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@ Multisymplectic geometry is the natural arena to develop Classical
Field Theories of first order.

@ A multisymplectic manifold is a natural extension of symplectic
manifolds: the canonical models for multisymplectic structures are
the bundles of forms on a manifold in the same vein that cotangent
bundles (1-forms) provide the canonical models for symplectic
manifolds.

@ One can exploit this parallelism between Classical Mechanics and
Classical Field Theories.

o In fact, instead of a configuration manifold, we have now a
configuration bundle m : E — M such that its sections are the fields
(the manifold M represents the space-time manifold).

e An important difference with the case of mechanics is that now we
are dealing with partial differential equations. In any case, the
solutions in both sides are interpreted as integral sections of
Ehresmann connections.



@ The Lagrangian density depends on the space-time coordinates, the
fields and its derivatives, so it is very natural to take the manifold of
1-jets of sections of 7, Jm, as the generalization of the tangent
bundle in Classical Mechanics.

@ Then a Lagrangian density is a fibered mapping £ : J*7 — A™T1M
(we are assuming that dim M = m + 1). From the Lagrangian
density one can construct the Poincaré-Cartan form which gives the
evolution of the system.



@ On the other hand, the spaces of 1- and 2-horizontal m + 1-forms on
E with respect to the projection 7, denoted respectively by /\’1"+1E
and /\;"HE, are the arena where the Hamiltonian picture of the
theory is developed. To be more precise, the phase space is just the
quotient

Mem = NJTLE/NPTLE

and the Hamiltonian density is a section of AJ"*E — M°7 (the
Hamiltonian function H appears when a volume form 1 on M is
chosen, such that 4 = Hn. The Hamiltonian section H permits just
to pull-back the canonical multisymplectic form of /\g’“E to a
multisymplectic form on M°r.

@ Both descriptions are related by the Legendre transform which send
solutions of the Euler-Lagrange equations into solutions of the
Hamilton equations.



@ The Hamilton-Jacobi problem for a Hamiltonian classical field theory
given by a Hamiltonian H consists in finding a family of functions
S' = Si(x', u?) such that

oS’

O H 7, 920 — £ (1)

ox!

for some function f(x'); (x', u?) are bundle coordinates in E.

@ We shall develop a geometric Hamilton-Jacobi theory in the context
of multisymplectic manifolds.



@ There is an alternative way to study Classical Field Theories, in an
infinite dimensional setting. The idea is to split the space-time
manifold M in the space an time pieces. To do this, we need to take
a Cauchy surface, that is, an m-dimensional submanifold N of M
such that (at least locally) we have M =R x N. So, the space of
embeddings from N to M°7 is known as the Cauchy space of data
for a particular choice of a Cauchy surface. This allows us to
integrate the multisymplectic form on M°7w to the Cauchy data
space and obtain a presymplectic infinite dimensional system, whose
dynamics is related to the de Donder-Hamilton equations for H.

@ The aim of the paper is to show how we can “integrate” a solution
of the Hamilton-Jacobi problem for H in order to get a solution for
the Hamilton-Jacobi problem for the infinite-dimensional
presymplectic system.



A multisymplectic point of view of Classical Field Theory

We begin by briefly introducing the multisymplectic approach to Classical
Field Theory: the Lagrangian setting and its Hamiltonian counterpart.
The theory is set in a configuration fiber bundle, E — M, whose sections
represent the fields.

From a Lagrangian density defined on the first jet bundle of the fibration
m, say L J'm — A™*1 M, we derive the Euler-Lagrange equations.

On the Hamiltonian side, we start with a Hamiltonian density

H: Sirt — A™HIM to obtain Hamilton's equations.

Here, J 1wt is the dual jet bundle, the field theoretic analogue of the
cotangent bundle.

The relation among these two settings is given, under proper regularity,
by the Legendre transform.



From now on, m: E — M will always denote a fiber bundle of rank n over
an (m + 1)—dimensional manifold, i.e. dim M = m+ 1 and
dmE=m+1+n.

Fibered coordinates on E will be denoted by (x",u®),0<i<m,

1 < « < n; where (x') are local coordinates on M.

The shorthand notation d™1x = dx® A ... A dx™ will represent the local
volume form that (x') defines and we will also use the notation
d™x; =i o dx° Adx* A ... A dx™ for the contraction with the coordinate

ox!
vector fields.



Many bundles will be considered over M and E, but all of them vectorial
or affine. For these bundles, we will only consider natural coordinates. In
general, indexes denoted with lower case Latin letters (resp. Greek
letters) will range between 0 and m (resp. 1 and n). The Einstein sum
convention on repeated crossed indexes is always understood.

Furthermore, we assume M to be orientable with fixed orientation,
together with a determined volume form 7). Its pullback to any bundle
over M will still be denoted 7, as for instance 7*.

In addition, local coordinates on M will be chosen compatible with 7,
which means such that n = d™*1x.



Multisymplectic structures We begin reviewing the basic notions of
multisymplectic geometry and presenting some examples.

Definition

Let V denote a finite dimensional real vector space. A (k + 1)—form 2 on
V is said to be multisymplectic if it is non-degenerate, i.e., if the linear
map

ba: V. — AV*
v — ba(v) :=iQ

is injective. In such a case, the pair (V,Q) is said to be a
multisymplectic vector space of order k + 1.

Definition

A multisymplectic structure of order k + 1 on a manifold P is a closed
(k + 1)—form Q on P such that (T, P, Q(x)) is multisymplectic for each
x € P. The pair (P,Q) is called a multisymplectic manifold of order
k+ 1.
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Examples

The canonical example of a multisymplectic manifold is the bundle of
forms over a manifold N, that is, the manifold P = AKN.

Let N be a smooth manifold of dimension n, AN be the bundle of
k—forms on N and v: AKN — N be the canonical projection (1 < k < n).
The Liouville form of order k is the k—form © over AKN given by

O(wW)( X1, - -+, Xk) == w((Twr)(X1), - -+, (Twr)(Xk)),
for any w € AKN and any Xi, ..., Xk € T,(A*N). Then, the canonical
multisymplectic (k + 1)—form is
Q.= —-do.

If (x') are local coordinates on N and (x', p;,._;,), with
1< <...<ig < n, are the corresponding induced coordinates on

AXN, then
= > pi.id A dx (2)
h<...<ig
and
Q= Y —dpj.j Adx" AL A dxE (3)

h<...<ig 11/75



Let m: E — M be a fibration, that is, 7 is a surjective submersion.
Assume that dmM =m+1landdmE=m+1+n. Given1<r <n,
we consider the vector subbundle AXE of AKE whose fiber at a point

u € E is the set of k—forms at u that are r—horizontal with respect to ,
that is, the set

(NSE), ={w e NE 1 i, ...i,w=0 Vvi,...,v, € Vert,(n)},

where Vert,(m) = ker(T,m) is the space of tangent vectors at u € E that
are vertical with respect to 7.

We denote by v,, ©, and €2, the restriction to /\’,‘E of v, © and Q
respectively. It is easy to see that (AKE,Q,) is a multisymplectic
manifold. The case in which r = 1,2 and k = m+ 1 are the interesting
cases for multisymplectic field theory.
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Let (x', u®) denote adapted coordinates on E, , where 0 < i < m and

1 < a < n, then they induce coordinates (x', u®, p, p,) on AJ™*E such
that any element w € AJ™'E has the form w = pd™1x + pl du® A d™x;,
where d™1x = dx® A ... A dx™ and d™x; = i o d™1x. Therefore, we

have that ©, and €, are locally given by the 8eX>’<pressions
0y = pd™ ™ x + pldu® A d™x; (4)
and
Q= —dp Ad™x —dpl, A du® Ad™x;. (5)

In an analogous fashion, we can induce coordinates (x/, u®, p) on AT"*1E,
such that any element w € AJ"'E has the form w = pd™*x.
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Lagrangian formalism The Lagrangian formulation of Classical Field
Theory is stated on the first jet manifold J'm of the configuration bundle
m: E— M.

This manifold is defined as the collection of tangent maps of local
sections of 7:

Sri={Tp : ¢ € Secy(n), x € M} .

The elements of J'm are denoted j;¢ and called the Ist-jet of ¢ at x.
Adapted coordinates (x', u®) on E induce coordinates (x', u®, uf*) on
Ji7 such that u®(jlg) = 5%[¢a]x’\x.

It is clear that J 7 fibers over E and M through the canonical projections
m10: Jim — E and m: J'm — M, respectively, and that 71 = 7 o 7y g.
In local coordinates, these projections are given by

mo(x', u, uf) = (x', u®) and (X', u®, uf*) = (x'); notice that

T = TOT1,0-
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Despite the conceptual similarities with the tangent bundle of a manifold,
the first jet manifold is not a vector bundle but an affine one, which is a
crucial difference.

To be precise, the first jet manifold J'7 is an affine bundle over E
modeled on the vector bundle V(J17) = 7*(T*M) ®¢ Vert(r)

Vert(m) is just the vector bundle ker( T7) with the obvious projection
over E.



The dynamics of a Lagrangian field system are governed by a Lagrangian
density, a fibered map £: J'r — A"t M over M.

The real valued function L: J*m — R that satisfies £ = L7 is called the
Lagrangian function, where 7 is a volume form on M.

Both Lagrangians permit to define the so-called Poincaré-Cartan forms:

O = Ln+(S,,dL) € Q™ (J'r) and Qp = —dO, € Q™2(J 7)),
(6)

where S, is a (1, n) tensor field on J'7 called vertical endomorphism and
whose local expression is

S, = (du® — uj’?‘dxj) Ad™ I ®

ous®’ (7)

1
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In local coordinates, the Poincaré-Cartan forms read as follows

O, = (L —uf aauL’q) d™x + ;—Lgduo‘ ANdTx;, (8)

1

; oL oL
— _ a0 m+1l,, m,,.
Qf (du® — ufdx) A <8u0‘d x—d (8u-a) ANd x,) . (9)

1

A critical point of L is a (local) section ¢ of 7 such that
(') (ixQc) =0,

for any vector field X on J'7. A straightforward computation shows that
this implies that

oL d oL
) | — — — = <a<n.
U o) <8ua o 8u,-“> 0,1<a<n (10)

The above equations are called Euler-Lagrange equations.
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Hamiltonian formalism
The dual formulation of the Lagrangian formalism is the Hamiltonian
one, which is set in the affine dual bundles of Jl7.

The (extended) affine dual bundle J*7' is the collection of real-valued
affine maps defined on the fibers of 71 : J'r — E, namely

(J'm)t = Aff(J 7, R) = {A € Aff(Ujm,R): u€ E} .

The (reduced) affine dual bundle J*7° is the quotient of J'7T by
constant affine maps, namely

(J'7)° = Aff(J ', R)/{f: E — R}.

It is again clear that Jirt and J 7 are fiber bundles over E but, in
contrast to Jm, they are vector bundles. Moreover, J'7 ' is a principal
R-bundle over J*7°. The respective canonical projections are denoted
7'('1[,02 Jrt — E, 7'('1[ = 7TO7TI’0, m5o: J'n® — E, mf = mwomi, and

p: Jirt — J7°. The natural pairing between the elements of J'7T and
those of J'7 will be denoted by the usual angular bracket,

(«,): Sl xg 'r — R.
We note here that J'7° is isomorphic to the dual bundle of

V(Jr) = 7*(T*M) ®¢ Vert(r).
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Besides defining the affine duals of J7r, we must also introduce the
extended and reduced multimomentum spaces

Mm = ANTE and M°7 = AJTEE/ATTIE .

By definition, these spaces are vector bundles over E and we denote their
canonical projections v: Mm — E, v°: M°r — E and pu: Mnm — M°x
(some abuse of notation here).

Again, p: Mm — M°x is a principal R—bundle.

We recall that M has a canonical multisymplectic structure which we
denote Q.

On the contrary, M°7 has not canonical multisymplectic structure, but
Q can still be pulled back by any section of p: Mm — M°7 to give rise
to a multisymplectic structure on M°x.

19/75



An interesting and important fact is how the four bundles we have
defined so far are related. We have that

Sl = Mr and  J'7° = Mer, (11)

although these isomorphisms depend on the base volume form 7. In fact,
the bundle isomorphism W : M7 — Jzt is characterized by the equation

(V(w),jxd)n = ¢s(w), Vixp € Lyym, Ywe M.

We therefore identify Mm with J'7T (and M°7 with J17°) and use this
isomorphism to pullback the duality nature of J'7T to M.
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Adapted coordinates in M ((esp. Me7) will be of the form
(x', u™, p,pl) (resp. (x',u*, pl)), such that

pd™ x4 pf du® A d™x; € NFTEE (pd™x € ATE).
Under these coordinates, the canonical projections have the expression
v(x' u® p,pl) = (x',u®), vOo(x,u®, pl) = (X', u®)
and
u(x' s u, p,ph) = (< u®, pL);
and the above pairing takes the form
(X' u®, p,pl), (X u™, uft)) = p+ phu®.

We also recall the local description of the canonical multisymplectic form
Q of Mm, _
Q=—dpAd™x —dp!, Adu® A d"x;.
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Now, we focus on the principal R-bundle structure of u: Mnm — M°x.
This structure arises from the R—action

Rx Mnr — Mz
(t,w) > t- Ny +w.

In coordinates,

i

(t, (<", u®, p,pl)) — (X', u® t+p,pl) -

We will denote by V), € X(M) the infinitesimal generator of the action
of R on M, which in coordinates is nothing else but V,, = 3%. Since
the orbits of this action are the fiber of y, then V/, is also a generator of
the vertical bundle Vert(u).
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The dynamics of a Hamiltonian field system is governed by a Hamiltonian
section, say a section h: M°m — Mm of u: Mm — M°. In presence of
the base volume form 7, the set of Hamiltonian sections Sec(u) is in
one-to-one correspondence with the set of functions

{H € C>®(Mm) : V,,(H) = 1} and with the set of Hamiltonian densities,
that is, fibered maps H: Mm — A" M over M such that iy, dH = 1.

Given a Hamiltonian section h: M°m — M, the corresponding
Hamiltonian density is

H(w) = w — h(p(w)), Yw € M.

Conversely, given a Hamiltonian density H: Mm — A" M| the
corresponding Hamiltonian section is characterized by the condition

imh = H~1(0).

Obviously, # = Hn.
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In adapted coordinates,

h(Xi7 ua’ pix) = (Xi= ua} p= _H(Xi’ Uaa p{y)’ piy) ’ (12)
H(x',u*, p,pl) = (p+ H(x',u®, p})) d"'x. (13)

A critical point of H is a (local) section 7 of T ov: Mm — M that
satisfies the (extended) Hamilton-De Donder-Weyl equation

ix(Q+dH) =0, (14)

for any vector field X on M.
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A critical point of his a (local) section 7 of m o v°: M°m — M that
satisfies the (reduced) Hamilton-De Donder-Weyl equation

7 (ixQ2n) = 0, (15)

for any vector field X on M°x and where Q, = h*(Q + dH) = h*Q.

A straightforward computation shows that both equationsare equivalent
to the following set of local equations known as Hamilton's equations:

o _ OH L

= _——orT X = oT
oxt opl, Ox ou> 7

(16)

where 7¢ = u* o7 and 1), = pl, oT.



Ehresmann Connections

Let 7 : E — M be a fibred bundle (that is, 7 is a surjective
submersion). Denote by VE the vertical bundle defined by ker = which is
a vector sub-bundle of TE — E.

Definition

An Ehresmann connection in w: E — M is a distribution H on E which
is complementary to the vertical bundle, say

TE=H® VE (17)

H is called the horizontal distribution.
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Given a connection H in 7 : E — M we have two complementary
projectors:

h: TE—H
v: TE— VE

h and v are called the horizontal and vertical projectors, respectively.
Obviously, we have H = Im(h) and VE = Im(v). Consequently, any
tangent vector X € T.E can be decomposed in its horizontal and vertical

parts, say
X = hX +vX

In addition, given a tangent vector Y € T, M, there exists a unique
tangent vector X at any point of the fiber over x, say e € 7~!(x) such
that X is horizontal and projects onto Y; X is called the horizontal lift of
Y to e.
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The curvature of a connection H (or h with some abuse of notation) can
be defined as the Schouten-Nijenhuis bracket

1
R=—Z[hh
2 [ ) ]

such that H is flat if and only if R = 0.
A connection H should not be flat in general; let us introduce the notion
of integral section.

Definition

A section v : M — E is called an integrable section of H if v(M) is an
integral submanifold of the horizontal distribution. The connection H is
integrable if and only if there are integral sections passing through any
point of E.

Therefore, we easily have the following result.

A connection H is integrable if and only if it is flat.

Indeed, R = 0 which is just the condition for the integrability of the
distribution H.
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We introduce now Ehresmann connections in order to write the
infinitesimal counterpart of the previous equations.

Thus, an Ehresmann connection on the bundle M#°® — M is given by a
distribution H in T Mm° which is complementary to the vertical one,
Vert(m o v°) = ker(Tm o v°).

Let h be the horizontal projector of an Ehresmann connection in the
bundle 77.
Proposition If the horizontal projector h of an Ehresmann connection
satisfies

ihQ/—, = mQh. (18)

then any horizontal integral section o of the connection is a solution of
Hamilton's equations.

An equivalent proposition could be set on the Lagrangian side using the
form Q.
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Equivalence between both formalisms

Let £ be a Lagrangian density. The (extended) Legendre transform is the
bundle morphism Leg,: J'm — M over E defined as follows:

Leg (j2) (X, - - s Xim) := (©2)j14( X1, - - -, Xim), (19)
for all jl¢ € J'm and X; € Ty E, where X; € Tj1pJ' are such that
T7T170(X,') = X,'.

The (reduced) Legendre transform is the composition of Leg, with p,
that is, the bundle morphism

leg, := poLeg,: J'r — M°x. (20)
In local coordinates,

) . oL oL
L Lutuf) = "ut L — —uf, — 21
egﬁ(X ,u ,U, ) (X ,u-, 8Ula U, 78“?) ) ( )

. . oL

1 1 (e} a — 1 (e} 22
egﬁ(xvu 7“/) (X’u ’au;y) ’ ( )

where L is the Lagrangian function associated to L, i.e..L = Ly.
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From the definitions, we deduce that

(Leg)*(©) = O, (Leg,)* () = Q¢

1

where © is the Liouville m—form on Mm and Q is the canonical
multisymplectic (m + 1)—form.

In addition, we have that the Legendre transformation leg,: J'm — M°x
is a local diffeomorphism, if and only if, the Lagrangian function L is

%L
ou® 6u}e

regular, that is, the Hessian is a regular matrix.

When leg,: J'm — M°r is a global diffeomorphism, we say that the
Lagrangian L is hyper-regular. In this case, we may define the
Hamiltonian section h: M°m — M by

h=Teg,oleg,", (23)
whose associated Hamiltonian density is

H(w) = (w,legz (u(w))) 1 — (Lolegz ) (u(w)), Ywe Mm. (24)
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In coordinates,
h(x', u®, p,) = (<, u®, L(x', u®, uft) = pluf', pe,) (25)
where u® = u®(leg;t(x', u®, pl)). Accordingly,
H(x',u®, p, ph) = (p+ phuf — L) d™'x (26)
and the Hamiltonian function is

H(x', u®, pl) = plu® — L. (27)

Assume L is a hyper-regular Lagrangian density. If ¢ is a solution of the
Euler-Lagrange equations for L, then o = leg, oj ¢ is a solution of the
Hamilton's equations for h. Conversely, if © is a solution of the
Hamilton's equations for h, then legz1 o is of the form j1¢, where ¢ is
a solution of the Euler-Lagrange equations for L.

From now on, we will assume that every Lagrangian to be regular.
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Hamilton-Jacobi theory for multisymplectic systems
We start recalling the standard Hamilton-Jacobi theory from Classical
Mechanics.
Let Q be the configuration manifold of a mechanical system and T*Q
the corresponding phase space, which is equipped with the canonical
symplectic form

wqQ = dq® A dpa ,

where (g%, po) are natural coordinates in T*Q. We denote

mo: T*Q — Q the canonical projection.

Let H: T*Q — R be a Hamiltonian function and Xy the corresponding
Hamiltonian vector field, that is, the one that satisfies

iXHwQ = dH .
The integral curves (g®(t), pa(t)) of Xy satisfy the Hamilton's equations:

d oW dea_ OH
dt  Opa dt — 0go’
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The following theorem gives the relation between the Hamilton-Jacobi
equation and the solutions of Hamilton's equations.

Theorem

Let A be a closed 1-form on Q. The following conditions are equivalent:
Q /fo: | — Q satisfies the equation
dg® _ oM

ot = opa

then X o o is a solution of the Hamilton’s equations;

Q@ d(Ho\)=0.

Remark Since ) is closed, locally we have A\ = dS for a function S
depending on the local coordinates (g®). Then, the equation

d(H o \) = 0 reads locally d(H(qO‘, c,i;

)) = 0. Moreover, on each

5
aq«

connected component, the previous equation becomes H(g®,

where E is a real constant. The last formula is known as the
Hamilton-Jacobi equation.



We can give the following interpretation. Define on @ the vector field
X} = TmgoXyo

whose construction is illustrated by the below diagram

T*Q all T(T*Q)
A m™Q Trg
Xq
Q TQ

We then have the intrinsic version of the above result.

Let \ be a closed 1—form on Q. Then the conditions below are
equivalent:

Q X, and Xy are \-related;
@ d(Ho\) =0.
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In the Classical Field framework, the role of the Hamiltonian vector field
Xy is played by a solution h of the field equation, while the role of the
1-form X above is now played by ~, a 2-semibasic (m + 1)—form,
otherwise a section of the bundle 77170: St — E.

We project along  the Ehresmann connection on J'7§ — M to an
Ehresmann connection on E — M whose horizontal projector is
h'(e): T.E — T.E

X — W(e)X) = Tragoh(A(Y), %8

where f = (o )(e) and Y is any vector of T¢J'7T which projects onto
X by Tmi,. The Ehresmann connection given by h7 plays the role of the
projected vector field X,;,\ in mechanics.

Jiro Connection h on J17° — M
nw
_/17'('T M using v induces

(1P

E Connection h” on E.— M
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Assume that -y is closed and that the induced connection on E — M, h?,
is flat. Then the following conditions are equivalent:

© If o is an integral section of h then p o~y oo is a solution of the
Hamilton's equations.

@ The (m+ 1)—form ho p 0~ is closed.

The condition d(ho p o) = 0 which happens to be equivalent to
(pov)*Qp = 0, corresponds to the generalization to Classical Field
Theory of the Hamilton-Jacobi equation. Therefore we will refer to a
form ~ satisfying it as a solution of the Hamilton-Jacobi equation.
Remark It can be seen that if we assume that A = dS, where S is a
1-semibasic m-form, then in local coordinates the equation

)= f(xi), where

oS’ oS
f(x") is a function on M. This is the usual way to write the

d(h =0 is equivalent to —— + H(x', u®, —
(hopow) is equivalent to - + H(x', u®, e
Hamilton-Jacobi equations for Classical Field Theory.
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The space of Cauchy data

We shall develop the infinite-dimensional formulation of Hamilton's
equations in order to introduce the Hamilton-Jacobi theory in infinite
dimensions. We start introducing some basic definitions.

Definition

We say that an m—dimensional, compact, oriented and embedded
submanifold ¥ of the base manifold M is a Cauchy surface.

We will assume that that ¥ is endowed with a volume form, 75, such that

/’17::1.
pX

A slicing of M is a diffeomorphism between M and R x ¥, say

Definition

xv:RxY¥ — M.

Observe that for each fixed t € R, xm(t,): £ — M defines an
embedding 38/75



We denote by ¥ = Im((xm):) the image of ¥ by (xm)e and by M the
space of such embeddings

M = {(xm): such that t € R},

which happens to be equivalent to R, M = R. Without loss of generality,
we may assume that ¥ is given by one of these embeddings, i.e. there
exists tp such that ¥ = X, . We will also use (xpm): to denote the
restriction of this map to its image, which happens to be a
diffeomorphism between ¥ and ;.

The aim of the slicing xu is to split M onto time plus space and,
particularly, to outline a 1-dimensional direction, which may be recovered
infinitesimally. Let % denote the vector field on R x ¥ characterizing
the time translations (t,x) — (t + s, x).

Definition

The vector field &y = (xm)«(z25) € X(M) is the (infinitesimal) generator
of xm. Its dual counterpart (x;,;')*(dt) € Q1(M) will still be denoted dt.
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Let 7: E — M be any bundle, then the set
E={0: X — E|o is an embedding and 7 o ¢ = (xu): for some t € R}
is called the space of x—sections of E. Indeed, it is a line bundle

#: E — R
o +— tst.moo=(xmt-

Consequently, a section of 7 : E — M induces a section of 7 : E — R,
and conversely.

This correspondence just relates the finite (multisymplectic) picture and
the infinite (presymplectic) one for a Classical Field Theory.
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Remark We assume that these spaces of embeddings are topologized in
a way that they become infinite-dimensional smooth manifolds.
Remark Observe that we still have the previous bundle structures by
composition, for instance, from the bundle ﬂ'ioi 7 — E we can
construct the bundle

e Jim — E

Opigo = Ty o(0ine) =71 o0 0 pipo.

We will use this procedure and notation to construct new bundles in the
infinite dimensional setting from the ones on the finite dimensional
framework.

For example in the same fashion we have the bundles 7: E — R and

J17r — R since M = R.
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Now we give a short description of tangent vectors and some forms on
the manifolds of embeddings.

We give the description in the J17° case, which is going to play the main
role in what follows, being the others analogous.

Consider a difﬁe_@ﬁiable curve from an open real interval

c: (—¢,€) — JLm° where € is a positive real number and such that

C(O) = O jipo.

. dc, .. < .
Computing E(O) it is easy to see that a tangent vector, X, at a point

0o € JImO is given by a map X: ¥ — TJ'7° such that the following
diagram is commutative



This implies that there exists a constant kK € R in a way that

Tr5(X(p)) = kém(m5(0 52 (p))), for all p € X,

where we recall that &y denotes the generator introduced above, and

Tigo IS the natural projection from the tangent bundle onto its base
manifold..

We show now how to construct forms on the infinite dimensional setting
from forms on the finite dimensional side.

—

We also give the description in the J17° case being the others analogous.

Let a be a (k + m)—form on J'7°, we define the k—form & on J17°, such
that for a point 01, € J17° and k tangent vectors )~(,- €To, Jimo the
pairing is given by

800} (Ko 56) = [ Tl 5,0) (29)
pu
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The next lemma will be useful.

Let o be a k + m—form, then d(a) = da.

Remark The 2—form Q,, made out of by this procedure, will play an
important role describing the solutions of Hamilton's equations as an
infinite dimensional dynamical system.

Remark The form dmz is equal to (;f)*dt.
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Now, we introduce local coordinates on the manifolds of embeddings
using coordinates adapted to the slicing on M.

Let us work in coordinates adapted to the slicing on M, i.e.,

(x% xt,...,x") are such that locally the ¥, are given by the level sets of
the function x°, moreover, we assume that in these coordinates the
generator vector field &y is given by %, which can be always achieved
re-scaling the variable x°. Actually we can assume that the coordinate x°
is given by the function t under the identification xp: R x ¥ — M, where

t: Rx¥ — R
(t07p) — t(t07p) = to.

Thus, from now on, making some abuse of notation (we are using t to
denote t o x;,") we are working with coordinates (t,x',...,x") as
described above.

We want to explain that the choice of this coordinate t is by no means
arbitrary, it suggest the existence of a time parameter and so the
generator vector field £ a time evolution direction. This is motivated by
what happens for instance in Relativity.



Now, choosing coordinates adapted to the fibration and to the base
coordinates (t,x’), 1 < i < m (adapted to the slicing), say (t,x’, u®), a
point on E is given by specifying functions u®(-) that depend on the
coordinates on ¥, i.e. (x'), i=1,...,n.

So “coordinates” on E are given by
(t,u®())), teR, u®=u*x...,x") (30)

where the functions u® belong to the chosen functional space.

Remark Let us notice that this construction does not provide true local
coordinates, but it is a nice way to determine elements of these different
spaces of mappings.
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In the same way, choosing coordinates adapted to the slicing on M as
above and to the bundles J'7° — M and J'zt — M, say (t,x', pl,, pl,)
and (t,x', p, p&, p.,), defined by

(<", u, pt,pl) —  [phdu® A d™x — pf du® A dt Ad™ix] € M

Xiue)
and
(x",u, p,pt,pl) — pdt Admx + ptdu® A d7"x
—pldu® Adt Ad™1x; € M (i ey

respectively, where [-] denotes the equivalence class in the quotient and

are using that d™x = dx* Adx?... Adx™ and d" " 1x; = io d7x.
ox!

There is certain abuse of notation here, but there is no room for
confusion. Notice that we are using the identifications J 7t = M7 and
Jin® = Mn° again.
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Therefore we deduce that, the points of J7° and Jint are given by

specifying respectively functions pf(-), p,(-), and p(-), p4(-), pi(-) that
depend on (x'), following the same construction that we have introduced

in the E case.

Thus, local coordinates on J17° are given by

(£, (), (), PL()) (31)

where u® = u®(x,...,x"), pt, = pL(x},...,x") and
pl = pL(xt, ... x").

Analogously, coordinates on J'7f can be given by

(t,u®(-), P(), Pal-)s P ())- (32)
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By the previous constructions we can consider the manifold J1m°
endowed with the form €, obtained by the construction outlined above,

such that (J/1\7r/°,Q~h) becomes a presymplectic manifold.

There is a bijective correspondence between sections of the bundle
7y Jim® — R and sections of the bundle 77: J'7® — M.

Given ¢ a section of the bundle 77 consider the section of 7?15 given by

C(t) = U\Zt o (XM)t S ﬁ\’/;.

Conversely given ¢ a section of 77 using the slicing (xum): in the obvious
way we can construct a section of 77,
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The following theorem allows us to interpret Hamilton's equations as an
infinite dimensional dynamical system.

Proposition A section o of 7] satisfies Hamilton's equations if and only
if the corresponding curve c(t) verifies

ic'(t)Qh =0
where ¢(t) denotes the time derivative of the curve.

Remark One could easily check that since c is a section of ;r? then
dt Ans(€(t)) = 1.



Hamilton-Jacobi theory on the space of Cauchy data

Assume now that we have a solution « of the Hamilton-Jacobi equation
and a connection h on the bundle 77 satisfying the field equations and
consider the reduced connection h” on the bundle 7 constructed above.

Next, we show how to induce a solution of the Hamilton-Jacobi equation
in the infinite dimensional setting as well as the meaning of the
Hamilton-Jacobi problem in this setting.

Following the previous constructions we can induce a section of the
bundle 7{ ;: Ji7° — E by

~ —

¥ B — Jime

oce — A(og)=povyoog.



On the other hand we can induce vector fields X" and X" from the
connections h and h” by

—

Xh: o Jime — T/
Opme = X'o) X - TSx°
p = X"0)(p)
= Hor(¢((xm)¢(P))) (01272 (P));

where Hor(X)(y) represents the horizontal lift of the tangent vector X to
the point y. B B

In the same way we can construct the vector field X" on E using the
horizontal lift with respect to the connection h”.

Remark Notice that the vector field X"’ just described can also be
defined as the J-projection of the vector field X", i.e. we have

X" (og) = T75 o(X"(F(0€))), where o¢ € E.
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In local coordinates, assuming that
y(t, X" u®) = (t,x, uo‘,vp(t,x", u®), e (t, X" u‘y),fypg(t,x’., u®)) (33)
and using the following notation in local coordinates
H(t,08(-) = (£, 08 (), 7o, (8, X, 02 () v, (£, X7 0B ()

where 0¢ = u® o g for o¢ € E, the expressions X"(3(cg)) and X" (o¢)

become
R () = 51+ TG () g + (T2 0E() e
o)l 020 5
) (34)
and
X (6,02()) = 57 + T80 () g (3)
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Notice that for each t; € R we have the bundle given by restriction
Tt Et — zt (36)

where 7, = mx, and E; = Ez,. This bundle will play an important role.

Observe that the space of sections () is just the fiber 771(¢).

Definition

For each of these bundles we can induce the restricted connection, h] in
the obvious way, i.e., the horizontal projector of the restricted connection
is given by the restriction of the horizontal projector of the connection h”.
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Now wewill prove one of the main results, that is, 7 is a solution of the
Hamilton-Jacobi equation.

This means that ﬁ*ﬁh = 0 and in addition for any point og € E which is
an integral manifold of the corresponding restricted connection we have
that T5(og)(X"") satisfies irz, .z = 0.

OE

The following remark clarifies the above terminology

Remark In the Hamilton—Jacobi theory on classical Hamiltonian systems
(T*Q,wq, H), a solution of the Hamilton-Jacobi problem is a (closed)
section v: Q — T*Q of mg : T*Q — Q (i.e. a closed 1-form on Q)
such that H oy = const. But dv = 0 iff v*wg = 0, because the last
equation just means that v(Q) is a lagrangian submanifold of
(T*Q,wgq). This fact justifies the chosen notion of solution for the
Hamilton-Jacobi problem in the current context.



Theorem

The section 7y satisfies:
Q 7Q,=0.

Q ir5(06)(x
the connection h
7(og)"

hV)Q,, =0 for all o € E which is an integral submanifold of

Lemma

If dv = 0, then the following assertions are equivalent
@ d(houor)=0
OH OH s  OH g oy, 0%

@ 5‘? 8%3? apg u>  Ox' Ot

=0
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The space T*E (T*£7) B
In this section we are going to introduce the phase space T*E, which in
the terminology of GIMMSY is the space denoted by “T*&".

In order to do that, we have to start with a Lagrangian density.
Recall that 7: E — M denotes a fiber bundle of rank n over an

(m + 1)—dimensional manifold and J'7 its first jet bundle, where we
assume a Lagrangian density is given £ : J1E — A" M.

The submanifold X is endowed with a volume form 7.
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From now on, we assume that we have a slicing xu on the manifold M.
We will also assume that we have a compatible slicing, accordingly with
the following definition.

Definition

Let xp be a slicing on M, then a compatible slicing is a diffeomorphism
XE: R x E‘z — E
such that the following diagram is commutative

Rx Esg ———>E

R x X Xu M

where the vertical arrows are the bundle projections.




Definition

Consider the vector field % € X(R x Ejx) constructed following the
procedure introduced in the previous section to define £y, then the
vector field £ = (XE)*(%) is called the generator of xg. Notice that
this vector field projects onto &y, defined above.

Remark Remember that due to the slicing on M and the volume form ny
on ¥ we can construct the volume form on M given by dt A ny. We are
making some abuse of notation using dt to denote x},dt.



Observe that a compatible slicing induces a trivialization on J*7t by
pullback (we are now thinking about J*7T as a bundle of forms). So we
have a diffeomorphism

Xoint: Rx (Sl)g — Sirt

Definition

The generator of x ji.+ is the vector field defined by

Eppt = (xﬂ,ﬁ)*(%), where % € X(R x (J17rT)|z) is constructed as in
the definition of ££ and &py.

Definition

We define the Cauchy data space, and denote it by ﬁ;r as the set of
embeddings

Jin = {oz: £ — Sl such that there exists, ¢ € ()

satisfying o i, = (j1¢) o A\, where A\ =T oo 1, € I\7I}
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Using the extended and reduced Legendre transforms we can induce the

maps

Leg,: Jim — Jigt

Opy — Zé_g/'L(O'JIﬂ—) = Legg OO0 jip
and
feTgL: Jir s Jipo

opny — legp(op,) = Legroop,

61/75



We introduce now the phase space T*E and relate it with the previously
defined space J17°.

Recall that for each t € R we have the bundle given by restriction to ¥;
that we described above. Remember that we used the notation

Tt Et—>zt

where E; = Ejx, and 7; = |z, and in the same way we have the
analogous restrictions for all bundles involved in our constructions.

Remark The space of sections of each of these bundles is denoted in
GIMMSY by &, i.e., & = (7). The points of E can be identified with
points in UscrE:. Let o € E and 7(og) = to, then we can consider
oo (Xm)y' € E, where (xm)y" is the inverse of the restriction to its
image of (xm)y, as introduced previously. In that way, we have a
bijection that allows us to identify E = UrerE:. We assume that the
spaces &; are infinite dimensional manifolds modeled on the
corresponding functional space.
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In the same way

(D) Pl = To (79)e: 1w — X4, (37)

where ’ ;
1.0 __ 1 1.t _ 1
JTF?—Jﬂ'loZt, JTrt—J7r‘227

(m)e = (@), (m])e = ()5,
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For a fixed t, taking a curve in &, it is easy to see that the tangent
vectors of this manifold at a point o are given by a section V' of the
bundle 7, : Vert(m:) — X (74, is the natural projection), such that
OF = Tvert © V/, that is

Toelt = {V € T (Tvert), such that og = Tyere © V}.
So the tangent bundle is just

T& = | To.&

op€&:

We proceed now to introduce the dual space of T&;. In order to do that,
we need to introduce the dual of the bundle 7yert: Vert(m:) — X, which
we denote by

Tvery : Vert™(m) — E;.

The tensor product of the bundles Tyt : Vert*(m;) — E; and

7wy (N"L:) — E;, which we refer to 7 : Vert™(m;) @ mf (A"X,) — E; is
the space whose sections will give us the dual elements of the tangent
vectors.
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Definition

The smooth cotangent space to &; at a point o € &; is

T & ={A: L = V*1; ® A", such that mg o A = og}.

Definition

| A

The smooth cotangent bundle is

TE = | Tl

o€l

There is a natural pairing between these two spaces. If V € T,.&; and
A € T; & the pairing is given locally by

A(V)

Py
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Given coordinates adapted to the bundle m;: E; — X, (x', u®),
1<i<m, 1< a<n, local coordinates in the space TE; are given by

0
af, yeT e s
(6°(), () = ()5
Then we have the corresponding coordinates in T*&;
(u*(); ma(")) = Ta()du® @ d"x

where d™x = dx! A ... dx™.

Again, the u®(-), 4%(-) and 7, (+) are functions that depend on the
variables (x!,...,x™) and that belong to the chosen functional space.

66 /75



Now, for each t € R we have the maps defined by

Re: Jnl — Tr&
O'JlTrT — Rt(O'Jlﬂ-T): Tgt —
v S5 R(op)(V) = / &*(ivo )
p

and the map

—_—

Re:  Jlmp — T*&
O Jlgo — R?(O’Jlﬂ-o): Tgt — R
Vv — RtO(G'Jl.,ro)(V) = qﬁ*(ivaﬂﬂo)
px
where ¢ = v° 00 ji0 O (XM)t_l- Notice that the contraction iyo is well

defined since V is a vertical vector field of the bundle 7; . In local
coordinates

Re(u®(): p(-), PA(): Pa()) = (U () ma = PE())-
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For each r € R, the instantaneous Hamiltonian function is the function
fjt o T*gt — R
A = H:(N)=- fzt cr*(igﬂﬂe)

where o denotes any element in Im(leg) N (R:)"1(}).

Notice that in coordinates, if A = (u®(:), 74 (+)), that means that there

exists a point o1, € Jlw that locally reads (t, u®(-), u®(-), u§(-)) and

such that
oL

——(t, X', u®(x), u®(x), u§ (X)) = Ta(x')  for all (x).
aug

i

Thus,

oL ou“
(i = —L d"xg.
/zt (i, ,+©) ./L( * oug 8x°) %0
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Now we denote by T*E, the bundle over M = R such that, for each
t € R the fiber is T*&;. We use

Tpeg: TPE - R

to denote the projection onto R. Notice that we have the following

equality of sets T*E = (J,cp T*&:.

Local coordinates in this bundle adapted to the fibration 7. £ are
(t7 ua(')vﬂa(')) - 71—a(')dua ®d"x € T*gt

where we also assume that &y is given by % in this coordinates.

Remark Every tangent vector X € T>T*E can be locally written as

0 0 0
X: ka‘i‘xu(va?—‘rxﬂ—aaiﬂ_a
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On T*E* there is a form w given in local coordinates by
/ du® A dmry, @ dMx
pa

we explain now that expression. Given two tangent vectors
X,Y € T\T*E such that in adapted coordinates

0 0 0
X=Xige + X gua + X g
0 0 0
V= Yege Ve g T Ve g

then
w(X,Y) = / (Xua Y, — X, Yue )d™x
pars

Remark This form is obtained gluing together the canonical symplectic
forms of the cotangent bundles T*&;.

Definition

We define the Hamiltonian function, $): T*E - R satisfying that for A
such that 7y g(A) = t, then H(X) = H:(N).
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We construct the 2—form w + d$) A dt on T*E.

Definition

A section ¢(t) of the bundle T*E is called a dynamical trajectory if
ié(t)(w +dH A dt) = (0.

Notice that we are using that c is a curve and denoting by ¢(t) its
derivative at time t.

Let ¢ be a section of 7 and j'¢ its first jet bundle. Set the section of WI
given by o 1.+ = Legr o j'¢ and construct the curve ¢ : R — T*E

c(t) = Re((o 7)) 5,)-
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Proposition The section ¢ satisfies the Euler-Lagrange equations if and
only if ¢(t) is a dynamical trajectory.

The result below relates the dynamics on the manifold Ji7° with the
dynamics on T*E. We introduce the map R which results from gluing
the maps R,

—_—

R: Jiz° — T*E
O jizo — Rt(o'_jlﬂ.o)

where t = 79(0 1 50).
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Proposition We have R*(w + d$) A dt)(0 jir0) = Qp(0 150 ) for all
O ro € Im(lege).
With this result at hand, we can now induce a Hamilton-Jacobi theory on

the space T*E following the same pattern as above. Assume now that we
have ~y satisfying the Hamilton-Jacobi equation. We can define

¥ E — TE
ce — A(A)=Ropoyoog

Remark We are assuming that R o /E;; is a bijection between J17 and
T*E, so in particular for any A € T*E there exists
0 pime € RTY(A)NIm(legr).
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As an immediate consequence of the previous theorem we conclude the
following proposition.

Proposition Under the previous assumptions, we have:
Q Y (w+dHAdt)=0
Q irsoxmy(w +dH Adt) =0 forall o € E which is an integral

submanifold of the connection h;(ab_).

We want to finish by setting some useful identifications.
@ Using the vector field & 1,- the space T*E can be identified with
R x T*&; for a fixed t.

@ Under this identification the Hamiltonian function becomes a
function on R x T*&; and the form w becomes the canonical form
on the cotangent bundle wyg,.
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Happy birthday!
Feliz cumpleanos!

Wszystkiego Najlepszego!
Sto lat!



