the Topological Collet-Eckmann Condi-
tion, and for ¢ = HDyyp,(f), the construction of the corresponding equilib-
rium state given here gives a new proof of the existence of an absolutely con-
tinuous invariant measure. More precisely, it gives a new proof of [PRL07,
Key Lemma).

Part 1 of Theorem B implies that for f satisfying the Topological Collet-
Eckmann Condition and whose freezing point ¢, is finite, the function u —
Xu(f) is discontinuous. This is not so surprising, since Bruin and Keller
showed in [BK98, Proposition 2.8] that this holds for every S-unimodal map
satisfying the Collet-Eckmann condition.

1.5. Organization. We now describe the organization of the paper. Our
results are either well-known or vacuous for rational maps without critical
points in the Julia set, so we will (implicitly) assume that all the rational
maps we consider have at least one critical point in the Julia set.

In §2 we review some general results concerning the pressure function,
including some of the different characterizations of the pressure function
given in [PRLS04]. We also review some results concerning the asymptotic
behavior of the derivative of the iterates of a rational map. These results
are mainly taken or deduced from results in [Prz99, PRLS03, PRLS04].

To prove Theorem A and its stronger version (Theorem A’ in §7) we
make use of the inducing scheme introduced in [PRLO07], which is developed
in the more general setting considered here in §§3, 4. In §3.1 we recall the
definitions of nice sets and couples, and introduce a weaker notion of nice
couples that we call “pleasant couples”. Then we recall in §3.2 the definition
of the canonical induced map associated to a nice (or pleasant) couple. We
also review the decomposition of its domain of definition into “first return”,
and “bad pull-backs” (§3.3). In §3.4 we consider a two variable pressure
function associated to such an induced map, that will be very important

ALet us also mention that, if f2 is the interval map which is fixed by the period 3
renormalization operator and if ¢g is the first zero of the corresponding pressure function,
then f2 has a countably infinite number of pairwise distinct equilibrium states for the
potential —toIn |f3], see [Dob07] for details.
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for the rest of the paper. This pressure function is analogous to the one
introduced by Stratmann and Urbanski in [SU03].

In §4 we give sufficient conditions on a nice couple so that the conclusions
of Theorem A hold for values of ¢ in a neighborhood of an arbitrary ¢y €
(t—,t4+) (Theorem C). These conditions are formulated in terms of the two
variable pressure function defined in §3.4. We follow the method of [PRL07]
for the construction of the conformal measures and the equilibrium states,
which is based on the results of Mauldin and Urbanski in [MUO03]. As
in [PS08], we use a result of Zweimiiller in [Zwe05] to show that the invariant
measure we construct is in fact an equilibrium state. The uniqueness is a
direct consequence of the results of Dobbs in [Dob08], generalizing [Led84].
Finally, we use the method introduced by Stratmann and Urbanski in [SU03]
to show that the pressure function is real analytic. Here we make use of the
fact that the two variable pressure function is real analytic on the interior of
the set where it is finite, a result shown by Mauldin and Urbanski in [MUO03].

The proof Theorem A’ (a stronger version of Theorem A) is contained
in §85, 6, 7. The proof is divided into two parts. The first, and by far the
most difficult part, is to show that for ¢y € (t—,¢4) the two variable pres-
sure associated to a sufficiently small nice couple is finite on a neighborhood
of (t,p) = (to, P(to)). To do this we use the strategy of [PRLO7]: we use the
decomposition of the domain of definition of the induced map associated
to a nice couple, into “first return” and “bad-pull-backs” evoked in §3.3.
Unfortunately, for values of ¢ such that P(¢) < 0, there does not seem to
be a natural way to adapt the “density” introduced in [PRLO7] to estimate
the contribution of a bad pull-back. Instead we use a different argument
involving a Whitney type decomposition of a pull-back, which is one of the
main technical tools introduced in this paper. Roughly speaking we have
replaced the “annuli argument” of [PRL0O7, Lemma 5.4] by an argument in-
volving “Whitney squares”, that allows us to make a direct estimate avoiding
an induction on the number visits to the critical point. The Whitney type
decomposition is introduced in §5, and the estimate on the contribution of
a (bad) pull-back is given in §6. The finiteness of the two variable pressure
function is shown in §7.1. The second part of the proof, that for each ¢
close to ty the two variable pressure function vanishes at (¢,p) = (¢, P(t)), is
given in §7.2. Here we have replaced the analogous (co-)dimension argument
of [PRL07], with an argument involving the pressure function of the rational
map.

The proof of Theorem B is given in §8. It is based on the generating
series technique used by Makarov and Smirnov in [MS03]. The main idea is
to estimate the pressure function from below by finding a suitable “Iterated
Function System” of iterated inverse branches of the rational map.

Appendix A is devoted to show that the conclusions of Theorem A hold
for several classes of polynomials. In §A.1 we show that each at most finitely
renormalizable polynomial without indifferent periodic points satisfies the
hypotheses of Theorem A (Theorem D). Then in §A.2 we show that each
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infinitely renormalizable quadratic polynomial for which the diameters of
small Julia sets converge to 0 satisfies the hypotheses of Theorem A’. Fi-
nally §A.3 is devoted to the proof of Corollary 1.2, treating the case of real
quadratic polynomials.

In Appendix B we give applications of our main results to rigidity, mul-
trifractal analysis, and level-1 large deviations.

1.6. Acknowledgments. We are grateful to Weixiao Shen and Daniel Sma-
nia for their help with references, Weixiao Shen again and Genadi Levin for
their help with the non-renormalizable case, and Henri Comman for his
help with the large deviations results. We also thank Neil Dobbs, God-
ofredo Tommi, Jan Kiwi and Mariusz Urbanski for useful conversations and
comments.

2. PRELIMINARIES

The purpose of this section is to give some some general properties of the
pressure function (§§2.2, 2.3), and some characterizations of xint and Xsup
(§2.4). These results are mainly taken or deduced from the results in [Prz99,
PRLS03, PRLS04]. We also fix some notation and terminology in §2.1, that
will be used in the rest of the paper.

Throughout the rest of this section we fix a rational map f of degree at
least two. We will denote h,(f), xu(f),- .. just by hy, xpu, ... . For simplicity
we will assume that no critical point of f in the Julia set is mapped to
another critical point under forward iteration. The general case can be
handled by treating whole blocks of critical points as a single critical point;
that is, if the critical points co,...,cx € J(f) are such that ¢; is mapped
to ¢;11 by forward iteration, and maximal with this property, then we treat
this block of critical points as a single critical point.

2.1. Notation and terminology. We will denote the extended real line
by R := RU {—o00, +00}.

Distances, balls, diameters and derivatives are all taken with respect to
the spherical metric. For z € C and r > 0, we denote by B(z,r) C C the
ball centered at z and with radius r.

For a given z € C we denote by degf(z) the local degree of f at z, and
for V.c C and n > 0, each connected component of f~"(V) will be called
a pull-back of V' by f™. For such a set W we put my = n. When n = 0
we obtain that each connected component W of V is a pull-back of V with
myy = 0. Note that the set V' is not assumed to be connected.

We will abbreviate “Topological Collet-Eckmann” by TCE.

2.2. General properties of the pressure function. Given a positive
integer n let A, : C x R — R be the function defined by

An(zo0t) = D> |(f™) ()| ™"

we f~™(20)
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Then for every ¢t € R and every zg in C outside a set of Hausdorff dimension 0,
we have
(2.1) limsup%lnAn(zo,t) = P(t),

n—-+0o0o

see [Prz99, PRLS04].
In the following proposition,

HDpyp(f) := sup{HD(X) | X compact and invariant subset of C

where f is uniformly expanding}.
Proposition 2.1. Given a rational map f of degree at least two, the function
t — P(t) + txint (resp. t— P(t) + tXsup),

is convex, non-increasing, and non-negative on [0,+o00) (resp. (—o0,0]).
Moreover t_ < 0, and we have t4 > HDyy,(f) with strict inequality if, and
only if, f satisfies the TCE condition.

In particular for all t in (t—,t;) we have P(t) > max{—txinf, —tXsup}
and for all t in R\ (t—,t4) we have P(t) = max{—tXinf, —tXsup}-

Proof. For each p € #(f) the function ¢ — h,(f) — t(xu — Xint) (vesp.
t — hy —t(xu — Xsup)) is affine and non-increasing [0, 4-00) (resp. (—oo, 0]).
As by definition

P(t) =sup{h, —txu | p € A(f)},

we conclude that the function ¢ — P(t) + txinf (resp. t — P(t) + txint) iS
convex and non-increasing [0, 4-00) (resp. (—o0,0]). It also follows from the
definition that ¢ — P(t) + txint (vesp. t — P(t) + txinf) iS nON-negative on
this set.

The inequalities t_ < 0 and ¢4 > HDyyp,(f) follow from the fact that xinf
is non-negative and from the fact that the pressure function P is strictly
positive on (0, HDpyp(f)) [Prz99]. When f satisfies the TCE condition, then
Xinf > 0 [PRLS03, Main Theorem| and thus ¢4 > HDyy,(f). When f does
not satisfy the TCE condition, then xi,s = 0 [PRLS03, Main Theorem| and
therefore the equality t4 = HDyy,(f) follows from the fact that HDyyp(f)
is the first zero of the function P [Prz99]. O

2.3. The pressure function and conformal measures. For real num-
bers ¢ and p we will say that a finite Borel measure u is (¢, p)-conformal
for f, if for each Borel subset U of C on which f is injective we have

u(f(U)) =exp(p)/U|f’ltdu.

By the locally eventually onto property of f on J(f) it follows that if the
topological support of a (¢, p)-conformal measure is contained in J(f), then
it is in fact equal to J(f).
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Proposition 2.2. Let f be a rational map of degree at least two. Then for
each t € (t_,+00) there exists a (t, P(t))-conformal measure for f supported
on J(f), and for each real number p for which there is a (t,p)-conformal
measure for f supported on J(f) we have p > P(t).

Proof. When t = 0, the assertions are well known, see for example [DU91,
p. 104]. The case t > 0 is given by [PRLS04, Theorem A]. In the case
t € (t—,0) the existence is given by [MS00, §3.5] (see also [PRLS04, Theo-
rem A.7]), and in [PRLS04, Proposition A.11] it is shown that if for some
real number p there is a (¢, p)-conformal measure, then in fact p = P(t). O

2.4. Characterizations of xi,r and xsup. The following proposition gives
some characterizations of Xins and Xsup, which are obtained as direct conse-
quences of the results in [PRLS03].

For each o > 0 put

E, = ﬂ U B (f™(Crit(f)), max{ng,n}~*).

no>1n>1

Observe that the Hausdorff dimension of E, is less than or equal to a~!.

It thus follows that the Hausdorff dimension of the set Es := ) E, is
equal to 0.

a>0

Proposition 2.3. For a rational map f of degree at least two, the following
properties hold.

1. Given a repelling periodic point p of f, let m be its period and put
x(») = L In|((f™)(p)|. Then we have

T om

inf{x(p) | p is a repelling periodic point of f} = Xint,

sup{x(p) | p is a repelling periodic point of f} = Xsup-

lim L nsup{|(")(2)| | 2 € T} = Xoup-

3. For each 29 € C\ Es we have

(2.2) im S Inmind|(f7) (w)] [ w € £7(20)} = Xint,
@3)  lm w7 )] | w e £ (0)) = o
Proof.

1. The equality involving xin¢ was shown in [PRLS03, Main Theorem|. To
prove the equality involving Xsup, first note that if p is a repelling periodic
of f, and if we denote by m its period, then the measure y := Z}n:_ol 0fi(p)
is invariant by f and its Lyapunov exponent is equal to x(p). It thus follows
that

sup{x(p) | p repelling periodic point of f} < xsup-
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The reverse inequality follows from the fact, shown using Pesin theory, that
for every ergodic and invariant probability measure u whose Lyapunov ex-
ponent is positive and every € > 0 one can find a repelling periodic point p
such that |x, — x(p)| < €; see for example [PU02, Theorem 10.6.1].

2. For each positive integer n put
My, = sup{|(f")'(2)| | = € C}.
Note that for positive integers m,n we have My, 1, < M, - My, so the limit

x := lim %lnMn

n—-+o0o

exists. The inequality x > Xsup follows from part 1. To prove the reverse
inequality, for each positive integer n let z, € C be such that |(f™)(z,)| =
M, and put

n—1
1
= 5 D Opien):
j=0

Let (n;);>0 be a diverging sequence of integers so that j,, converges to a
measure j, which is invariant by p. Since the function In|f’| is bounded
from above, the monotone convergence theorem implies that

Alim /max{A,ln\f’}d/L:/ln’f"dﬂ-

On the other hand, for each real number A we have
/max{A,ln|f’|}dlu = .ligl /max{A, In | f'[}dpn, > limsup/ln\f'|d,unj.
J—T0o0 Jj—+oo

We thus conclude that

Xsup = /ln]f’\du > limsup/ln]f’\dun]. =Y.
j—too

3. For a point zy € C that is not in the forward orbit of a critical point of f,
the inequalities

limsup £ Inmin{|(f")"(w)| | w € f™(20)} < Xint>

n—-—+00
lim_si_nf%lnmax{\(f”)/(wN lwe f7"(20)} > Xsup-

are a direct consequence of part 1 and the following property: For each
repelling periodic point p there is a constant C > 0 such that for every
positive integer n there is w € f~"(zp) satisfying

C~exp(nx(p)) < (") (w)| < Cexp(nx(p)).
Part 2 shows that for each 2y € C we have

limsup  In max{|(f")'(w)| | w € f~"(20)} < Xsup-

n—-+o0o
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It remains to show that for every zg € C \ E we have

lim sup % Inmin{|(f")' (w)] | w € f~™(20)} > Xint-
n—-+o00

To do this it is enough to show that there exists one point in C\ E,, for
which this holds, see [Prz99, §3] or [PRLS03, §1]. This follows from [PRLS03,
Lemma 3.1], taking for each integer n,

A = min{|(f™)'(p)| | repelling periodic point of period n}.

3. NICE SETS, PLEASANT COUPLES AND INDUCED MAPS

In §3.1 we recall the definition and review some properties of nice sets and
couples, and we introduce a notion weaker than nice couple, that we call
“pleasant couple”. Then we consider the canonical induced map associated
to a pleasant couple in §3.2, as it was introduced in [PRLO7, §4], and review
some of its properties (§3.3). Finally, we introduce in §3.4 a two variable
pressure function associated to the a canonical induced map, that will be
important in what follows.

Throughout all this section we fix a rational map f of degree at least two.

3.1. Nice sets, nice couples, and pleasant couples. Recall that a neigh-
borhood V' of Crit(f) N J(f) is a nice set for f, if for every n > 1 we have
f™OV)NV =0, and if each connected component of V' is simply connected
and contains precisely one critical point of f in J(f).
Let V = UcECrit(f)ﬂJ(f) V¢ be a nice set for f. Then for every pull-back W
of V' we have either
WNV=0o WcCV.

Furthermore, if W and W' are distinct pull-backs of V', then we have either,
WnWwW =0, WcW or W cCW.

For a pull-back W of V' we denote by ¢(W) the critical point in Crit(f)NJ(f)
and by myy > 0 the integer such that f™w (W) = VW), Moreover we put,

K(V)={z€C| for every n > 0 we have f"(z) € V}.

Note that K (V) is a compact and forward invariant set and for each ¢ €
Crit(f) N J(f) the set V¢ is a connected component of C\ K (V). Moreover,
if W is a connected component of C\ K (V) different from the V¢, then f(W)
is again a connected component of C\ K (V). It follows that W is a pull-back
of V and that f™W is univalent on W.

Given a nice set V for f and a neighborhood V of V in C we will say that
(17, V) is a pleasant couple for f if the following property holds: For every
pull-back W of V', the pull-back of 1% by f™W that contains W is either
contained in V when W is contained in V, and it is disjoint from Crit(f)
when W is disjoint from V.
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If (V, V) is a pleasant couple for f, then for each ¢ € Crit(f) N J(f) w
denote by V¢ the connected component of 1% containing c. Furthermore for
each pull-back W of V' we will denote by W the pull-back of v by f™W that
contains W, and put mg;; := mpy and C(W) = c¢(W). If W is a connected
component of C\ K(V), then for every j = 0,...,my — 1, the set f7(WW)
is a connected component of C\ K (V) different from the V¢, and W ) is
disjoint from Crit(f). It follows that f™W is univalent on w.

A nice couple for f is a pair (17, V) of nice sets for f such that V C ‘7,
and such that for every n > 1 we have f*(0V) N vV =0.

If (17, V') is a nice couple for f, then for every pull-back W of V we have
either

WnV=0o WcV.

It thus follows that (V,V) is a pleasant couple.

Remark 3.1. The definitions of nice sets and couples given here is slightly
weaker than that of [PRLO7, RLO7]. For a set V' = U.ccyig(p)nscn V¢ to
be nice, in those papers we required the stronger condition that for each
integer n > 1 we have f*(0V) NV = (), and that the closures of the sets V¢
are pairwise disjoint. Similarly, for a pair of nice sets (V, V) to be a nice
couple we required the stronger condition that for each n > 1 we have

f*(OV)NV = 0. The results we need from [PRLO7] still hold with the
weaker property considered here.

Observe that if (V,V) is a nice couple as defined here, then V is a nice
set in the sense of [PRL0O7, RLO7].

The following proposition (which we owe to Shen), though not used later
on, sheds some light on the definitions above; compare with the construction
of nice couples in §A.1 (Theorem D), and in [RLO7, §6].

Proposition 3.2. Suppose that for a rational map f there exists a nice set
U= Ucecrit(f)mJ(f) U¢ such that for every integer n > 1

(3.1) reuYNT =90.

Suppose furthermore that for an integer k > 1 the maximal diameter of a
connected component of f~F(U) converges to 0 as k — +oo. Then there
exists a nice set V' for f that is compactly contained in U such that (U, V')
is a nice couple for f.

Proof. Since U is a nice set each connected component of the set A :=
C\ f~YK(U)) is a pull-back of U. Furthermore, by (3.1) each connected
component W of A intersecting U is compactly contained in U, and myy is
the first return time to U of points in W.

If the forward trajectory of ¢ visits U, take as V¢ the connected component
containing ¢ of A. Since U is a nice set, V¢ is a first return pull-back of U,
and by (3.1) the set V¢ is compactly contained in U. In particular for



NICE INDUCING SCHEMES AND THE THERMODYNAMICS OF RATIONAL MAPS15

each integer n > 1 we have (V)N U = (. For each critical point
¢ € Crit(f) N J(f) whose forward trajectory never returns to U, take a
preliminary disc D compactly contained in U¢. By (3.1) each connected
component of A intersecting D is compactly contained in U¢. Let now V¢ be
the union of D and all those connected components of A intersecting D. The
hypothesis on diameters of pull-backs implies that V' is compactly contained
in U, and that each point in V¢ is either contained in 9D N (C \ A), or
in the boundary of a connected component of A intersecting D (which is
a first return pull-back of U). Therefore for each integer n > 1 we have
f1(@VE)NU = 0. Finally let V¢ be the union of V¢ and all connected
components of C\ V¢ contained in U¢ (We do this ”filling holes” trick since
a priori it could happen that the union of D and one of the connected
components of A, and consequently V¢, might not be simply-connected).
We have V¢ C V¢, so for each integer n > 1 we have f*(OV)NU = (.
Set V = Ucecrit(f)mJ(f) V¢, We have shown that for each integer n > 1
we have f"(0V)NU =, so (U,V) is a nice couple. O

3.2. Canonical induced map. Let (‘7, V') be a pleasant couple for f. We
say that an integer m > 1 is a good time for a point z in C, if f™(z) € V and
if the pull-back of v by f™ to z is univalent. Let D be the set of all those
points in V having a good time and for z € D denote by m(z) > 1 the least
good time of z. Then the map F : D — V defined by F(z) := f™3)(z) is
called the canonical induced map associated to (V,V). We denote by J(F)
the maximal invariant set of F.

As V is a nice set, it follows that each connected component W of D is
a pull-back of V. Moreover, f™W is univalent on W and for each z € W
we have m(z) = my. Similarly, for each positive integer n, each connected
component W of the domain of definition of F" is a pull-back of V and f™w
is univalent on W. Conversely, if W is a pull-back of V' contained in V' such
that f™" is univalent on W, then there is ¢ € Crit(f)NJ(f) and a positive
integer n such that F" is defined on W and F™(W) = V. In fact, in this
case myy is a good time for each element of W and therefore W C D. Thus,
either we have F(W) = VW) and then W is a connected component of D,
or F(W) is a pull-back of V' contained in V' such that f™#™) is univalent

0

on F(W). Thus, repeating this argument we can show by induction that
there is a positive integer n such that F™ is defined on W and that F"(W) =
yeWw),

Lemma 3.3 ([PRLO7], Lemma 4.1). For every rational map f there isr > 0
such that if (V, V') is a pleasant couple satisfying

3.2 diam (V) <7,
(3.2) ccCr(INI(f) mn( )‘T
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then the canonical induced map F' : D — V associated to (17, V') is topolog-
ically mizing on J(F). Moreover there is ¢ € Crit(f) N J(f) such that the
set

(3.3) {mw | W c.c. of D contained in V¢ such that F(W) = V°}

is non-empty and its greatest common divisor is equal to 1.

3.3. Bad pull-backs. Let (V V) be a pleasant couple for f. For an integer
n 2 1 we will say that a connected component W of f- ( ) is a bad pull-back
ofV of order n, if f™ is not univalent on W and if for everym=1,...,n—1
such that f™(W ) C V, the map f™ is not univalent on the connected
component of f~™ (V) containing W.

The following lemma will be used in the proof of Theorem A in §7. Al-
though it is essentially the same as part 1 of Lemma 7.4 of [PRL07], we
have included a proof because it is stated in a slightly different way. We
denote by Dy the collection of all the connected components of C\ K (V)

Furthermore, for a pull-back W of V we denote by D the collection of
all the pull-backs W of V that are contained in W, such that fmwt! is
univalent on W, and such that f™w (W) € Dy.

Lemma 3.4 ([PRLO7], part 1 of Lemma 7.4). If we denote by ® the collec-
tion of the connected components of D, then we have

@ = U @’W.
W bad pull-back of V
or W=V¢, ceCrit(f)NJ(f)

Proof. Clearly, for each ¢ € Crit(f)NJ(f) we have ®p. C D. Let W be a bad
pull-back of V and let W € Dy~ To show that W belongs to © we need to

show that f™W is univalent on /W, and that for each j € {1,..., my —1} such
that f7(W) C V, the map f7 is not univalent on the pull-back of V by f7 that
contains W. That f™W is univalent on W follows from the fact that frwtl
is univalent on /V[7, and that fmwH (W) € Dy. Let j € {1,...,mw — 1} be
such that f/(W) c V. As fm"wH (W) € Dy, we have j < my;. Since W
is a bad pull-back, the map f7 is not univalent on the pull—back of V by f7
that contains W. This completes the proof that W € D.

Let W € ®. If f(W) € Dy, then there is ¢ € Crit(f) N J(f) such
that W € Dp.. If f(W) € Dy, then there is a positive integer j such
that j < my and f/(W) C V, and for every such integer j the map fI
is not univalent on the pull-back of 1% by fJ that contains s W. Thus if
we denote by n the largest of such j, then the pull-back W of V by f"
containing W is a bad pull-back and W € Dy;. O

3.4. Pressure function of the canonical induced map. Let (V,V) be
a pleasant couple for f and let F' : D — V be the canonical induced map
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associated to (‘A/, V). Furthermore, denote by © the collection of connected
components of D and for each ¢ € Crit(f)NJ(f) denote by D¢ the collection
of all elements of ® contained in V¢, so that ® = Ucecrit(f)mj(f) . A word
on the alphabet ® will be called admissible if for every pair of consecutive
letters W, W' € © we have W € @“W')_ For a given integer n > 1 we
denote by E™ the collection of all admissible words of length n. Given
W € ®, denote by ¢y the holomorphic extension to VeW) of the inverse
of Flw. For a finite word W = Wy ... W,, € E* put ¢(W) := ¢(W,,) and
mw = mw, + -+ my,. Note that the composition

dw = ¢w, © -0 dw,

is well defined and univalent on V<) and takes images in V.
For each t,p € R and n > 1 put

Zoltp) = 3 exp(muwp) (sup {Ioiy ()] | = € vV 1)

WekEn

It is easy to see that for a fixed ¢,p € R the sequence (InZ,(t,p))n>1 is
sub-additive, and hence that we have
(3.4)

P(F,—tln|F'| —pm) := ngrfoo IinZ,(t,p) =inf {1 InZ,(t,p) |n>1},

see for example Lemma 2.1.1 and Lemma 2.1.2 of [MUO03]. Here m is the
function defined in §3.2, that to each point z € D it associates the least
good time of z. The number (3.4) is called the pressure function of F for
the potential —In|F'| — pm. It is easy to see that for every ¢,p € R the
sequence (= In Z,(¢,p))n>1 is uniformly bounded from below, so that (3.4)
does not take the value —oo. Note however that if D has infinitely many
connected components, then we have P(F,0) = +occ.

The function,

P R2 — RU {+OO}
(t,p) — P(F,—tln|F'| —pm),

will be important in what follows. Notice that if &2 is finite at (¢, po) € R?,
then it is finite on the set {(t,p) € R? | t > tg,p > po}. Furthermore,
restricted to the set where it is finite, the function &2 it is strictly decreasing
on each of its variables.

In the following property will be important to use the results of [MUO03].

(*) There is a constant Cjy > 0 such that for every x € (0,1) and every
ball B of C, the following property holds. Every collection of pairwise
disjoint sets of the form Dy, with W € E*, intersecting B and with

diameter at least # - diam(B), has cardinality at most Cpsk 2.

In fact, F' determines a Graph Directed Markov System (GDMS) in the
sense of [MUO03], except maybe for the “cone property” (4d). But in [MUO03]
the cone property is only used in [MU03, Lemma 4.2.6] to prove (*). Thus,
when property (*) is satisfied all the results of [MUO03] apply to F'.
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In [PRLO7, Proposition A.2] we have shown that property (*) holds when

the pleasant couple (V, V) is nice.

Lemma 3.5. Let f be a rational map of degree at least two and let (17, V) be
a pleasant couple for f satisfying property (*). Then the function & defined
above satisfies the following properties.

1. The function &2 is real analytic on the interior of the set where it is
finite.
2. The function & is strictly negative on {(t,p) € R? | p > P(t)}.

Proof.

1. Since In|F’| defines a Holder function of the symbolic space associated
to F, for each (¢,p) € R? the function — In |F’|—pm defines a Holder function
of the symbolic space associated to F', and in the case Z(t,p) < +oo the
function —tIn |F’| — pm is summable in the sense of [MUO03]. Then the
desired result follows from [MUO03, Theorem 2.6.12].

2. Let (to,po) € R? be such that pg > P(tg). Then for each point zyp € V
for which (2.1) holds, we have

Yo D exp(—pom(y)|(F") (y) 7"
(2)

k>1yeF—k(z

<Y exp(—pon) > () ()l < +oo,

nzl yeS ™ (20)

which implies that &(to,po) < 0. This shows that the function & is
non-positive on {(¢,p) € (0,+00) x R | p > P(t)}. That & is strictly
negative on this set follows from the fact that, on this set, & is strictly
decreasing on each of its variables. O

4. FROM THE INDUCED MAP TO THE ORIGINAL MAP

The purpose of this section is to prove the following theorem. We denote
by Jeon(f) the “conical Julia set” of f, which is defined in §4.1. Recall that
conformal measures were defined in §2.3.

Theorem C. Let f be a rational map of degree at least two, let (17, V) be a
pleasant couple for f satisfying property (*), and let & be the corresponding
pressure function defined in §3.4. Then for eachty € (t—,+00), the following
properties hold.

Conformal measure: If & vanishes at (t,p) = (to, P(ty)), then there
is a unique (to, P(tg))-conformal probability measure for f. Moreover
this measure is non-atomic, ergodic, and it is supported on Jeon(f).
Equilibrium state: If 2 is finite on a neighborhood of (t,p) = (to, P(to)),
and vanishes at this point, then there is a unique equilibrium measure
of f for the potential —toIn|f'|. Furthermore, this measure is er-
godic, absolutely continuous with respect to the unique (to, P(to))-conformal
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probability measure of f, and its density is bounded from below by
a positive constant almost everywhere. If furthermore (‘7,‘/) sat-
isfies the conclusions of Lemma 3.3, then the equilibrium state is
exponentially mizing and it satisfies the central limit theorem.

Analyticity of the pressure function: If & is finite on a neigh-
borhood of (t,p) = (to, P(to)), and for each t € R close to ty we have
P(t,P(t)) = 0, then the pressure function P is real analytic on a
neighborhood of t = t.

After some general considerations in §4.1, the assertions about the confor-
mal measure are shown in §4.2. The assertions concerning the equilibrium
state are shown in §4.3, and the analyticity of the pressure function is shown
in §4.4.

Throughout the rest of this section we fix f, (?,V), F, & as in the
statement of the theorem.

4.1. The conical Julia set and sub-conformal measures. The conical
Julia set of f, denoted by Jeon(f), is by definition the set of all those points z
in J(f) for which there exists p(z) > 0 and an arbitrarily large positive
integer n, such that the pull-back of the ball B(f"(x), p(z)) to = by f™ is
univalent. This set is also called radial Julia set.

We will need the following general result, which is a strengthened version
of [McMO0O0, Theorem 5.1}, [DMNU98, Theorem 1.2], with the same proof.
Given t,p € R we will say that a Borel measure py is (t, p)-sub-conformal f,
if for every Borel subset U of C \ Crit(f) on which f is injective we have

(4.1) exp(p) /U Fldp < u(FU)).

Proposition 4.1. Fizt € (t—,+00) andp € [P(t),+00). If v is a (t,p)-sub-
conformal measure for f supported on Jeon(f), then p = P(t), the measure u
is (t, P(t))-conformal, and every other (t, P(t))-conformal measure is pro-
portional to p. Moreover, every subset X of C such that f(X) C X and
w(X) > 0 has full measure with respect to p.

The proof of this proposition depends on the following lemma.

Lemma 4.2. Let t,p € R and let u be a (t,p)-sub-conformal measure sup-
ported on Jeon(f). Suppose that for some p' < p there exists a non-zero
(t,p')-conformal measure v that is supported on J(f). Thenp’ =p and p is
absolutely continuous with respect to v. In particular v(Jeon(f)) > 0.

Proof. For p > 0 put Jeenlfsp) i= {& € Jeon(f) | plw) = p}, s0 that
Jeon(f) = Up>0 Jeon(f,p). For each py > 0, Koebe Distortion Theorem
implies that there is a constant C' > 1 such that for every = € Jeon(f, po)
there are arbitrarily small > 0, so that for some integer n > 1 we have,

(4.2)  u(B(z,57)) < Cexp(—np)r' and v(B(z,r)) > C~exp(—np)rt.
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Given a subset X of Jeon(f, po), by Vitali’s covering lemma, for every ro > 0
we can find a collection of pairwise disjoint balls (B(z;,7;)) >0 and positive
integers (n;);j>0, such that z; € X, r; € (0,79), X C ;50 B(z;,5r;) and
such that for each j > 0 the inequalities (4.2) hold for  := z; and r := r; and
n = nj. Moreover, for each positive integer ny we may choose r¢ sufficiently
small so that for each j > 0 we have n; > ng. Since by hypothesis p’ < p,
we obtain

v(X) = C™2 exp(no(p — p'))u(X).
Suppose by contradiction that p’ < p. Choose py > 0 such that u(Jeon(f, po)) >
0 and set X := Jeon(f, po). As in the inequality above ng > 0 can by taken

arbitrarily large, we obtain a contradiction. So p’ = p and it follows that
is absolutely continuous with respect to v. ([

Proof of Proposition 4.1. Let v be a (t, P(t))-conformal measure v for f
supported on J(f). By [PRLS04, Theorem A and Theorem A.7] there is
at least one such measure, see also [Prz99]. So Lemma 4.2 implies that
p = P(t), and that p is absolutely continuous with respect to v.

In parts 1 and 2 we show that v is proportional to p. It follows in
particular that p is conformal. In part 3 we complete the proof of the
proposition by showing the last statement of the proposition.

1. First note that v/ := u|@\ Joon(f) 18 & conformal measure for f of the same
exponent as v. Then Lemma 4.2 applied to v = ¢/ implies that, if v/ is
non-zero, then v/(Jeon(f)) > 0. This contradiction shows that v/ is the zero
measure and that v is supported on Jeon (f).

2. Denote by g the density pu with respect to v. It is easy to see that satisfies
go f > gon aset of full v-measure. Let § > 0 be such that v({g > d}) > 0.
As v is supported on Jeon(f), there is a density point of {g > §} for v that
belongs to Jeon(f). Going to large scale and using go f > g, we conclude that
{g > d} contains a ball of definite size, up to a set of v-measure 0. It follows
by the locally eventually onto property of f on J(f) that the set {g > §}
has full measure with respect to v. This implies that g is constant v-almost
everywhere and therefore that v and p are proportional. In particular p is
conformal

3. Suppose that X is a Borel subset of C of positive measure with respect
to p and such that f(X) C X. Then the restriction p|x of p to X is
a (t, P(t))-sub-conformal measure supported on the conical Julia set. It
follows that p|x is proportional to u, and thus that u|x = p and that X
has full measure with respect to p. O

4.2. Conformal measure. Given t,p € R we will say that a measure p
supported on the maximal invariant set J(F') of F' is (t, p)-conformal for F
if for every Borel subset U of a connected component W of D we have

W(F(U)) = exp(pmw) /U Pt d.
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In view of [MUO03, Theorem 4.2.9] the hypothesis that
P(F7 —tp In ’F,’ - P(to)m) = ‘@(thP(tO)) - 07

implies that F' admits a non-atomic (¢g, P(t())-conformal measure supported
on J(F). Therefore the assertions in Theorem C about conformal measures
are direct consequences of Proposition 4.1, and of the following proposition.

Proposition 4.3. Let F' be the canonical induced map associated to a
pleasant couple (‘A/, V) for f that satisfies property (*). Then for every
t € (t_,+00) and p € [P(t),+00), each (t,p)-conformal measure of F is
in fact (t, P(t))-conformal, and it is the restriction to V of a non-atomic
(t, p)-conformal measure of f supported on Jeon(f).

Proof. The proof of this proposition is a straight forward generalization of
that of [PRL07, Proposition B.2]. We will only give a sketch of the proof
here.

Since t > t_ there is a (¢, P(t))-conformal measure zi for f whose topolog-
ical support is equal to the whole Julia set of f (Proposition 2.2). Let @y
be the collection of connected components of C \ K (V). Notice that for
each W € Dy we have [i(W) ~ exp(—my P(t)) diam(W)!, for an implicit
constant independent of W.

Let p be a (t,p)-conformal measure for F. For each W &€ Dy denote
by ¢w : VeW) — W the inverse of me\W, and let uy be the measure
supported on W, defined by

pur () = exp(-mw) | Byl
Frw (XOW)
Clearly the measure )y o, pw is supported on Jeon(f), non-atomic, and

for each W € ©y we have uy (C) ~ exp(—myyp) diam(W)E. Since we also
have i(W) ~ exp(—myw P(t)) diam(W)!, and p > P(t), it follows that the
measure ZWG’DV pyw is finite. In view of Proposition 4.1, to complete we
just need to show that » y o, pw is (¢, p)-sub-conformal for f. The proof
of this fact is similar to what was done in [PRLO07, Proposition B.2]. O

4.3. Equilibrium state. In the following lemma we use the hypothesis that
the pressure function & is finite on a neighborhood of (¢, p) = (to, P(t0)).

Lemma 4.4. Let pu be the unique (tg, P(to))-conformal measure of F. Then
there is €9 > 0 such that for every sufficiently large integer n we have

> (W) < exp(—eon),

W' connected component of D
myy >n

In particular

Z mwpu(W) < 4o0.

W' connected component of D
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Proof. Since the function & is finite on a neighborhood of (¢, p) = (to, P(to)),
there is & > 0 such that Z(to, P(ty) — ) < +oo. By [MUO03, Proposi-
tion 2.1.9] this implies that,

Zexp(—(P(to) —&)myy) sup{|F'(2)| 7" | z € W} < +o0.
W

As for each connected component W of D we have
w(W) < Cyexp(—P(to)mw) sup{|F'(2)| "% | z € W},

we obtain,

Cy = Z w(W) exp(emw) < 4o00.

W connected component of D

So for each n > 1 we have

exp(en) Z w(W) < Ch.
W connected component of D

my >n

This shows that the lemma holds for each g € (0, ¢). O

Ezxistence. It follows from standard considerations that F' has an invariant
measure p that is absolutely continuous with respect to the (to, P(to))-conformal
measure y of F'; and that the density of p with respect to p is bounded from
below by a positive constant almost everywhere. This result can be found
for example in [Gou04, §1], by observing that F|;) is a “Gibbs-Markov
map”. For a proof in a setting closer to ours, but that only applies to the
case when V' is connected, see [MUO3, §6].

The measure
mw — 1

ﬁizz Z fﬁP’W
W j=0

is easily seen to be invariant by f, and Lemma 4.4 implies that it is fi-
nite. Furthermore this measure is absolutely continuous with respect to the
(to, P(tg))-conformal measure i of f, and its density is bounded from be-
low by a positive constant on a subset of V' of full measure with respect to
w = pily. It follows from the locally eventually onto property of Julia sets
that the density of p with respect to fi is bounded from below by a positive
constant almost everywhere; see for example [PRLO7, §8] for details. As 1
is ergodic (Proposition 4.1) it follows that p is also ergodic.

We will show now that the probability measure p proportional to p is an
equilibrium state of f for the potential —ty1n|f’|. We first observe that p
is an equilibrium state for F' for the potential —toIn |F’| — P(to)m [MUO03,
Theorem 4.2.13 and Theorem 4.4.2]; that is we have

P(F,—tyIn|F'| — P(to)m) = hy(F) — /to In |F'| 4+ P(to)mdp,
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which is equal to 0 by hypothesis. By the generalized Abramov’s for-

mula [Zwe05, Theorem 5.1], we have h,(F') = h;(f)p(C), and by definition
of p we have [mdp = p(C). We thus obtain,

() = (FO)  h(F) = GE) " [ tala [P+ Plto)mp
— () o [l Fdp+ Plto) = to [ n|fldp+ Plto).
This shows that p is an equilibrium state of f for the potential —tgIn |f'|.

Uniqueness. In view of [Dob08, Theorem 8|, we just need to show that the
Lyapunov exponent of each equilibrium state of f for the potential —to In | f’|
is positive; see also [Led84].

Let p’ be an equilibrium state of f for the potential —to In|f’|. If f satisfies
the Topological Collet-Eckmann Condition then it follows that the Lyapunov
exponent of p/ is positive, as in this case we have i, > 0. Otherwise we
have xinf = 0, and then P(ty) > 0 by Proposition 2.1. It thus follows
that hy(f) > 0, and therefore that the Lyapunov exponent of ' is positive
by Ruelle’s inequality.

Statistical properties. When F satisfies the conclusions of Lemma 3.3, the
statistical properties of p can be deduced from the tail estimate given by
Lemma 4.4 above, using Young’s results in [You99]. In the case when there
is only one critical point in the Julia set one can apply these results directly,
and in the general case one needs to consider the first return map of F' to the
set V¢, where ¢ is the critical point given by the conclusion of Lemma 3.3,
as it was done in [PRL07, §8.2]. In the general case one could also apply
directly the generalization of Young’s result given in [Gou04, Théoréme 2.3.6
and Remarque 2.3.7]. We omit the standard details.

4.4. Analyticity of the pressure function. By hypothesis for each ¢ close
to to we have Z(t,P(t)) = 0. Since the function & is real analytic on a
neighborhood of (tg, P(tp)) (Lemma 3.5), by the implicit function theorem it
is enough to check that %:@ktmp(to)) # 0. This last number is equal to the
integral of the (strictly negative) function —m, against the equilibrium mea-
sure of F' for the potential —toIn |F’'| — P(to)m [MUO03, Proposition 2.6.13],
and it is therefore strictly negative.

5. WHITNEY DECOMPOSITION OF A PULL-BACK

The purpose of this section is to introduce a Whitney type decomposition
of a given pull-back of a pleasant couple. It is used to prove the key estimates
in the next section.
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5.1. Dyadic squares. Fix a square root i of —1 in C and identify C with
R & iR. For integers j, k and ¢, the set

{ovinloe [35] ve (4554},
will be called dyadic square. Note that two dyadic squares are either nested
or have disjoint interiors. We define a quarter of a dyadic square () as one
of the four dyadic squares contained in () and whose side length is one half
of that of Q. R

Given a dyadic square ), denote by @ the open square having the same
center as @, sides parallel to that of @, and length twice as that of Q. Note

in particular that for each dyadic square @ the set @\ @ is an annulus whose
modulus is independent of (); we denote this number by m;.

5.2. Primitive squares. Let f be a rational map of degree at least two
and fix r; > 0 sufficiently small so that for each critical value v of f in the
Julia set of f there is a univalent map ¢, : B(v,9r1) — C whose distortion
is bounded by 2.

We say that a subset Q of C is a primitive square, if there is v € CV(f)N
J(f) such that @ is contained in the domain of ¢,, such that ¢,(Q) is a
dyadic square, and such that m is contained in the image of ¢,. In this
case we put v(Q) := v and Q = ot (cpj(a)) We say that a primitive
square Qg is a quarter of a primitive square @, if Qo C Q and if p,()(Qo)
is a quarter of ¢, ()(@). Note that each primitive square has precisely four
quarters. Furthermore, each primitive square @) contained in B(CV,ry) is
contained in a primitive square @’ such that Q is a quarter of @Q’.

Fix A € (0,71). Then the Whitney decomposition associated to (the
complement of) a subset F of C is the collection # (F) of all those primitive
squares @ such that diam(Q) < A, @ N F = (), and that are maximal with
these properties. By definition two distinct elements of # (F) have disjoint
interiors, and each point in B(CV(f) N J(f),9r1) \ F' is contained in an
element of # (F).

Lemma 5.1. Let A € (0,71), and let F be a finite subset of C. Then the
following properties hold.

1. Let Qo be a primitive square contained in B(CV(f) N J(f),r1) and
such that diam(Qg) < A. Then either Qq is contained in an element
of W(F), or it contains an element Q of W (F) such that

diam(Q) > 4 (2 4 3/#F) "t diam(Qo).
2. For eachn > 2 the number of those Q € W (F') contained in B(CV(f)N
J(f),r1) and such that diam(Q) € [2-"TDA, 27" A] is less than 2599(#F).
Proof.

1. Let n > 2 be the least integer such that (2" — 2)2 > 9(#F), so that
2" <2 (24 3y#F). Put Q) := ¢u(@)(Qo) and denote by fy the side length



NICE INDUCING SCHEMES AND THE THERMODYNAMICS OF RATIONAL MAPS25

of Q. For each element a of F in Qo choose a dyadic square @, whose side
length equal to 27"y and that contains ¢,(g)(a). As there are (2" — 2)
squares of side length equal to 27"/, contained in the interior of @, and at
most 9(#F) < (2" — 2)? of them intersect one of the squares |J,cp Qa, we
conclude that there is at least one square Q' of side length equal to 27",

that is contained in the interior @ and such that cp (Q’) is disjoint

from F'. It follows that the primitive square Q := gov(Q)(Q’ ) is contained in
an element of % (F). As,
diam(Q) > 127" diam(Qo) > (2 + 3#VF) ™! diam(Qo),

the desired assertion follows.

2. Let @ be an element of # (F') contained in B(CV(f)NJ(f),r1), and let Q'
be a primitive square such that @) is a quarter of )'. Then either diam(Q’) >
A or ' intersects F. So, if diam(Q) < %A, then there is a € F' contained
in ', and therefore diam(Q) > %dist(Q,a). So, if we let n > 2 be an
integer such that diam(Q) € [2~("*YA,27"A], then Q C B(a,5 - 27 "A).
Since the area of ) is greater than or equal to édiam(@)2 > 3—124*"A2
and the area of B(a,5-27"A) is less than 2574 "A2, we conclude that

there are at most 25 - 327 (#F) < 2599(#F) elements @ of #/ (F') satisfying
diam(Q) € 2~ (DA 27"A]. O

5.3. Univalent squares. For an integer n > 0 we will say that a subset Q
of C is a univalent square of order n, if there is a primitive square @)’ such
that @ is a connected component of f~™+1(Q’ ), and such that f*t! is
univalent on the connected component of f~(ntl) (Q’ ) containing Q. In this
case we denote this last set by Q, and note that Q \ @ is an annulus of
modulus equal to mq. It thus follows that there is a constant Ky > 1 such
that for every univalent square @ of order n and every j =1,...,n+ 1, the
distortion of f7 on @ is bounded by Kj.

Let (‘7 V) be a pleasant couple for f such that f( ) € B(CV(f)n
J(f) 1). For a pull-back W of V, denote by E(W) the number of those j €
{0,...,m} such that f7(W W) C V. Moreover, let # (W) be the collection
of all those univalent squares () that are of order my;, such that @ C V[N/
such that f™w(Q) intersects V', and that are maximal with these properties.
Note that for @ € W( ) we have v(Q) = f(c(W)) By definition every pair
of distinct elements of W(WN/) have disjoint interiors. On the other hand,
every point in f"'w ];NVl (VC(W)) \ Crit(f™w™1) is contained in a an element

of # (W), and for each Q € # (W) the set Q is disjoint from Crit(f™w*1).

Proposition 5.2. Let f be a rational map of degree at least two and let (YA/, V)
be a pleasant couple for f. Then there is a constant Cy > 0 such that for
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every £ € (0,1) the number of those Q € V/(W) such that
diam (f"w(Q)) > ¢ diam(vc(w))
is less than
2600 deg(f)"™) (Co + L6(W) Togy €(1V) + £(W) logy(¢ 7))

Proof. Put ¢ = ¢(W) and v = f(c), and let & € (0, 1) be sufficiently small so
that for each z € V¢ the connected component of f~! (B(f(z), &o diam(f(f/c))))
containing z is contained in Ve, Put F = frw Tt </V[70 Crit (me+1)),
A = &diam(f(V)) and consider _the Whitney decomposition #/(F), as
defined in §5.2. Note that #F < (V).

1. We prove first that for every Q € # (W) the primitive square f™w+1(Q) C
f(Ve) C B(v,r1) contains an element Q' of # (F) such that

diam(Q’) > <80\/ #E(W)) - &o diam (f"HHQ)) .

Let Qg be a primitive square contained in f™w™1(Q) such that
1éo diam(fmwH(Q)) < diam(Qo) < A.

By part 1 of Lemma 5.1 there is an element Q" of # (F) that either con-
tains (Qg, or that it is contained in Q¢ and

diam(Q") i (2 + 3\/#F> diam(Qp)

> L (2 n 3\/#F)_1 g diam (F™1(Q)) .

As #F < K(W) and E(W) > 1, we just need to show that @' is in fact
contained in meH(Q). Suppose by contradiction that this is not the case.
Then it follows that @’ contains f™wt1(Q) strictly. Let @v’ be the con-
nected component of f~ m~+1)(Q’ ) contammg (. By definition of & we

have that f™w (Q’ ) is contained in Ve, so Q’ is contained in W. On the
other hand f"w (Q’ ) intersects V¢, because it contains f™W(Q) and this set
intersects V¢. As by definition of # (F') the set Q’ is disjoint from F, it

follows that f™#w*! is univalent on @’. Thus, by definition of W (W), the
univalent square (' is contained in an element of # (W). But Q € # (W)
is strictly contained in @7 so we get a contradiction. This shows that Q' is
in fact contained in meH(Q) and completes the proof of the assertion.

2. For each @ € W(W) choose an element Q' of # (F) satisfying the
property described in part 1. Note that for each Q( € # (F) the number of

those Q € # (W) such that Q' = Q) is less than or equal to deg(f)z(w). As
the area of a primitive square @’ is greater than or equal to % diam(Q’)?, it
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follows that for each £ € (0,1) the number of those @ € W(W) satisfying

diam(Q’) > gdiam(f(f/c)) is less than or equal to 87&~2 deg(f)* "W).
Let £ € (0 ,450 ) be given and let ng be the least integer n > 2 such

that & > 27"801/4(W), so that & < 2~ (=180 /¢(W). If Q € W (W) is

such that diam (f"wtH(Q)) > §d1am(VC) then we have

diam(Q (80\/ > & diam (fmwTHQ)) > 27"0¢) diam(V©).

So part 2 of Lemma 5.1 implies that for each n > 2 the number of those Q €
W (W) such that

diam(Q') € 270"V diam(f(V*)), 27"€o diam(f(V°)))

is less than 2599(#F) deg(f)E(W)NS 2599¢(W) deg(f)g(w). So we conclude

that the number of those @ € # (W) such that diam (f™w*!(Q)) > §diam(‘70)
is less than

deg ()T (87(160) ™ + (0 — 2)25990(7))

< deg()'™) (8 (5¢0) ™2 + 25990() (1oga(¢ ™) + logy(80) + § logy (1)) ) -
This completes the proof of the lemma. U

6. THE CONTRIBUTION OF A PULL-BACK

Fix a rational map f of degree at least two, and a pleasant couple (‘7, V)
for f. Recall that ®y is the collection of all the connected components
of C\ K (V), and that for a pull-back W of V we denote by Dy the collection
of all the pull-backs W of V' that are contained in W, such that fmwt! is
univalent on /W, and such that f™w (W) € Dy ; see §3.3. Furthermore, we
denote by E(W) the number of those j € {0, ..., mg} such that f7 (W) cV.

The purpose of this section is to prove the following.

Proposition 6.1 (Key estimates). Let f be a rational map of degree at least
two that is expanding away from critical points. Then for each sufficiently
small pleasant couple (V, V') for f the following properties hold.

1. For everyty € R, and everyt,p € R sufficiently close to ty and P(tg),
respectively, we have
(6.1) Z exp(—pmy ) diam(W)" < +oc.
WedDy
2. Let t,p € R be such that (6.1) holds and such that
p> max{_tXinf7 _tXSup}-
Then for every € > 0 such that

|tle < p — max{—txXint, —tXsup}
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there is a constant C1 > 0 such that for each pull-back w of‘A/ we
have

E exp(—pmyy) diam (W)
WeDy

< Ci(deg(f) + )™ exp (—mip(p — max{~txiur, ~txsup} — |tle)) -
The prove this proposition we start with the following lemma.

Lemma 6.2. Let f be a rational map that is expanding away from critical
points. Then for every compact and forward invariant subset K of the Julia
set of f that is disjoint from the critical points of f and everyt > 0 we have

P(flx,—tIn|f']) < P(t).

Proof. By hypothesis f is uniformly expanding on K. Enlarging K if neces-
sary we may assume that the restriction of f to K admits a Markov partition,
see [PU02, Theorem 3.5.2 and Remark 3.5.3],% so that there is at least one
equilibrium state p for f|x with potential —¢1n | f'|.

We enlarge K with more cylinders to obtain a compact forward invariant
subset K’ of J(f), so that f restricted to K’ admits a Markov partition and
so that the relative interior of K in K’ is empty. It follows that p cannot
be an equilibrium measure for f|x/ for the potential —t1In|f’|, so we have

P(flic—t|f]) = hu(f) — t/Kln Fldi < P(flx~tn|f]) < P(0).
]

To prove Proposition 6.1, let f be a rational map of degree at least two,
and let (V, V) be a pleasant couple for f. We will define a constant ro > 0
as follows. If i = 0 we put ro = dist(9V, Crit(f) N J(f)). Suppose
that xinr > 0. Then by [PRLS03, Main Theorem]| there exists rj, > 0 such
that for every zg in J(f), every € > 0, every sufficiently large integer n, and
every connected component W of f~"(B(zg,r()), we have

diam(W) < exp(—n(Xint — €))-

Then we put r9 = min{r{, dist(OV, Crit(f) N J(f))}.

Given a subset @ of C we define ng € {0,1,...,+00} as follows. If
there are infinitely many integers n such that diam(f™(Q)) < ro, then we
put ng = +o0o. Otherwise we let ng be the largest integer n > 0 such

that diam(f™(Q)) < ro.

Lemma 6.3. Let f be a rational map of degree at least two. Then for every
e > 0 there is a constant C(g) > 1 such that for each connected subset Q)
of C that intersects the Julia set of f we have,

C(e) ™" exp(—nq(xsup + €)) < diam(Q) < C(e) exp(—nq(Xint — )

5An analogous result in the case of diffeomorphisms is shown in [Fis06].
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Proof. The inequality on the right holds trivially when xi,s = 0, and when
Xinf > 0 it is given by the definition of rg > 0. The inequality on the left is
a direct consequence of part 2 of Proposition 2.3. O

Proof of Proposition 6.1. Let 71 > 0 be as in the definition of primitive
squares in §5.2, and let (17, V') be a pleasant couple for f such that f (\7) C
B(CV(f)NJ(f),r1). Furthermore, let A; > 0 and K; > 1, given by Koebe
Distortion Theorem, such that for each pull-back W of V' such that f™w
is univalent on W we have diam(W) < A; dist(W, 8/1/17), and such that for
each j = 1,...,my the distortion of f7 on W is bounded by K.

1. Note that it is enough to show that there are t < ¢ty and p < P(tp) for
which (6.1) holds.

Let V' be a sufficiently small neighborhood of Crit(f) N J(f) contained
in V, so that for each ¢ € Crit(f) N J(f) the set

K' ={z€e J(f)| foreveryn >0, f*(z) ¢ V'}

intersects V¢. By Lemma 6.2 we have P(f|x, —toIn|f'|) < P(ty). Let t < to
and p < P(ty) be sufficiently close to ty and P(ty), respectively, so that
p> P(flir, —tIn| ).

For each ¢ € Crit(f) N J(f) choose a point z(c) in K’ NV¢ and for each
univalent pull-back W of V' let zy be the unique point in f~"W (z(c(W)))
contained in W. Note that 2y, € K’ and that there is a distortion constant
C > 0 independent of W such that diam(W) < C|(f™ ) (zw)|~!. On the
other hand, when W € Dy we have zy € K'.

Since by hypothesis the restriction of f to K’ is uniformly expanding, we
have

limsup 2In > (") (2w)|

n—-+oo

wedy
mwy =n
< limsup £ 1n ™ (2)| 7
<tmsp i Y > el
ceCrit(f)NJ(f) ze K'Nf~"(z(c))
< P(f’KU —tln ’f/|)7
hence
Cy:= Z exp(—myp) diam(W)*
WwedDy

<N exp(=mwp)|(F™) (2w)| ™" < +o0.
Wedy
2.1. Put C3 := min{c € Crit(f) N J(f) | dist(z(c),0V¢)/diam(V°)}, and
observe that for each pull-back W’ of V such that W7 is a univalent pull-
back of V, we have dist(zy7, OW’) > C5K; ! diam(W’). We will show that
for each pull-back W of ‘7, for each Q € W(W), and each W € Dy such
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that zy € @, we have
diam (™7 (W) < 8C; 1K, diam (fm7H(Q)) .

Put Q' = f™wH(Q) and W’ = fm™w*1(W), and suppose by contradiction
that diam(W’) > 8C5 ' K7 diam(Q'). Observe that Q' is a primitive square
contained in B(f(c(W)),r1) and that W' € Dy. So there is a primitive
square Q) such that @’ is a quarter of ). We have

diam(@\’o) < 8diam(Q’) < C3K; ' diam(W’) < dist(zyy, OW').

Since by hypothesis 21 € Q, we have zyr = f™w () € Q' C @\’0, so the
last inequality implies that @\’0 c W’'. But f™w*! is univalent on W, so
the connected component Qg of f —(mg+1) (Qp) containing () is a univalent
square of order my; satisfying @0 C /VI7, that contains @ strictly. This

contradicts the hypothesis that @ € # (W).

2.2. We will now show that there is a constant C4 > 0 such that for each
pull-back W of V' and each Q) € # (W) we have

(6.2) Z exp(—pmy) diam(W)" < Cy exp(—png) diam(Q)".
WE@W
2w EQ

Let W be a pull-back of V and let Q € #/(W). Put Q' = f™w*(Q), and

let B be a ball whose center belongs to @ and of radius equal to (8C5 YK+
1)diam(Q’). By part 2.1, for each W € D such that 2y € Q we have

fmwTH (W) ¢ B. Since the distortion of f™w*! is bounded by Ky on Q,
and by K on each element of Dy, we obtain,

Z exp(—pmyy ) diam(W)*

WeDy
2w EQR
" diam(Q) ¢
< exp(—p(mg; + 1)) (Ko K1) m |
> exp(—pmy) diam(W')".
W' ey
W’'CB

If there is no W € Dy such that 2z € @, then there is nothing to
prove. So we assume that there is an element Wy of Dy such that 2wy, € Q.
Then @', and hence B, intersects K’, as it contains the point z £ (W)
Since by hypothesis the restriction of f to K’ is uniformly expanding, there
is ng > 0 independent of /VI\?, such that ngr < np+ng and such that there is
an integer n'y > 0 satisfying |nz; —np| < ng, such that f"33 is univalent on B
and has distortion bounded by 2 on this set. We have |ng — nz| < 2ng, so
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there is a constant Cs > 0 independent of B such that diam(f"5(B)) > Cs.
So, if we put

It

Cs := exp(|p|2no) (205_12(803_1K1 + 1)) Co,
then we have
Z exp(—pmyy) diam(W”)*

W'edDy

W’'CB
< exp(-prp)2! (L SE ) ST () diom ()

(75 (B))) i
W' "B (B)

< exp(—png) exp(—|p|2n0)(2C5 1) diam(B)!Cy
< Cg exp(—pngy) diam(Q')".
Inequality (6.2) with constant Cy := Cg(KoK 1)”', is then a direct conse-
quence of the last two displayed (chains of) inequalities.

2.3. We will now complete the proof of the proposition. For each @ €
W(W) put Q' := fmwt(Q). Let Q € W(W) such that there is W € Dy
satisfying zy € Q). As this last point is in the Julia set of f, by Lemma 6.3
we have

diam(Q)" < C(e)1! exp (ng(max{—txaup, —txint} + [£]2))
Since the elements of # (W) cover W \ Crit (fmw ™), if we put

v 1= exp(—p + max{—txsup, —tXint} + |t€) € (0,1),

then by summing over ) € # (W) in (6.2) we obtain

Z exp(—pmyy ) diam(W)*
WGDW
<CiCe) ). A" =CiCleyymwt Yy

Qe (W) QeW (W)
QNJ(f)#D QNJ(f)#D

To estimate this last number, observe that by Lemma 6.3, for each Q €
# (W) intersecting the Julia set of f we have
dlam(Q/) > C(E)il exp(_nQ’(Xsup + 5))

In2 -
So, if we put § = yXsuwte (O = Flog2 Cle)—logs diam(V™) a0 for each

Q € W (W) we put £(Q) = diam(Q’)/diam(f/\'c(W)), then we have y"@" <
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Cry~10826(Q") | So Proposition 5.2 implies that,

Y s Y 5@
QeW (W) Qew (W)
QNJ(f)7#0 QNJ(f)#0

< 2600C7 deg(f)' W) [ Co + L6(W) logy €(OW) + (W) 7"
n>0

This completes the proof of the proposition. O

7. PROOF OF THEOREM A

The purpose of this section is to prove the following stronger version of
Theorem A. Recall that each nice couple is pleasant and satisfies prop-
erty (*), see §3.4.

Theorem A’. Let f be a rational map of degree at least two that is expand-
ing away from critical points, and that has arbitrarily small pleasant couples
having property (*). Then following properties hold.

Analyticity of the pressure function: The pressure function of f
is real analytic on (t_,t;), and linear with slope —xsup(f) (resp.
_Xinf(f)) on (—OO,t_] (Tesp- [t+,+00)).

Equilibrium states: For each ty € (t_,t1) there is a unique equilib-
rium state of f for the potential —toIn|f’|. Furthermore this measure
s ergodic and mizring.

Throughout the rest of this section we fix a rational map f and #y €
(t—,t4) as in the statement of this theorem. Recall that by Proposition 2.1
we have P(ty) > max{—toXinf, —toXsup}- Put

Yo = €Xp (_%(P(tO) - m&X{—t()Xjnf, _tOXsup})) € (07 1)7

and choose L > 0 sufficiently large so that
(7.1) (2L(# Crit(f) N (1)) (deg(f) + 1)1 Er0 < 1.

Let (‘A/, V) be a pleasant couple for f that is sufficiently small so that for
cach ¢ € {1,...,L} the set f(Crit(f) N J(f)) is disjoint from V (recall
that our standing convention is that no critical point of f in its Julia set is
mapped to a critical point under forward iteration.) We assume furthermore
that (V,V) has property (*).

We show in §7.1 that the pressure function & defined in §3.4 is finite on
a neighborhood of (t,p) = (to,po), and we show in §7.2 that for each ¢ close
to to the function & vanishes at (¢,p) = (¢, P(t)). Then Theorem A’ follows
from Theorem C.



NICE INDUCING SCHEMES AND THE THERMODYNAMICS OF RATIONAL MAPS33

7.1. The function  is finite on a neighborhood of (¢,p) = (¢, P(to))-
We will use the following lemma form [PRL07].

Lemma 7.1 ([PRLO7], Lemma 7.1). Let f be a rational map, let (V,V) be a
pleasant couple for f, and let L > 1 be the least integer such that f*(Crit(f)N

J(f)) intersects V. Then for each positive integer n, there are at most
(2L(# Crit(f) N J(f))?>"E bad pull-backs of V of order n.

By the considerations in §3.4, to show that &7 is finite on a neighborhood
of (t,p) = (to,po) we just need to show that there are t < tg and p < P(to)
such that

(7.2) Z exp(—pmw ) diam(W)" < 4o0.
we®»

Let t < tg and p < P(ty) be given by part 1 of Proposition 6.1. Taking ¢
and p closer to tg and P(tg), respectively, we assume that there is € > 0
sufficiently small so that

p— max{_tXinf’ _thup} - ’t|5 > %(P(tO) - max{_tOXinfv _thup})v
and put
v 1= exp(—p + max{—txint, —txsup} + |t€) € (0,70).

For each ¢ € Crit(f)NJ(f) we have, by applying part 2 of Proposition 6.1

to W = VC,

(7.3) > exp(—pmy) diam(W)" < Cy(deg(f) + 1).
WeDge

Since for each pull-back W of V we have E(W) < 1+ 7, using part 2 of
Proposition 6.1 again we obtain

Z Z exp(—pmyy ) diam(W)*

W bad pull-back of v WeDg:

<G Y (eg(h) + 1)y
W bad pull-back of V
< Cy(deg(f) +1) Y (L (# Crit(£) 0 () (deg(f) +1)1/2)"
n>1
< 4o00.

As v € (0,7), we have by (7.1) that the sum above is finite. Then (7.2)
follows from (7.3) and Lemma 3.4.

7.2. For each t close to ty) we have Z(t, P(t)) = 0. In view of Lemma 3.5
we just need to show that for each ¢ close to tg we have Z(t, P(t)) > 0.

Suppose by contradiction that in each neighborhood of ¢y we can find t such
that 2(t, P(t)) < 0. As & is finite on a neighborhood of (¢, P(tp)), it
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follows that & is continuous at this point (Lemma 3.5), so we can find ¢
close to ty and

pE (max{—txmf, _thup}7 P(t))7

such that Z2(t,p) < 0, and such that the conclusion of part 1 of Proposi-
tion 6.1 holds for this values of ¢ and p.

We show below that for zy € V for which all (2.1), (2.2), and (2.3) hold,
the double sum

Ty(p.z0) =1+ Y exp(=pn) D> |(f")Y(w)™"

nzl yeS ™ (20)

is finite. This contradicts the fact that p < P(t), and shows that Z(t, P(t)) =
0.

1. Given zp € V and an integer n we will say that an element y of f~"(z)
is a univalent (resp. bad) iterated preimage of zy of order n, if the pull-back
of V by f™ containing y is univalent (resp. bad). For y € f~"(zp) there are
three cases: y is univalent, bad, or there is m € {1,...,n — 1} such that
f™(y) is a bad iterated preimage of zy of order n —m and y is a univalent
iterated preimage of f"(y) of order m. Therefore, if for each p € R and
w €V we put

Ulp,w) =1+ ) exp(—pn) > (™) )1~

n>1 y€f~"(w), univalent

then we have

(74) Ty(p,20) = Up,20)+ ) _exp(—pn) > [(f")(w)|"'Ulp,w).

n>1 wef~"(z0), bad

2. We denote by Ly the first entry map to V', which is defined on the set
of points y € C\ V having a good time, by Ly (y) = f™® (y). Note that for
each wg € V, each positive integer n and each univalent iterated preimage
y € f7™(wo) of wy of order n, we have that m(y) < n and that Ly (y) € V
is a univalent iterated preimage of wg of order n — m(y). Moreover note for
each k > 1, each element of F‘k(wo) is a univalent iterated preimage of wy,
and conversely, that for each univalent iterated preimage y of wq there is a
positive integer k such that F* is defined at y and F¥(y) = wo (see §3.2).
Therefore, if for z € V and p € R we put

Lip,z) =1+ > exp(—pm(y)|(f"¥) (y)| ™,
yeLy' (20)

then we have,

(7.5) U(p,wo) = L(p,wo) + > > exp(—pm(y)|(F*) (y)| " L(p, ).

k>1yeF—F (wo)
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3. Since P(t,p) < 0, for each w € V' the double sum

Tr(p,w) =Y > exp(=pm(y)|(F") (y)| ™,

k>1ye F—k(w)

is finite.

Fix zp € V such that all, (2.1), (2.2), and (2.3) hold. Notice that a bad
pull-back of V of order n contains at most deg(f )”/ L bad iterated preimages
of zg of order n. Thus Lemma 7.1 implies that for each positive integer n
and each zg € V there are at most

((2L# Crit(f) N J(f))> deg(f))""

bad iterated preimages of 2y order n. As p > max{—tXinf, —tXsup}, by (7.1),
it follows that

doexp(=pn) Y (SN (W) < oo

n>1 we f~(20), bad

So by (7.4), to prove that Tt(p, 29) is finite it is enough to prove that the
supremum sup,,cy U(p,w) is finite. Note that there is a distortion constant
C > 0, such that for each ¢ € Crit(f) N J(f) and each w,w’ € V, we have
U(p,w) < C'U(p,w’). Thus, to prove that T¢(p, zo) is finite it is enough to
prove that for each w € V' we have U(p,w) < 400.

By the conclusion of part 1 of Proposition 6.1, for each z € V the sum
L(p, z) is finite. By bounded distortion it follows that

C':=sup L(p, z) < +o0,
zeV

and by (7.5) in follows that for each w € V' we have U(p, w) < C'"Tr(p,w) <
+00. This shows that T (p, z0) is finite, and completes the proof that for
each t close to ty we have Z(t, P(t)) = 0.

8. ON EQUILIBRIUM STATES AFTER THE FREEZING POINT

The purpose of this section is to prove Theorem B. We begin with the
following general lemma.

Lemma 8.1. Let f be a rational map whose freezing point ty is finite, and
let t € (t4,+00). Then an invariant probability measure p supported on the
Julia set of f is an equilibrium state of f for the potential —tIn|f'| if, and
only if, [In|f'|dp = Xint. Moreover, for such p we have h,(f) = 0.

Proof. By definition of P and t,, for each ¢ € [t4,4+00) we have
h# — tXu < P(t) = —1Xinf-

Thus, if p satisfies x, = Xinf, then we have h, = 0 and p is an equilibrium
state of f for the potential —¢In |f’|.

On the other hand, suppose that for some tg € (¢4, +00) the measure yu is
an equilibrium state of f for the potential —tgIn|f’|. That is, h, — tox, =
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P(ty) = —toXint- Asforeacht € (t4,+00) we have h,—tx, < P(t) = —tXinf,
we conclude that x, = Xinr and h, = 0. O

Lemma 8.2. Let [ be a rational map of degree at least two and let u be
an ergodic invariant measure supported on J(f) and such that the Lyapunov
exponent x,, of p is positive. Then for each t > 0 we have P(t) > —tx,.

We will now give the proof of Theorem B assuming this lemma.

Proof of Theorem B given Lemma 8.2. Let f be a rational map satisfying
the TCE condition and whose freezing point ¢, is finite. To prove part 1 of
the theorem, observe that if 1 is an invariant probability measure supported
on J(f), then we have x, > 0 [PRLS03, Main Theorem|, so Lemma 8.2
implies that —t;xinf = P(t4+) > —t4x,. That is, we have x, > Xint as
wanted.

In view of Lemma 8.1 part 2 follows from part 1. So it remains to prove
part 3. Since the Lyapunov exponent of each invariant measure supported on
the Julia set is positive [PRLS03, Main Theorem], by [Dob08, Corollary 11]
there is at most one equilibrium measure of f for the potential —¢ In|f'],
see also [Led84]. If such a measure p exists, then we have

hu(f) = P(t+) + t4Xp = t4-(Xu — Xint) > 0,

and on the other hand,
lim P'(t) < —xu < —Xinf = lim P'(¢).
b (1)~ Q : t—(t)* Q

O

The proof of Lemma 8.2 occupies the rest of this section. We first consider
the following general fact.

Lemma 8.3. Let (Z,F,v) be a measure space and let T : Z — Z be an
ergodic measure preserving map. Then for each integrable function ¢ : Z —
R such that [ @du =0 there is a set of full measure of x € Z such that

lim inf Z @woT!(z) <0.

n—-+0o0

Proof. 1t is enough to show that for each £k > 1 and € > 0 the set

E =< x € Z|for each n > k we have Z woT(x)>e
7=0,...,n—1

has measure 0 with respect to v. Suppose by contradiction that there is
k > 1 and ¢ > 0 for which the set F has positive measure with respect to v.
As T is ergodic it follows that there z € E such that

1 .
— G
ngrfoon g poT’(x)=0,

§=0,...n—1
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and such that there exist P > 1 and an increasing sequence of positive
integers (n¢)¢>1, such that for each £ > 1 we have ny < P¢ and T™(z) € E.
Putting ng = 0 it follows that for all m > 0 we have ng,41)x = nmk + k,
and therefore for each mg > 1 we have

Y peT@)= 3 S o T (a))

j:07"'7nm0k71 mzov"'ﬂmo_lj:nmk7"'7n(m+1)k71
> moe > (Pk)*lnmoka.

But this implies that 0 = [ @du > (Pk)~'e. This contradiction finishes the
proof of the lemma. O

We will say that a sequence of pairwise distinct holomorphic maps (¢¢)e>1
is an Iterated Function System or an IFS, if there are zg € C and p > 0 such
that for each ¢ > 1 the map ¢, is defined on B(zp,p) and takes images
in B(zg,p/2). We will say that such an iterated function system is free
if for every pair of distinct sequences f1,...,¢; and ¢},...,¢,, the maps
$g, 0+ -0y, and ¢y 00 gb% are distinct. Moreover, we will say that such

an IFS is generated by f, if there is a sequence of positive integers (myg)s>1
such that f™¢ o ¢y is the identity on B(zp,p). As by definition these maps
are pairwise distinct, in this case we have my — 400 as £ — +o0.

Let (Z,T) be the natural extension of (C, f) and denote by 7 : Z — X
the corresponding projection, so that fom = wo F. We identify each point z
of Z with the sequence (7 o F™(x))nez-

Lemma 8.4. Let zg € J(f), p > 0 and let (¢¢)¢>1 be an IFS generated by f
that is defined on B(zo,p) and such that the sequence (¢¢(20))e>1 has an
accumulation point that is not in the forward orbit of a critical point of f.
Then there is C' > 0, a sequence (Uk)k>1, and a free IFS ((E@)g generated by f
that is defined on B(zo,p/2) and such that for every k > 1 we have

|61, (z0)| = Cé4, (20)-

Proof. Suppose first that the sequence (¢¢(z0))¢>1 is not contained in a finite
number of elements of Z. Then we can choose a sequence ({;)r>1 such
that for every k,k',n > 1 we have f"(¢y, (20)) # ¢¢,,(20). It follows that
(dey )k>1 is an IFS generated by f that is free. So we are reduced to the case
when the sequence (¢¢(20))¢>1 is contained in a finite number of elements
of Z. Replacing the IFS by a subsequence if necessary we assume that this
sequence is contained in a single element (zy,)nez of Z and that it converges
to a point Zp that is not in the forward orbit of a critical point of f. It
follows that for every n > 1 there is an inverse ¢, of f™ defined on B(zp, p)
and such that %n(zo) = 2. So for every £ > 1 we have ¢y = %mg.

By the locally eventually onto property of Julia set we can find an inte-
ger M and distinct points yo,y1 € B(zo, p/4) such that fM (yo) = fM(y1) =
Zo. As Zp is not in the forward orbit of critical points, it follows that fM
is locally injective at yp and y;. Let p > 0 be sufficiently small so that the
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local inverse 1 (resp. 1) of fM such that 1o(20) = yo (resp. ¥o(z0) = y1)
is defined on B(Zzp, p). The classical Fatou argument implies that for every
sufficiently large ¢ we have ¢y(B(z0,2p/3)) C B(Zo, p) and that

o o ¢¢(B(z0,p/2)) C B(zo,p/4) and

Y1 0 ¢e(B(20,p/2)) C B(20,p/4).
Notice that for each £ we have that g o ¢y or 11 o ¢y is different from <J~5mg+M
on B(zp,p/2). Interchanging yo and y; if necessary we assume that for
infinitely many ¢ we have that 1o ¢, is different from %HM on B(zg,p/2).

Replacing (¢¢)e>1 by a subsequence if necessary we assume that for every
¢ > 1 we have myy1 —myg > M, 19 o ¢e(B(20,p/2)) C B(20,p/4) and that

b0 = 10 © Dol B(zo p/2)

is different from %WH\/[ on B(zp,p/2). It follows that (q/b\g)421 is an IFS
generated by f that is defined on B(zp, p/2), that clearly satisfies the last
property stated in the lemma. It remains to prove that this IFS is free.
Let 41,...,4, and ¢}, ..., {,, be sequences of positive integers such that the
maps Q/b\gl o---0 q/Z;gk and @/1 0---0 @; , coincide. We assume without loss of
generality that ¢ # ¢}, and that my, < my . As f is of degree at least two

it follows that there is N such that each of these maps is an inverse of f%V.
We thus have

N—mg, —-M _ 7 > N -
o Oy 00 Qg = Py, =0 (bmzk ‘B(z(),p/?)'
Since for every ¢ > 1 we have myi 1 — my > M, we have me > My, + M
and
N—mg, -M _ 7 - e
N OQSZ/IO-.-Od)[;C/ :¢mzk+M|B(zo,P/2)'
But by construction g o gmek and 5,% 4+ are different on B(zg, p/2). This

contradiction proves that (&5@) ¢>1 is free and finishes the proof of the lemma.
O

Lemma 8.5. Let f be a rational map of degree at least two and let p be an
ergodic invariant measure whose Lyapunov exponent X, is positive. Then
there is C > 0 and a free IFS (¢¢)e>1 generated by f with the following
property. Let zg € J(f), p > 0 and (myg)e>1 be such that (¢r)e>1 is defined
on B(zo,p) and such that for each £ > 1 the map f™ o ¢y is the identity
on B(zo,p). Then for each £ > 1 we have ¢}(z9) > Cexp(—mygxy)-

Proof. Let v be the unique measure on Z such that m,v = p. As p is ergodic,
it follows that v is. By [PU02, Theorem 9.2.3] there is a set of full measure
of points (z,)nez in Z for which there is r > 0 such that for each n > 1
the pull-back of B(z,r) by f™ to z_, is univalent. Fix such a (z,)nez
with 2o € J(f) and that also satisfies the conclusions of Lemma 8.3 for 71
instead of T', and for ¢ := In | f’|omr—x,,. Then there is an increasing sequence
of positive integers (ns)¢>1 such that for all £ > 1 we have |(f™)"(z_p,)| <
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2exp(nexyu). Replacing (ng)e>1 by a subsequence if necessary we assume
that ((2_n,4;)jez)y>, converges in Z to some point (y;);jcz.

In each of the following cases we will construct and IFS generated by f
that satisfies the derivative estimate and that also satisfies the hypothesis
of Lemma 8.4.

Case 1. (y;)jez is periodic. Then yo is a periodic point of f whose Lya-
punov exponent is less than or equal to x,. If yo is not repelling, then g
is parabolic and we can find a repelling periodic point py € J(f) whose
Lyapunov exponent is less than x,. Let (p;)jez be the periodic orbit of F
that projects to pg. Suppose now that pg is in the forward orbit of a critical
point c of f, and denote by deg (c) the local degree of f at c. Then it is easy
to see that for each £ > 0 there is a repelling periodic point p € J(f) such
that x(p) < x(po)/ degs(c) +e. Replacing (p;);ez by the periodic orbit of F'
that projects to p, if necessary, we assume that pg is not in the forward orbit
of a critical point of f. Denote by n the period of py and let ¢ be a local
inverse of f™ that fixes pg. Let p > 0 be sufficiently small so that ¢ is defined
on B(pg, p) and so that the closure of ¢(B(pg,p)) is contained in B(py, p).
It follows that there is an integer L so that ¢*(B(po,p)) C B(po,p). Then
(¢*1) ¢>1 is an IFS generated by f that satisfies the derivative estimate and
the hypothesis of Lemma 8.4 with Zg = pg.

Case 2. (y;)jez is not periodic. Then there is a positive integer N such
that y_n is not in the forward orbit of a critical point of f. By the locally
eventually onto property of Julia sets it follows that there is a point 2y €
B(zg,7/4) and a positive integer M such that fM(z) = y_n. As y_p is
not in the forward orbit of a critical point of f it follows there is p € (0,7/4)
such that fM is univalent on B(zg,p). By the choice of (z,,)nez the pull-
back of B(zo,r) by f™*N containing x_,,_n is univalent. The classical
Fatou argument implies then that there is L > 1 such that for all £ > L
the pull-back of B(xo,r/2) by f™*V containing z_,,_y is contained in
fM(B(z0,p/2)). So, if for each £ > 1 we put my; = nr ¢+ N+ M and denote
by z, the unique point in B(zg, p/2) such that f(z;) = 2_m,+ 0, then the
pull-back of B(zp,p) by f" containing z; in univalent and contained in
B(z0,p/2). So, if we denote by ¢, the inverse branch of f™¢ such that
®(20) = z¢, then (¢¢)e>1 is an IFS generated by f. To prove that this
IFS satisfies the hypothesis of Lemma 8.4 notice first that the sequence
(0e(20))e>1 = (2¢)e>1 accumulates on zg. As fM(20) = y_n and y_p is not
in the forward orbit of a critical point of f, it follows that 2y is not in the
forward orbit of a critical point of f.

To verify the derivative estimate, let K > 1 be such that for each ¢ > 1
the distortion of f™ on the pull-back of B(zp,r/2) by f™ containing z_p,
is bounded by K. Then it follows that for each ¢ we have

M+N
(™) (z0)] < 2K exp(xme) (SUP |f’|> :
C
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This shows the desired estimate with C := 2K (supg | f/|)M 7. O

Proof of Lemma 8.2. Let t > 0 be given and let 29, p > 0, (¢¢)¢>1,... be
given by Lemma 8.5. Choose a non-periodic point ( € B(zp, p/2) such that
the sequence (Ap)n>1 defined by Ap := 3" crn(y [(f™) (w)|~* satisfies,

limsup £ In A, = P(t).

n—-4o0o
Then the radius of convergence of the series
M(z) = Anz"
n>1

is precisely exp(—P(t)). So to prove the lemma we have to show that the
radius of convergence of this series is strictly less than exp(tx,,).

Let K > 1 be such that for each ¢ > 1 the distortion of ¢y on B(zo, p/2)
is bounded by K. For each k > 1 and each sequence of positive integers
..., 4, put

Wey,.. 0, = ¢€K 0...0 (b@l (C) € fﬁ<mél+m+mék)(<)7

and note that by Lemma 8.5 we have
(Frat ) (we, e )| < KCFexp((me, + ... + mag)xu)-

Since the IF'S (¢¢)¢>1 is free and ¢ is non-periodic the point wy, .., uniquely

determines k and the sequence f1, ..., {;. Therefore, if we put
O(2) = Z(KC exp(mex,)) 'z,
>1

then the coefficients of the series in the variable z
B(z) + D(2)* + &(2)* + ...

are less than or equal to the corresponding coefficients of the series TI(z).
But the radius of convergence of ® is equal to exp(tx,) and we have

lim  ®(s) = +o0.

s—exp(txu)
So there is s € (0,exp(tx,)) such that ®(s) > 1, and therefore the radius of
convergence of II is less than or equal to s. ([

APPENDIX A. PUZZLES AND NICE COUPLES

This appendix is devoted to show that several classes of polynomials sat-
isfy the conclusions of Theorem A. In §A.1 we consider the case of at
most finitely renormalizable polynomials without indifferent periodic points,
in §A.2 we consider the case of some infinitely renormalizable quadratic
polynomials, and finally in §A.3 we consider the case of real quadratic poly-
nomials, by giving the proof of Corollary 1.2.
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A.1l. At most finitely renormalizable polynomials. The purpose of
this section is to prove the following result.

Theorem D. FEwvery at most finitely renormalizable complex polynomial or
polynomial-like map without indifferent periodic points, has arbitrarily small
nice couples.

Remark A.1. It is not clear to us if the nice couples can be made of a finite
union of puzzles.

The proof relies on the fundamental result that diameters of puzzles tend
to 0 as their depth tends to co [KvS06]; see also [QY06] for the case when
the Julia set is totally disconnected. We use this fact to show that a “back-
ward contraction” property similar to that in [RLO7], and then follow the
construction of nice couples given in [RL07, §6].

Let f an at most finitely renormalizable polynomial, and consider the
puzzle constriction described in [KvS06, §2.1]. Given an integer n > 0 we
denote by T, the collection of all puzzles of depth n. For P € T,, and p € P
we put P,(p) := P, and for p € J(f) that is not contained in an element
of YT,, we put

P, (p) := interior U P
PeY,,peP
Given m > 0 we define P,(p, m) inductively by P, (p,0) := P,(p) and

P,(p,m + 1) = interior U P

PeY, 7ﬁmPn (p7m)7é@

The set P,(p,m) is connected, but it is not simply-connected in general.
Clearly P,(p,m) C P,(p,m + 1). On the other hand, P,11(p,m) is com-
pactly contained in P,(p,m + 1). We will use several times the following
facts.

1. If P,(p,m) and P,(p/,m') intersect, then P,(p,m) C P,(p/,m' +
2m+1).

2. If k > 1 is such that f* is univalent on P, 1(n,m), then this set
is equal to the connected component of f~*(P,(f*(p),m)) contain-
ing p.

Since puzzles shrink to 0 as the depth grows to infinity [KvS06], there is
an integer ko > 1 such that for each p € J(f) the set Py, (p,12) is contained
in Py(p,1). It thus follows that for each n > 1 such that f™ is univalent
on P, (p,12), the set P4k, (p, 12) is contained in P, (p, 1). We assume fur-
thermore that kg is sufficiently large so that for each n > ko, m € {1,...,27}
and ¢ € Crit(f) N J(f) the connected component of f~1(P,(f(c),m)) con-
taining ¢ is equal to Pp,4+1(c,m).

Part 3 of the following lemma is analogous to [RL07, Lemma 6.2].
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Lemma A.2. For eachn > 1 and m > 0 put

Vi (m) = U Puem).

ceCrit(f)NJ(f)

Let ky be as above, and let n > ko + 1 be a sufficiently large integer such
that for each k = 1,... ko the set f¥(V,,(34)) is disjoint from V,,(34).
Then we have the following properties.
1. Each pull-back of V,,(12) is either contained in V,,(12) or it is con-
tained in a univalent pull-back of V,,(12).
2. Each pull-back of V,,(12) intersecting V,,(9) is contained in V;(12).
3. For each c € Crit(f)NJ(f) the connected component of C\ K (V,(9))
containing c is contained in P,(c,12).

Proof.

1. We will show by induction that for every integer k& > 0, each connected
component of f~*(V,(12)) satisfies the desired assertion. The case k = 0
being trivial we assume the desired assertion holds for some k£ > 0 and let W
be a pull-back of V,,(12) by f*+1.

Suppose first that f* is univalent on f(W). If W is does not contain a
critical point, then f**! is univalent on W and there is nothing to prove.
If W contains a critical point ¢ and if we denote by w the unique element
of f(W) such that f*(w) € Crit(f), then we have f(W) = P,y1(w,12) C
P1x(f(c),25). Therefore we have W C P, 1 x+1(c,25) C P,(c,25) C V,(34),
and our choice of n implies that k& > kg. By the definition of ky we
have f(W) = P,x(w,12) C Py (w,1) C P,(f(c),3). Hence

W C Pyyi1(c,3) C Py(c,3) C V,(12).

Suppose now that f* is not univalent on f(W) so there is an integer j €

{1,...,k} such that f7(W) contains a critical point. By the induction hy-
pothesis applied to f7(W) we have f/(W) C V,(12). So there is a pull-
back W of V,,(12) D V,,(12) by f7 containing W. Then the desired assertion
follows from the induction hypothesis applied to W.
2. In view of part 1 we just need to prove the assertion for univalent pull-
backs. Let £ > 1 be a given integer, and let W be a univalent pull-back
of V,(12) by f* such that for some ¢ € Crit(f) N J(f) the set W inter-
sects Py(c,9). If we denote by w € W the point determined by f*(w) €
Crit(f), then

W = Ppi(w,12) C Py(w,12) C Ppo(c, 34) C Viy(34).

So, by the definition of n we have k > ko 4+ 1, and by the definition of kg
we have that W = P,k (w,12) C P,(w,1). Since W intersects P,(c,9), it
follows that W C P, (w,1) C P,(c,12) C V,,(12).

3. Given ¢ € Crit(f) N J(f) and an integer m > 0 let V¢ be the con-
nected component of J;crg iy f77(V,(9)) containing c. By definition Vf =
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Pp(c,9), and the set |, V, V¢ is equal to the connected component of C \
K(V,(9)) containing c. So we just need to show that for each m > 0 the
set V¢ is contained in P,(c,12).

We will proceed by induction. The case m = 0 being trivial, assume that
for each j € {0,...,m} we have VC C P,(c,12). For each z € V¢ i1 denote
by k(z) the least integer k > 0 such that f*(z) € V (9); we have k(z) €
{0,...,m+1}. Given a connected component X of Vi? /1 \ P,(c,9) let z € X
mimmlzmg k(z). Then k(z) > 0 and for some ¢y € Crit(f) N J(f) we have
fFE(X) ¢ VCOJrl k() C P,(co,12). Then part 2 implies that X C Py,(c, 12).

This completes the induction step, and the proof of the lemma. O

Proof of Theorem D. Let n be sufficiently large so that it satisfies the con-
dition in the statement Lemma A.2, but with kg replaced by ko + 2. Fur-
thermore, we assume that n is sufficiently large so that V,,(12) is disjoint
from the forward orbits of critical points that are not in the Julia set.

For ¢ € Crit(f)NJ(f) let V¢ be the connected component of C\ K (V,,(9))
containing c¢. By part 3 of Lemma A.2 we have vec P, (c, 12) Furthermore,
by construction the set V := Ucecrit(p)ns It )V satisfies OV C K(V,,(9)) =

K(V), so for every m > 1 we have f™(dV)NV = 0.

1. Fix ¢ € Crit(f) N J(f) and put v = f(c). Let UY (resp. UY) be the
union of P,4+1(v,5) (resp. Po42(v,1)) and all the connected components
of C\ K (V) that intersect this set. We will show that U? (resp. UY) is
contained in P, y1(v,8) (resp. Pny2(v,4)).

Let W be a connected component of C\ K (V) intersecting P, 2(v,1).
By part 1 of Lemma A.2, the set W is contained in a univalent pull-back 1%
of V,(12). Let ¢y € Crit(f) N J(f) and k > 1 be such that f*(W) =
P,(cp,12), and let w € W be determined by f¥(w) = co. Since W inter-
sects Pp42(v,1) we have

W C W = Poyp(w,12) C Poio(v,26) C Ppy(v,34).

Then, by the definition of n we must have k > kg + 2. So by the definition
of ky we conclude that W is contained in P,o(w,1). Since W intersects
P,12(v,1) we have W C P,42(v,4). This shows that (72” C Ppia(v,4).

The proof that ﬁf C Pyu11(v,8) is analogous.

2. We will show now that for each j = 1,2 we have 8(7]” c K(V). To do
this it is enough to show that each connected component of C\ K (V) is
disjoint from the boundary of U7. Just notice that, by the definition of U7,
each connected component W of C\ K (V') is either contained in the interior
of U7, or it is disjoint from (the closure of) U}. In both cases we conclude
that W is disjoint from the boundary of Uy
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3. By part 1, for every m > 0 the set fm(affj”) is disjoint from V. We denote
by U; the union of U} and all bounded connected components of C \ U o
Then U]?’ is simply connected, the set 8U;~’ is contained in 8U]@’ , and for
every m > 0 the set f™(9U7}) is disjoint from V. By part 1 we have Uy C
P, i2(v,4) and U1 C Put1(v,8). Therefore, the connected component V¢
(resp. V) of f- Loy (res;l 71Uy containing ¢ is compactly contained
in V¢ (resp. V¢). Then V := Ucecrit(p)ns(p) V' is a nice set for f, the
set V .= UceCrit(f)ﬂJ(f) V¢ is compactly contained in V', and for every m > 1

the set f™(9V) is disjoint from V. This shows that (‘7, V') is a nice couple
for f. As n can be taken arbitrarily large, we conclude that f has arbitrarily
small nice couples. U

A.2. Infinitely renormalizable quadratic maps. The purpose of this
section is to show that each infinitely renormalizable polynomial or polynomial-
like map whose small critical Julia sets converge to 0 satisfy the hypotheses
of Theorem A’. This includes the case of infinitely renormalizable quadratic
maps with a priori bounds; see [KL08, McM94] and references therein for
results on a priori bounds.

The post-critical set of a rational map f is by definition

— | fr(Crit(f).

n>1

Lemma A.3. Let f be a rational map and let V' be a nice set for f such
that OV is disjoint from the post-critical set of f. Then for every neighbor-
hood V of V there is V C V such that (V V) is a pleasant couple.

Proof. We will assume that P(f) contains at least three points; otherwise f
is conjugated to a power map [McM94, Theorem 3.4] and then the assertion
is vacuously true. We will denote by || f’|| the derivative of f with respect to
the hyperbolic metric on C\ P(f). Then by Schwarz lemma we have || /|| > 1
on C\ f~Y(P(f)) (cf., [McM94, Theorem 3.5]). Furthermore, for z € C\ P(f)
and 7 > 0 we denote by Bhyp(2,7) the ball corresponding to the hyperbolic
metric on C \ P(f).

Let € > 0 be sufficiently small such that Byy,,(9V, 2¢) is disjoint from P(f),
and for each ¢ € Crit(f) N J(f) put

Vei=Bup(Vee) and V= By, (Vie) = | V-
ceCrit(f)NJ(f)

By construction Vis a neighborhood of V' and the set v \ V is disjoint
from P(f). So for each pull-back W of V' the set /W\W is disjoint from Crit(f).
We thus have W N Crit(f) = 0 when W NV = (. On the other hand,
since ||f/|| > 1 on f~1(P(f)), when W C V we have W C V. This shows
that (V, V') is a pleasant couple for f. O
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In what follows we shall use some terminology of [McM94] and [ALOS,
§2.4, Appendix A].

Definition A.4. Let U,V C C be connected and simply-connected domains
satisfying &/ C V, and let f : i/ — V be a quadratic-like map. Let f™ : U’ —
V' be a simple renormalization of f. We call the renormalization immediate
if some small Julia sets touch each other (at a (-fixed point). Otherwise, if
they are all pairwise disjoint, we call the renormalization primitive.

Proposition A.5. Let f be an infinitely renormalizable quadratic-like map
for which the diameters of small critical Julia sets converge to 0. Then f

has arbitrarily small pleasant couples having property (*). In particular the
conclusions of Theorem A’ hold for f.

Proof. We will show that there are arbitrarily small puzzles containing the
critical point in the Julia set whose boundaries are disjoint from the post-
critical set. Then Lemma A.3 implies that there are arbitrarily small pleas-
ant couples. That each of these pleasant couples satisfy property (*) is a
repetition of the proof of [MUO03, Lemma 4.2.6], using the fact that puzzles
are John domains (i.e., that they have the “cone property” for “twisted
angles” ).

Let SR(f) be the set of all integers n > 2 such that f" is simply renor-
malizable and let J,, be the corresponding critical small Julia set. Then J,
is decreasing with n. For each k& > 1 we denote by m(k) the k-th element
of SR(f).

We consider the usual puzzle construction with the a-fixed point of f.
Then for each ¢ > 1 there is a puzzle of depth ¢, that we denote by Py,
whose closure contains J,,;). We have ﬂzz1E = Jn(1). More generally,
by induction it can be show that, if for some s > 1 we consider the puzzle
construction with the a-fixed points of the renormalizations of f™1), fm(2)

fm s). then for each ¢ > 1 there is a puzzle of depth ¢, that we denote
by Pg, that contains Jy, () (So that P, is bounded by a finite number of arcs
in an equipotential line and by the closure of some preimages of external
rays landing at the a-fixed points of the renormalizations of f™(1)  fm(2)

, ™)) Furthermore we have

mﬁfzjms

>1

In particular the diameter of ﬁg can be made arbitrarily close to that of Jp, ).
Note that for each ¢ > 1 the set dF, only intersects J(f) at preperiodic
points, and it is thus disjoint from the post-critical set of f. Furthermore
for each n > 1 we have f"(@Pg) NP = (0, because B is a puzzle. To show
that f is expanding away from critical points we just need to show that f is
uniformly expanding on K (]35) N Ji(s)- As this set is compactly contained
in C\ P(f), it is enough to show that the derivative || f'|| of f with respect of
the hyperbolic metric on this set is strictly larger than 1 on C\ f~1(P(f)).
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Since f~Y(P(f)) contains P(f) strictly, this is a consequence of Schwarz
lemma. (]

A.3. Real quadratic maps: The proof of Corollary 1.2. Let f be a
real quadratic polynomial. If f is at most finitely renormalizable without
indifferent periodic points, then by Theorem D the map f satisfies the hy-
potheses of Theorem A. If f is infinitely renormalizable, then f has a priori
bounds by [McM94], so the diameters of the small Julia set converge to 0
and then the assertion follows from Proposition A.5.

It remains to consider the case when f has an indifferent periodic point.
Fix ty € (t—,t+). Since f is real it follows that f has a parabolic peri-
odic point, and since f is quadratic it follows that f does not have critical
points in the Julia set. Therefore the function In|f’| is bounded and con-
tinuous on J(f), and since the measure theoretic entropy of f is upper
semi-continuous [FLM83, Lju83], there is an equilibrium state p of f for the
potential —tgIn | f’|. Since f has a parabolic periodic point it follows that ¢
is the first zero of P, so we have P(ty) > 0 and therefore the Lyapunov ex-
ponent of p is positive. Since by [PRLS04, Theorem A and Theorem A.7]
there is a (to, P(to))-conformal measure of f (see also [Prz99]), [Dob08, The-
orem 8] implies that u is in fact the unique equilibrium state of f for the
potential —tgIn|f’|. The analyticity of P at t = ty is given by [MS00]
when tg < 0 and when ty > 0 the fact that P is analytic at ¢t = ty can be
shown in an analogous way as in [SUO03], using and induced map defined
with puzzles.

APPENDIX B. RIGIDITY, MULTIFRACTAL ANALYSIS, AND LEVEL-1 LARGE
DEVIATIONS

The purpose of this appendix is to prove that, besides some well-known
exceptional maps, the pressure function of each of the maps considered in
this paper is strictly convex on (t_,t;) (Theorem E below). We derive
consequences for the dimension spectrum of Lyapunov exponents (§B.1)
and pointwise dimensions (§B.2), as well as some level-1 large deviations
results (§B.3). See [Pes97, Mak98] for background in multifractal analysis,
and [DZ98] for background in large deviation theory.

Theorem E. Let f be a rational map satisfying the hypotheses of Theo-
rem A’. If f is not conjugated to a power, Tchebyshev or Lattés map, then
for every t € (t_,t;) we have P"(t) > 0. In particular

Xing = Inf{=P'(t) [ £ € (t_,t1)} < X&yp = sup{-P'() | t € (t-,t4)}.

It is well known that for a power, Tchebyshev or Lattes map, t4 = 400
and the pressure function P is affine on (t_,400); in particular in this case
we have Xj; = X&up- For a general rational map f and for tg € (—,0), a re-
sult analogous to Theorem E was shown by Makarov and Smirnov in [MS00,
§3.8] .
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Proof. Suppose that for some ty € (t—,t+) we have P"(tg) = 0. Let (‘7, V)
be a pleasant couple as in §7, so that the corresponding pressure function &
is finite on a neighborhood of (¢, p) = (to, P(to)), and such that for each t € R
close to ty we have Z(t, P(t)) = 0, see §3.4 for the definition of &. Then
the implicit function theorem implies that the function,

po(7) := P(to + 7, P(to) + 7P'(to))
= P(F,—toIn|F'| — P(to)m — 7(In | F'| + P'(ty)m)),

defined for 7 € R in a neighborhood of ¢ = 0, satisfies p{j(0) = 0.

Let u be the equilibrium measure of F for the potential —tgIn|F'| —
P(to)m and put v = —1In|F’| — P'(tp)m. Since for each ¢ close to tg we
have Z(t, P(t)) = 0, the implicit function theorem gives p(;(0) = 0. Thus,
by [MUO03, Proposition 2.6.13] we have

[ vau= [ ~wlF| - Pto)mdn = i) o

On the other hand, by [MUO03, Proposition 2.6.14]

> (/wF‘“ by - (/wdu) )

is the asymptotic variance of ¥ with respect to u; which by hypothesis is
equal to 0. In view of Lemma 4.4 the function v is such that for each p > 0
we have [ |¢[Pdu < 400, so [MUO03, Lemma 4.8.8] implies that there is a
measurable function u : J(F) — R such that ¥ = uo F — u. Put

J:={ze C\K(V) | f")(z) € J(F)}

and extend u to a function defined on .J, that for each z € j\ J(F) it is
given by,
m(z)—1 '
u(z) = u(f"D () = Y (=nlf(f(2))] = P'(to)).
§=0

An argument similar to the construction of the conformal measure given in
the proof of Proposition 4.3, shows that we have In|f/| = —P'(tg) +uo f —u
on J; see also [PRLO7, Proposition B.2]. By construction this last set has
full measure with respect to the equilibrium state of f for the potential
—toln|f'], ¢f. §4.3. Thus, an argument similar to the proof of [Zdu90, §§5—
8] (see also [MS00, §3.8] or [May02, Theorem 3.1]) implies that f is a power,
Tchebyshev or Lattes map. ([

B.1. Dimension spectrum for Lyapunov exponents. Let f be a ratio-
nal map of degree at least two. For z € C we define

() = lim I |(f"Y(2))

n—+oo n
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whenever the limit exists; it is called the Lyapunov exponent of f at z. The
dimension spectrum of Lyapunov exponents is the function L : (0, +o0) — R
defined by,

L(e) := HD({z € J(f) [ x(2) = a}).

Following [MS00, §1.3] we will say that f is exceptional if there is a finite
subset 3 of C such that

(B.1) FHD)\ Crit(f) = 2.

A rational map f is exceptional if and only if ¢ > —oo. Furthermore, in
this case there is a set ¥ containing at most four points such that (B.1)
is satisfied with ¥ = Xy, and such that each finite set ¥ satisfying (B.1) is
contained in X;. Power, Tchebyshev and Lattes maps are all exceptional.

It has been recently shown in [GPRO08, Theorem 2] that if f is not excep-
tional, or if f is exceptional and X N J(f) = 0, then for each « € (0, +00)
we have

L(a) = éinf{P(t) +at|teR).

Equivalently, the functions o — —aL(«) and s — P(—s) form a Legendre
pair. Note that a Tchebyshev or a Lattes map f is exceptional and X
intersects J(f).

The following is a direct consequence of Theorem E.

Corollary B.1. Let f be a rational map satisfying the hypotheses of Theo-
rem A’. Suppose furthermore that f is not conjugated to a power map, and
that either f is not exceptional, or that f is exceptional and Xy is disjoint
from J(f). Then the dimension spectrum for Lyapunov exponents of f is
real analytic on (Xj, Xoup)-

B.2. Dimension spectrum for pointwise dimension. Let pg be the
unique measure of maximal entropy of f. Then for z € J(f) we define

1 B
o) om 1y IHOBC)
r—0+ lnT‘

whenever the limit exists; it is called the pointwise dimension of pg at z.
The dimension spectrum for pointwise dimensions is defined as the function

D(a) :=HD({z € J(f) | a(z) = a}).
When f is a polynomial with connected Julia set it was shown in [MS00,

§5] that

s P(t)
D(a)-mf{t—l—alndeg(f)HER}.

Equivalently, the functions § — —ﬁD(%) and s — (Indeg(f)) 1 P(—s) form
a Legendre pair. So the following is a direct consequence of Theorem A’ and
Theorem E.
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Corollary B.2. Let f be a polynomial with connected Julia set satisfying
the hypotheses of Theorem A’. If f is not a power or Tchebyshev map,
then the dimension spectrum for pointwise dimensions of f is real analytic

on (_(anf)ila _(X;kup)il)'

Remark B.3. In the uniformly hyperbolic case one has D(a) = L(Indeg(f)/c).
This also holds when the set of those z € J(f) for which x(z) exists and
satisfies x(z) < 0 has Hausdorff dimension equal to 0, like for rational maps
satisfying the TCE condition [PRL07, §1.4]. In fact, it is easy to see that
for z € J(f) belonging to the “conical Julia set” and for which both «(z)
and x(z) exists, and x(z) > 0, we have a(z) = logdeg(f)/x(z). Then the
assertion follows from [GPROS8, Proposition 3|, that the set of those z € J(f)
that are not in the conical Julia set and x(z) > 0 has Hausdorff dimension
equal to 1.

B.3. Large deviations. The purpose of this section is to present a sample
application of Theorem E to level-1 large deviations, using the characteri-
zations of the pressure function given in [PRLS04].

Corollary B.4. Let f be a rational map satisfying the hypotheses of Theo-
rem A’, and that is not conjugated to a power, Tchebyshev, or Lattés map.
Fixz ty € (t—,t4) and let py, be the equilibrium state of f for the poten-
tial —toIn|f’|. Fiz zo € J(f) such that (2.1) holds, and for each n > 1
put

Wy, 1=

@
vy S srtan) (@I

Given € € (0, —P'(to) — Xxiy5), let t(e) € (t—,to) be determined by P'(t(e)) =
P'(tyg) —e. Then we have,

ngrfoo%lnwn {x eI | %ln](fj)’(xﬂ > /ln|f’|dpt0 +£}
— P(1(6)) — Plto) — (t(£) — t0) P'(1(2)) < .

Similarly, given € € (0, x&,, + P'(to)) let t(e) € (to,ty) be determined by
P'(t(e)) = P'(to) + . Then we have,

lim L Inw, {x eI | %ln](fj)’(xﬂ < /ln|f’|dpt0 —5}

n—-+oo N

= P(i(e)) — P(to) — (i(e) — to) P'(i(e)) < 0.

For a rational map satisfying the TCE condition, or the weaker “Hypoth-
esis H” of [PRLS04], a similar result can be obtained for periodic points.
See [Com08] and references therein for analogous statements in the case of
uniformly hyperbolic rational maps, and [KN92] for similar results in the
case of Collet-Eckmann unimodal maps and ¢y near 1.
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Proof. First observe that by the choice of x(, for each s € R we have

. n\/ T —to+s
lim l IH/GXP(S ln |(f")’\)dwn — hm l ln Zwef (330) |(f ) (/ )| —
n—+oo n n—-+oo n Zyef—n(mo) ’(fn> (y)| 0

= P(t[) — S) — P(to).
We will apply [PS75, Theorem| to the space J :=[],~, J(f) endowed with
the probability measure P := ®n21 wy. Furthermore for each n > 1 we take

the random variable Wy, : J — R as Wy ([ ;51 25) = In|(f")'(zn)]. So for
each s € R we have -

[ explswi)dp = [ exp(sinl(s) i

and by the computation above,

lim [ exp(sW,,)dP = P(ty — s) — P(to).

n—-4o0o

Using that [In|(f™)'|dps, = —P'(to), and that the function s — P(tg—s) —
P(tp) is real analytic and strictly convex on (tg — t4,t9 —t—) (Theorem E),
[PS75, Theorem] gives

Jim e, (Ll > [l 1dp + <
= P(t()) — Plto) — () — 1) P/(())

The second assertion is obtained analogously with Wy, ([[;5, ;) == —In |(f")(zn)|.
U
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